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Voltage-amplified heat rectification in SIS junctions
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The control of thermal fluxes—magnitude and direction—in mesoscale and nanoscale electronic circuits can
be achieved by means of heat rectification using thermal diodes in two-terminal systems. The rectification
coefficient R, given by the ratio of forward and backward heat fluxes, varies with the design of the diode and
the working conditions under which the system operates. A value of R <« 1 or R > 1 is a signature of high
heat rectification performance, but current solutions allowing such ranges necessitate rather complex designs.
Here, we propose a simple solution: the use of a superconductor-insulator-superconductor (SIS) junction under
an applied fast oscillating (THz range) voltage as the control of the heat flow direction and magnitude can
be done by tuning the initial value of the superconducting phase. Our theoretical model, based on the Green
functions formalism and coherent transport theory, shows a possible sharp rise of the heat rectification coefficient
with values up to R &~ 500 beyond the adiabatic regime. The influence of quantum coherent effects on heat

rectification in the SIS junction is highlighted.

DOLI: 10.1103/PhysRevB.106.245413

I. INTRODUCTION

Quantum technology is the pathway to breakthroughs in
sectors such as metrology, communication, big data, sens-
ing, and computing, to name a few, owing to the increasing
ability to harness the properties of quantum systems [1-5].
In computing and data science, a critical step is the design
and implementation of high-performance quantum processors
[6,7], which would in turn stimulate the wide-scale devel-
opment of quantum computers [8—13]. One of the many
challenges on the path to this goal, notably for technologies
based on solid-state qubits, is the control of heat transport
on the mesoscopic and nanoscopic scales [14—18]. A possible
approach to that problem is to use thermal diodes as circuit
components that can control the direction and magnitude of
heat currents [18,19]. Thermal diodes act as heat rectifiers
since their thermal conductance is asymmetric along the di-
rection of the temperature gradient and they may also find
applications for, e.g., energy harvesting and radiation detec-
tion [14]. The efficiency of a heat rectifier is given by the
rectification coefficient, a quantitative indicator of the amount
of heat that can be transferred or blocked in a forward or a
backward direction.

Although heat rectification was experimentally observed
85 years ago in the pioneering work of Starr [20] and sub-
sequently studied in many works, mostly from the 2000s
[21-28], the first experimental realizations using supercon-
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ducting materials and their detailed studies are fairly recent
[29-34]. Typically, the systems are junctions made of a
combination of normal metal, insulating, and supercon-
ducting materials. Heat rectification in these systems can
be very efficient owing to the presence of superconduct-
ing tunneling junctions that foster the enhancement of the
thermal asymmetry. Indeed, a superconductor acts like a
low-pass filter for charges whose energy is smaller than
the temperature-dependent gap A(T) [32]. The asymmetry
in a SIS junction is obtained if the two (left and right)
superconductors have different energy gaps, say Ap(T) >
AR(T). The heat flux in the forward configuration (7, > Tg)
is maximized when there is a matching of singularities in
the superconducting density of states, that is, for A (T;) =
Ag(Tg). Such matching is not possible in the reverse con-
figuration (7; < Tx), and such asymmetry leads to heat
rectification.

In the works mentioned above, heat rectification, while
driven by the externally imposed temperature bias, essentially
depends on the intrinsic and combined properties of the ma-
terials that are used to make the thermal diode. Here, we
theoretically investigate a possible sizable increase of the rec-
tification of heat carried by electronic currents by means of an
external voltage bias, which affects the superconducting phase
[35]. In a more general perspective, the time evolution of heat
fluxes under alternating voltages is an essential problem to
treat [36,37]. In this paper, considering a simple SIS junction,
we show that an applied oscillating voltage can boost the
heat rectification coefficient to large values, up to R ~ 500,
which is comparable in orders of magnitude to the level of
performance that more complex hybrid thermal diodes can
boast [32].

©2022 American Physical Society
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FIG. 1. Schematic representation of a SIS junction coupled to the
TESErVoirs.

II. MODEL OF HEAT CURRENTS IN A JOSEPHSON
JUNCTION

We consider a SIS junction weakly coupled to reservoirs,
as illustrated in Fig. 1. Both reservoirs are characterized
by their temperatures 7, Tr and electrochemical potentials
UL, UR, respectively. The condition of the weak coupling is
fulfilled when the Dynes parameter, I', which is related to the
finite lifetime of the quasiparticle states, is small compared to
the superconducting energy gap: I' <« A. Note that though we
consider the weak-coupling regime, we assume that the cou-
pling of the superconductors to the insulating barrier remains
sufficiently strong to neglect phase changes across the barrier
[35]. The condition of the sufficiently strong coupling with the
barrier implies that the coupling energy is comparable to kg T,
with the 7; being the superconducting transition temperature
and kg the Boltzmann constant. Denoting e, the elementary
charge, the voltage V = 1/e(ur — ur) across the junction is
related to the superconducting phase () via the Josephson
equation,

de 2eV 1
dt — h’ W
where 7 is the reduced Planck constant.

The heat current through the tunnel junction can flow from
left to right, which we call the forward (fw) direction, and
from right to left, or backward (bw) direction. In this work,
we assume 7p > TR for the forward flux and 7 < Ty for the
backward heat flux. The contributions to the heat current Q
are due to the following: the active and reactive parts of the
quasiparticle (or single-electron) charge current, Qg and Qqpr,
respectively; the Cooper pairs tunneling through the junction,
Qj; and the interference because of Cooper pairs breaking and
formation on the electrodes of the junction, Qj,.. These contri-
butions have been studied in detail [38—40] and a convenient
and simple formalism for heat fluxes in general cases can be
found in [41], the key idea being to introduce the spectral

J

decomposition for the phase factor:
oo
. d .
e—Ie2 — / —wW(a))e’J“”, )
oo 2T

where W (w) denote the Fourier coefficients and j2 = —1. For
simplicity, we assume that the Fourier coefficients are real.
Adopting a similar approach as for the derivations for charge
currents [36,41-44], we obtain the following expressions for
the heat fluxes in the directions i = fw, bw:

0,(t) = /oo da)/oo do'W ()W (o)

X {Qapii (ho") cos(@ — ')t = Qgpri (i)
sin(w — @)t + Qini(he') cosgo + (@ + )]

+0;.(he' ) sin[gg + (0 + &)1}, (3)

where @9 = ¢, — @g is the initial phase difference between
the two superconductors [41,44]. The tunneling contribution
Qj and reactive contribution qur are symmetric with respect
to temperature reversal; conversely, the quasiparticle qu and
the interference contributions Qim are antisymmetric. Their
expressions are given in Appendix A. These formulas are valid
for any frequency and temperature [36,41].
The heat rectification coefficient R is given by
R = % “)
wa

and, in this work, we analyze its behavior under two regimes
of the externally applied voltage: adiabatic and nonadia-
batic. In the adiabatic regime, the potential difference V (¢) =
Vs (Vyo, R2), with Vio being the amplitude such that eVyy < A,
and 2 the frequency such that Q2 <« A [36,45]; and the
expressions for the heat currents are significantly simplified,

Qi = :thp;i + Qj;i sin (2 £ Qint;i cos @, 5)

where = is for the contributions that are antisymmetric with
respect to the temperature gradient [30].

Under an arbitrary voltage drop V(¢), the theoretical
framework developed by Larkin and Ovchinnikov [36], and
independently by Werthamer [43], yields quite cumbersome
formulas, which makes the analysis of heat rectification rather
involved. However, valuable insights beyond the adiabatic
regime can be obtained if one considers a voltage drop of the
form V (¢) = Vi(t) + Vi (¢), with Vi(¢) being the slowly varying
part with frequency €2, and V;(¢) the rapidly varying part with
frequency wy violating the adiabaticity condition. In this case,
we obtain [46].

. * dw . " 2eVi(t) . .
0i(t) = / — (Re{eVr(a)) exp |:—] <wt + / dl)] }[Qinl;i(Vso + hw/e) — Quni(Vso)]

00 27T haow h

+Im{eww>exp [—j(wr+ / @dr)“[g;i(%o+hw/e>—Q'j;i(Vso>]

+ Re[eVi(w) GXP(—jwt)][qu;i("so+ﬁw/e)—qu;i(‘/so)] + Im[eV,(w) CXP(—jwt)][qur;i(‘/so +hw/e) — qur;i(‘/so)]> )

(6)
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FIG. 2. Rectification coefficient and heat fluxes (inset) averaged
over time as functions of the temperature ratio Ty /7cp in the adi-
abatic regime. All the curves are plotted for Tx = 0.017,., Q2 =
1.57 GHz, Vi =1 uV, and gap ratio Ar(Tx = 0)/AL(TL =0) =
0.75.

which is valid on the condition that eV, < hwy [36,47].
Now, taking V;(t) = Viocos(wyt ), its Fourier transform reads
Vi(w) = Vo [§(w — wp) + §(w + wp)], and Eq. (6) can be
simplified to

0i(1) = Oi(wot) + Qi(—awt), ™

with
Oi(wot) = ;_rO[Qint;i(Vso + hwo/e) — Oinei(Vio)]
wo

eVio
ha)()

x cos[gs(t) — wot] + —— [0 (Vi + fiap/e)

. . e‘/ro .
—0;:i(Vso)] sinfes(2) — wot] + h_[qu;i(VSO
wo
eVio
ha)o
X [qur;i(VsO + th/e) - qur;i(‘/sO)] Sin(—wot),
®)

+hawo/e) — Oqpi(Veo)] cos(wot ) +

where ¢ (t) = 2¢/h ft Vs (t')dt’ is a slow-varying phase.

III. NUMERICAL RESULTS

Hereafter, Tp,,; denotes either 7;, or Trx depending on the
flux direction; we consider dependencies on the temperature
ratio Thot/Tc 1, with T; 1 being the critical temperature of the
left superconductor of the SIS junction. Unless otherwise
specified, we set the initial superconducting phase ¢y = 0.
Focusing first on the slowly varying voltage applied to the
SIS junction, we assume the form V(r) = V, sin Qr, with
Voo = 1 uV and Q = 1.57 GHz as numerical parameters for
illustrative purposes. A similar frequency range was used in
an experiment with a superconducting artificial atom, which
includes a Josephson junction as a component [33]. With A
typically in the 107 to 1073 eV range [48], the condition
hQ <« A is satisfied with €2 in the GHz range.

Figure 2 shows the heat rectification coefficient, defined as
the ratio of the time-averaged forward and backward current,
as well as the forward and backward heat fluxes against the
temperature ratios Tyo /7. Note that since we consider an
alternating voltage, the Peltier heat contribution to the total
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FIG. 3. Rectification coefficient and heat fluxes (inset) averaged
over time as functions of the temperature ratio Ty /7ip for the
nonadiabatic regime. All the curves are plotted for Tx = 0.017;,
Voo =1uV,Q =157 GHz, wy = 1.57 THz, V;o = 10 uV, and gap
ratio Ar(Tr = 0)/AL(TL = 0) = 0.75.

heat flux is zero after time averaging. We see that applying a
slowly varying alternating voltage yields no large rise of R
by comparison with the results of [30,31], where the authors
considered stationary heat currents with the same values of
parameters as we did, but without voltage. Indeed, the for-
ward and backward heat fluxes under the applied bias V; have
approximately the same values as those without voltage. This
may be explained by the influence of the small variation of
the superconducting phase ¢ on the contributions to the heat
fluxes; see Eq. (1). As illustrated in Appendix B, the smallest
contribution to the total heat flux is related to the tunneling of
Cooper pairs (with sin ¢ ~ 0), while the largest is associated
with the quasiparticles’ tunneling; the interference contri-
bution (with cos¢ ~ 1) is comparable to the quasiparticles
counterpart.

For the rapidly varying voltage, we choose a frequency
wo that violates the condition of the adiabatic regime, with
wo ~ A/h ~ 1 THz. To reach such frequency range in exper-
iments, one can use lasers [49], which can be part of more
complicated setups [50,51]. Figure 3 shows the heat rectifi-
cation coefficient and the forward as well as the backward
heat fluxes beyond the adiabatic regime, after averaging over
the period associated with the rapidly varying frequency, with
the external applied bias given by the sum of the slow and
rapid varying potentials: V (¢) = V;(¢) + Vs(¢). Comparing our
results with those of [30,31] where R & 10, we see that going
beyond the adiabatic regime in the THz range yields a sharp,
50-fold increase with R =~ 500. The large peak in Fig. 3 is due
to the matching singularities in the superconducting density of
states. The substantial increase of the rectification coefficient
‘R compared to the adiabatic case is due to the additional
contribution qur, which yields a drastic rise of the rectifi-
cation coefficient because it amplifies the forward heat flux
(see Appendix B). Note that in our simulation, the amplitude
of the heat fluxes across the SIS junction is much smaller
than in the adiabatic regime, as the condition eV, /(fiwp) < 1
must be satisfied to ensure the validity of Eq. (8) [44]. Here,
for numerical calculations, eViy/(fiwy) = 1072, We checked
that the large increase of R remains the same under a tenfold
increase of the voltage amplitude.

The heat rectification coefficient does not increase drasti-
cally by comparison with [30,31], in the adiabatic regime, i.e.,

245413-3



KHOMCHENKO, OUERDANE, AND BENENTI

PHYSICAL REVIEW B 106, 245413 (2022)

4.2
4.0
® 3.8
3.6
1 2 3 4 5
3.4 Q, GHz
0 10 20 30 40 50

2, GHz

FIG. 4. Rectification coefficient averaged over time as a function
of the frequency 2 in the adiabatic regime and a magnification of
the main plot at small frequencies (inset). We plotted all the curves
for Tx = 0.017,., gaps’ ratio Ar(Tr = 0)/AL(TL = 0) = 0.75, the
temperature ratio Ty /7o = 0.77,and Vo = 1 puV.

for frequencies up to the GHz range, while it does beyond,
in the THz range. So it is instructive to analyze the behavior
of the rectification coefficient in a SIS junction as a function
of frequency. Figures 4 and 5 depict behaviors that are quite
similar qualitatively, but that differ by almost two orders of
magnitude.

In the megahertz range (inset in Fig. 4), we observe oscilla-
tions that show the low-frequency response of the Josephson
junctions to an alternating voltage resulting in alternating
heat fluxes. These oscillations are due to the tunneling and
interference contributions to the heat flow, which depend on
the phase. In turn, the phase depends on time [see Eq. (1)],

as o(t) = o — 2;‘;;“ cos(2t) (modulo 27), so that averaging

over time spans all possible values of the phase when 2;‘;;“ =
2nm, with integer n. The phase periodicity is thus reflected in
oscillations of R, with peaks at frequencies proportional to
1/n.

In contrast, as Q > 1 GHz, the rectification coefficient ex-
periences a rather sharp monotonic increase up to ~10 GHz
before saturation in the adiabatic regime. Beyond the adiabatic

regime, no oscillation is observed: R rises monotonically
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FIG. 5. Rectification coefficient averaged over time as a function
of the frequency wy, depicted for the nonadiabatic regime. The inset
graph displays the rectification coefficient for the initial phase, ¢y =
7. We plotted all the curves for Ty = 0.017;, gaps’ ratio Ar(Tg =
0)/AL(TL = 0) = 0.75, the temperature ratio Tho /T = 0.77, Vyo =
1wV, Q=157 GHz,and V;p = 1 V.

across two orders of magnitude over several THz. Note that
in the inset of Fig. 5, numerical results are shown for an initial
phase ¢y = m, while the main plot is drawn for ¢y = 0. Since
the sign of the rectification coefficient is positive for ¢y = 0
and negative for ¢y = m, we can conclude that the initial phase
@o can act like a control knob.

IV. DISCUSSION

A thermal diode based on an SIS junction can be imple-
mented like in [30,32] with an externally applied oscillating
voltage. Heat rectification under the presence of constant
voltage was investigated in ferromagnetic insulator-based
superconducting tunnel junctions [34], where a huge rectifi-
cation coefficient was reported ~500 (owing to the combined
effects of spin splitting and spin polarization), even though
there was only one electronic (quasiparticle) contribution to
the heat current, because of the different nature of metals and
ferromagnetic materials. The superconducting phase played
no role in that case, i.e., the coherent effects were ignored.
In our case, instead, the phase can be used to tune the am-
plitude and sign of the rectification effect. The voltage rise in
that work was related to the temperature gradient because of
thermoelectric coupling [52], while here we consider both a
temperature gradient and an external voltage bias. Beyond the
adiabatic regime, a SIS junction might serve as a heat valve
if the applied voltage has a slowly varying part and a rapidly
varying part, as the rectification coefficient is much different
from 1 only when A (7)) = Ar(Tr). This could open a new
avenue in the use of heat valves due to the involvement of
Cooper pairs in addition to existing realizations [53,54].

V. CONCLUDING REMARK

We theoretically studied heat rectification in a SIS junc-
tion considering an external applied voltage in addition to a
temperature bias. To quantitatively characterize the combined
effect of voltage and temperature on the heat rectification,
we calculated all the contributions to the forward and back-
ward heat fluxed under nonzero voltage in the adiabatic (or
low-frequency, GHz) regime, and beyond (high frequency,
THz). We found that a rapidly varying potential causes a
large enhancement of the heat rectification coefficient due to
the interference term in the heat current, Qint. An analysis
of heat fluxes has been conducted to find out the nature of
such a drastic rise in heat rectification. Our theoretical work
can be implemented in experiments. Fabrication of efficient,
yet complex hybrid systems [32,34] can be replaced by or
complemented with much simpler superconducting circuit
components under an externally applied voltage.
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FIG. 6. Contributions to the total heat flux as function of the
temperature ratio Tho/7Tc. The plots show the time-averaged heat
fluxes (Qgp)r, (Qincos(®));, (Qjsin(¢)),: upper panel = forward,
bottom panel = backward. We plotted all the curves for Ty = 0.017;,
and gaps’ ratio Agr(Tr = 0)/AL(TL =0)=0.75, Vo =1 uV, Q =
1.57 GHz.

APPENDIX A: MICROSCOPIC EXPRESSIONS OF THE
HEAT CURRENTS

We provide the general expressions for each component of
the heat fluxes in Egs. (3) [55]:

G o0
Oqpii = — Ei Im[Ni (E QN (E)] fi(Ex)
ez J_o

— fm(En)]dE (AD)

G ™ =
Oi=57| Ek{lm[Fk( JE)IRe[F, (/Em)]tanh<2kBTk)

En
dE,
2k T,

(A2)

G o0
O =5 / Ey Im{Fu(—JE)TImIEn GEnLfi (Ex)

+ Im[Fm(jEm)]Re[Fk(—jEk)]tanh<

- fm(Em)] dE, (A3)

G
2¢2

o0 Ey
Quprii = / Ek{lm[Nk(Ek)]Re[N (Em )]tanh< ol k)

E,
+ImIN,, (Em)]Re[Nk(Ek)]tanh(szT > } "
(A4)

where Re[-] and Im[-] denote the real and imaginary
parts, j2=—1, i=fw or bw, m =R and k = L for the
forward flux and vice versa for the backward flux, and
Ey = E — u with i being the electrochemical potential
[41,56]. According to the BCS model, the quasiparticle
densities of states are given by Ny(Ey) = —(Ex +
jl“k)/\/Ak(T)2 — (Ex + jT%)?, and the anomalous Green

0.1 ‘
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FIG. 7. Time-averaged contributions to the total heat flux as a
function of the temperature ratio Ty /7. The upper plot corre-
sponds to the forward heat fluxes, while the bottom one corresponds
to the backward heat fluxes. We plotted all the curves for Tx =
0.017,, gaps’ ratio Ag(Tg = 0)/AL(T;, = 0) = 0.75, Vo = 10 uV,
Q = 1.57 GHz, Vo = 10 uV, and wy = 1.57 THz.

functions by Fi(—jEx) = A(T)//A(T)? — (Ex + jTe)2,
where T = 107*A;(0) are the Dynes parameters,
Ay(T;) are the superconducting gaps, and G = 1073 Q~!
is the normal state electrical conductance of the
junction.

APPENDIX B: CONTRIBUTIONS TO HEAT FLUXES

In this Appendix, we show how several flux components
behave in different regimes and how they influence heat rec-
tification. Let us start with the adiabatic regime, for which
all the contributions are depicted in Fig. 6. The dominating
contribution for temperature ratios Tho/Tcr, > 0.4 is the quasi-
particle heat currents. The interference contribution is next,
while the smallest is the Cooper pair contribution. This is why
there is no steep increase in the rectification coefficient in the
adiabatic regime compared to a situation when a voltage is
applied [31].

To gain insights on the rise of the rectification coefficient
beyond the adiabatic regime, we plot each of the contributions
to the total heat flux when the applied voltage has a slowly
and a rapidly varying part in Fig. 7. For the forward heat
fluxes, the reactive contribution of the quasiparticle current
is the most significant, albeit near its peak the Cooper pairs’
part of the quasiparticle heat current is not negligible; so these
contributions mostly determine how each of the heat fluxes
behave. While the forward components have different signs,
the backward components are nonpositive. This suggests that
such a junction may be used as a heat valve. Indeed, to block
the forward heat flux, we can reduce the temperature of the
hot electrode close to zero, whereas if it is needed to amplify
the heat current, one can increase this temperature to the point
where the peak of the heat fluxes occurred.
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