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Anomalous surface conductivity of Weyl semimetals
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We calculate the surface dc conductivity of Weyl semimetals and show that it contains an anomalous
contribution in addition to a Drude contribution from the Fermi arc. The anomalous part is independent of the
surface scattering time, and appears at nonzero temperature and doping (away from the Weyl nodes), increasing
quadratically with both with a universal ratio of coefficients. Microscopically, it results from the contribution
of the gapless bulk to the surface conductivity. We argue that this can be interpreted as the conductivity of an
effective interacting surface fluid that coexists with the Fermi arc metal. In a certain regime of low temperatures,
the temperature dependence of the surface conductivity is dominated by the anomalous response, which can be

probed experimentally to unravel the unusual behavior.
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I. INTRODUCTION

Weyl semimetals (WSMs) are gapless topological materi-
als defined by nondegenerate bands in the bulk intersecting
at isolated points in the momentum space [1-18]. These
points, known as Weyl nodes, have a well-defined chirality
and host quasiparticles that mimic relativistic Weyl fermions
first studied in high-energy physics. Since Weyl fermions are
topological objects, their response to external electromagnetic
fields is distinct from that of usual Bloch electrons in conven-
tional solids. Numerous such bulk topological responses have
been extensively investigated, both in theory and in experi-
ments, over the past decade [19-39].

The surface of a WSM, however, has remained more mys-
terious. It hosts unusual metallic states known as Fermi arcs
(FAs) that connect surface projections of bulk Weyl nodes
of opposite chiralities. They do not form a closed contour,
unlike Fermi surfaces in conventional two-dimensional (2D)
metals [8—16,40-58]. This raises the possibility of unusual
response on the surface to external electromagnetic fields
[59-63]. However, investigations in this direction are rendered
challenging by the fact that at the end points of the FAs,
the wave function merges with the bulk Bloch waves at the
Weyl nodes and renders the surface of a WSM fundamentally
inseparable from the bulk. This is in stark contrast to the
surface states of topological insulators, which decay expo-
nentially into the bulk at all surface momenta [64,65]. The
bulk-surface inseparability in WSMs can also be understood
from an energy-based perspective. Since a topological insu-
lator is gapped in the bulk, its low-energy theory consists
of a strictly surface Hamiltonian. In contrast, WSMs have
gapless states both in the bulk and on the surface, so an
energy cutoff is not available to disentangle the surface from
the bulk. While the surface-bulk inseparability promises rich
physics such as quantum oscillations from cyclotron orbits
composed of FAs and chiral modes in the bulk [55-58,66-70],
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unusual collective modes [71-79], and dissipative chiral
transport [59], it invalidates a strictly surface Hamiltonian,
thereby hindering a controlled theoretical description of
the surface and leaving its electromagnetic response poorly
understood.

In this work, we calculate a basic surface transport property
of a WSM, namely, the dc conductivity og,s. Unlike previous
studies of surface transport in WSMs that exclusively focus on
the contributions of the FAs [59-63], we include the nontrivial
influence of the bulk on the surface in a controlled manner
and show that og,s is comprised of two qualitatively different
contributions:

Osurf = Onorm 1 Oanom- (1)

Here, oyorm 1s @ normal, Drude-like conductivity arising from
the FA. It is proportional to the scattering time (t) and has
a negligible dependence on temperature (7") besides the T
dependence of 7. In contrast, o,,0m 1S an anomalous term
arising from the bulk states. It is T independent, but has a char-
acteristic dependence on both 7' and doping around the Weyl
nodes, 4: Oanom 12 + k37272 /3. Crucially, the coefficients
have a universal ratio, k,zgnz /3, independent of material pa-
rameters. In a regime of low temperatures described later,
the T-dependent part of oy, is dominated by ouuom, Which
provides immediate experimental access t0 o,om. Note that
Oanom 18 T independent even if the bulk quasiparticles have a
nonzero lifetime. This is reminiscent of the universal minimal
conductivity of a 2D Dirac fermion that only depends on
fundamental constants [80]. As espoused later, the electrical
response of the bulk states on the surface mimics that of an
interacting 2D fluid that coexists with the FA metal on the
surface. This, in turn, gives rise to unusual form of oyem in
Eq. (1). Thus, the daunting problem of the 2D FAs coexisting
with the 3D bulk states reduces to a tractable, strictly 2D,
effective two-fluid problem.

©2022 American Physical Society
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II. MODEL

We employ a variant of the model introduced in Ref. [44]
for generating a WSM with arbitrary configurations of FAs
and Weyl nodes. The model consists of a finite stack
of metallic bilayers whose Hamiltonian as a function of
k = (ky, ky) is

L
Ho =Yyl [(—1) & — ulyx
z=1
L—-1

B Z ¥l ¥k + He., )

p—
=

where wTk creates an electron with momentum 7k in layer
z, & denotes a metallic dispersion with Fermi surface along
& =0, n is the bulk chemical potential and the inter-
layer hopping modulates as 7,k =t + (—1)*0%. If [8K]| <
|t1| V k, Hx produces bulk Weyl nodes in the k, = 7 /2c
plane, where 2c¢ is the lattice constant along z, at discrete
points K; = (K, Kj,) such that fK = (StK = 0. Near the
Jjth node, the bulk Hamiltonian is Hwal J(q) =hq - (vjo. +
u;o, + w;o,) — u, where o, are bilayer Pauli matrices and
V= %VK,-EK‘,, u; = %VK‘f(StKj, and w; = —%tlci are Weyl
velocities.

The surface (z = 1) Matsubara Green’s function in the
clean, noninteracting limit when L — oo is [44,81] (see
Supplemental Material [SM] [82] for details)

ax(iEy,) + by (iEy,)
20t + St )2GE, + 0 — &)’
ax(iE,) = (iE, + 1)* — & + 411 81,

Gk(iE,) =

beGE) = |[] [GE+ w? - EL]: 3

A==

where Exy = V& + 417 and Ex_ = V&7 + 4817 are the ex-
tremities of the bulk conduction band at k. For real energies,
Gk(E)has BCs when |E + u| € [Ex_, Exy ], 1.e., E lies within
the bulk bands, which we dub the BC region. When |E + | &
[Ex—, Ex+], dubbed the N region, Gx(E) has simple poles
along E = & — p whent, 8¢ > O that define the FAs (Fig. 1).
Importantly, the poles and BCs are generic features of surface
Green’s functions in WSMs and are not specific to the current
model [81].

III. SURFACE CONDUCTIVITY

Since our goal here is to investigate surface transport, we
need to introduce a nonzero quasiparticle lifetime 7 into
Eq. (3) that captures the effect of scattering required to relax
momentum gained due to the external field. To this effect,
we revisit Eq. (2): A nonzero lifetime is introduced in each
layer and the surface (z = 1) Matsubara Green’s function is
reevaluated, see SM [82] for details. We assume scattering
to be weak such that 1/t — 0. Analytically continuing, the
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FIG. 1. Schematic of contributions to o,,om. Red dots (blue bars)
denote the pole (BCs) of Gx(E) and physically represent the FA
(bulk) states. (a) Away from the Weyl nodes, the BCs do not contain
E =0, resulting in no contribution to o,m (b) At a Weyl node,
& = Ex_ = 0, so both BCs touch the pole and £ = 0 lies within one
of them, which results in a nonzero ,,om governed by w. (¢) T # 0
leads to onom by €nabling access to states within a BC via broadening
of —dg f.

retarded Green’s functions in the N and BC regions are found
to be

. ax(E) + by (E) EecN 4
k(E)= 200 + 0 (E + 1 — &+ 5) @
G E) = ax(E) 4 i sgn(E + )bk (E)| E € BC. (5

21 + 80)*(E + o — & + 21:k)

Note that we have assumed only E-independent scattering
processes for simplicity, but relaxing this assumption will not
change our qualitative results.

The longitudinal dc conductivity along x direction due to
the motion of electrons only on the surface is given by

e’h af
ng,k( aE)[vkxAk(En ©)

where f(E) = 1/[1+ exp(E/ksT)], [;, = [ GLE vy, =

%8/@& is the x component of the in-plane velocity, and
Ak(E) = —ZImGﬁ(E ) is the surface spectral function. Due
to the distinct forms of GR (E) in the N and BC regions, it
is convenient to split the E integral as [ = [y + [oepe =
Sy + Jzc- The two terms yield oporm and Ganom, respectively,
which leads to the decomposition of oy, stated in Eq. (1).
Moreover, in the limit 1/7¢ — O, fN receives contributions
only from a sharp quasiparticle peak in Ax(E) due to the
FAs while |, sc depends only on a broad feature in Ax(E) that
captures the surface projection of the bulk states. Thus, oporm
and o,,om are in one-to-one correspondence with the FA and
the bulk contributions to surface transport.

In the N-region, Egs. (3), (4), and (6) give Ak(E) =
27 Wi jam (E + 1 — &), Where = R[4 1 with

(tL+81)?
R(x) =x0(x) and §,(x) = + 3 For 1/n — 0, Eq. (6)

Osurf =

JIJ(
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then yields,

Onorm = e2/ <_ﬂ) /2nfkvﬁka28(E +u—-£&). (1)
v\ 9E/ Jk ’

The factor sz above ensures that o, gets contributions only
from the metallic FAs. Additionally, the contribution varies as
one traverses the FA: It is largest near the middle of the FA
(maximum 7, §tx), vanishes at the Weyl nodes (6#x = 0), and
remains zero in regions lacking FAs (¢, 6t < 0). At T =0,
we find

Onorm = 2621)FD, ()

where  vp = [ Wkd(u—&) and D= I(vi.T)=
Qup)~! ka(u — Sk)(vk,ka)ztk are the suitably weighted
means of the density of states per unit area (DOS) and
the diffusion constant due to the FAs. Clearly, oporm 1S the
Drude conductivity, scaling linearly with . At nonzero T,
temperature enters the conductivity mainly through ty, which
is model dependent, and is discussed later. Temperature
may also enter via corrections to the DOS arising from the
Sommerfeld expansion. However, such corrections vanish
exactly for an ordinary 2D parabolic dispersion. By extension,
the corrections are expected to be small for generic 2D metals
including the FA metal, which we ignore henceforth.

In the BC region, Egs. (3), (5), and (6) give the anomalous
contribution to the conductivity:

d
Canom = 2€2h/ (——f> / vlz(x X
sc\ O0E/) Jx ™

[ +w)* — Eg_][Eg, — (E + 1)’
(E+pn — &)1 + 81)?

Atlow T, f'(E) restricts E to within O (kgT'), so the BC re-
gion effectively obeys Ex_ < kgT + || < Exy. Now, By >
0 V k and vanishes only at the Weyl nodes, where the bulk
bands touch. As a result, the dominant contribution to o,50m
comes from the vicinity of the Weyl nodes. Thus, we can lin-
earize around the jth node as & ~ liv; - q and &7 ~ guj -q.
Eq. (9) then evaluates to (see SM [82] for details)

©))

= ﬁ Z (pﬂ + klz?szTz) v%,x
K2 - 3 tluy x ;) -wyl
(10)
where we assumed |u|, kgT < t,. If the Weyl nodes are at
different energies, we must replace u — ;, the chemical
potential relative to the energy of the j* node. A remarkable
feature of oanom 1S that it is independent of t, the in-plane
scattering time. Thus, o,,0m manifestly has a different origin
and expression compared to the Drude contribution, oporm-
An exact numerical calculation of Eq. (6), shown in Fig. 2,
corroborates our analytical results for both the Drude as well
as the anomalous conductivities.

Oanom

IV. EFFECTIVE INTERACTING SURFACE FLUID

We now reinterpret o,nom as the conductivity of an effective
interacting surface fluid. To this end, we consider the surface
particle density at 1 /7 — 0,n = [ . Ak(E) = fnorm + Manom
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FIG. 2. 0uyom and oo calculated numerically from Eq. (6) by
separating the pole and BC contributions to Ax(E) and assuming
a k-independent lifetime 7 for simplicity. (a) Oupem 1S nearly t in-
dependent and has a finite intercept when extrapolated linearly to
T = 0, whereas o,0m o T (inset). (b) At the longest lifetime, v = 20,
a clear scaling collapse occurs: ognem o u? + T?m?/3 with almost
the precise prefactor in accordance with Eq. (10). We have used & =
k?/2 — 50, t; = 10 and 81, = —5k,/k, which gives a semicircular
FA along k = 10 for ky, < 0, and set |e] = /i = kg = 1.

where porm = ) f (6 — )W and

Nanom = / f(E) Sgn(E;—i— Iu)|bk| '
k JBC (tL + 05 )*(E + 1 — &)

an

As in the case of oanem, the integral receives contributions
only from the regions near the Weyl nodes. Carrying out this
integral by linearizing around the Weyl nodes as before, we
get Hanom = Y ; Manom, j> With

pu(w? + kT?m?) c
6m2h

12)

NManom,j = .
[(w; x v;)-wj|
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This, in turn, gives an effective DOS from the BC, vypom,; =
dNanom, j/d i, in terms of which Eq. (10) can be expressed as
2h

§ : 2 2
Oanom = e Vanom,jvj’xt_- (13)
- L

J

Written as above, on0om resembles the Drude conductivity of
a 2D metal, similar to oy, in Eq. (8), except that the DOS on
the FA is replaced by an effective DOS on the surface due to
the bulk and T = 27 /t, plays the role of lifetime in lieu of 7.

The appearance of a new effective lifetime can be traced to
the fact that ImnG® £ 0 when E € BC even when 1/ = 0. In
fact, one can write Eq. (5) as

Zx(E)
E+p—§&+ 2%:(?5)
_ ax(E)? + |bk(E)|?

K (BNt + 662

GHE) =

)

(14)

|k (E)|
2%(E) ax(E)’

in the region |E + | > Ex_. This resembles an interacting
Green’s function where Zx (E) is the quasiparticle residue and
T (E) is the effective lifetime. At a Weyl node at E = 0, we
find 7k (0) = hi/4t, which shows up as the scattering time in
the anomalous contribution upto prefactors. Thus, the bulk
states effectively induce an interacting 2D fluid on the surface
near the Weyl nodes, leading to the additional anomalous
contribution o,,,, on the surface.

= sgn(E + w)(E + pn — &)

V. EXPERIMENT

Our main results, Egs. (1), (8), and (10), imply that the
surface of a WSM, in spite of being a metal, exhibits a non-
metallic signature in transport: The conductivity (resistivity)
increases (decreases) with increase in 7' with a characteristic
quadratic dependence. This can be studied experimentally
to verify our theory. As an example we consider the com-
monly studied Weyl semimetal TaAs: For the W1 Weyl
nodes, in-plane velocity ~3 x 10> m/s, out-of-plane veloc-
ity ~3 x 10* m/s, 7 ~ 0.1ps, ¢ ~ 10A, vp ~ 0.02 eV 'A~2,
and ¢, ~ 0.01eV [11,83]. This yields oyom ~ 1073Q~" and
Ganom(T) = Ganom(0) ~ 107°T2Q 1K 2, which evaluates to
~1077Q~! for T ~ 10'K. A change in resistance of 1 part in
10* is easily measurable, implying that our predicted effect
is readily amenable to experimental verification; a similar
estimate can be obtained for other Weyl materials. In arriving
at this, however, we assumed 7 to be T independent in Eq. (8).
In reality, this is not true—rt does depend on 7 and is, in
fact, the chief source of T dependence in the opom, Which
can compete with the T2 dependence in og,0m. Nevertheless,
below a certain temperature 7, whose exact value will de-
pend on the microscopics, the 7 dependence of oy,s can be
dominated by oan0om €ven with a T-dependent t. For example,
if one assumes the usual form of electron-phonon scatter-
ing with the scattering time given by /i/T._; ~ kgT*/T;5.
(Tpg is the Bloch-Gruneisen temperature for the FA states),
then Tp ~ (fiky'* /) (Tpg/11)*'2. For Tgg ~ 100K and 1, ~
0.01 eV, one gets Tp ~ 65 K. On the other hand, below an
even lower temperature, say TQ, quantum corrections, not

~~a

To oo

FIG. 3. Schematic depiction of the T dependence of the surface
resistivity, 1/ogus, according to Eq. (1). Above Tp, the T dependence
of t is significant whereas quantum corrections not considered in this
work become important below Ty. For Ty < T < Tp, the resistivity
is expected to grow quadratically with decreasing 7 due t0 Ganom-

considered in this work, will become important. The predicted
effect will, therefore, be observable for Tp < T < Tp, and is
illustrated in terms of resistivity in Fig. 3.

VI. DISCUSSION

The expression for the surface conductivity used in Eq. (6)
considers electrons restricted to move along the top layer.
Nevertheless, electrons on the surface can tunnel to other
layers and reappear on the surface. Such processes also con-
tribute to the surface conductivity, but have been ignored so
far. Including these effects, however, does not change the qual-
itative results. As shown in SM [82], the T and T dependences
of Oporm and Oamom remain unchanged at low temperature
and doping. The only consequence of these extra terms is a
renormalization of W2 in onorm: W2 — W2 = W2 /(1 — W2)
in Eq. (7) while oanom in Eq. (10) receives corrections that are
suppressed by powers of |w|/t, and kgT /t, .

Another aspect of our calculations that need scrutiny is that
our starting model in Eq. (2) defines a WSM, which assumes
the bilayer basis in real space to be identical to the band basis
in energy space. In general, this need not be true. However,
in such cases, the bilayer basis and the low-energy band basis
can be related by a k-dependent unitary transformation U.
In SM [82] we show that Uk does not modify the salient
qualitative features og,s. This is essentially because Uy does
not change the analytic structure of Gx(E'), which continues
to retain poles along the FAs and BCs within the bulk bands.

Finally, we note that, while oy, stems from topological
features such as the FAs and inseparability of the surface
from the bulk, the response itself is nontopological as it does
not descend from a topological response theory. Indeed, as
shown in SM [82], an ordinary metal also acquires a T2 term
in the surface conductivity. However, this term vanishes as
the bulk Fermi surface shrinks to zero, in contrast t0 Oanom,
which is nonzero at finite 7 even when the Weyl nodes are
undoped. Additionally, the u and T dependences in ordinary
metals are essentially unrelated whereas o,poy, only depends
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on the combination u? + k3T%7?/3 according to (10). Both
these properties stem from the innate linear dispersion of
Weyl fermions. In this sense, oyt is the surface counterpart
of the bulk longitudinal conductivity that stems from topo-
logical Weyl fermions but is itself nontopological [26,84].
Nevertheless, it paves the way to search for other, possibly
topological, surface responses to complement the extensively
studied bulk topological responses originating from the Weyl
nodes.

VII. CONCLUSION

We have shown that the dc surface conductivity of a WSM
contains an anomalous contribution at nonzero temperature
and doping in addition to the expected Drude contribution

from the FAs. The novel contribution is manifestly non-Drude
in character, being independent of the in-plane scattering time,
stems from the intrinsic inseparability of the surface from
the bulk, and dominates the temperature dependence at low
temperatures. Moreover, its temperature and doping depen-
dences are locked to each other by a universal, dimensionless
ratio: kzm?/3. We argued that the bulk states when projected
on the surface mimic a correlated liquid, and the anomalous
conductivity can be understood as a response of this liquid.
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