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Severe violation of the Wiedemann-Franz law in quantum oscillations of NbP
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The thermal conductivity (κ) of the Weyl semimetal NbP was studied with the thermal gradient and magnetic
field applied parallel to the [0 0 1] direction. At low temperatures κ(B) exhibits large quantum oscillations
with frequencies matching two of several determined from the Shubnikov–de Haas effect measured on the same
sample with analogous electrical current and magnetic field orientation. Both frequencies found in κ(B) originate
from the electron pocket enclosing a pair of Weyl nodes. The amplitude of the oscillatory component of the
thermal conductivity turns out to be two orders of magnitude larger than the corresponding value calculated
from the electrical conductivity using the Wiedemann-Franz law. Analysis of possible sources of this discrepancy
indicates the chiral zero sound effect as a potential cause of its appearance.
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I. INTRODUCTION

Topologically nontrivial materials exhibit a variety of ex-
traordinary transport phenomena. This applies to the charge
transport, where, for example, coexistence of conductive sur-
face and insulating bulk in three-dimensional topological
insulators [1] or negative longitudinal magnetoresistance in
topological semimetals [2] is expected. In addition, there are
many intriguing effects associated with the heat transport in
such materials. For instance, the presence of the thermal chi-
ral anomaly in Bi1−xSbx [3] or a mixed axial-gravitational
anomaly in NbP [4] was reported.

Among the novel phenomena exclusive to the topological
materials is the chiral zero sound (CZS) effect [5], named
after the zero sound effect which may appear in the Fermi
liquid due to the oscillating deformation of the Fermi surface
[6]. Alternatively, CZS can occur in semimetals with multi-
ple pairs of Weyl nodes, and its signatures are supposed to be
visible in the specific heat and thermal conductivity [5]. In the
latter, CZS provides an additional channel for chargeless heat
transfer, which leads to violation of the Wiedemann-Franz
law that assumes a fixed ratio between the charge and heat
fluxes. Recently, the unusual magnetic field dependence of the
thermal conductivity in semimetallic TaAs was attributed to
the emergence of the chiral zero sound [7].

Here, we present our studies on the thermal transport prop-
erties in another Weyl semimetal, namely NbP. The analysis
of the experimental results indicates that the thermal conduc-
tivity of NbP at low temperatures is also governed by the CZS
effect.

II. METHODS

Single crystals of NbP were grown by chemical vapor
transport method using iodine as a transporting agent, as
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described in the literature [8]. The crystals had typical di-
mensions 2×2×1 mm3, metallic luster, and were stable in
air. Their chemical composition was checked by energy-
dispersive x-ray analysis using an FEI scanning electron
microscope equipped with an EDAX Genesis XM4 spec-
trometer. The result confirmed homogeneous single-phase
material with stoichiometry nearly equal to the nominal one.
Single-crystal x-ray diffraction experiment was performed on
a Kuma-Diffraction four-circle diffractometer equipped with
a charge-coupled device camera, using Mo-Kα radiation. The
results confirmed the tetragonal nonsymmorphic space group
I41md (No. 109) with the lattice parameters very close to
those reported in the literature [8].

For the transport measurements, a rectangular bar with
dimensions 1.9×0.45×0.4 mm3 was cut from a suitable single
crystal with the longest side of the sample oriented along the
[0 0 1] direction (crystallographic c axis).

The electrical resistivity was measured using a four-point
technique with alternating electric current flowing along
[0 0 1]. The experiments were carried out in the temperature
range 1.7–300 K and in magnetic fields up to 14.5 T ap-
plied parallel to the electric current. For thermal conductivity
measurements, the isolated heater method was used with a
Micro-Measurements strain gauge as a heater and Cernox
chip as a base thermometer. Thermal gradient, applied along
[0 0 1], was measured with a 25-μm constantan-chromel ther-
mocouple, calibrated in magnetic field, which was attached to
the sample through a few mm long and 100-μm-thick silver
wires. An additional thermocouple was mounted between the
base and the heater to calculate the actual sample tempera-
ture. The whole setup was suspended on the 10-μm Kevlar
threads and covered with a silver radiation shield. Magnetic
field was applied parallel to the thermal gradient. The DC
technique was used for field sweeps, where the field varied
between −14.5 and +14.5 T to extract the field-symmetric
component of the signal. The quasi-AC mode was employed
for temperature ramps.
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FIG. 1. Magnetic field dependence of the resistivity of NbP at
T = 1.7 K measured along c axis and the magnetic field parallel to
the current. The left-hand inset shows oscillatory part of the resistiv-
ity (after subtraction of third-order polynomial background) plotted
vs inversed field in the range 2.5–12 T. The right-hand inset shows
the fast Fourier transform of this signal with arrows denoting peaks
related to 4.9-, 9.1-, 16-, 29-, and 40-T frequencies.

III. RESULTS

Figure 1 presents the magnetic field (B) dependence of the
electrical resistivity (ρ) of NbP measured at T = 1.7 K with
electrical current applied along the c axis, oriented parallel
to B. At this temperature, the resistivity initially rises steeply
with increasing field, but above B ≈ 4 T, this trend changes
and ρ slowly decreases. The negative magnetoresistance we
observe might be due to the chiral magnetic anomaly (CMA)
emerging in Weyl semimetals [8–10]. Its presence suggests
that the intravalley scattering time in NbP is shorter than the
intervalley scattering time [8]. Another characteristic feature
of ρ(B) is the appearance of pronounced oscillations, which
can be attributed to the Shubnikov–de Haas (SdH) effect.
The field dependencies of the electrical resistance of NbP
measured at higher temperatures are shown in Fig. S1 of the
Supplemental Material (SM) [11]. As can be inferred from
that data, CMA vanishes above T ≈ 50 K along with the
smearing of the SdH effect.

The left-hand inset to Fig. 1 shows the oscillatory com-
ponent of ρ(B) [�ρ(B)], at T = 1.7 K in the field range
2.5–12 T. This was chosen to avoid the deviation from pe-
riodicity observed in the ρ(B) above B ∼ 12 T, where one
can expect an anomalous behavior from low-frequency os-
cillations reaching their quantum limit [12]. The oscillatory
component was extracted from the total resistivity by subtract-
ing a polynomial, which is a standard method of removing
a nonoscillatory background. The low-order (third) function
was used to limit the risk of unintentionally removing low-
frequency oscillations. The right-hand inset to Fig. 1 presents
the fast Fourier transform (FFT) calculated from �ρ(B),
where several peaks appear: 4.9 (F1), 9.1 (F2), 16 (F3), 29
(F4), and 40 (F5) T. All of them were theoretically predicted
to appear in NbP for B ‖ c [13] and already observed in other
experiments [8,13]. The small hump at 70 T is likely an
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FIG. 2. Temperature dependence of the zero-field thermal con-
ductivity in NbP. Inset shows the low-temperature part (T�22 K)
of the κ(T) dependence with the dashed line representing κ (T ) =
aT + bT 3 fit, where light-red region denotes uncertainty of the mea-
surement. Solid blue line shows the electronic thermal conductivity
calculated from the Wiedemann-Franz law.

artificial result of not perfectly subtracted background in the
high-field limit (see Fig. S3 in SM [11]), although a similar
frequency was also observed by Wang et al. [8].

The band-structure calculations revealed two electron
pockets (E1 and E2) and two hole pockets (H1 and H2) to be
present in NbP at the Fermi level [13]. The F1 and F2 oscilla-
tions are supposed to originate from the extremal orbits in the
electron pocket E2, F3 and F4 represent the cross sections of
the electron pocket E1, while F5 comes from the hole pocket
H1. The other hole pocket H2 does not contribute to quantum
oscillations when B is oriented along the c axis. It is important
to note that the theory predicted as many as 12 pairs of Weyl
nodes of type I and II present in the electronic structure of
NbP [14–16].

Figure 2 presents the temperature dependence of the ther-
mal conductivity (κ) of NbP. The κ(T) data are dominated by
a large maximum near 40 K, observed also in the previous
study of the compound [17]. As displayed in the inset of
Fig. 2, in the low-temperature limit, the κ(T) variation can
be well approximated with the function κ (T ) = aT + bT 3.
In a simple approach, the fitting parameters are related to the
electronic (a-coefficient) and phononic (b-coefficient) contri-
butions to the thermal conductivity. The cubic term describes
the phonon thermal conductivity in the boundary-scattering
region for crystals with perfect long-range order, but for
imperfect crystals it is expected to dominate over a wider
range of temperature [18]. The inset in Fig. 2 presents also
the electronic thermal conductivity (κWF) calculated from the
electrical conductivity (σ = ρ–1, since there is no Hall signal
for j ‖ B) using the Wiedemann-Franz (WF) law:

L = κ

σT

(
e

kB

)2

, (1)

where L is the Lorenz number (for the Fermi liquid L
equals to π2/3 in the regime of elastic scattering of
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FIG. 3. Magnetic field dependence of the thermal conductiv-
ity (B ‖ c ‖ ∇T ) of NbP for several temperatures plotted in the
semilogarithmic scale. Inset presents the fast Fourier transform of
the oscillatory component of κ(B) for T = 3.7, 5.2, and 7.8 K (from
the bottom up) showing two frequencies: ∼15 and 30 T.

conduction electrons), e stands for the elementary charge, and
kB is the Boltzmann constant. As can be inferred from the
figure, the value of κWF/T turns out to be nearly temper-
ature independent below T ≈ 20 K with κWF/T ≈ 0.17 ±
0.04 W m–1 K–2, where the error is based on the estimated
uncertainty in determination of the geometrical factor. No-
tably, this value matches well the parameter a, derived
from the low-temperature κ(T) data (i.e., a = 0.44 ±
0.22 W m–1 K–2), which is the electronic thermal conductivity
divided by T.

The magnetic field dependencies of the thermal conduc-
tivity of NbP measured at a few different temperatures in the
configuration B ‖ c ‖ ∇T are presented in Fig. 3. The most
prominent feature of κ(B) taken at T � 7.8 K is the presence
of oscillations which are visible in fields B > 6 T. They were
found periodic with B–1 and the inset to Fig. 3 shows the
fast Fourier transforms calculated for the 6–14.5-T field range
after a linear background was subtracted from the raw κ(B)
data. In FFT, two main frequencies are visible (F3 = 15 T
and F4 = 30 T) where the latter coincides with the frequency
observed previously for NbP in the κ(B) oscillations measured
for B ‖ c⊥∇T [17]. As emphasized in Ref. [17], the ampli-
tude of oscillations in κ(B) was much larger than the values
derived from the WF law.

IV. DISCUSSION

The magnetic field dependencies of the low-temperature
thermal conductivity in NbP resemble in many aspects those
reported for TaAs [7]. The main similarity is the presence of
giant magnetic quantum oscillations in κ(B), which are clearly
in antiphase with oscillations in κWF(B), as exemplified in
Fig. 4 for T ≈ 5 K. Similar behavior of κ(B) and κWF(B) was
found at other temperatures—-see Fig. S2 of the Supplemen-
tal Material [11]. Remarkably, the oscillatory component in
κ(B) of NbP is approximately 100× larger than that in the

FIG. 4. Magnetic field dependence of the thermal conductivity
of NbP at T = 5.2 K (uppermost red line) compared to the electronic
thermal conductivity calculated from the Wiedemann-Franz law at
T = 5.5 K (lowermost blue line). The dashed line is part of the
κWF(B) dependence shifted vertically to match κWF and κ values in
the zero-field limit. The middle (cyan) line shows κWF(B) multiplied
by 100 (right axis). The topmost (pink) line is the total thermal con-
ductivity including the CZS contribution calculated from the model
introduced in Ref. [5].

corresponding κWF(B) function. The previous study suggested
the chiral zero sound as a possible origin of thermal quantum
oscillations of this magnitude [7]. Nevertheless, several other
explanations also need to be considered.

The first scenario to discuss is that the oscillations observed
in κ(B) of NbP are due to the contribution from the electronic
system which massively violates the WF law. In fact, there
were theoretical and experimental works indicating that in
topologically nontrivial materials the Lorenz number can be
enhanced. For example, when B ‖ ∇T this may happen due
to the thermal chiral anomaly [3,19–21]. However, in such a
case the expected enhancement of L is much smaller than that
observed in NbP. Moreover, our experimental data suggest
that the electronic system obeys the WF law in weak magnetic
fields. As shown in Fig. 4, the initial drop of the thermal
conductivity when the magnetic field departs from zero is
well matched by a drop in the electronic contribution resulting
from large magnetoresistance. Additionally, a strong indica-
tion that the observed κ(B) variation is not a straightforward
result of changes in the electronic thermal conductivity is
related to the fact that in strong magnetic field the oscillations
in κWF(B) anticorrelate with those in κ(B).

Since NbP is a semimetal with multiple electron and hole
pockets, a role of ambipolar contribution to the thermal con-
ductivity (κeh) needs to be considered. This is associated with
the presence of electron-hole pairs [18] and can be expressed
as [22,23]

κeh =
(

π2kB

3e

)2

T

(
σeσh

σe + σh

)(
kBT

EF,e
+ kBT

EF,h

)2

, (2)

where EF stands for the Fermi energy, and indexes e and h
denote the electronic and hole parameters, respectively. Equa-
tion (2) implies that κeh becomes small if the electron and
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hole electrical conductivities are not compensated. Another
limiting factor is the temperature that needs to be compa-
rable to the Fermi temperatures of the electron and hole
pockets—-for example, in graphene the ambipolar contribu-
tion is substantial above T ≈ 50 K but the WF law recovers in
the low-temperature limit [24].

In case of NbP the negative sign of the Hall coefficient
at low temperature and high magnetic field suggests that the
electronic transport in the range of studies is dominated by
electrons [25]. Measurements performed for j||c and B||a
presented in Fig. S5 support this conclusion. However, even if
one assumes the perfect electron-phonon compensation (σe =
σh = σ/2), the ambipolar thermal conductivity calculated at
T = 5 K remains very small. Namely, for the Fermi energies
taken from band-structure calculations, EF,e = 57 meV and
EF,h = 5 meV [14], the resulting κeh ≈ 8×10−3 W m–1 K–1,
which is more than two orders of magnitude smaller than the
amplitude of oscillations in κ(B).

Furthermore, it is worth to mention that an alignment of
electron and hole bands in the momentum space is required,
since a distance between the pockets will result in a long
recombination time, and thus suppression of the ambipolar
conduction [26]. Based on these remarks, one can conclude
that the ambipolar effect can unlikely be responsible for the
κ(B) behavior observed in NbP.

The third possible origin of the distinct oscillations in κ(B)
of NbP that needs to be considered is magnetic field influence
on the phonon thermal conductivity (κph), which seems to
dominate the zero-field heat transport at temperatures cov-
ered in our experiment. Although the motion of phonons, as
chargeless quasiparticles without magnetic moment, should
not be affected by magnetic field, there are exceptions to this
rule [27–29]. On the other hand, the frequency of oscillations
in κ(B), matching those from the Shubnikov–de Haas effect,
suggests some relation between these two phenomena. An
imaginable connection may lie in an important role of elec-
trons in phonon scattering. In such a case, the electronic den-
sity of states oscillating with field can influence the thermal
transport of phonons via alternation of their mean-free path.

This mechanism was identified as an origin of large quan-
tum oscillation in κ(B) of elemental antimony, where phonons
are indeed strongly coupled to electrons [30]. Noteworthy,
in Sb, the oscillations in κ(B) and κWF(B) are out of phase,
like those revealed for TaAs and NbP. However, the very
large amplitude of the oscillations in κ(B) would imply that
electrons dominate the phonon scattering at low temperatures.
At odds with this scenario, predicting a κ (T ) ∼ T 2 depen-
dence in the low-temperature limit [31,32], the experimental
data of NbP follow the function κ (T ) = aT + bT −3 (cf. the
inset to Fig. 2). Such a dependence requires that both the
electron and phonon mean-free paths are T independent below
T ∼ 20 K. In this temperature range, ρ changes only by about
6% (see Fig. S1), suggesting almost constant mean-free path
of electrons. The phonon mean-free path (λ) can be calculated
using the specific-heat data [17,33] and resulting λ ≈ 4 μm at
T = 5 K suggests that the limiting factor at this temperature is
scattering of crystallographic defects. These are unlikely point
defects, but TaAs and TaP compounds, closely related to NbP,

were reported to exhibit high density of stacking faults [34].
The presence of such imperfections, especially in groups as
shown for TaAs and TaP [34], may account for phonon scat-
tering at low temperature. To roughly estimate the temperature
range in which the T-independent scattering dominates, we
used as an approximation λ(T), reported for solid helium [35].
This allowed us to estimate that λ should be nearly constant
below T ≈ 22 K that is observed in the experiment.

Here, it is worth mentioning that recent ultrasonic studies
of NbP revealed rather modest magnitude of the relative am-
plitude of oscillations of the phonon velocity (v), measured
with the propagation vector of acoustic wave and the magnetic
field direction being both parallel to c axis [36]. The obtained
value �v/v ≈ 10−4 is similar to the result reported for TaAs
[7]. Another hint that phonons in NbP are not dominantly
scattered by electrons comes from the thermoelectric power
(S) data. In the presence of strong electron-phonon coupling,
one may expect a large contribution from the phonon-drag
effect, which affects S approximately by a factor τp

τpe+τp
, where

τpe is the phonon-electron relaxation time, and τp represents
the phonon relaxation time for all the other phonon scattering
processes [37]. If τpe were comparable or shorter than τp,
the phonon-drag thermopower would be significant. Quite the
opposite, the low-temperature S(T) dependence of NbP was
judged to be unlikely influenced by phonon drag [17].

Considering all the above arguments, one is left with
a recently proposed mechanism, limited only to the Weyl
semimetals, i.e., explanation of the presence of giant magnetic
quantum oscillations in the thermal conductivity in terms of
the chiral zero sound effect [5,7]. The CZS phenomenon can
occur in a semimetal with multiple pairs of Weyl nodes, and
consists of the formation of collective “breathing modes” of
Fermi surfaces in different Weyl cones, which can be treated
as neutral bosonic excitations of Weyl fermions. Modes orig-
inating from different Weyl points have opposite phase shifts,
which leads to cancellation of charge currents, but important
contribution to the heat transport. The CZS velocity was pre-
dicted to be inversely proportional to the electronic density of
states at the Fermi level; hence, the oscillations in κ(B) caused
by this effect are supposed to appear in antiphase with the
oscillations in κWF(B) [7].

The occurrence of giant oscillations in κ(B) that are out of
phase to those in κWF(B) is not the only signature of the CZS
effect in NbP. One should note that the nonoscillatory compo-
nent of κ(B) originating from CZS is expected to rise linearly
with B in the weak field and low-temperature region [5]. Our
results show in fact such a field dependence of the thermal
conductivity at the lowest temperature, which at T = 7.8 K
seems to be masked by the opposite behavior of the phononic
contribution clearly visible at T = 19 K. Figure 4 shows also
the field dependence of the thermal conductivity in the CZS
scenario calculated within the model introduced by Song et al.
[5] (see SM [11]). Taking into account approximations used
in the model, the calculated curve matches the experimental
data fairly well. The resulting Debye temperature for the CZS
mode is θCZS(B = 14.5 T) ≈ 55 K, and the ratio between the
intervalley and intravalley scattering times at T = 5.2 K is
τ0/τCZS ≈ 4.5×10–4, placing NbP in the chiral limit [5].
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V. SUMMARY

We investigated the low-temperature thermal transport in
the Weyl semimetal NbP. The κ(B) dependencies, obtained for
B ‖ c ‖ ∇T , showed pronounced quantum oscillations with an
amplitude about two orders of magnitude larger than could
be expected from the Wiedemann-Franz law and being in an-
tiphase with κWF(B). We also observed that the nonoscillatory
component of κ(B) increases with field at low temperature.
The critical discussion of possible sources of the observed
features led to the conclusion that they unlikely originate from
the electronic or ambipolar thermal conductivities, and they
are also not caused by magnetic field-driven modulation of
the phonon-electron scattering. We suggest that the highly
anomalous behavior of κ(B) established for NbP emerges

due to the chiral zero sound effect, which can be considered
as evidence for the presence of multiple Weyl states in this
compound. We believe that the CZS effect may become an
efficient tool in the study of topologically nontrivial materials.

All of the relevant data that support the findings of this
study are available from the corresponding author upon rea-
sonable request [38].

ACKNOWLEDGMENT

The work is supported by the Foundation for Polish Sci-
ence through the IRA Programme co-financed by EU within
SG OP.

The authors declare no competing financial interests.

[1] L. Fu, C. L. Kane, and E. J. Mele, Topological Insulators in
Three Dimensions, Phys. Rev. Lett. 98, 106803 (2007).

[2] D. T. Son and B. Z. Spivak, Chiral anomaly and classical nega-
tive magnetoresistance of Weyl metals, Phys. Rev. B 88, 104412
(2013).
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