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We predict angle-dependent superfluidity for a new class of two-dimensional materials: transition metal
trichalcogenides (TMTC). Within a mean-field approach superfluidity of indirect excitons in TMTC van der
Waals heterostructures (vdWHs) is studied. We use different potentials for charged carrier interaction to
analyze the influence of the screening on the studied phenomena. Our study demonstrates the angle-dependent
superfluidity temperature in TMTC vdWHs: for a given density a maximum and minimum Tc of superfluidity
occurs along the chain and a directions, respectively. This work can guide experimental research toward the
realization of anisotropic superfluidity in TMTC vdWH. We suggest an experiment for the observation of
anisotropic superfluidity in TMTC vdWH.
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I. INTRODUCTION

Pairing of electrons and holes bound by the electrostatic
attraction in a system consisting of two spatially separated
electron and holes layers was proposed as a possible origin
of superfluidity initially in coupled semiconductor quantum
wells [1]. Following this, a very substantial fraction of the-
oretical and experimental works have been devoted to the
study of Bose-Einstein condensation (BEC) and superfluidity
of indirect interlayer excitons (see reviews [2,3]). After the
discovery of graphene, electron-hole superfluidity has been
studied in a different new class of two-dimensional (2D)
materials [4–16]. On one hand, gapped graphene, Xenes, and
transition metal trichalcogenides (TMDCs) are 2D materials
with isotropic carrier particle masses, where superfluid-
ity of a dipolar Bose gas is isotropic [4–8,10–12,14,15].
On the other hand, phosphorene, group-V TMDCs (ReS2

and ReSe2), and TMTCs have asymmetric electron-hole
masses along the x and y directions [17–20]. We cite these
works, but the recent literature on the subject is not limited
by them.

The anisotropic superfluidity for quasiparticles was first
studied for He3 [21]. The superfluid character of a dipolar
BEC in a quasi-two-dimensional geometry and anisotropic
superfluidity in a superfluid system with anisotropic effec-
tive masses along principal three-dimensional (3D) directions
were investigated in Refs. [17,20]. There has been a partic-
ular interest in the study of superfluidity of indirect excitons
in anisotropic van der Waals heterostructures (vdWH) with
phosphorene sheets separated by thin hBN insulating layers.
It was predicted in Ref. [18] the angular dependence of the
mean-field critical temperature for superfluidity in a weakly
interacting gas of dipolar excitons in phosphorene vdWH.
The anisotropic superfluidity is predicted in Ref. [19], where
it was found that the maximum superfluid gap in the BEC

regime is along the armchair direction. While a special fea-
ture of phosphorene is the high in-plane anisotropy of its
energy band structure that leads to dipole exciton anisotropic
superfluidity, phosphorene is unstable in air and highly
toxic.

A stream of new 2D layered materials has been developed
over the past 10 years. Among them, there exist a small
number of materials with strong in-plane structural anisotropy
such as transition metal trichalcogenides (TMTCs): TiS3,
TiSe3, ZrS3, and ZrSe3. In contrast to TiS3, TiSe3, ZrS3, and
ZrSe3 monolayers are all indirect gap semiconductors [22,23].
There are several reasons to seriously consider the TMTC
family: they are environmentally friendly, have low manu-
facturing cost of semiconductors, and forbid native oxide
formation. These motivate us to study superfluidity in TMTC.

Heterostructures with two parallel TMTC monolayers with
one n-doped and the other p-doped, respectively, separated
by an insulating barrier of stocked hBN monolayers to block
electron-hole recombination [24] is an interesting platform for
investigation of electron-hole superfluidity. It is assumed that
2D layers are populated with carriers of opposite polarity and
equal density. In such kind of platform due to electrostatic
interaction electrons and holes can pair to produce dipole
(indirect) excitons, which are composite bosons [25]. This
kind of the system was used to study the effect of superfluid-
ity in heterostructures composed with graphene, TMDC, and
phosphorene monolayers [8,9,11,12,18,19].

In this paper, we predict superfluidity of indirect exci-
tons in van der Waals heterostructures composed of TMTC
monolayers and demonstrate that the mean-field critical tem-
perature is angle dependent: for a given density a maximum
temperature of superfluidity occurs along chain direction
while a minimum temperature occurs along the a direction.
In addition, we propose an experiment for observation of this
phenomenon in TMTC heterostructure.
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II. MODEL, RESULTS, AND DISCUSSIONS

To explore a feasibility of superfluidity of paired spatially
separated electrons and holes first consider the formation
of indirect excitons (IXs), in TMTC heterostructure. In
the framework of the effective mass approximation, af-
ter the separation of the center of mass, the Schrödinger
equation for the relative motion of an interacting electron-
hole pair with anisotropic masses in TMTC vdWH reads
as [− 1

2μx

∂2

∂x2 − 1
2μy

∂2

∂y2 + V (x, y)]�(x, y) = E�(x, y), where
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y ) correspond to the electron (hole) effective masses

along the x and y directions, and �(x, y) is the electron-hole
pair relative motion wave function. However, for now note
that, according to [26–29], the a direction (θ = 0) corresponds
to the x direction, and the b direction (θ = π/2) corresponds
to the y direction.

The interaction potential V (x, y) between the electron and
hole which resides in two different TMTC monolayers is
VC (x, y) = − ke2
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if the indirect exciton is formed via the Rytova-Keldysh (RK)
potential [30,31]. These two equations describe the interaction
between the electron and hole that is located in two parallel
TMTC monolayers separated by a distance D = h + NlhBN ,
where lhBN = 0.333 nm is the thickness of the hBN layer, N
is the number of hBN layers, and h is the TMTC monolayer
thickness. In Eq. (1) e is the charge of the electron, κ = (ε1 +
ε2)/2 describes the surrounding dielectric environment, ε1 and
ε2 are the dielectric constants below and above the monolayer,
respectively, H0 and Y0 are the Struve and Bessel functions of
the second kind, respectively, and ρ0 is the screening length.
The potential (1) has the same functional form as the one
derived in Ref. [32], where the macroscopic screening is quan-
tified by the 2D polarizability. Following [32,33] the screening
length ρ0 can be written as ρ0 = 2πχ2D/κ , where χ2D is the
2D polarizability. 2D layer polarizability can be computed
by standard first-principles technique [32] or considered as
a phenomenological parameter. Below for indirect excitons,
we report calculations for both the Coulomb and RK (1)
potentials to explore the role of the screening.

Our goal is to engineer vdWH with a high-exciton bind-
ing energy. By averaging the Schrödinger equation, one can
obtain the expectation value for the bound-state energies:
E = 〈− 1

2μx

∂2

∂x2 〉 + 〈− 1
2μy

∂2

∂y2 〉 + 〈V (x, y)〉. The terms in this
expression could be viewed as the sum of the average values
of the operators of kinetic and potential energies in 2D space
obtained by using the corresponding eigenfunction �(x, y).
From this expression it follows that large reduced masses μx

and μy give small contributions of the kinetic energy terms

that lead to larger binding energy. We examined vdWHs com-
posed of two the same and two different TMTC monolayers.
Based on our results for binding energies of IXs, we have se-
lected the following heterostructures where excitons have the
largest binding energies: ZrSe3/ZrS3, TiS3/ZrS3, TiS3/ZrSe3,
ZrS3/ZrS3, ZrSe3/ZrSe3. The charge carrier in the first layer
is electrons and in the second one is holes. The binding ener-
gies of excitons increase from about 73 to 89 meV for the RK
potential and from about 105 to 133 meV for the Coulomb
potential when TMTC monolayers are separated by a single
hBN layer. The increase of the hBN layers reduces the binding
energies of excitons monotonically. For six hBN layers the en-
ergies vary from 49 to 57 meV for the RK potential and from
58 to 68 meV for the Coulomb potential. Thus, the difference
between exciton binding energies obtained with the Coulomb
and RK potentials decreases. The binding energies of indirect
excitons in vdWHs are given in Table I in Appendix A. Thus,
we can conclude that a dilute gas of bound excitons can be
induced in TMTC vdWHs.

We now turn our attention to a dilute gas of bound elec-
trons and holes in TMTC vdWHs, when nr2

X � 1, where n
and rX are the concentration and radius for indirect excitons,
respectively. Under this condition, we treat the dilute system
of indirect excitons in TMTC vdWH as a weakly interacting
Bose gas.

The excitons are composite bosons [25] and at large
interlayer separations, the exchange effects [2,34] in the
exciton-exciton interactions in a TMTC vdWHs can be
neglected since the exchange interactions in vdWH are sup-
pressed due to the low tunneling probability, caused by the
shielding of the dipole-dipole interaction by the insulating
barrier. When an electron and hole are located in two different
monolayers, the electron-hole forms an energetically favor-
able configuration where dipoles are parallel to each other.

Consider excitons as composite bosons [25] forming a
weakly interacting Bose gas of direct excitons in TMTC
vdWH. A general form of a many-body Hamiltonian for the
2D interacting IXs in second quantization reads as [35,36]

Ĥ =
∑

ε0(p, θ )a†
pap + g

S

∑
a†

p1
a†

p2
ap1 ap2 , (2)

where summation of all impulses appearing in indices, a†
p

and ap are Bose creation and annihilation operators for IXs
with momentum p, S is a normalization area for the sys-
tem, g is a coupling constant for the interaction between two
IXs, and ε0(p, θ ) is the angle-dependent energy spectrum of

noninteracting indirect excitons ε0(p) = p2
x

2Mx
+ p2

y

2My
= p2

2M0(θ ) ,
where px = p cos θ and py = p sin θ are the polar coordinates
for the center-of-mass momentum p and M0(θ ) = [ cos2 θ

Mx
+

sin2 θ
My

]−1 is the angle-dependent effective mass, where Mx =
(me

x + mh
x ) and My = (me

y + mh
y ). The only difference between

(2) and the Hamiltonian for isotropic excitons of weakly inter-
acting Bose gas is that the single-particle energy spectrum of
noninteracting excitons is angle dependent due to the angular
dependence of the exciton effective mass M0(θ ).

Consider a weakly interacting gas of IXs in a TMTC
heterostructure in the framework of the Bogoliubov approx-
imation. The chemical potential of the interacting dilute Bose
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gas is given by μ = gn [35–37] and following the standard
textbook procedure [36], one obtains

Ĥ = E0 +
∑
p �=0

ε(p, θ )b†
pbp, (3)

where E0 is the ground-state energy [36], b†
p and bp are the

new set of creation and annihilation Bose operators for the
quasiparticles that follow the same Bose commutation rela-
tions bpb†

p′ − b†
p′bp = δpp′ obeyed by the original particle

operators a†
p and ap, and

ε(p, θ ) =
[

gn

M0(θ )
p2 +

(
p2

2M0(θ )

)2
]1/2

= [[ε0(p, θ ) + μ]2 − μ2]1/2 (4)

is the famous Bogoliubov dispersion law for the elemen-
tary excitations of the system obtained in 1947 [38]. In our
case, due to the mass anisotropy, the spectrum of collec-
tive excitations ε0(p, θ ) depends on the angle θ , while the
exciton-exciton interaction term is angle independent. Thus,
the angle-dependent spectrum of the collective excitations
ε(p, θ ) turns out to be uniquely fixed by the interaction be-
tween two dipolar excitons, i.e., by the coupling constant
g. The derivation of the coupling constant g is given in
Appendix B.

Introduce the mean-field critical temperature Tc(θ ). At
nonzero temperatures, the density of the superfluid compo-
nent ρs(T ) is defined as ρs(T ) = ρ − ρn(T ), where ρ is the
total 2D density of the exciton gas and ρn(T ) is the density
of the normal component [39]. Suppose that the excitonic
system moves with a velocity u, which means that the su-
perfluid component moves with the velocity u. To calculate
the density of the superfluid component consider the total
density flow J [40] for a Bose gas of quasiparticles. Follow-
ing Ref. [21] and restricting oneself to the first-order term,
in the reference frame where the superfluid component is
at rest, one obtains J = − s

kBT

∫ d2 p
(2π h̄)2 p(pu) ∂ f [ε(p,θ )]

∂ε(p,θ ) . In the

latter expression f [ε(p, θ )] = ( exp[ε(p, θ )/(kBT )] − 1)
−1

is
the Bose-Einstein distribution function for quasiparticles with
anisotropic quasiparticle energy ε(p, θ ), s = 4 is the spin de-
generacy factor, and kB is the Boltzmann constant. The normal
density ρn for the anisotropic system has a tensor form [21]
and is defined through the component of density flow J vector

as Ji = ρ
i j
n (T )u j = ni j

n (T )
Mj

u j , where i and j denote either the

x or y components of the vector, and n(i j)
n (T ) are the tensor

elements of normal concentration. In a superfluid with an
anisotropic quasiparticle energy, the normal-fluid concentra-
tion is a diagonal tensor [21] such that nxy

n (T ) = nyx
n (T ) = 0,

and expressions for nxx
n and nyy

n are given in Appendix C. At
last, the concentration of the normal component is

nn(θ, T ) =
√

nxx
n (T )2 cos2 θ + nyy

n (T )2 sin2 θ. (5)

Finally, the mean-field critical temperature Tc(θ ) of the phase
transition related to the occurrence of superfluidity is deter-
mined by the condition nn(θ, Tc(θ )) = n, where n is a total
exciton concentration.

Our main results are summarized in the contour plots pre-
sented in Figs. 1(a)–1(c), where we report Tc for superfluidity
with the spectrum of collective excitations given by Eq. (4).
The results for soundlike spectrum are given in Appendix D.
While examining Tc obtained with the Bogoliubov energy
spectrum (4) and the soundlike spectrum (Appendix C), we
have found that vdWH that are composed of the same TMTC
monolayers have higher Tc then vdWHs composed from two
different TMTC monolayers.

In calculations, we consider the excitonic concentrations
in the range of 6 × 1015 to 3 × 1016 m−2. The indirect
exciton concentrations n ∼ 6 × 1015 m−2 are achievable in
2D TMDC heterostructures. For instance, the estimated IXs
concentration for the optimal indirect excitons propagation
condition in Ref. [41] is n ∼ 6 × 1015 m−2. The concentra-
tions ∼2–3 × 1016 m−2 can be achieved for indirect excitons
in 2D TMDC heterostructures, and order of 1 − 8 × 1016 m−2

in single-layer black phosphorus [42]. However, one should
mention that high densities approach the Mott transition [8],
beyond which the hydrogenlike indirect excitons vanish and
the Cooper-pair-like excitons may form. The latter were ob-
served in the GaAs heterostructure [43]. In Fig. 1(a) results
of calculations for Tc using the Coulomb and RK potentials
are presented for ZrS3 and TiS3 vdWHs. Tc obtained using the
Coulomb potential is more than twice as big as one calculated
with the RK potential. This difference is due to the strong
screening of the RK potential. Interestingly enough, the ratios
of Tc along the chain direction (b axis) to Tc along the a axis do
not depend on the potential and are 1.07 and 1.33 for TiS3 and
ZrS3 vdWH, respectively. Thus, ZrS3 demonstrates a stronger
angle dependent Tc. It is interesting to compare Tc for ZrS3

and phosphorene. For example, in the case of phosphorene
Tc at the concentration 3 × 1016 has maximum at θ = 0 and
minimum when θ = π/2 [18], in contrast to ZrS3 where Tc

has minimum at θ = 0 and maximum at θ = π/2.
In Fig. 1(b) results of calculations are presented for ZrS3

vdWH for different concentrations of exciton gas and one
data set for TiS3 vdWH when n = 2 × 1016 m−2. From the
polar plot, it can clearly be seen that for ZrS3 the critical
temperature of superfluidity is aligned along the chain di-
rection (b axis) for all considered excitonic concentrations.
Tc increases as the concentration increases. The maximum
Tc is observed along the chain direction at θ = π/2, while
minimum Tc is observed along the a axis (θ = 0). An inter-
esting observation is that the ratio Tc max/Tc min almost does
not depend on the excitonic concentration and decreases
monotonically from 1.34 at n = 6 × 1015 m−2 to 1.33 at
n = 3 × 1016 m−2. The behavior of Tc for TiS3 appears al-
most isotropic with Tc max/Tc min = 1.07. This phenomenon
can be explained by the fact that μx and μy are almost
equal to each other (very small mass anisotropy along x
and y). In addition, as can be seen in Fig. 1(c), the in-
crease in the number of insulating hBN layers N leads to the
increase of Tc.

As stated above, our studies reveal that the maximum
Tc occurs along the chain direction. This can be explained
by TMTC monolayer structure. The simplest description of
geometrical structures known as quasi-one-dimensional com-
pounds is usually in terms of the condensation of small
clusters of atoms into infinite chains. In TMTCs, trigonal

245306-3



KEZERASHVILI AND SPIRIDONOVA PHYSICAL REVIEW B 106, 245306 (2022)

FIG. 1. The contour plot for the angle-dependent mean-field critical temperature for superfluidity Tc in polar coordinates for IXs (a) when
n = 3 × 1016 and 8 × 1015 m−2 in ZrS3 vdWH (solid and dotted-dashed curves, respectively) and TiS3 vdWH (dashed and dotted curves,
respectively) using the Coulomb and RK potentials and N = 6; (b) Tc at different excitonic concentrations in ZrS3 vdWH. The calculation
for TiS3 vdWH is performed at n = 2 × 1016 m−2 using the Coulomb potential and N = 6. (c) Tc for different numbers of hBN layers when
n = 1 × 1016 m−2. The calculations are performed using the Coulomb potential. (d) Thick curves show the angle dependence of the superfluid
concentration for different total concentrations of the excitonic gas at the corresponding Tc at which the superfluidity vanishes along the a axis.
Two thin curves bound green shaded region that shows the angle dependence of the normal concentration. (e) Tc for indirect excitons in TiS3

vdWHs in the limit of the sound-like spectrum of collective excitations as a function of concentration and interlayer separation. The calculations
are performed for the Coulomb potential. (f) A schematic plan view for a suggested experiment. The “active” and parallel “passive” layers are
shown as shaded and white areas, respectively. Filled and open dots indicate contacts to the “active” and “passive” layers, respectively.

prismatic units MX 6 with six atoms of chalcogenides and
one atom of transition metal condense laterally into the
two-dimensional layers of MX 3 and longitudinally into the
one-dimensional linear chains of the MX 6. In other words,
these compounds crystallize in a chain structure [44] com-
posed of wedge-shaped trigonal prisms stacked one on top
of the other, base to base, while the metal atom at the center
of each prism is coordinated to six chalcogen atoms at the
corners of the prisms.

For instance, ZrS3 has a rather strong in-plane structural
anisotropy due to weak chain-chain interaction. Each ZrS3

layer consists of 1D chains made of MX 6 octahedrons extend-
ing along the b direction [22,45,46] that are weakly coupled
laterally in the a-axis direction where the M-X linkages be-
tween chains via two chalcogen atoms in neighboring chains
are held together weakly by forces of the van der Waals type.
Inside the 1D prismatic chain, the unit orientated along b, six
atoms of S are equally separated from the metal atom Zr at
∼2.63 Å, but the S atoms outside of the chain are slightly
farther away ∼2.75 Å [46]. This difference in bonds’ length
results in slightly decoupled 1D-chain-like structures confined
in the ab plane. It is worth noting the results for bonds’ length
stated above are consistent with earlier structural studies on
ZrS3 [22,47,48]. The conclusion drawn from the study [47]

was that the strength of the coupling between the chains was
approximately 1

5 of the strength of the M-X bond within the
chain. Thus, our results indicate that the maximum Tc occurs
along the quasi-one-dimensional linear chains of the ZrS3.

In Fig. 1(d) using thick lines, we show the dependence
of the superfluid concentration ns on the angle for different
total concentrations n of the dipole excitons at temperatures
at which the superfluidity is killed. In other words, we take
Tc at which superfluidity is killed when θ = 0 (a axis), then
we keep Tc constant and increase θ and calculate ns. The
concentration of the superfluid component increases with the
increase of θ and achieves the maximum at θ = π/2, which
corresponds to chain direction. In addition, we show the angu-
lar dependence of the normal concentration nn that falls within
a green shaded area between the thin red solid and dashed
blue curves obtained for n = 3 × 1016 m−2 at Tc = 97 K and
n = 6 × 1015 m−2 at Tc = 20 K, respectively.

In our calculations with RK potential, we use the isotropic
approximation for the 2D polarizability. In general, 2D po-
larizability of anisotropic materials should be considered as a
tensor. However, following Ref. [49], we used rather crude ap-
proximation χ2Dxx = χ2Dyy and replaced both by their average.
In Refs. [27,50,51] the isotropic approximation of 2D po-
larizability was also used. This approximation simplifies the
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calculation in case of RK potential and did not affect substan-
tially exciton binding energy [49], in contrast to electron-hole
mass anisotropy.

In the limit of small momenta p, when ε0(p, θ ) � gn, we
expand the spectrum of collective excitations ε(p, θ ) up to
first order with respect to the momentum p and obtain the
sound mode of the collective excitations ε(P, θ ) = cs(θ )P,
where cs(θ ) is the angle-dependent sound velocity given in
Appendix D. Since at low momenta the soundlike energy
spectrum of collective excitations of the IXs in a TMTC
heterostructure satisfies the Landau criterion for superflu-
idity, the superfluidity of IXs in this system is possible.
Thus, such systems below the Berezinskii-Kosterlitz-Thouless
(BKT) transition temperature may support a superflow of in-
direct excitons. One can estimate the BKT phase transition
temperature from the condition nn(T ) = n. The latter leads to

TBKT =
(

π (h̄g)2

2ζ (3)s
√

MxMy

)1/3
n

kB
(6)

and can be considered as an upper bound to the superfluid
transition temperature.

Exclusivity of TiS3 monolayer which has a direct band gap
motivates us to calculate Tc for TiS3 vdWH in the limit for
the soundlike spectrum of collective excitations. The Tc for
IXs in TiS3 vdWH as a function of concentration and number
of hBN insulating layers is shown Fig. 1(e). Calculations are
performed with the Coulomb potential. Tc increases with the
increase of the concentration and interlayer separation.

The angle-dependent superfluidity in TMTC vdWHs may
be observed in electron-hole Coulomb drag experiments [52].
In such experiment, a voltage is applied to the one of the
layers, known as the “active” layer. The other “passive” layer
is closed upon itself by connecting to an external resistor. The
electric current in the active layer induces a current in the pas-
sive layer in the opposite direction by means of the Coulomb
drag, i.e., by the momentum transfer due to the interlayer
electron-hole interaction. The drag current is typically much
smaller than the drive current owing to the heavy screening of
the Coulomb interaction [53].

A schematic plan view for the suggested experiment is
shown in Fig. 1(f). The geometry of the experiment revealing
the existence of the exciton angle-dependent superfluidity will
include measurements at the angle θ = 0 with respect to the
a axis at the corresponding transition temperature Tc for the
given excitonic concentration n when there is no superfluidity.
At the next step, one applies voltage to active layer at the angle
θ and makes measurement in the passive layer at the same an-
gle. By keeping Tc constant and gradually increasing the angle
θ with respect to the a axis and making measurements of the
induced current in the passive layer, let us say at θ = π/6, θ =
π/4, θ = π/3, and θ = π/2 (at the same angles the voltage
is applied to the active layer), one can observe the increment
of the induced current with the increase of θ . The maximum
value is achieved in the chain direction at θ = π/2. In such
measurements, due to the electron-hole mass anisotropy, there
is no induced current at Tc, which corresponds to the a axis
direction, and there is the maximal current at this temperature
in the chain direction. If instead of the superfluid current, the
normal current is measured at Tc when nc has the minimum

based on results in Fig. 1(f) one will observe the opposite
picture: the normal current depletion from the maximum at
θ = π/2 to the minimum at θ = 0. While the purely Coulomb
drag can be the most qualitative features of the effect, other
mechanisms of momentum transfer can also contribute to the
observed behavior [52].

III. CONCLUSIONS

To conclude, in the framework of a mean-field ap-
proach within the Bogoliubov approximation, we predict
angle-dependent superfluidity of indirect excitons in van
der Waals heterostructures composed from a new class of
two-dimensional materials: TMTC. The angle-dependent su-
perfluidity is due to the directional anisotropy of the electron
and hole effective masses. The angle dependence of Tc oc-
curs beyond the soundlike approximation for the spectrum of
collective excitation: for a given density a maximum and min-
imum Tc of superfluidity is along the chain and a directions,
respectively. Thus, in contrast to the anisotropic behavior of
Tc for phosphorene [18], the vastly different angular depen-
dence of Tc is observed for ZrS3. In calculations, we used
the Rytova-Keldysh and Coulomb potentials for charged car-
rier interaction to analyze the influence of the screening. For
both potentials the angle-dependent superfluidity of indirect
excitons is observed. The critical temperature for the phase
transition obtained using the Coulomb potential is signifi-
cantly larger than Tc calculated with the RK potential. Thus,
our results demonstrate that the screening does significant
affect the phase transition temperature. We have reported
binding energies for indirect excitons in vdWH composed
of two different and the same TMTC monolayers. The indi-
rect excitons bound strongly enough and can induce a dilute
excitonic gas. However, we have found that heterostructures
composed of the same TMTC monolayers have higher Tc then
vdWH composed of two different TMTC monolayers. Also,
Tc of superfluidity in TMTC vdWHs can be manipulated by
varying the excitonic density and the number of hBN insulated
layers. Finally, we suggest and discuss the possibility of the
experimental observation of the angle-dependent superfluidity
via Coulomb drag experiments.

Our study demonstrates the angle-dependent superfluidity
in TMTC heterostructures, and we hope that it will motivate
future experimental and theoretical investigations on excitonic
BEC and anisotropic superfluidity in TMTC heterostructures.
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APPENDIX A: BINDING ENERGIES OF INDIRECT
EXCITONS IN TMTC vdWH

We calculated the binding energies of indirect excitons
in TMTC vdWH using the Coulomb and Rytova-Keldysh
potentials. TMTC van der Waals heterostructures that are
considered consist from either from the same two TMTC
monolayers or two different TMTC monolayers separated by

245306-5



KEZERASHVILI AND SPIRIDONOVA PHYSICAL REVIEW B 106, 245306 (2022)

TABLE I. Binding energies of indirect excitons in TMTC van der Waals heterostructures. Energies are given in meV and electron and hole
masses in x and y directions are given in units of the free electron mass.

Electron Hole Electron Hole Electron Hole Electron Hole Electron Hole Electron Hole
ZrSe3

a ZrS3
a TiS3

b ZrS3
a TiS3

b ZrSe3
a ZrS3

a ZrS3
a ZrS3

a ZrSe3
a ZrSe3

a ZrSe3
a

mx 0.16 1.28 1.52 1.28 1.52 2.36 1.3 1.28 1.3 2.36 0.16 2.36
my 6.72 0.42 0.4 0.42 0.4 0.89 0.4 0.42 0.4 0.89 6.72 0.89

Potential VRK VC VRK VC VRK VC VRK VC VRK VC VRK VC

1 72.8 105.3 87.7 123.2 87.5 132.8 88.6 121.8 87.7 130.0 73.7 114.5
2 66.5 89.9 78.9 103.6 79.0 110.9 79.6 102.6 79.2 109.0 67.5 97.1
3 61.2 78.7 71.7 89.7 72.0 95.6 72.2 88.9 72.1 94.1 62.2 84.6
4 56.7 70.2 65.7 79.2 66.1 84.2 66.0 78.6 66.2 83.0 57.7 75.1
5 52.7 63.5 60.6 71.1 61.2 75.3 60.9 70.6 61.2 74.3 53.8 67.7
6 49.3 58.0 56.2 64.6 56.9 68.2 56.4 64.1 56.9 67.4 50.3 61.6

aReference [22].
bReference [27].

hBN monolayers. Results for the binding energies of indirect
excitons in ZrSe3/ZrS3, TiS3/ZrS3, TiS3/ZrSe3, ZrS3/ZrS3,
ZrS3/ZrSe3, ZrSe3/ZrSe3 vdWHs are presented in Table I.

APPENDIX B: COUPLING CONSTANT g

The interaction parameters for the exciton-exciton cou-
pling in very dilute systems could be obtained assuming the
exciton-exciton repulsion exists only at distances between
excitons greater than the distance from the exciton to the clas-
sical turning point [54]. Following Ref. [54], one can obtain
the coupling constant for the exciton-exciton interaction:

g =
∫ ∞

R0

Vdd(R)R dR dθ, (B1)

where Vdd(R) is the dipole-dipole interaction and R0 corre-
sponds to the distance between two IXs at their classical
turning point. R0 is determined by the conditions that the
energy of two excitons cannot exceed the doubled chemical
potential μ of the system [54], i.e., Vdd(R0) ≈ 2μ. The last
expression is reasonable for a weakly interacting Bose gas
of IXs.

To find Vdd(R), consider dipole-dipole interaction as the
interactions of positive and negative charges of one dipole
with another dipole. Based on well-known screened 2D po-
tential, the Rytova-Keldysh potential VRK [30,31], which is
widely used for the description of excitonic complexes in
2D materials [55], a dipole-dipole interaction is obtained in
Ref. [56]. The explicit analytical form for the dipole-dipole
interaction in 2D configuration space for two excitons has the
following form [56]:

Vdd(R) = − πk

2κρ0

{[
H−1

(
R

ρ0

)
− Y−1

(
R

ρ0

)]
d1·d2

ρ0R

+
[

H−2

(
R

ρ0

)
− Y−2

(
R

ρ0

)]
R·d1R · d2

ρ2
0 R2

}
, (B2)

where H−1, H−2 and Y−1, Y−2 are the Struve functions and
Bessel functions of the second kind, respectively. For dipolar
excitons formed between two parallel layers separated by

distance D the latter expression becomes

V RK
dd (R) = − πk

2κρ0

[
H−1

(
R

ρ0

)
− Y−1

(
R

ρ0

)]
d2

ρ0R
, (B3)

where d = eD is a dipole moment of the IX. For the Coulomb
potential the dipole-dipole interaction of IXs are well known:

V C
dd(R) = k

κ

d2

R3
. (B4)

After that, it is easy to obtain R0 for VC :

R0 = 1

2
√

πn
. (B5)

For the RK potential, we obtain the following equation for R0:

4πnρ2
0 y[H0(y) − Y0(y)] = −[H−1(y) − Y−1(y)], (B6)

where y = R0
ρ0

.
Using the expressions for Vdd(R) [Eqs. (B3) and (B4)]

and R0 [Eqs. (B5) and (B6)], one obtains the exciton-exciton
coupling constant g:

g =

⎧⎪⎨
⎪⎩

π2ke2D2

εd ρ0

[
H0

(
R0
ρ0

)
− Y0

(
R0
ρ0

)]
for VRK(x, y),

2πke2D2

εd R0
= 4πke2D2√πn

εd
for VC (x, y).

(B7)

APPENDIX C: ANGLE-DEPENDENT NORMAL
COMPONENT CONCENTRATION IN AN ANISOTROPIC

SYSTEM

The normal density ρn for the anisotropic system has tensor
form [21] and defined through the component of density flow
J vector as

Ji = ni j
n (T )

Mj
uj, (C1)

where i and j denote either the x or y components of the vector
and n(i j)

n (T ) are the tensor elements of normal component
concentration. In a superfluid with an anisotropic quasiparticle
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energy, the normal-fluid concentration is a diagonal tensor
with nxx

n and nyy
n given by [21]

nxx
n (T ) = s

kBT

1

Mx

1

(2π h̄)2

∫
dp

exp [ε(p, φ)/(kBT )](
exp [ε(p, φ)/(kBT )] − 1

)2

× cos2 φ, (C2)

nyy
n (T ) = s

kBT

1

My

1

(2π h̄)2

∫
dp

exp [ε(p, φ)/(kBT )]

(exp [ε(p, φ)/(kBT )] − 1)2

× sin2 φ, (C3)

nxy
n (T ) = nyx

n (T ) = 0. (C4)

Thus, the concentration of the normal component nn(θ, T ) is

nn(θ, T ) =
√

nxx
n (T )2 cos2 θ + nyy

n (T )2 sin2 θ. (C5)

The mean-field critical temperature Tc(θ ) of the phase transi-
tion related to the occurrence of superfluidity is determined by
the condition

nn(θ, Tc(θ )) = n. (C6)

APPENDIX D: SOUND MODE OF THE COLLECTIVE
EXCITATIONS

In the limit of small momenta p, when ε0(p, θ ) � gn, we
expand the spectrum of collective excitations ε(p, θ ) up to
first order with respect to the momentum p and obtain the
sound mode of the collective excitations ε(p, θ ) = cs(θ )p,
where cs(θ ) is the angle-dependent sound velocity, given by

cs(θ ) =
√

gn

M0(θ )
. (D1)

The directional anisotropy of the electron and hole masses
in TMTC is reflected in the angle-dependent sound ve-
locity. Calculations for cs(θ ) are performed for different
TMTC vdWHs using RK potential and presented in Fig. 2.
In Fig. 2 the dashed-dotted and dashed curves present cs(θ )
in TiS3/ZrS3 and ZrS3/ZrSe3 vdWHs, respectively, while
the shaded area presents sound velocities in ZrS3/ZrS3 and
TiS3/ZrSe3. Although in TiS3/TiS3 the sound velocity has
a maximum at θ = π/2, it weakly depends on the angle
due to very close values of μx and μy. In contrast, cs(θ ) in
ZrSe3/ZrSe3 and ZrSe3/ZrS3 has the same kind qualitative
behavior as in phosphorene [18] with minima at θ = π/2.
We also calculated the sound velocity when electron and hole
interact via the Coulomb potential. It should be noted that the
sound velocity is greater in the case of Coulomb potential for

FIG. 2. The angle-dependent sound velocity in different TMTC
vdWHs. The interaction between the charged carriers is described by
the RK potential. The calculations were performed for the exciton
concentration n = 4 × 1015 m−2 and the number NL = 6 of hBN
monolayers placed between two TMTC monolayers.

the interaction between the charge carriers than for the RK po-
tential because the RK potential implies the screening effects,
which make the interaction between the carriers weaker. In
the case of the soundlike spectrum of collective excitations
with the angle-dependent sound velocity cs(θ ) the integrals
(C2) and (C3) can be evaluated analytically using [57] and the
results are the following [18]:

nxx
n (T ) = nyy

n (T ) = 2ζ (3)s(kBT )3
√

MxMy

π (h̄gn)2
, (D2)

where ζ (z) is the Riemann zeta function. Therefore, in this
case substituting (D2) into (C5) for the concentration of the
superfluid component ns(T ) we obtain

ns(T ) = n − 2ζ (3)s(kBT )3
√

MxMy

π (h̄gn)2
. (D3)

From Eq. (D3) it follows that for the soundlike spectrum
of collective excitations, the concentrations of the superfluid
components are angle independent. Since at low momenta
the soundlike energy spectrum of collective excitations of
the indirect exciton in a TMTC heterostructure satisfies the
Landau criterion for superfluidity, the superfluidity of IXs
in this system is possible. Using Eq. (D2) one can estimate
the BKT phase transition temperature from the condition
nn(T ) = n:

TBKT =
(

π (h̄g)2

2ζ (3)s
√

MxMy

)1/3
n

kB
. (D4)

This can be considered as an upper bound to the superfluid
transition temperature. Thus, for the soundlike spectrum of
collective excitations, the TBKT does not depend on an angle.
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