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Ubiquity of the quantum boomerang effect in Hermitian Anderson-localized systems
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A particle with finite initial velocity in a disordered potential comes back and on average stops at the original
location. This phenomenon, dubbed the “quantum boomerang effect” (QBE), has been recently observed in
an experiment simulating the quantum kicked-rotor model [Sajjad et al., Phys. Rev. X 12, 011035 (2022)].
We provide analytical arguments that support the presence of the QBE in a wide class of disordered systems.
Sufficient conditions to observe the real-space QBE are (a) Anderson localization, (b) the reality of the spectrum
for the case of non-Hermitian systems, (c) the ensemble of disorder realizations {H} being invariant under the
application of RT , and (d) the initial state being an eigenvector of RT , where R is a reflection x → −x
and T is the time-reversal operator. The QBE can be observed in momentum space in systems with dynamical
localization if conditions (c) and (d) are satisfied with respect to the operator T instead of RT . These conditions
allow the observation of the QBE in time-reversal-symmetry-broken models, contrary to what was expected
from previous analyses of the effect, and in a large class of non-Hermitian models. We provide examples of the
QBE in lattice models with magnetic flux breaking time-reversal symmetry and in a model with an electric field.
Whereas the QBE straightforwardly applies to noninteracting many-body systems, we argue that a real-space
(momentum-space) QBE is absent in weakly interacting bosonic systems due to the breaking of reflection–time-
reversal (time-reversal) symmetry.

DOI: 10.1103/PhysRevB.106.L060301

Introduction. The presence of disorder in a medium may
lead to Anderson localization (AL) of quantum particles due
to destructive interference [1]. AL has been experimentally
observed in many platforms, including light [2,3], ultrasound
waves [4], and atomic matter [5–9]. AL appears not only
in Hermitian systems, but also in non-Hermitian models
[10–37], which can be experimentally implemented with sev-
eral platforms [26,38,39].

One of the consequences of AL in the transport properties
of a system is the quantum boomerang effect (QBE). It was
theoretically shown that in the Anderson model the disorder-
averaged center of mass (DACM) of a particle launched with
a finite momentum k0 would initially propagate ballistically,
make a U-turn toward the origin after some time, and stop
at the initial position [40]. This phenomenon is different
from the behavior expected for classical particles, where the
center of mass would initially move away from the origin
and saturate at a distance � of the order of the mean free
path.

In Ref. [41] it was found that mean-field interactions in the
Anderson model lead to the partial destruction of the QBE
in the sense that the DACM stops after the U-turn, before
reaching the origin. Recently, the presence of the QBE was nu-
merically shown in several systems that are time-reversal (T)
symmetric, including in quasicrystals, in models with disorder
in the hoppings, and in the quantum kicked rotor (QKR) [42].
The QKR presents AL and the QBE in momentum space in the
absence of interactions [42,43]. When interactions are present,

dynamical localization is destroyed [44]. The existence of the
QBE was confirmed in a very recent experimental implemen-
tation of the QKR [45]. The authors also showed the important
role of time-reversal symmetry in that particular system, Flo-
quet gauge, and the initial state symmetry in supporting or
disrupting the QBE. By using stochastic kicking in order to
destroy AL, the breakdown of the QBE was shown. Moreover,
all the previous results leading to the QBE were found in
Hermitian T-symmetric systems. Several questions arise as a
consequence of those findings, especially concerning the most
general conditions to observe the QBE.

In this Research Letter we provide analytical arguments for
the presence of the QBE in a class of Hamiltonians much
broader than the T-symmetric ones, including both Hermi-
tian and non-Hermitian models. We illustrate the validity of
our analytical findings by means of numerical investigations
showing the QBE in several models.

Conditions for the QBE. For compactness of notation,
we consider here one-dimensional single-particle models.
However, all the considerations below can be immediately
generalized to an arbitrary number of spatial dimensions and
many-body systems. We consider a Hamiltonian H that may
be either Hermitian or non-Hermitian. In the following, T
is the time-reversal operator, and R is the reflection oper-
ator R : x → −x. We will show that the QBE is expected
to appear in real space if (a) the Hamiltonian presents AL,
(b) all eigenenergies are real, (c) the ensemble {H} of all
disorder realizations of the model is reflection–time-reversal
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(RT) invariant, RT {H}(RT )−1 = {H}, and (d) the initial state
is an eigenstate of RT , RT |ψ0〉 = ±|ψ0〉.

Without loss of generality we assume that the center of
mass of the initial wave packet is positioned at the origin. We
can expand |ψ0〉 = ∑

n cn|φn〉 in terms of the eigenvectors of
the Hamiltonian, H |φn〉 = εn|φn〉. Using condition (b) we find
that, at an arbitrary time t , the center of mass is given by

〈x(t )〉 =
∑

n,m

cnc∗
m exp[−i(εn − εm)t]〈φm|X |φn〉, (1)

where X is the position operator. Using condition (a), we have,
after averaging over many disorder realizations and taking the
limit t → +∞, the diagonal ensemble [40,45,46]

〈x(+∞)〉 =
∑

n

|cn|2〈φn|X |φn〉, (2)

where the overline (· · ·) denotes the average over the disor-
der realizations. An equivalent expression is found when one
takes the limit t → −∞ and hence

〈x(+∞)〉 = 〈x(−∞)〉. (3)

For each disorder realization H we define its RT counterpart
H̃ = RT H (RT )−1. The center of mass of a state that evolved
under the disorder realization H satisfies

〈x(t )〉H = (±〈ψ0|)[RT exp(iH†t )(RT )−1][RT X (RT )−1]

×[RT exp(−iHt )(RT )−1](±|ψ0〉)

= −〈x(−t )〉H̃ , (4)

where we have used condition (d). Now we use condition (c),
which is equivalent to saying that for each disorder realization
H its RT counterpart H̃ is also a disorder realization of the
same model. Therefore 〈x(t )〉 = −〈x(−t )〉 and, in particular,

〈x(+∞)〉 = −〈x(−∞)〉. (5)

From Eqs. (3) and (5) we have 〈x(+∞)〉 = 0, which guaran-
tees that the QBE occurs.

In higher dimensions, without loss of generality, the initial
momentum is chosen to be aligned along the X direction, and
R is the reflection with respect to X . In cases where conditions
(c) and (d) are not satisfied with respect to the operator RT it
is still possible to guarantee the QBE if there is some unitary
operator U that commutes with X and causes conditions (c)
and (d) to be satisfied with respect to URT (see Supplemental
Material (SM) [47] for details on the derivation). In models
that present localization in momentum space, e.g., the QKR,
the QBE can appear in 〈p(t )〉 [42,45]. The demonstration of
this effect in momentum space follows the arguments that we
have shown above but considers only the operator T instead of
RT in conditions (c) and (d) (see SM [47]). In the following
we show numerically the QBE in several Hermitian models in
which the presented analytical arguments apply. In Ref. [48]
we confirm numerically the QBE in several non-Hermitian
models and show its main features in those systems.

QBE in models with a magnetic field. In this section we
show the QBE in two different models that break T symmetry
by means of a magnetic field, the Harper-Hofstadter ladder
model and the two-dimensional (2D) Harper model. In or-
der to demonstrate the QBE in a minimal model that breaks

FIG. 1. QBE with broken T symmetry: The Harper-Hofstadter
ladder. (a) Two-leg ladder model with magnetic flux φ per pla-
quette, intrachain complex hopping Je±iφ/2, and interchain coupling
�. (b) Disorder-averaged center of mass in chain A (green dotted
curve), in chain B (red dash-dotted curve), and averaged in the
whole system (blue solid curve). We set �/J = 2, W/J = 6, φ =
(π/2)(

√
5 − 1)/2, N = 4 × 102, nd = 5 × 105, and initial state ψ1+

with σ/a = 10 and k0a = 1.4.

T symmetry, we consider first the Harper-Hofstadter ladder
model [49–52], illustrated in Fig. 1(a) and described by the
Hamiltonian

H = −J
∑

i

[eiφ/2(b†
i bi+1 + a†

i+1ai ) + H.c.]

−�
∑

i

[a†
i bi + H.c.] +

∑

i

εa,ia
†
i ai + εb,ib

†
i bi, (6)

where i = 1, . . . , N , N is the number of sites in each of the
chains A and B, and a†

i (b†
i ) creates a particle on site i of chain

A (B). Je±iφ/2 characterize the intrachain hoppings, where
J, φ ∈ R, while � ∈ R is the interchain hopping amplitude.
We consider open boundary conditions in each chain. The
on-site potentials εa,i, εb,i are uncorrelated random numbers
sampled from a uniform distribution over [−W/2,W/2]. The
model presents Anderson localization due to the disorder.

Here, we define the reflection operator as R : (ai, bi ) →
(a−i, b−i ), and the time-reversal operator T = K is the com-
plex conjugation. Decomposing the Hamiltonian H = H0 +
H1 into a hopping term H0 and a local potential term H1,
one can check that H0 breaks time-reversal symmetry due
to the complex hoppings Je±iφ/2. This symmetry breaking
is related to a magnetic flux through each plaquette of the
ladder, which is proportional to the phase φ acquired along
the loop around each plaquette. The hopping term satisfies
RT H0(RT )−1 = H0. The ensemble of disorder realizations
is RT invariant, RT {H}(RT )−1 = {H}. Therefore the QBE
is expected to appear if condition (d) is satisfied.
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A wave packet of the system may be written as a spinor
with components in chains A and B, in the form ψ (x j ) =
(ψ (a)(x j ), ψ (b)(x j )). We define four wave packets

ψ0±(x j ) = N0 exp
( − x2

j /2σ 2 + ik0x j
)
(1,±1),

ψ1±(x j ) = N1 x j exp
( − x2

j /2σ 2 + ik0x j
)
(1,±1), (7)

where N0 and N1 are normalization factors and x j is the
position of site j (for simplicity we consider a unitary lat-
tice parameter a = 1). These wave packets satisfy RT ψ0± =
+ψ0±, RT ψ1± = −ψ1±. As a consequence, the QBE appears
in the total center of mass 〈x(t )〉 = ∑

i xi[|ψ (a)(xi, t )|2 +
|ψ (b)(xi, t )|2] using any of the four initial wave packets above
[see in Fig. 1(b) the QBE using ψ1+]. This shows that the
initial wave function does not need to be invariant under
RT , but it is enough to be its eigenstate. Moreover, the
QBE is present in each chain individually through 〈x(t )〉l =
[
∑

i xi|ψ (l )(xi, t )|2]/
∑

i |ψ (l )(xi, t )|2, l = a, b. The validity
of the QBE in each chain can be checked analytically through
Eq. (4) using 	l X 	l instead of X , where 	l is the projection
operator on chain l = a, b. Additional data for the Harper-
Hofstadter ladder model are available in the SM [47].

The Harper-Hofstadter ladder model can also be inter-
preted as composed of spin- 1

2 particles on a chain, and in
Eq. (6), a†

i (b†
i ) creates at site i a spin-up (spin-down) fermion.

In this case, T = SK takes the complex conjugate (K) and
flips the spin indices (S = σx). Conditions (c) and (d) are
not met with respect to the operator RT = σxRK. Therefore
we choose U = S−1 so the operator URT = RK acts in the
same way that it acted in the previous interpretation of the
Harper-Hofstadter ladder. Therefore the ensemble of all disor-
der realizations satisfies URT {H}(URT )−1 = {H}, and ψ0±,
ψ1± defined above are eigenvectors of URT . This leads to the
QBE, illustrating that our analytical arguments also apply in
the case of particles with spin.

Here, in order to further investigate the importance of con-
ditions (c) and (d), we consider the presence of disorder in the
Harper model of a 2D lattice with an external magnetic field,
given by the Hamiltonian [50,53]

H = −J
∑

j,l

[e−i2παl c†
j+1,l c j,l + c†

j,l+1 c j,l + H.c.]

+
∑

j,l

ε j,l c†
j,l c j,l , (8)

where j = 1, . . . , Nx (l = 1, . . . , Ny) characterizes the x (y)
coordinate of the system with lattice parameter a = 1 and
c†

j,l creates a particle on site ( j, l ). The complex coefficients

Je∓i2παl define the hoppings in the horizontal direction, and
J ∈ R is the hopping in the vertical direction. α is propor-
tional to the magnetic flux in each plaquette. We consider
open boundary conditions. The on-site potentials ε j,l are
uncorrelated random numbers sampled from a uniform distri-
bution over [−W/2,W/2]. Because of the disorder, this model
presents AL [54–59].

Here, we define the reflection operators as Rx : c j,l →
c− j,l , Ry : c j,l → c j,−l , and the time-reversal operator T =
K is the complex conjugation. Decomposing the Hamil-
tonian H = H0 + H1 into a hopping term H0 and a local

FIG. 2. QBE with broken T symmetry: The Harper model.
(a) Trajectory of 〈x(t )〉 × 〈y(t )〉 presenting the full (partial)
boomerang effect in the direction parallel (perpendicular) to the
initial momentum k0 = k0x̂, i.e., 〈x(+∞)〉 = 0 (〈y(+∞)〉 
= 0).
The color bar indicates the time propagation in the interval Jt ∈
[0, 1000]. (b) The blue solid curve shows that 〈x(t )〉 decreases and
tends to vanish, and the green dashed curve shows that 〈y(t )〉 remains
finite at long times. We set W/J = 10, α = 0.02, nd = 7 × 105 dis-
order realizations, σ/a = 10, k0a = π/2, and Nx = Ny = 190.

potential term H1, one can check that H0 breaks time-
reversal symmetry due to the complex hoppings. Though
H0 is not T symmetric, it satisfies RxT H0(RxT )−1 =
RyT H0(RyT )−1 = H0. The ensemble of disorder realizations
is RT invariant, RxT {H}(RxT )−1 = RyT {H}(RyT )−1 =
{H}. Therefore the QBE is expected to appear if condition (d)
is satisfied.

We initialize the system in a Gaussian wave packet,
ψ0(r j,l ) = N0 exp(−r2

j,l/2σ 2 + ik0 · r j,l ), where r j,l is the
position of site ( j, l ). Without loss of generality we con-
sider k0 = k0x̂. This wave function satisfies RxT ψ0(r j,l ) =
ψ0(r j,l ), and hence the QBE is expected to take place in
the direction of the initial momentum, i.e., in 〈x(t )〉. In the
perpendicular direction we have RyT ψ0(r j,l ) = ψ0(r j,l )∗ 
=
ψ0(r j,l ), and our analytical arguments do not guarantee that
the QBE will take place in 〈y(t )〉. We check numerically that
the QBE appears in the x direction but is broken in the y
direction; after the U-turn, 〈y(t )〉 does not reach the origin
(see Fig. 2). This confirms the presence of the QBE in T-
broken models and illustrates the importance of conditions (c)
and (d).

Anderson model with electric field. Another interesting case
is the 1D Anderson model in the presence of an external
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FIG. 3. QBE in the Anderson model with an electric field. Using
W/J = 3 and |E |/J = 0.1, we show the disorder-averaged center of
mass for the case with E > 0 (E < 0) as a green dotted (red dot-
dashed) curve. The average of these two cases is shown as a blue
solid curve. In these data we considered a Gaussian initial state and
used σ/a = 10, k0a = 1.4, N = 4 × 102, and nd = 5 × 104.

electric field E . The model reads

H =
∑

j

[−Jc†
j+1c j − Jc†

j c j+1 + (ε j − jE )c†
j c j], (9)

where ε j are sampled from a uniform distribution over
[−W/2,W/2]. The ensemble of disorder realizations with
field E satisfies RT {H (E )}(RT )−1 = {H (−E )}, and hence
the QBE is not observed when averaging 〈x(t )〉 over {H (E )}
[see green dotted (red dot-dashed) curve in Fig. 3 for E > 0
(E < 0)]. To guarantee RT {H}(RT )−1 = {H}, we consider
the union of the ensemble of disorder realizations with field
+E with the realizations with −E , i.e., {H} = {H (+E )} ∪
{H (−E )}. The blue solid curve in Fig. 3 shows the presence
of the QBE in this case. Notice that this is not equivalent
to taking the average of the Hamiltonians with E > 0 and
those with E < 0 and obtaining the Anderson model in the
absence of E . These results further illustrate the importance
of condition (c).

Many-body systems. Noninteracting many-particle
systems satisfying the conditions mentioned in the
analytical arguments are expected to display the QBE.
In fact, it is straightforward to prove that for an
initial N-particle bosonic (B) or fermionic (F) state
ψB,F (x1, . . . , xN ) = 〈x1, . . . , xN |χ1, . . . , χN 〉B,F , one has
〈X (t )〉 = ∑

i〈χi(t )|Xi|χi(t )〉 = ∑
i〈xi(t )〉, where X = ∑

i Xi,
Xi is the position operator corresponding to the ith particle,
〈xi(t )〉 is its center of mass, and χi is the ith orbital,
i = 1, . . . , N . Therefore the QBE appears in 〈xi(t )〉 and
hence in 〈X (t )〉 averaging over disorder realizations. We
also notice that, if there is a sufficiently large number N of
particles far from each other, each of them feels a different
local disorder in its vicinity, and the summation

∑
i〈xi(t )〉

plays the role of average over disorder realizations. Therefore,
for a single disorder realization, the QBE is also expected to
appear in the average center of mass of the system 〈X (t )〉/N .
A similar argument holds for the QBE in momentum space.
Therefore, in the case of many noninteracting particles, we
expect the QBE to appear even in the presence of electric or
magnetic fields if conditions (a)–(d) are met.

FIG. 4. QBE in the interacting quantum kicked-rotor model.
(a) Short-time momentum average for different interaction strengths.
(b) Asymptotic momentum average (blue), momentum at t = 2
(black), and average momentum at t = 13 (red). For both plots we
set α = 0.5, K = 5, x0 = π/2, σk = 3, k̄ = 1, size of the system
L = 2π × 512, discretization in real space �x = 2 π/1024, and dis-
cretization in time �t = 10−2.

The presence of interactions in some disordered systems
may deeply alter the nature of the Anderson transition [60].
Interactions can also lead to a breaking of the QBE by either
destroying localization or destroying RT symmetry. Weakly
interacting Bose gases with a contact potential U (r) = gδ(r)
are described within a mean-field Hamiltonian density H =
H0 + g|ψ (r, t )|2, where H0 contains the kinetic and the local
disordered potential. The nonlinear term breaks both T and
RT symmetries, leading to the absence of the QBE both in
momentum space and in real space. This is in agreement
with the analysis in Ref. [41] for the 1D Gross-Pitaevskii
equation (GPE). In the following we investigate the QKR
model, which presents localization in momentum space and
hence displays the QBE in 〈p(t )〉 in the noninteracting case
[42,43,45]. In Fig. 4 we show the dynamics of 〈p(t )〉 for the
QKR with contact interactions. The mean-field bosonic QKR
is governed by the GPE

ik̄∂tψ= − k̄2 ∂2
x ψ

2
+g|ψ |2ψ + K cos (x)

∞∑

n=−∞
δ(t − n − α)ψ.

(10)
We solve it using third-order split-step Fourier method.
The initial wave packet is a Gaussian in momentum
space with variance σk and initial “boost” x0, ψ0(p) =
N exp(−p2/2σ 2

k − ix0 p).
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Interactions are known to destroy dynamical localization in
the QKR [44]. Furthermore, any finite interaction g breaks T
symmetry, and hence the full QBE is present only for g = 0.
However, 〈p(t )〉 still displays a partial boomerang with a
U-turn at t = 2 for 0 < g < gc ≈ 8. Beyond this critical inter-
action, there is no signature of the QBE and 〈p〉t=2 < 〈p〉t=∞,
where we compute 〈p〉t=∞ as an average of 〈p(t )〉 in the
interval t ∈ [500, 1000]. This same behavior is observed for
other values of K (see SM [47] for additional data).

Summary. While the QBE was previously found only in
T-symmetric Hermitian systems with restricted initial condi-
tions, we showed that the QBE can be observed for a wide
class of Hamiltonians breaking T symmetry and Hermiticity
and in a variety of initial states. The QBE is expected to be
present in systems of any dimension d and any number N of
noninteracting particles. It was shown that sufficient condi-
tions to observe the QBE are (a) Anderson localization, (b) the
reality of eigenenergies, (c) the reflection–time-reversal in-
variance of the ensemble {H} of disorder realizations, and (d)
the initial wave function being an eigenstate of the reflection–
time-reversal operator. We observe the breakdown of the QBE
when these conditions are not met. However, these conditions
are quite general, and hence our results demonstrate the ubiq-
uity of the QBE in localized systems. It is an open question
whether these conditions can be further generalized. We em-
phasize that the examples discussed in this Research Letter
have a direct implementation in ultracold systems. Harper-
Hofstadter ladders have been realized in, e.g., Ref. [61]
with laser-induced hopping along synthetic dimensions and
a complex hopping along the chains producing an effective
magnetic field. Local disorder can be added by superimposing
an additional incommensurate lattice as in Ref. [62] or with
a speckle potential [7]. Although in the numerical investi-

gations we focused on Hermitian models, the QBE holds
for a broad class of non-Hermitian systems [48]. Finally, we
provided arguments for which mean-field interactions prohibit
the QBE in bosonic systems. The question of whether many-
body localized (MBL) phases in interacting systems display
the QBE remains open [63,64]. Interestingly, Creutz ladders
with cross tunnelings can lead to the formation of flat bands
and might display disorderless MBL states [65–68]. Also,
the presence of the momentum-space QBE can be tested in
the interacting kicked-rotor model tuning the interaction in a
7Li Bose-Einstein condensate (BEC) via Feshbach resonances
[44,45].

Note added. Recently, we learned about the recent work
of Ref. [69], which has partial overlap with our findings. The
authors study a 1D model with spin-orbit coupling and briefly
mention the sufficient conditions to observe the QBE. While
our analytical derivation has some similarity with the argu-
ments presented in Ref. [69], our derivation is more general in
the sense that we demonstrate the QBE (i) in non-Hermitian
systems with a real spectrum, (ii) in a broader class of initial
states, and (iii) in cases where H0 is not RT symmetric if the
ensemble {H0} is RT invariant. This last point is relevant, e.g.,
in the model with an electric field and in the Hatano-Nelson
model [48].
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