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Strong photon interactions from weakly interacting particles
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The hybridization of light and matter excitations in the form of polaritons has enabled major advances in
understanding and controlling optical nonlinearities. Entering the quantum regime of strong interactions between
individual photons has, however, remained challenging since the strength of achievable polariton interactions is
typically limited by the available interactions in the material. Here, we investigate collisions between dark-state
polaritons in three-level systems and discover a resonant process that yields effective interactions, which are
much larger than the underlying interaction between their matter constituents. We systematically investigate the
underlying mechanism and demonstrate a substantial enhancement of polariton interactions by several orders of
magnitude. This suggests a promising approach to quantum nonlinear optics in a range of physical settings, from
atomic gases to excitons in semiconductors and two-dimensional bilayer materials.
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When light couples to a material it can form polaritons that
are composed of photons and collective matter excitations.
Owing to this hybrid character, polaritons inherit the ability
to interact from their matter constituents. This gives rise to
a host of exciting nonlinear optical phenomena [1], from the
realization of optically controlled memories [2] and the gen-
eration of squeezed light [3], to the observation of polariton
condensation [4] and superfluidity [5], as well as dissipative
phase transitions [6]. However, the interactions available in
most materials are generally too weak to generate nonlineari-
ties that are strong enough to act at the ultimate level of single
photons. In light of the great scientific and technological sig-
nificance of such effective photon interactions [7], substantial
ongoing efforts are being directed towards finding materials
with large particle interactions that can be exploited for optical
applications [8-21].

Here, we describe a general mechanism that overcomes
this limitation and makes it possible to generate strong ef-
fective polariton interactions in a weakly interacting optical
medium. This surprising effect occurs in three-level systems
under resonant two-photon coupling between incident pho-
tons and long-lived matter excitations. It emerges from an
optical resonance with a deeply bound dimer state formed
by two such excitations as illustrated in Figs. 1(a) and 1(b),
and differs from a collisional polaritonic Feshbach resonance
where the collisional energy of the colliding pair is tuned
close to the binding energy of the dimer. Contrary to this,
we show that three-level dark-state polaritons can be created
on resonance around zero collision energies, while the bound
state resides at a large negative energy and is lifted into reso-
nance by an external control field. Upon optimizing the effect
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for short-range interactions, we find a polariton scattering
length that scales as ~1/a with the scattering length a of the
colliding excited particles. We will show that this implies a
vast enhancement of polariton interactions by several orders
of magnitude when the interaction between the particles is
weak.

Figure 1 illustrates the basic setup in which an optical
medium is driven by weak probe light described by the pho-
ton creation operators &; with momentum p. The absorption
of photons in the optical medium generates excitations to
the state |e) as expressed by another set of bosonic creation
operators é;. A stronger classical control field with a wave
vector k. and frequency w. = ck. couples these excitations
to another state |c) with associated creation operators 6;;. The
Hamiltonian is
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concrete physical implementations will be discussed below.
Here Elf =¢€p +€, — iy and El‘,' = €p + € + w, — Ty, are the
excitation energies of the |e) and |c) states and €. are the
bare energies of the |e) and |c) states. The kinetic energy of the
excitations is given €, = p?/2m, where m denotes their mass
and we used units for which i = 1. We include decay rates y
and y. of the |e) and metastable |c) states with with y, <
y. The probe photons propagate with the linear dispersion
EJ = cp at the speed of light c. While for concreteness we
consider light propagating in a three-dimensional continuous
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FIG. 1. Optical nonlinearities in an interacting three-level
medium. (a) Underlying three-level coupling scheme. The incident
probe light, described by operators p, interacts with the medium
via a two-photon transition and creates |c)-excitations. On two-
photon resonance, electromagnetically induced transparency enables
low-loss propagation of the probe light in the form of dark-state po-
laritons, described by ﬁp. (b) The |c)-state excitations interact via a
weak short-range interaction with an effective polariton interactions
cross-section o . The existence of a dimer state at a binding energy &4
can lead to a resonance where the polariton interaction exceeds that
of the bare excitations. (c) Polariton scattering cross-section in units
of this bare value, oy for A = =25y, y. = 0.015y, g = 1000y, and
two indicated dimer energies. The vertical arrows mark resonance
position as predicted by Eq. (7).

atomic gas, the formalism can be straightforwardly adopted
to two-dimensional lattice geometries relevant for layered
semiconductors in microcavities. The single-photon coupling
strength of the probe light is given by g and 2 is the Rabi
frequency for the control field. Note that g o< /n where 7 is
the density of the optical medium formed by the ground-state
atoms. In the absence of the control field coupling, 2 = 0,
we have a simple two-level medium that absorbs light with
a resonant absorption length £ = y¢/g*. A finite control-field
coupling, however, can lead to electromagnetically induced
transparency (EIT) such that the probe light can propagate
without losses [22,23].

This is readily seen from the eigenstates of Eq. (1) de-
scribing polaritons. An important case arises for photon
frequencies cp, = Ej _ , which facilitates the resonant two-
photon generation of |c)-excitations with an intermediate
single-photon detuning A = E7 — cp,. Around such resonant
momenta p,, one finds a simple solution

Dy ~ — cos Oy, + sin 0¢p_x, 2)

that corresponds to a dark-state polariton, in which photons
hybridize with |c)-excitations with a mixing angle tanf =
g/2 and corresponding Hopfield factors sinf and cos6. As
the dark-state polariton does not contain the decaying |e)-
state, Eq. (2) implies a virtually lossless propagation due
to EIT. Moreover, since the collective photon coupling g is
typically much larger than the control-field Rabi frequency
2, the polariton contains a vanishingly small photon compo-
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FIG. 2. The spectral function of the |c) state for Q =y, g/Q2 =
25000, A = —30y, and y. = y/100. The dark-state polariton with
a linear dispersion, w — w, ~ v,p, turns into a dressed |c)-state ex-
citation with the quadratic dispersion, w — w, ~ p?/2m — Q2/A, as
the photon decouples with increasing momentum p.

nent, and, hence, propagates with a low group velocity vy =
ccos?f < ¢ [24]. Correspondingly, the polariton is almost
entirely composed of |c)-excitations with an associated quasi-
particle residue of Z, = sin? 6 & 1. One may, thus, expect that
this situation maximizes the achievable optical nonlinearities,
whereby the polaritons simply acquire the interactions be-
tween the |c)-states [25].

Surprisingly, this simple perturbative picture, which works
well for two-level systems, fails to capture the general physics
of optical three-level media. As we shall see below, the optical
nonlinearity of such three-level settings can exceed the avail-
able interactions in the material by orders of magnitude. To
this end, we use a nonperturbative description, starting from
the Green’s function

QZ
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of the dressed |c)-state excitations. Equation (3) follows ex-
actly from Eq. (1) [26], and its spectral function A.(p, w) =
—2ImG,(p, w) sharply peaks around the dispersion of the
polariton solutions. The spectral function shown in Fig. 2
clearly reveals the familiar linear slow-light group dispersion
w — w. ~ vgp for sufficiently low momenta. Away from the
EIT condition, the photons, however, decouple due to their
steep dispersion and the energy of the polariton becomes
q*/2m — Q% /A, if |A| > y. This corresponds to the limit of
a bare |c)-excitations with kinetic energy, p2 /2m, while the
weak optical dressing by the control field generates a light
shift —Q?/A at high momenta [27]. As we will show, it is this
distinctly changing character of the polariton dispersion that
enables the enhancement of photon-photon interaction.

Upon scaling lengths by ¢ and frequencies by y we are left
with five dimensionless parameters, g/y, 2/y, A/y, v./V,
and cp,/y, that determine the polariton propagation in the
system. In addition, this scaling of Eq. (3) gives two constants
ck./y and y/mc?, which, for concreteness, we fix for an
atomic gas of rubidium atoms [28].

Let us now proceed by exploring the effects of interac-
tions between the photon-generated excitations. Since the
dark-state polariton has only marginal contributions from
the |e)-states, we can focus on the interactions between the
|c)-states. Interactions involving the ground-state atoms are
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assumed to be weak and can be included via mean-field
shifts if needed. Consider the scattering of two dark-state
polaritons from momenta p; and p, to p; and pj, under
EIT conditions, p; = p; = p,, see Fig. 1(b). The collision is
solely driven by the interaction between the |c)-state compo-
nents of the polaritons, which are given by Eq. (2) and, thus,
move with respective momenta p; — k.. For a given center-of-
mass momentum p; + p; and total energy 2cp, of the two
colliding polaritons, the relevant scattering matrix is there-
fore given by 7 = sin* 0 Tc.(p1 + p2 — 2k, 2cp,), where Te.
is the scattering matrix for the dressed |c)-state excitations
whose propagator is given by Eq. (3). For a short-range
interaction with a negligible momentum dependence at the
relevant energies, the Lippmann-Schwinger equation for the
two-polariton scattering problem has the solution [29]

d’q
—1 _ 71
7;0 (Q7 Cl)) - 76 - /qu(Qa C()), (4)
where Ty = 4ma/m is the scattering matrix of the bare |c)-
state excitations and a is the corresponding scattering length.
The pair propagator of two dark-state polaritons with a center-
of-mass momentum Q and a relative momentum q is given by

do'
Hq(Q’ a)) = |:/ %AL((L w/)GL(Q —q,w — a)/):| +

E?
&)

and accounts for the dressing and broadening of |c)-state by
the light coupling as seen in Fig. 2. From the numerical solu-
tion of Egs. (4) and (5), we can obtain the total cross-section
for the polariton collision o = m?|T|?/2x [30]. In the pertur-
bative limit, the solution Eq. (4) recovers the known result
o = sin®0 87a?, indicating that the polariton interaction is
simply given by the interaction between the matter excitations
weighted by their respective Hopfield coefficients sin® 6 [24].
The exact polariton scattering cross-section can be ob-
tained from Egs. (3) to (5), and is shown in Fig. 1(c) as a
function of Q2. The center-of-mass momentum p; + p2 — 2k,
of the |c) components is taken to be zero for simplicity. We
find a pronounced resonance around a given control field am-
plitude, where the polariton scattering cross-section is greatly
enhanced compared to the collisional cross-section oy =
8ma® of the bare excitations. This resonant behavior can be
understood by noting that a positive scattering length a im-
plies a bound state of two bare |c)-state excitations with a
binding energy of &; = 1/ma* [31]. The typical momentum
states that make up this bound state lie well outside the EIT
window. Their energy dispersion is, therefore, given by the
high-momentum limit p? /2m — Q?/A shown in Fig. 2. As the
dimer consists of two such dressed |c) states, their energy

E 2e. +2 ! 2 6)
= € e T T 5, T T

b YT ma? A
is shifted by —2Q2/A. On the other hand, the energy of the
two colliding dark-state polaritons is 2cp, = 2¢. + 2w,. It fol-
lows that the collision is resonant when 2¢p, = Ep, yielding
the condition
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FIG. 3. Cross-section ¢ /oy as a function of the single-photon
detuning A for ¢4 = y, Y. = 0.015y, and different indicated values
of the Rabi frequencies 2.

This simple resonance condition is shown in Fig. 1(c) and
agrees rather well with the position of the resonances from
the numerical calculations.

While the position of the resonance can be well estimated
from the simple relation (7), the actual extent of the inter-
action enhancement is determined by additional factors. As
shown in Fig. 3, the enhancement of the polariton scatter-
ing cross-section indeed becomes stronger with an increasing
control-field Rabi frequency 2. This can be understood from
the effect of the |e)-state decay, which tends to broaden the
resonance and thereby limits the achievable enhancement of
0. As we increase €2, it follows from Eq. (7) that the resonance
occurs at larger single-photon detuning A. As a result, the |e)-
state is driven further away from resonance, which suppresses
decay and leads to a larger enhancement of the scattering
cross-section as observed in Fig. 3.

We can analyze this effect more quantitatively by consid-
ering the resonant cross-section oy, i.€., the maxima of the
interaction resonances in Fig. 3. In Fig. 4 we show oy as a
function of 2. Starting from small values of €2, the resonant
cross-section initially increases with the control-field Rabi
frequency but eventually saturates to an asymptotic value that
depends on the dimer energy &; and the decay rate y, of the
|c)-state excitation.

This behavior can be understood from the following esti-
mate of the cross-section. First note that the main contribution
from the pair propagator in Eq. (5) stems from high momenta,
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FIG. 4. (a) Resonant enhancement of the scattering cross-
section, 0pes/00, as a function of Q for y. = 0.015y and different
indicated values of ¢;. Panel (b) shows o/0q for y. = 0.015y and
different indicated values of A. The horizontal dashed lines show the
saturation limit, 6.5, predicted by Eq. (10).
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such that it is well approximated by

d*q —im*/? 0? Q2
/(2n)3nq N a0 T gy 2P T2 2

(®)
Here, 7 = y. + (2/A)?y denotes the width of the dressed
|c)-state excitation due to its direct decay and the small ad-
mixture Q2/A% « 1 of the |e)-state excitation. Substituting
the energy w = 2c¢p, of the two colliding dark-state polaritons
Q = 0 and the resonance condition Eq. (7) into Eq. (8), we
obtain from Eq. (4) To/Tee = 1 — /1 — 2i7 /e,. Expanding
this for § < ¢, yields

2 2 2
&4 Ed Q (9)
Ores = | —)O0o=\|\—"—=——] 0Oo-
res )7 0 Ve 0?2 + ﬁeg 0

Therefore, the enhancement increases rapidly as oes/09 ~
4Q*/(y*¢?) with the control-field Rabi frequency and eventu-
ally saturates to a value of ~(g;/y.)>. For large control-field
Rabi frequency €2, the polariton scattering cross-section thus
saturates at the maximum value

5 _ 8
< —
res J/Lzmzaz

that is limited only by the decay of the long-lived |c)-state
excitation. Remarkably, the maximum cross-section o3
increases with decreasing scattering length a, thereby gener-
ating strongly interacting polaritons in a weakly interacting
optical medium. The origin of this intriguing effect can be
understood from expanding the scattering matrix around the
Feshbach pole yielding 7 (0, 2¢cp, + w) ~ %M]Zi?' Thus,
the residue of the pole is proportional to 1/a [23,32]. Phys-
ically, this scaling breaks down when the dimer state probes
lengthscales of the order of the range ry of the interaction, i.e.,
for a < ry where the momentum dependence of the interaction
becomes important. Equation (9) remains valid for general
interactions with a nonzero range since it follows from a pole
expansion of the 7 -matrix around the bound-state energy.

Cold atomic gases offer an ideal optical medium [33-36] to
explore this surprising behavior. Consider a cold gas of ’Rb
atoms as a typical example. While the scattering length of ru-
bidium atoms can be tuned via magnetic Feshbach resonances
[37], already the field-free value corresponds to a rather large
dimer energy of ¢;/2m ~ 4MHz. With a realistic linewidth
ve/2m ~ 100kHz of the two-photon transition, Eq. (9) pre-
dicts a greatly enhanced cross-section o /oy ~ 1600. Such a
drastic enhancement will significantly increase the nonlinear
response of the gas, and should thus be observable in system-
atic measurements of the nonlinear refraction and absorption
of slow light under EIT conditions.

Enhancing the effective interactions between photons is
broadly important in solid-state optics. Hereby, recently ex-
plored two-dimensional van der Waals heterostructures [38]
offer a flexible approach to implementing the required three-
level driving scheme. Using moiré lattices in twisted bilayer
transition metal dichalcogenides, cavity photons can be cou-
pled directly to intralayer excitons with a Rabi frequency
of 15-50meV [20]. These intralayer excitons represent the
|e)-state excitations introduced above. They can hybridize
via a coherent electron tunneling with interlayer excitons
[15,39,40], which can be tuned by changing the relative angle

(10)

between the two layers [41]. This coherent tunneling will
likely be dominant compared to incoherent tunneling involv-
ing phonons, when the valence bands of the two layers are
close in energy [41,42]. Interlayer excitons implement the
metastable |c)-state excitations since they are remarkably long
lived with a decay rate y, ~ 1 ueV [43] that is much smaller
than that of the intralayer excitons. Moreover, the band struc-
ture generated by the moiré lattice combined with the sizable
dipole-dipole interaction inherited from the interlayer exci-
tons leads to the emergence of a repulsive bound state [44].

Cuprous oxide is another well-studied material in which a
three-level coupling scheme could be implemented. Hereby,
the incident probe photons can be tuned to generate 2p-
excitons of the yellow series, while a strong additional field
can be used to drive the control-transition to long-lived 1s-
para excitons [45] to establish EIT [46]. The yellow Rydberg
series of p-state excitons in cuprous oxide has been stud-
ied in a number of recent experiments [47-51]. Since this
transition is dipole-forbidden, the narrow excitation lines
come at the cost of a relatively low light-matter coupling
strengths. Optical microcavities can, however, be used to en-
hance the photon-coupling and generate exciton polaritons
in CuyO, while the implementation of EIT can suppress
phonon-induced absorption and decoherence [52]. From the
collisional cross-section of oy ~ 50nm? for ls-para exci-
tons [53,54] we estimate &; ~ 20 meV, which would yield a
large polariton-scattering length of several um for 1s-exciton
linewidths, y,, in the peV range. Indeed, linewidths as low
as y. ~ 5SneV were observed in experiments [55]. Such large
polariton scattering lengths, well above the wavelength of the
probe photons, would reach the strong-blockade regime for
confined polaritons [56] and thereby generate optical nonlin-
earities at the level of individual photons.

Note that, as opposed to earlier schemes to realize strong
photon-photon interactions using Feshbach resonances be-
tween polaritons [8,10], it is the molecule level and not
the polaritons that is tuned into resonance in our three-level
scheme. Thus, the composition of the polaritons is fixed,
which ensures lossless propagation and an efficient photon-
photon scattering. In addition, our scheme enables coupling
to long-lived Feshbach dimers of indirect excitons in con-
trast to earlier experiments, where the resonance was strongly
reduced due to fast decay of short-lived Feshbach biexciton
dimers [10].

In conclusion, we present an exact study of polariton
scattering in an optical three-level medium with short-range
interactions. Our results show that the resulting effective
interaction between dark-state polaritons can be orders of
magnitude larger than the underlying interaction between their
matter constituents. This effect emerges from the two-photon
coupling and bound dimer states of long-lived matter excita-
tions and applies to a range of systems from atomic ensembles
to excitons in semiconducting materials. While we focus here
on the free-space propagation of light in three dimensions,
such applications motivate future investigations into specific
implementations, including two-dimensional geometries of
optical cavities, band-structure effects in moiré superlattices,
finite-range exciton interactions, and decoherence in solid-
state systems. The possibility to control and enhance polariton
interactions in otherwise weakly interacting systems holds
exciting perspectives for optical science, from few-photon
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applications in optical quantum technologies [7] to fundamen-
tal explorations of strongly interacting photonic many-body
systems [57-59].
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