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Role of correlated hopping in the many-body physics of flat-band systems:
Nagaoka ferromagnetism
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In narrow-band systems, correlated contribution to effective hopping becomes important, and one needs to
carefully consider three types of hopping processes: between doubly and singly occupied sites, between singly
occupied and empty sites, and between doubly occupied and empty or two singly occupied sites. All three
hopping parameters cannot vanish simultaneously, and one should specify for which of these processes the band
becomes flat. By means of exact diagonalization of finite systems we demonstrate that three hoppings play
qualitatively different roles in many-body effects, in particular, in the formation of half-metallic ferromagnetic
(Nagaoka) states.
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In solids, the narrower the electronic band the more impor-
tant the correlation effects are. A prototypical example of an
electron system with a flat band is the quantum Hall regime
for a two-dimensional electron gas in a magnetic field when
the kinetic energy is suppressed by Landau quantization [1].
In this situation, many-body effects become dominant leading,
for example, to fractional quantum Hall effect, and all relevant
terms in the Hamiltonian originate from the Coulomb in-
teraction [2]. The conventional perturbative techniques, such
as Feynman diagrammatic expansion, are then not applica-
ble and more advanced and subtle theoretical approaches are
required [3].

Flat bands can also be observed in solids even without
a quantized magnetic field. The most well-known example
is the magic-angle twisted bilayer graphene [4–6] where the
formation of a flat band is accompanied by a broad variety
of strongly correlated effects and electronic phase transitions
including unconventional superconductivity [7–10]. Another
example is a single layer of InSe where an almost flat hole
band arises without any twisting. The appearance of this
band is accompanied, among other things, by an anoma-
lously strong electron-phonon interaction and closeness to
ferromagnetic and charge-density-wave instabilities [11,12].
Strong correlation effects are thus practically unavoidable in
narrow-band systems.

Recently, it was emphasized [13] that in the flat-band
regime, kinetic energy contribution from the Coulomb in-
teraction, a so called correlated hopping, becomes relevant.
This concept is very old, originating from the polar model
of Shubin and Vonsovsky in 1934 [14]. The polar model,
including the correlated hopping effects, has since then been
reconsidered with contemporary theoretical tools such as
Hubbard X-operators in Refs. [15,16]. Independently, the
concept was introduced in Ref. [17]. A possible role of
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correlated hopping in the physics of high-temperature cuprate
superconductivity was discussed by Hirsch [18,19]. In one di-
mension, the Hubbard-like model with correlated hopping can
be solved exactly in some cases [20,21]. The two-dimensional
case has been considered numerically by means of ex-
act diagonalization [22,23] and Quantum Monte Carlo [24]
methods.

The discovery of real two-dimensional materials with flat
(or almost flat) bands requires more careful and detailed stud-
ies of the correlation effects, one by one. In this Letter we
focus on the appearance of a saturated, half-metallic ferro-
magnetic state typical for an almost half-filled narrow-band
case. We call this phenomenon Nagaoka ferromagnetism due
to the seminal work [25]. Nagaoka has proven rigorously that
in the infinite-U Hubbard model near half-filling, with just one
extra or missing electron, the ground state is a saturated fer-
romagnet with maximum possible total spin. The result holds
for various two- and three-dimensional crystal structures, but
does not work in one dimension. This initial formulation
is, strictly speaking, insufficient since the gap between this
ground state and excited states vanishes in the thermodynamic
limit. However, it was proven by Irkhin and Katsnelson via
virial expansion for X-operator Green’s functions [26] that
Nagaoka’s result remains valid for finite but small concen-
trations of extra (or missing) electrons. Further increase in
electron (or hole) concentration results in a transition to a
nonsaturated ferromagnetic state [27–29], but rigorous re-
sults about this transition are still missing. The case of a
one-dimensional system with next- and next-nearest-neighbor
hoppings was considered in Ref. [30]. Rigorous results for
ferromagnetism in the Hubbard model on a special class of
decorated lattices with degenerate ground states were obtained
in Ref. [31]. Ferromagnetism in the Hubbard model was also
studied using dynamical mean-field theory which is formally
associated to the limit of infinite dimension [32–34]. It is
impossible to give a full list of references on the topic, but
important works [35–42] should be mentioned to illustrate
different approaches to the problem.
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We start our analysis with the standard Hubbard model
with nearest-neighbor hopping:

HHubbard = t
∑

〈i, j〉, σ
i< j

(c†
iσ c jσ + H.c.) + U

∑
i

ni↑ni↓. (1)

Here, c†
iσ and ciσ are fermionic creation and annihilation op-

erators respectively, creating or annihilating an electron at site
i with spin σ = {↑,↓}; niσ = c†

iσ ciσ ; 〈i, j〉 denote the nearest
neighbors.

We focus on the almost half-filled case when the number of
electrons is one fewer than the number of sites. For U → ∞
the ground state of the system is ferromagnetic, at least, for
some types of crystal lattices [25]. In the following, we will
consider the effect of narrow or even flat bands on the stability
of this ferromagnetic phase.

To this end, instead of the Hamiltonian (1) with a single
hopping parameter t , we consider a more complete polar
model [14–16] which also contains hopping-like terms orig-
inating from the electron-electron interaction. These terms
contain three fermionic operators belonging to one site i and
one fermionic operator belonging to another site j. In the
nearest-neighbor approximation they are described by one
parameter,

F = 〈ii|v|i j〉=
∫

drdr′ψ∗
i (r)ψ∗

i (r′)v(r − r′)ψi(r)ψ j (r′),

(2)
where v(r − r′) is the potential of interelectron interaction,
ψi(r) is the state of the electron at site i and the sites i, j are
nearest neighbors.

After adding such terms to the Hamiltonian (1), we obtain

H = U
∑

i

ni↑ni↓ + t
∑

〈i, j〉, σ
i< j

(c†
iσ c jσ + H.c.)

+ F
∑

〈i, j〉, σ
i< j

(niσ̄ + n jσ̄ )(c†
iσ c jσ + H.c.).

Here, σ̄ denotes the inverse of σ such that if σ =↑ then
σ̄ =↓, and if σ =↓ then σ̄ =↑. By considering different
occupations of the sites connected by the hopping process, we
can rewrite the Hamiltonian as

H = U
∑

i

ni↑ni↓ +
∑

〈i, j〉, σ
i< j

[
β ′′(1 − niσ̄ )(1 − n jσ̄ ) + β ′niσ̄ n jσ̄

+ γ
(
niσ̄ (1 − n jσ̄ ) + (1 − niσ̄ )n jσ̄

)]
(c†

iσ c jσ + H.c.), (3)

where ⎧⎨
⎩

β ′′ = t
β ′ = t + 2F
γ = t + F.

In the above, we have used the Wannier basis which is or-
thonormal by construction. The corresponding expressions in
a more general case of nonorthogonal basis functions (for
example, atomic orbitals) are derived in Ref. [43].

Generally speaking, the parameter F is by no means small.
Recently, it was estimated from the first-principle constrained

random phase approximation (cRPA) method for benzene
molecule [44]. The results are: F = 0.53 eV, t = −2.75 eV.
For comparison, Hubbard U for this system is U = 9.38 eV,
nearest-neighbor Coulomb interaction is VNN = 6.12 eV, and
nearest-neighbor direct exchange interaction is J = 0.18 eV.
Note that the parameters for benzene molecule are similar to
those of graphene [45].

The Hamiltonian (3) is part of the complete polar model
[15] which originally also contained the intersite Coulomb
interaction. Here β ′′, β ′, and γ are parameters describing
hopping between an empty and a singly occupied site, be-
tween a doubly and singly occupied site, and between two
singly occupied sites (or between doubly occupied and an
empty site), respectively. To avoid confusion, note that our
definition of the parameter β ′′ differs by a minus sign from
the original one in Ref. [15]. Importantly, at F 
= 0 the three
hopping parameters cannot all be zero, but in the following we
analyze the effect of zeroing one of them at a time. We will
see that these three hopping parameters play different roles in
the formation of magnetic ground state of the system under
consideration. First, we present the numerical results and then
give their qualitative explanation.

We focus on the square lattice and perform exact diago-
nalization for small clusters to study how the total spin in
the ground state depends on t , F , and U . The QuSpin pack-
age [46] is used for exact diagonalization. The total spin is
defined by

S(S + 1) =
∑

i j

Si · S j =
∑

i j

(
Sx

i Sx
j + Sy

i Sy
j + Sz

i Sz
j

)
, (4)

where

Sx
i = 1

2

∑
σσ ′

c†
iσ ′σ

x
σ ′σ ciσ

and Sy and Sz are defined similarly. σ x, σ y, σ z are Pauli
matrices.

Let us first consider a 2 × 2 cluster. Even though the
system is very small, it still reproduces an experimentally
realizable situation of a quadruple quantum dot where Na-
gaoka ferromagnetic ground state was recently observed [47].
In Fig. 1(a) we show the phase diagram of the system. Since
for three electrons there are only two possible values of the
total spin, 1/2 and 3/2, we find two phases. The horizontal
line at F = 0 corresponds to the standard Hubbard model,
and, as expected, the system is antiferromagnetic at U = 0
and becomes ferromagnetic for U/t � 18.4.

The main difference between the Hubbard model with U =
0 and U → ∞, is the “Gutzwiller projector” forbidding the
appearance of doubly occupied sites [48]. Putting γ = 0 has
the same consequences as U → ∞ since it makes impossible
the creation (as well as annihilation) of doubly occupied and
empty sites from a pair of singly occupied sites. This means
that with γ = 0 the system behaves as an infinitely strongly
correlated one even for small U , and one could expect that
Nagaoka ferromagnetism arises even if the Coulomb interac-
tion is not large. We indeed observe this behavior in Fig. 1(a)
where for γ = 0 (in other words, at F = −1) ferromagnetism
is favored even at very small U . At the same time, setting
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(a) (b)

FIG. 1. Phase diagrams of (a) 2 × 2 plaquette with 3 electrons and (b) 3 × 3 plaquette with 8 electrons as functions of F and U . Points are
numerical data and lines are a guide to eye. Different colors correspond to different values of the total spin S defined in Eq. (4).

F close enough to 0, that is considering small β ′′, makes
ferromagnetism impossible.

The simple example of a 2 × 2 cluster already clearly
shows qualitatively different roles of the hoppings parameters
in Eq. (3): whereas small γ favors ferromagnetism, small β ′′
destroys it. In Fig. 1(b) we show the phase diagram for a
3 × 3 cluster with eight electrons. Here, the situation is very
similar: for γ = 0 and U/t � 4.2, Nagaoka ferromagnetic
ground state is realized, and for β ′′ = 0 the system is always
antiferromagnetic. One additional feature which we observe
for a larger system is the stabilization of a nonsaturated fer-
romagnetic phase for small U and γ . In the Supplemental
Material [49] we also provide data for clusters of 5, 6, 8, 10,
12, and 13 sites—they all demonstrate qualitatively similar
behavior.

Let us now discuss qualitatively the physical origin of
Nagaoka ferromagnetism. First, note that β ′ and β ′′ are dual
with respect to particle-hole inversion. Hence in the following,
without loss of generality, we discuss the role of β ′′ since in
the numerical simulations we had one extra hole.

Nagaoka ferromagnetism can be understood in terms of
effective narrowing of the electronic band when an electron
moves in a nonferromagnetic environment—the mechanism
known as double exchange [50]. The band edges remain the
same for any spin configuration, but the density of states drops
exponentially in case of random or antiferromagnetic spin
configurations, forming so called Lifshitz tails [51–53]. Thus,
for any small but finite charge carrier occupation, the lowest
average band energy is obtained for a ferromagnet. An explicit
spin Hamiltonian describing this tendency can be derived in
the static approximation for the narrow-band Hubbard model
on Bethe lattice [54]; it confirms the previously known non-
Heisenberg form of the corresponding exchange interaction
which is proportional to J cos(θi j/2), where θi j is the angle
between magnetic moments at sites i and j [50].

Importantly, the coupling constant J is actually β ′′ since
this band narrowing effect is related to the hopping between
singly occupied and empty sites. This explains the tendency to
ferromagnetism at finite β ′′ and vanishing γ ; the latter makes

the system strongly correlated and the effective U infinitely
large, forbidding the appearance of doubly occupied sites.

The role of finite γ is the exact opposite. Creation and
annihilation of doubly occupied and empty site pairs decrease
the energy of the antiferromagnetic state resulting in indirect
(“kinetic”) antiferromagnetic exchange [50]. Its value in the
large-U Hubbard model is proportional to −t2/U and in the
full polar model it becomes −γ 2/U . Therefore, finite γ favors
antiferromagnetism.

One charge carrier (either an electron or a hole) put in
an antiferromagnetic environment forms a magnetic polaron
(also known as fluctuon or ferron) creating around itself a lo-
cal ferromagnetic environment [52,53,55–61]. In the simplest
model of an infinite potential well in two dimensions [61], the
energy of formation of such a ferromagnetic droplet can be
estimated as

E (R) = −� + h̄2z2
0

2m∗R2
+ J

πR2

S0
,

where � is the energy difference between the cases of antifer-
romagnetic and ferromagnetic environments, R is the radius of
the well, z0 = 2.40483 is the first zero of the Bessel function,
J0(z), m∗ is the effective mass, J is the antiferromagnetic
indirect exchange, and S0 is the area per magnetic atom. After
optimization with respect to R, we estimate the magnetic
polaron energy as

E = −� + C
√

W J,

where W is the total bandwidth and C is some numerical factor
(its value can be found in Ref. [61]). To be stable, the magnetic
polaron should have negative energy. Assuming that both �

and W are proportional to β ′′ and that J ∝ γ 2/U , one obtains
the stability criterion

γ 2 < D|β ′′|U, (5)

where D is another numerical factor. Eq. (5) is too rough
to be quantitatively correct, especially for small clusters, but
qualitatively it does explain the opposite roles of β ′′ and
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γ —the first one stabilizing and the latter destabilizing Na-
gaoka ferromagnetism.

To conclude, in this work we have analyzed the role
of correlated hopping in narrow-band systems focusing on
one particular many-body phenomenon—Nagaoka ferromag-
netism. By performing exact diagonalization of small clusters
we have shown that for one extra hole (electron) β ′′ (β ′)
favors the ferromagnetic ground state whereas γ favors the
antiferromagnetic phase. Smallness of γ acts as the Gutzwiller

projector making the system strongly correlated even at small
values of the Hubbard U . We also provide qualitative expla-
nation of our numerical results.

The code to carry out the analysis is publicly available at
[62]. This work is supported by European Research Council
via Synergy Grant No. 854843-FASTCORR. We thank SURF
[63] for the support in using the National Supercomputer
Snellius.
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