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Observation of thermodynamics originating from a mixed-spin ferromagnetic chain
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We present a model compound that forms a mixed-spin ferromagnetic chain. Our material design, based on
the organic radicals, affords a verdazyl-based complex (p-Py-V)2[Mn(hfac)2]. The molecular orbital calculations
of the compound indicate the formation of a mixed-spin-(1/2, 1/2, 5/2) ferromagnetic chain. The temperature
dependence of magnetic susceptibility reveals its ferromagnetic behavior. The magnetic specific heat exhibits a
double-peak structure and indicates a phase transition at the low-temperature peak. The observed characteristics
are explained using the quantum Monte Carlo calculations. Furthermore, the modified spin-wave theory verifies
that the double-peak structure of the specific heat significantly reflects the relative ration of the acoustic excitation
band and the optical excitation gap.

DOI: 10.1103/PhysRevB.106.L100404

One-dimensional (1D) spin chains have attracted consid-
erable interest for the fundamental understandings of the
low-dimensional cooperative phenomena in condensed mat-
ter physics, both theoretically and experimentally. Owing to
strong quantum fluctuations, variations in the spin size and
exchange interaction result in fascinating quantum many-body
phenomena. Typical examples include the topological ground
states found in Haldane chains [1,2] and quantum magnetiza-
tion plateau in the trimerized quantum chain [3,4]. Over the
past few decades, mixed-spin chains with two different spins,
namely s and S, have attracted significant attention as 1D spin
systems with the topological quantum properties following the
Haldane chain. When these two different spins are antifer-
romagnetically coupled, a ferrimagnetic ground state with a
value of S-s is generated [5]. Furthermore, the topological ar-
gument predicts the appearance of a quantized magnetization
plateau [6]. Our recent studies confirmed the emergence of
the above-mentioned quantized magnetization plateau in the
mixed-spin-(1/2, 5/2) Heisenberg chain [7,8]. The thermody-
namic properties of such mixed-spin ferrimagnetic chains can
be explained by gapless ferromagnetic and gapped antiferro-
magnetic (AF) spin-wave excitations.

In the case of ferromagnetic coupling, mixed-spin chains
are expected to exhibit only ferromagnet properties [9–12].
It is presumed that the gapless and the gapped magnon ex-
citations are ferromagnetic and possess acoustic and optical
properties, respectively. The thermodynamic properties of
these excitation spectra supposedly appear as two independent
energy scales. Regarding the specific heat, the appearance of
a double-peak structure at S > 3s has been predicted [9].

*Corresponding author: h_yamaguchi@omu.ac.jp

However, there are no convincing experimental reports on
the thermodynamic properties of mixed-spin ferromagnetic
chains. Although MnNi(NO2)4(en)2 (en = ethylenediamine)
forms a mixed-spin-(1, 5/2) ferromagnetic chain and exhibits
ferromagnetic contributions in terms of the magnetic suscep-
tibility, the AF interchain couplings in the material induce
long-range order at TN = 2.45 K [13–15]. Furthermore, as
the energy scale of the ferromagnetic interaction is relatively
close to TN, the intrinsic low-temperature thermodynamics
associated with the excitations are considered to be largely
masked by the phase-transition signals. Although the devel-
opment of new model compounds is strongly desired, the
symmetry and stability of the transition metals makes the
formation of mixed-spin ferromagnetic chains difficult. To the
best of our knowledge, no new model compounds have been
reported for more than 20 years.

In this Letter, we present a model compound combining
verdazyl radicals with transition metals [16], which suc-
ceeds in forming a mixed-spin ferromagnetic chain. We
synthesized single crystals of the verdazyl-based complex
(p-Py-V)2[Mn(hfac)2]. Our molecular orbital (MO) calcula-
tions indicate the formation of a spin-(1/2, 1/2, 5/2) chain
composed of two ferromagnetic interactions. The observed
thermodynamic properties were explained assuming the ex-
pected ferromagnetic model by using the quantum Monte
Carlo (QMC) calculations. Furthermore, we confirmed that
the double-peak structure of the specific heat significantly
reflects the difference between the acoustic excitation band
and the optical excitation gap, through the modified spin-wave
(MSW) theory.

We prepared p-Py-V using the conventional procedure [17]
and subsequently synthesized (p-Py-V)2[Mn(hfac)2] by fol-
lowing a previously reported procedure for verdazyl-based
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FIG. 1. (a) Molecular structure of (p-Py-V)2[Mn(hfac)2]. Hy-
drogen atoms are omitted for clarity. The broken line shows
the twofold rotational axis. (b) Crystal structure of (p-Py-
V)2[Mn(hfac)2] forming 1D spin chain along the c axis. (c) Mixed-
spin-(1/2,1/2,5/2) ferromagnetic chain composed of J0 and J1.

complexes [18–21]. Recrystallization was conducted using
acetonitrile yielded dark-green (p-Py-V)2[Mn(hfac)2] crys-
tals. The single crystal diffraction was carried out via the
Bruker D8 VENTURE with a PHOTON II detector. The
magnetic susceptibility was measured using a commercial
SQUID magnetometer (MPMS-XL, Quantum Design) down
to 1.8 K. The experimental result was corrected consid-
ering the diamagnetic contributions calculated via Pascal’s
method. The specific heat was measured using a commercial
calorimeter (PPMS, Quantum Design) by using a thermal
relaxation method down to approximately 0.4 K. Considering
the isotropic nature of organic radical systems, all the exper-
iments were performed using small randomly oriented single
crystals.

The molecular structure of (p-Py-V)2[Mn(hfac)2] is shown
in Fig. 1(a), where the Mn atom, coordinated by two radi-
cals, yields an octahedral coordination environment [22]. The
verdazyl radical p-Py-V and Mn2+ have spin-1/2 and 5/2, re-
spectively [22]. The crystallographic parameters at room tem-
perature are as follows: monoclinic, space group C2/c, a =
20.2755(4) Å, b = 10.0403(2) Å, c = 25.9257(6) Å, β =
112.1990(10)◦, V = 4886.55(18) Å3, Z = 4, R = 0.0715,
and Rw = 0.1930. We performed MO calculations [23] to
evaluate the dominant exchange interactions. We found fer-
romagnetic intra- and intermolecular interactions forming a
mixed-spin-(1/2, 1/2, 5/2) chain [25] along the c axis, as
shown in Figs. 1(b) and 1(c). These interactions are identi-
fied as J0/kB = 12 K and J1/kB = 24 K (J0/J1 = 0.5). As a
twofold rotational axis parallel to the b axis runs along the
center of the molecule, the intramolecular interactions be-
tween the radicals and Mn are identical. The spin Hamiltonian
is given by

H = −
∑

j

(J0s3 j−2·S3 j−1 + J0S3 j−1·s3 j + J1s3 j ·s3 j+1), (1)

where s and S are the spin-1/2 and 5/2 operators, respec-
tively. The nonmagnetic hfac functions as a spacer between
the 1D structures; hence the low dimensionality of the mixed-
spin chain is enhanced (see the Supplemental Material [22]).
The effective interchain couplings causing the AF order were
found to be less than approximately 1/100 of intrachain in-
teractions in absolute values, as described in the following
magnetization analysis.
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FIG. 2. (a) Temperature dependence of magnetic susceptibil-
ity (χ = M/H ) and χT of (p-Py-V)2[Mn(hfac)2] at 0.05 T. The
solid lines with open squares represent the calculated results for
the mixed-spin-(1/2,1/2,5/2) ferromagnetic chain with J0/J1 = 0.4.
(b) Calculated χT of the mixed-spin-(1/2,1/2,5/2) ferromagnetic
chain for various values of J0/J1. (c)–(e) Comparison of experimental
and calculated results for representative values of J0/J1. The solid
lines indicate the QMC calculations and those considering the mean
field.

Figure 2(a) shows the temperature dependence of mag-
netic susceptibility (χ = M/H) and χT at 0.05 T. The
absence of any significant magnetic field dependence be-
low 0.1 T was confirmed. We only observed a monotonic
paramagnetic increase in the magnetic susceptibilities with
decreasing temperatures. However, a definite contribution of
the ferromagnetic interactions was noted in the χT val-
ues, which increased with the decreasing temperatures. In
the high-temperature region, the value of χT approached
∼5.1 emu K/mol, the expected value for the noninteracting
spins in the magnetic unit cell. For mixed-spin ferrimagnetic
chains, the minimum of χT is a typical feature attributed
to the AF correlations [7,26–28]. For the model compound
presented herein, there is no minimum in χT , indicating
that magnetic interactions have only ferromagnetic character.
These findings are consistent with the features indicating the
formation of a mixed-spin-(1/2,1/2,5/2) ferromagnetic chain.

We examined the J0/J1 dependence of χ for the present
model described by Eq. (1) using the QMC method [29]. The
calculated χT exhibited a qualitative difference depending on
J0/J1, while χ showed a monotonic paramagnetic behavior
for all J0/J1 values. Figure 2(b) shows the variation in χT for
selected values of J0/J1. For each J0/J1, the absolute values
of the interactions were determined to reproduce the exper-
imental results above 50 K. When J0/J1 � 1, the effective
spin model corresponds to a spin-7/2 ferromagnetic chain
in the intermediate temperature region where J0 correlations
are dominant and χT approaches ∼7.9 emu K/mol expected
for the spin-7/2 paramagnetic state. The corresponding χT
behavior is identified in the temperature range between ap-
proximately 5 K and 10 K for J0/J1 > 2.5, as shown in
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FIG. 3. (a) Temperature dependence of the total specific heat Cp

of (p-Py-V)2[Mn(hfac)2] at zero field. The inset shows the extended
temperature region associated with the phase transition. (b) Tem-
perature dependence of the magnetic specific heat Cm. The solid
lines with open squares represent the QMC data for the mixed-spin-
(1/2,1/2,5/2) ferromagnetic chain with J0/J1 = 0.3, 0.4, and 0.5.

Fig. 2(b). When J0/J1 � 1, two s = 1/2 spins coupled by
the dominant ferromagnetic J1 form an effective spin 1;
therefore, the system becomes equivalent to a mixed-spin-(1,
5/2) ferromagnetic chain. The calculated results show the
monotonic behavior for J0/J1 � 1 and are consistent with the
previous numerical studies [10,11]. To reproduce the exper-
imental results, we considered the effects of the interchain
couplings using a mean-field approximation given by χ =
χQMC/{1 − (zJinter/Ng2μ2

B)χQMC}, where χQMC is the suscep-
tibility obtained through QMC calculations, z is in the number
of nearest-neighbor chains, Jinter is the effective interchain
coupling, N is the number of spins, g is the g factor, and
μB is the Bohr magneton. Considering the isotropic nature
of organic radical and Mn2+ ion, we assumed the isotropic
g value of 2.0. We confirmed that the AF interchain couplings
suppressed the large increase in the χT in the low-temperature
region and further reproduced the experimental result, as
shown in Figs. 2(c)–2(e). The consistency between the experi-
mental and calculated results was verified using the following
parameters: J0/kB = 5.6 K, J1/kB = 14 K, and zJinter/kB =
−0.066 K for J0/J1 = 0.4, as shown in Fig. 2(a). Although
a weak but finite AF zJinter causes an AF long-range order,
as shown later in the specific heat, the small zJinter value
obtained demonstrates the one dimensionality of the present
system. The magnetization curves are also well explained by
the mixed-spin ferromagnetic chain using the same parame-
ters [22].

The temperature dependence of the specific heat Cp is
shown in Fig. 3(a). We observed a sharp peak at TN =
0.95 K, which is indicative of the phase transition to an AF
long-range order caused by the finite interchain couplings.
We evaluated the magnetic specific heat Cm by subtracting
the lattice contribution Cl and assumed Cl below 15 K with
Cl = α1T 3 + α2T 5 + α3T 7, which has been confirmed to be
effective for verdazyl-based compounds [33,34]. The con-
stants α1–α3 were determined to reproduce Cm calculated
by the QMC method in the high-temperature region, where
J0/J1 dependence is almost negligible. As the result, Cl with
the constants α1 = 0.045, α2 = −1.6 × 10−4, and α3 = 2.5 ×
10−7 was evaluated. We calculated Cm using the QMC method
with the same parameters as those obtained from the mag-

netization analysis for J0/J1 = 0.3, 0.4, and 0.5. We found a
clear double-peak structure for each of the J0/J1 values, and
the result for J0/J1 = 0.4 well reproduced the experimental
behavior including the two peak temperatures, as shown in
Fig. 3(b). Although the experimental Cm exhibits large values
associated with the phase transition accompanied by a large
entropy shift at TN, the consistency of the peak temperatures
confirms that the observed thermodynamics originates from
the mixed-spin ferromagnetic chain, as expected. The phase
transition signal at the low-temperature peak is associated
with the competition between effective interchain couplings
and activated gapless magnon excitations, as will be described
later. The double-peak structure is reduced as J0/J1 decreases,
which is consistent with the transformation of the effective
spin model to a mixed-spin-(1, 5/2) ferromagnetic chain with-
out the double-peak structure when J0/J1 � 1.

Here, we consider magnon excitations to examine the ther-
modynamics. The three sublattices in Eq. (1) are described
using bosonic operators a j–c j , as follows:

sz
3 j−2 = s − a†

j a j, s−
3 j−2 = a†

j (2s − a†
j a j )

1/2,

s+
3 j−2 = (s−

3 j−2)†, Sz
3 j−1 = S − b†

jb j,

S−
3 j−1 = b†

j (2S − b†
jb j )

1/2, S+
3 j−1 = (S−

3 j−1)†,

sz
3 j = s − c†

j c j, s−
3 j = c†

j (2s − c†
j c j )

1/2, s+
3 j = (s−

3 j )
†.

(2)

The Fourier transforms a j = (3/N )
∑

ke−ik jak , b j =
(3/N )

∑
ke−ik jbk , and c j = (3/N )

∑
ke−ik jck give the

following linear spin-wave Hamiltonian:

H = −N

3
(2J0sS + J1s2) +

∑
k

[(J0S + J1s)(a†
kak + c†

kck )

− J1s cos k(a†
kck + c†

kak ) + 2J0sb†
kbk

− J0

√
sS{(a†

k + c†
k )bk + b†

k (ak + ck )}]. (3)

This Hamiltonian is diagonalized through a two-step Bogoli-
ubov transformation [22] and thus three types of magnon
dispersion relations are obtained, as given by

ω±
k = 1

2
{J0(S + 2s) + J1s(1 − cos k)}

±1

2

√
{J0(S − 2s) + J1s(1 − cos k)}2 + 8J2

0 sS,

ω0
k = J0S + J1s(1 + cos k). (4)

Here, ω−
k and (ω0

k , ω+
k ) are the acoustic and optical modes,

respectively. Both excitations feature ferromagnetic char-
acteristics. Figure 4(a) shows the dispersion relations for
J0/J1 = 0.4 with the parameters obtained from the magneti-
zation analysis. The acoustic mode ω−

k exhibits ferromagnetic
elementary excitation with a quadratic dispersion in the long-
wavelength limit.

The linear spin-wave theory (3) is effective in deriving
the magnon dispersions but ineffective in predicting thermo-
dynamic quantities at finite temperatures. To overcome this
difficulty, we employed the MSW theory [35,36] and evalu-
ated the specific heat attributed to the magnon excitations. The
MSW theory avoids the thermal divergence of the number of
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FIG. 4. (a) Single-magnon excitation spectra of the mixed-spin-
(1/2,1/2,5/2) ferromagnetic chain for J0/J1 = 0.4. ω−

k and (ω0
k , ω+

k )
indicate acoustic and optical modes, respectively. (b) Magnetic spe-
cific heat Cm calculated by the MSW theory for J0/J1 = 0.3, 0.4,
and 0.5. (c) Low-temperature region of Cm for the chain model with
J0/J1 = 0.4 obtained from QMC and MSW calculations.

bosons to describe the thermodynamics. Following Ref. [35],
we constrained the total magnetization to be zero. In terms of
magnons, this constraint can be written as

S + 2s − 3

N

∑
k

(
n+

k + n0
k + n−

k

) = 0, (5)

where nλ
k = 1/(e(ωλ

k +μ)/kBT − 1). We added a chemical po-
tential μ to the dispersion ωλ

k . We determine the chemical
potential μ self-consistently within the framework of the
MSW theory. The free energy can be represented as

F = E − TS + μ′
{

S + 2s − 3

N

∑
k

(
n+

k + n0
k + n−

k

)}
, (6)

where E and S are the internal energy and entropy, respec-
tively [22]. The constraint given in Eq. (5) was included in
the free energy with the Lagrange multiplier μ′. We deter-
mined the parameters by minimizing the free energy and
calculated specific heat, as shown in Fig. 4(b). In particu-
lar, we obtain μ′ = μ. A clear consistency with the QMC
results, as seen for the double-peak structure and its J0/J1

dependence, was proven. As the current procedure does not
include sufficient intermagnon interactions, certain quantita-
tive differences were noted and the broad peak appeared at
a slightly higher temperature than that for the QMC results,
as shown in Fig. 4(c). However, it should be noted that the
position of the low-temperature peak was consistent in both
the calculated and experimental results. A previous spin-wave
study on the mixed ferromagnetic chain predicted that the
low-temperature peak appears when W −/� � 1 [9], where
W − and � correspond to the acoustic excitation band ω−

k (π )
and the optical excitation gap ω0

k (π ), respectively. In this
study, as W −/� was evaluated to be approximately 0.18,
sufficient separation of the energy branch occurred, yielding
a double-peak structure with a clear low-temperature peak.
On heating from the lowest T , near the low-temperature
peak the gapless magnon excitations become active, com-
pete with the weak interchain couplings, and finally lead
to a phase transition to the disordered state, as seen in the
experiment.

In summary, we succeeded in synthesizing single crystals
of the verdazyl-based complex (p-Py-V)2[Mn(hfac)2]. MO
calculations indicated that the intramolecular interaction J0

and the intermolecular interaction J1 form a mixed-spin-(1/2,
1/2, 5/2) ferromagnetic chain. We examined the dependence
of magnetic susceptibility on the J0/J1 values through QMC
calculations and explained the observed ferromagnetic behav-
ior using the parameters J0/kB = 5.6 K and J1/kB = 14 K
(J0/J1 = 0.4). We also demonstrated the consistency in the
peak positions of the double-peak structure of the specific heat
using the QMC calculation, while the experimental values
include the contribution of the phase transition due to the weak
but finite interchain interactions. Furthermore, we considered
magnon excitations to examine the thermodynamics, and the
calculations using the MSW theory described the specific heat
with the double-peak structure. This work provides insight
into the thermodynamics of mixed-spin ferromagnetic chains
and will thereby stimulate further studies on the thermody-
namic properties associated with 1D mixed-spin systems.
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