
PHYSICAL REVIEW B 106, L041115 (2022)
Letter Editors’ Suggestion

Height-conserving quantum dimer models
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We propose a height-conserving quantum dimer model (hQDM) such that the lattice sum of its associated
height field is conserved, and that it admits a Rokhsar-Kivelson (RK) point. The hQDM with a minimal
interaction range on the square lattice exhibits Hilbert space fragmentation and maps exactly to the XXZ
spin model on the square lattice in certain Krylov subspaces. We obtain the ground-state phase diagram of
hQDM via quantum Monte Carlo simulations, and demonstrate that a large portion of it is within the Krylov
subspaces which admit the exact mapping to the XXZ model, with dimer ordered phases corresponding to
easy-axis and easy-plane spin orders. At the RK point, the apparent dynamical exponents obtained from the
single mode approximation and the height correlation function show drastically different behavior across the
Krylov subspaces, exemplifying Hilbert space fragmentation and emergent glassy phenomena.
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Introduction. Quantum dimer models (QDMs) [1] are
paradigmatic models of strongly correlated systems subject
to strong local constraints. Originally introduced to model the
physics of short-range resonating valence bond states [2–4],
QDMs have subsequently been shown to host a plethora
of phenomena, such as topological order and fractionaliza-
tion [5–8], mapping to height models [9–11], unconventional
phase transition with anyon condensation [12–16], emergent
continuous symmetry and gauge field [15,16], and more
[17–27]. On the other hand, recent experimental progress in
ultracold atomic gases [16,28–31] has led to a surge of interest
in understanding nonequilibrium dynamics in closed quantum
many-body systems, including quantum many-body chaos
[32–38], many-body localization [39–42], quantum many-
body scars [43–49], anomalous dynamics and subdiffusive
behavior [50–57], localization in fractonic systems [58–62],
and Hilbert space fragmentation (HSF) [63–76], the latter of
which provide examples of nonintegrable systems which fail
to obey the eigenstate thermalization hypothesis [77–79].

In this Letter, guided by the connection between con-
strained dynamics and height-conserving field theories un-
covered in Ref. [53], we design a height-conserving quantum
dimer model (hQDM) that displays phenomena of constrained
systems, in particular HSF, yet retains the attractive features
of QDM described above. Specifically, for the square-lattice
hQDM with minimal-range interactions, we show that the
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conservation of its associated height field leads to HSF, and
that there exists an exact mapping between hQDM and a
XXZ spin model in certain Krylov subspaces (KSs). We em-
ploy the unbiased sweeping cluster quantum Monte Carlo
(QMC) simulation [15,16,80,81] to obtain the ground-state
phase diagram and find the main part of the phase dia-
gram can be characterized by that of the two-dimensional
XXZ model, with different dimer ordering corresponding
to easy-axis and easy-plane spin long-range orders. At the
RK point, the apparent dynamical exponents obtained from
the single mode approximation and the height correlation of
QMC data, exhibit drastically different behavior across the
KS. These results confirm the fragmented Hilbert space and
emergent glassy behavior of our model and its relevance to
further developments of constrained quantum lattice models is
discussed.

Model. Consider close-packed tiling of dimers on a square
(bipartite) lattice, such that each site is occupied by exactly
one dimer. For each dimer configuration, one can construct a
mapping to a height field h(x), which we review in the Supple-
mental Material (SM) [82]. We introduce a height-conserving
QDM such that (i) it admits a general Rokhsar-Kivelson
(RK) point [1] in its parameter space, and (ii) the sum of
its associated height field h(x) is conserved. We focus on the
Hamiltonian H = Hres + Hdiag with an interaction of minimal
range on the square lattice, where
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FIG. 1. (a), (b) DWSD (in cyan) surrounding regions of flippable
plaquettes residing in sublattices A and B, respectively. (c) DWSD
surrounding a region of inactive dimer configuration. Loop updates
on the orange loops will generate additional inactive configurations
exponential in the region size. (d) O(γ L2

) number of KSs with
isolated active regions can be constructed by piecing (a)–(c) together
with γ > 1.

The sums are over all possible vertically or horizontally
aligned next-to-nearest-neighbor plaquette pairs. hQDM with
interactions of longer range and/or conserved height multi-
poles [82] are amenable to field-theoretical analysis, which
we discuss in detail in a forthcoming work [83]. As the QDM,
the hQDM preserves the tilts or winding numbers, defined
in terms of the height field as t1 = [h(x = (L, x2)) − h(x =
(0, x2))]/L and t2 = [h(x = (x1, L)) − h(x = (x1, 0))]/L for
any values of x1 and x2. Additionally, the short-range nature
of the pairwise plaquette flips of H (0)

res leads to extra conserved
quantities, namely the total height IX for each sublattice, {X =
A, B, C, D}, shown in Fig. 2(b). Together, the set of conserved
charges is {t1, t2, IA, IB, IC, ID}.

Hilbert space fragmentation. Our hQDM has HSF, i.e.,
the full space of states breaks into dynamically disconnected
KSs. A Krylov subspace (KS) is defined as K(H, |ψ〉) =
span{Hn|ψ〉, n ∈ N} ≡ K(|ψ〉) with size DK, and in our con-
text, the basis states |ψ〉 are dimer configurations. A system
is said to exhibit HSF [63–65] if K(H, |ψ〉) does not span the
Hilbert subspace labeled by the symmetry quantum numbers
of |ψ〉. In our minimal-range hQDM, we prove in SM [82]
that there exists an exponential number (in system size) of
subsectors with (i) DK = 1 (frozen KS), (ii) DK = O(1) (min-
imally active KS), and (iii) DK = O(αL2

) (active KS) with
constant α > 1. The idea of the proof is demonstrated in a
construction using a domain wall of staggered dimers (DWSD)
(see Fig. 1), defined as a connected region of plaquettes where
no plaquettes are occupied by a parallel dimer pair. A DWSD
is a “blockade” since regions separated by DWSD are dynam-
ically disconnected in that no terms in H can act nontrivially
on or across the DWSD. Claims (i)–(iii) are then proven by
obtaining distinct KS via piecing multiple blocks of active or

FIG. 2. Phase diagram of the minimal-range hQDM on the
square lattice. For V/t ∈ (−∞, −1), the system is in a VBS phase,
with eight degenerate ground states generated by performing plaque-
tte flips and translations of the pattern (a) to four sublattices defined
in (b). The hQDM restricted to the KS of (a) can be exactly mapped to
the XXZ model, where the VBS is the Ising antiferromagnetic phase.
For V/t ∈ (−1, 1), the system is in the plaquette phase illustrated
in (c), corresponding to the XY ferromagnetic phase of the XXZ
model. For V/t ∈ (1,∞), the system is in the frozen phase and has
O(eL2

) number of inactive and degenerate GSs, some of which can
be generated by performing loop updates on (d). The transition point
between VBS and plaquette phases is equivalent to the antiferro-
magnetic Heisenberg point of the XXZ model and that between the
plaquette and frozen phases is the RK point.

inactive dimer configurations surrounded by DWSD, shown in
Fig. 1 and SM [82]. We also have strong indications, but not a
proof, as discussed below, that this minimal-range hQDM has
strong HSF, so no KS has an entropy density equal to the full
entropy density.

Phase diagram. We can obtain the phase diagram (Fig. 2)
of our minimal-range hQDM in several tractable limits. For
V/t → −∞, the Hamiltonian favors states with the most
number of flippable plaquette pairs. Such a state is shown
in Fig. 2(a), and we prove in SM [82] that there are eight
degenerate ground states (GSs) generated by (i) performing
pair-dimer rotation on all plaquettes with parallel dimers, and
(ii) translating the pattern [Fig. 2(a)] to the four sublattices
[Fig. 2(b)]. Furthermore, these eight degenerate GSs belong to
four (disconnected) KSs associated with each sublattice [82].
We refer to these GSs as the valence bond solid (VBS).

For V/t ∈ (1,∞), the Hamiltonian favors states without
any flippable plaquette pairs, i.e., the system is in the frozen
phase. We explicitly construct degenerate GS with extensive
entropy in Fig. 2(d), generated by performing loop updates—
by flipping occupied links to unoccupied links in a given loop,
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and vice versa—on each blue loop [82]. Each of such states
forms a KS of size one. Note that all inactive configurations in
QDM are also valid inactive configurations in hQDM. How-
ever, unlike QDM, hQDM has extensive GS entropy in the
frozen phase while QDM has subextensive GS entropy in the
staggered phase for V/t ∈ (1,∞), and the degenerate hQDM
GSs contain states with a variety of height tilts, including the
columnar states with zero tilt.

At V/t = 1, as in QDM, hQDM has a RK point [1,10,11].
The GSs at the RK point are highly degenerate, with a unique
GS from each KS given by |GS〉K ∝ ∑

C∈K |C〉. The field-
theoretical approaches at the RK point will be discussed in
detail in Ref. [83]. Away from the RK point, one can consider
the following heuristic argument to justify the frozen and
VBS phases: With V/t → 1+, subspaces without any flippable
plaquettes have the lowest energy, consistent with the frozen
phase; with V/t → 1−, the lowest-energy subspaces should be
the ones with the most flippable plaquettes, i.e., the KS where
VBSs reside.

There exists an exact mapping between our minimal-range
hQDM and XXZ spin models in a certain set of KSs, K(|ψ〉X ),
where all flippable plaquettes in |ψ〉X are residing on the same

sublattice X ∈ {A, B, C, D} via | 〉x
g−→ | ↓〉x̃, | 〉x

g−→
| ↑〉x̃, where x and x̃ labels the plaquettes of the original lattice
and of sublattice X , respectively [82]. The validity of this
mapping relies on the fact that flippable plaquettes in these
KSs always remain in the same sublattice under the action of
H . Therefore, it maps a 2L × 2L hQDM into a L × L XXZ
model in certain subspaces,

HhQDM|K(|ψ〉X ),{x} = HXXZ|K[g(|ψ〉X )],{x̃}, (2)

and

HXXZ|{x̃} = −t
∑

〈x̃,x̃′〉
(S+

x̃ S−
x̃′ + S−

x̃ S+
x̃′ )

+ V

2

∑

〈x̃,x̃′〉

(
1 − Sz

x̃Sz
x̃′
)
, (3)

where Sa
x̃ with α = x, y, z are the Pauli matrices, and S± =

1
2 (Sx ± iSy). Note that when longer-range terms of hQDM are
introduced, this mapping is no longer valid as the relevant KSs
have enlarged. However, for the minimal-range hQDM, this
XXZ description is crucial in describing the phase diagram
for V/t ∈ (−∞, 1).

Sweeping cluster quantum Monte Carlo on hQDM. We em-
ploy the sweeping cluster QMC algorithm [80,81] to simulate
the phase diagram. The method has recently been intensively
applied on the square and triangle lattice QDM models to
map out the GS phase diagram and extract the low-energy
excitations [15,16,84]. The method not only respects the local
constraint in hQDM between each QMC update, but also
allows for loop updates with randomly sampled loops, en-
suring different subspaces labeled by {t1, t2, IA, IB, IC, ID} and
the fragmented KSs within being sampled. We simulated the
hQDM with linear system sizes up to L = 24, and the inverse
temperature β = L.

Our QMC data show that the GSs in V/t ∈ (−∞, 1) indeed
reside in KSs described by the mapping in Eq. (2). To probe
the phase diagram, we study the dimer-pair structure factor

FIG. 3. (a) The dimer-pair structure factor C(X ) for hQDM
shows a first-order transition from VBS (Ising antiferromagnet in the
XXZ model) to the plaquette (XY ferromagnet in the XXZ model)
phase at V = −1. The inset shows the energy density of hQDM with
L = 16, 24 and of the XXZ model with L = 8, 12 as a function of
V/t . The curves coincide and exhibit a transition at the RK point
V = 1. (b)–(d) are the dimer-pair structure factors at V = −1.5, −1,
and −0.5 inside the Brilliouin zone, respectively. With C(q) peaks at
X and M in (b) and (c), but only peak at M in (d). The high-symmetry
path is denoted in (d).

Ci j (q), defined as the Fourier transform of the pair dimer cor-

relation function Ci j,x−x′ = 〈DixD j,x′ 〉−〈Di,x〉〈D j,x′ 〉
〈D2

i,x′ 〉−〈Di,x′ 〉2 , where Di,x

with i = , is the projector of vertically or horizontally
aligned dimer pairs at plaquette x [82]. The C(q = X ) where
X = (π/2, π/2) and i = j = serves as the square of the
order parameter for the VBS phase. As shown in Fig. 3(a), as
V/t increases from −∞, the hQDM undergoes a first-order
phase transition [85] at V/t = −1 from the VBS phase [C(X )
is finite] to a plaquette phase [C(X ) is zero] in one of the four
sublattices. The same information is revealed in the C(q) in
the Brillouin zone (BZ) in Figs. 3(b)–3(d), where the structure
peak at X appears at V = −1.5 (we note here the peaks at M
and K are due to the repetition of that at X ) and V = −1 (here
the peaks at M and X are due to the coexistence of VBS and
plaquette phases), but at V = −0.5, when the system is inside
the plaquette phase, C(q) only develops peaks at M = (π, 0)
points.

This transition in hQDM corresponds to the transition from
antiferromagnetic Ising phase to XY phase in the XXZ model
in each of the KSs corresponding to the four sublattices. At the
Heisenberg point V = −1, the O(3) symmetry is recovered
and the GS spontaneously break this symmetry, resulting in
the coexistence of peak at X and M in Fig. 3(c). Similar phe-
nomena have been seen in the context of deconfined quantum
critical points and dimerized quantum magnets [86,87].

L041115-3



YAN, MENG, HUSE, AND CHAN PHYSICAL REVIEW B 106, L041115 (2022)

FIG. 4. (a). The dispersion of hQDM at the RK point in a random
sector is given along the high-symmetry path, with the zq denoted.
The inset shows the dispersion in the XXZ sector, with all z = 2. (b).
The distribution of zK for hQDM via random walk MC and SMA,
where the distribution is obtained via 3000 randomly chosen sectors.
The inset shows the real-space height field autocorrelation function
of the A sublattice in different KSs with different zK (as labeled in
the figure) against MC steps.

Moreover, we also compare the GS energy density from
sweeping cluster QMC on hQDM, with that from directed
loop QMC simulation [88–90] on the XXZ model. As shown
in the inset of Fig. 3(a), two energies are identical, meaning
the hQDM GS indeed resides in the XXZ KS, where the
mapping to the XXZ model is valid. Interestingly, at V/t � 1,
when the system is at the RK point and in the frozen phase,
our QMC data show the mapping remains valid. Indeed, the
ferromagnetic phase of the XXZ model (when V/t > 1) can
be mapped to the columnar phase of the square-lattice QDM
at V/t > 1 [91], which is one of the degenerate GSs in the
frozen phase of hQDM.

Dispersion and dynamic properties. We finally study low-
lying excitations at the RK point of the minimal-range hQDM
where each sector has a zero-energy ground state, and show
that the apparent dynamical exponent z varies strongly be-
tween KS and the system develops emergent glassy behavior,
indicating strong HSF.

We utilize the single mode approximation (SMA) upon
QMC data to approximate a dimer dispersion [92,93]. Besides
the low-energy dispersion, via the random walk method, we
also sample KSs randomly and obtain the distribution of ap-
parent dynamical exponents zq at various q points in the BZ.

Our results are shown in Fig. 4. Different from the QDM,
the dynamics of hQDM are extremely sensitive to KSs. In the
XXZ KS which hosts the ground state for V < t , the dynamic
exponent z = 2 (similar to that of the QDM [92]), all the
exponents near K are indeed close to 2 as shown in the inset of
Fig. 4(a) [94]. However, the hQDM dispersion in the other KS
[the main panel of Fig. 4(a)] clearly acquire larger apparent z.
We further plot the distribution of zK=(π,π ) extracted from the
dispersion from sampling different sectors in Fig. 4(b), which
exhibits a wide distribution centered around z = 3. Such be-
havior suggests strong fragmentation, since randomly chosen
states do not appear to be in the same KS with any significant
probability. We expect that the model will only have weak
HSF upon inclusion of longer-range terms in Eq. (1).

We also study the autocorrelation function of height field
at RK points using classical MC, by updating dimer con-
figurations via the Hres on a randomly chosen position from
a initial state of certain sector. The measurement of height
autocorrelation along the Monte Carlo steps (MCS) in one
sublattice is shown in the inset of Fig. 4(b). In the XXZ
sector, zK ∼ 2, autocorrelation decays very fast with ergodic-
ity in the related Hilbert subspace. In other sectors, zK > 2,
the autocorrelation decays much slower which hinders the
relaxation. There seems to be no obvious relationship between
the autocorrelation decay and zK . It is strong evidence for the
glassy behavior which emerges in most sectors of hQDM.

Conclusion and outlook. In this Letter, we introduced the
hQDM as a realization of height-conserving models. Rich
phenomena such as HSF with DWSD as blockades, mapping
to the XXZ model, and the emergent glassy behavior at the
RK are observed analytically and numerically. The hQDM
height field theory [10,11], lattice gauge theory, Lifshitz mod-
els, and conformal critical point [95] will be presented in
upcoming work [83]. Emergent fractonic behavior [96–101],
explored recently in dimer models in higher than two dimen-
sions [102,103], the nature of the low-lying excitations, and
the structure of HSF in hQDM with interactions of various
ranges are also interesting open directions.
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