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The quantum size effect has a significant impact on electrons such that it can even change their topologically
protected properties. An example of this phenomenon is the gap opening in the topologically protected gapless
surface state in finite-thickness topological-insulator films. However, much is not known about the quantum size
effect in topological heterojunctions. In this paper, by calculating the single-particle spectrum of Bi/Bi1−xSbx

based on the well-known Liu-Allen model, we found that the strong quantum size effect in topological hetero-
junctions yields an unexpected band alignment. The wave functions permeate each other through the attached
materials, and this occurs even in 80-nm-thick heterojunctions. Furthermore, we theoretically found that one of
the two major spectra obtained from the Bi surface does not represent the true surface state of Bi. This finding
may overturn the previous understanding of the topological surface state of Bi.
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I. INTRODUCTION

The design and manipulation of heterojunctions, which
are interfaces between two dissimilar semiconductors, is
one of the most effective ways of controlling band struc-
ture. Solar cells, lasers, and high-electron-mobility transistors
are examples of successful applications of band engineer-
ing via heterojunctions. In general, the band alignment of
a heterojunction can be described as a natural connection
between the band edges of two semiconductors, as illustrated
in Fig. 1(a) [1–3]. In the mid-1980s, the possibility of an
interface state (IS) in the gap in a heterojunction between
mutually band-inverted semiconductors, such as Pb1−xSnxTe
[4,5] and Hg1−xCdxTe [6–9], was proposed. In recent years,
the appearance of the IS has been reexamined in terms of
topology. When a topologically nontrivial insulator faces a
topologically trivial insulator (including a vacuum), a gapless
conducting state must exist at the interface in order to connect
bands with the same symmetry as shown in Fig. 1(b) [10,11].
The heterojunction of Pb1−xSnxTe and Hg1−xCdxTe can be
regarded as a topological heterojunction from a contemporary
viewpoint [12–16].

The above arguments regarding the topological IS assume
an infinite-thickness heterojunction, i.e., a junction between
semi-infinite-thickness semiconductors. However, in reality,
heterojunctions are fabricated by stacking finite-thickness
films. It is naively expected that the band alignment shown
in Fig. 1 is discretized owing to the quantum size effect in
the heterojunctions of finite thickness. In addition, the quan-
tum size effect changes the topological surface state (SS)
of finite-thickness topological insulators [17–21]; the gap-
less metallic SS in a semi-infinite system produces a gap
in the finite-thickness system owing to the interference be-
tween the surfaces of the opposite sides. The quantum size
effect becomes substantially prominent when the wavelength

of the electrons is increased. Even the topologically pro-
tected conditions can be changed by the quantum size effect
arising from long-wavelength electrons, such as in Bi1−xSbx

(BiSb) [21,22]. Similar quantum size effects are expected in
topological heterojunctions; the gapless IS of topologically
nontrivial heterojunction, Fig. 1(b), may be changed into an
ordinary IS of trivial heterojunction, Fig. 1(a). However, it is
not clearly understood how the quantum size effect changes
the band alignment in topological heterojunctions. Several
works have reported the topological “proximity” effect. The
topological SS seeped out the attached topologically trivial
atomic layer in Zn M/Bi2Se3 (M= S, Se, and Te) [14] and in
Bi/TlBiSe2 [15]. Meanwhile, the interfacial state seeped out
the attached topological insulator in Bi2Se3/MnSe [23] and in
MnBi2Se4/Bi2Se3 [24]. In these works, however, the penetra-
tion of the wave function is limited only in close proximity of
∼1 nm. It is difficult to investigate how the quantum size effect
affects the band alignment of topological heterojunctions in a
such extremely narrow region.

Another type of topological proximity effect can be also
observed in the topological superlattice [25]. It is composed
of thin films of a magnetically doped topological insulator and
ordinary insulator. The proximity effect of wave functions can
change the topology of the system.

In this paper, we investigate the “thick” topological hetero-
junction between Bi and BiSb where the surface, interface,
and bulk states are spatially well separated. We demonstrate
that the band alignment of the topological heterojunction can
be neither Fig. 1(a) nor 1(b), contrary to theoretical expec-
tations. The strong quantum size effect yields an unexpected
band alignment [Fig. 2(b)] that cannot be classified into the
typical category of heterojunctions [1–3].

The Bi/BiSb heterojunction provides an ideal foundation
for investigating the quantum size effect in heterojunctions.
Bi is well known for its exceptionally long wavelength
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FIG. 1. Schematics of heterojunctions (a) between topologi-
cally trivial semiconductors and (b) between trivial and nontrivial
semiconductors. In finite-thickness heterojunctions, these band
alignments are discretized due to the quantum size effect.

(∼100 nm) [26–28] that induces a strong quantum size effect
[21,22]. Another advantage of this system is that we can
control the topology of one side of the junction, BiSb by
slightly changing the Sb content, thereby keeping the crystal
structure and the lattice constant almost unchanged. It is ex-
perimentally well established that the conduction band (CB)
and valence band (VB) at the L point in the bulk Brillouin
zone are inverted at x = xexp

c � 0.04 [29–33] accompanied by
the Z2-topological transition [10,34].

II. THEORY

In this paper we investigate Bi/BiSb heterojunctions of a
finite thickness [35–42] based on the tight-binding model for
bulk Bi and Sb proposed by Liu and Allen [26]; specifically,
we focus on (111) films and heterojunctions because (111)
is the most easily grown plane, and, thus, the most investi-
gated orientation. The Liu-Allen model provides results that
quantitatively agree well with experiments on bulk Bi and Sb
[10,11,34]. Similar to that of other band calculations [43,44],
the Z2 topology of pure Bi is trivial in the Liu-Allen model
[34,45]. Furthermore, the Liu-Allen model can reproduce the
band inversion at the L point and the topological transition by
extrapolating the parameters for pure Bi and Sb [21,45,46].
We adopt a simple virtual crystal approximation with a linear
extrapolation of tight-binding parameters of pure Bi and Sb

(a) Bi/BiSb(x=0.08) at Γ (b) Bi/BiSb(x=0.08) at M
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FIG. 2. Present results of topological heterojunction
Bi/Bi1−xSbx (x = 0.08) of 50+50 BL at (a) the �̄ point and
(b) the M̄ point.

[21,46]. Within this approximation, the topological transition
occurs at xc = 0.02 [47], which is less than the experimental
value xexp

c � 0.04 [29–33]. The quantitative mismatch can be
attributed to the overly simple linear extrapolation. However,
this mismatch does not affect the overall quantum size ef-
fect findings. The extension of the Liu-Allen model for a
finite-thickness film is straightforward [21,48]. There have
previously been concerns that the Liu-Allen model cannot
provide results that agree with experiments on the (111) sur-
face [45]; however, this problem has already been overcome
by Saito et al., who considered the effects of the surface
potential gradient [48]. In the following calculation, we adopt
their surface hopping terms, which can provide results that
agree with the experiments on the SS [cf. Figs. 3(a) and
3(b)] [35–37,40–42]. To examine the heterojunction between
n-bilayer Bi and n-bilayer BiSb (n + n BL), we used pa-
rameters z = 1 → n BL for BiSb and z = n → 2n BL for
Bi [Fig. 3(d)]. In the following section, we predominantly
provide the results for the 50+50 BL (20+20 nm) hetero-
junction; however, we verified that the results were essentially
unchanged up to the 100 + 100 BL (40+40 nm) system as
shown in Sec. III C. Additionally, we determined that there
was a minimal effect of the interface potential on the follow-
ing results [47].

III. RESULTS

Before considering the Bi/BiSb heterojunction, we briefly
examined the properties of the (111) surface of free-standing
Bi and BiSb. The energy dispersions for free-standing triv-
ial Bi (50 BL) and free-standing nontrivial BiSb (50 BL,
x = 0.08: deep inside the nontrivial region [47]) are plotted
in Figs. 3(a) and 3(b), respectively. The eigenenergies cor-
responding to the SS are colored in red for Bi and in blue
for BiSb. The gray lines correspond to the eigenenergy of
the bulk state. There are two SSs between the �̄-M̄ points.
(The �̄ (M̄) point in the surface Brillouin zone corresponds
to the T (L) point in the bulk Brillouin zone, where holes
(electrons) are located [47].) We label the upper energy SS
as “S1” and the lower one as “S2” [41]. The lowest CB is
labeled “C1.” If the film is infinitely thick, there should be no
gap between S1 and S2 at the M̄ point for x < xc, whereas the
gap opens for x > xc [21]. Conversely, in the finite-thickness
film, the gap (∼72 meV for free-standing 50 BL Bi) opens be-
cause of the interference between the opposite-side surfaces.
Consequently, there is no observable difference in the energy
dispersion of the SSs between x < xc and x > xc, even though
the bulk CB and VB at the L point are inverted, which is
consistent with the analytical solutions for BiSb(111) [21].

A. Sb-content dependence

Here, we investigate the Sb-content (x) dependence of the
energy dispersion in the Bi/BiSb heterojunction. Figure 3(c)
shows the energy dispersion of the SS at the Bi surface
[Fig. 3(d)] of the 50 + 50 BL heterojunction for x = 0–0.08.
Only the parameters in the BiSb region, i.e., the blue region in
Fig. 3(d), were varied. Nevertheless, the SS at the Bi surface
exhibits an x dependence despite the fact that none of the
parameters in the Bi region were changed [the red region in
Fig. 3(d)]. This x dependence clearly indicates that the SS at
the Bi surface is affected by the BiSb region, although they are
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(a) free-standing Bi (b) free-standing BiSb(x=0.08)
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FIG. 3. Energy dispersion of (a) free-standing Bi (50 BL) and
(b) free-standing BiSb (x = 0.08) (50 BL). (BL denotes bilayer.) I
(c) x dependence of the SS on the Bi surface of Bi/BiSb (x = 0.08)
(50+50 BL) around the M̄ point. The inset shows the x dependence
of the entire �̄-M̄ region. (d) Schematic of the Bi/BiSb heterojunc-
tion (n + n BL).

separated by more than 50 BL (� 20 nm). It is worth noting
that the SS away from the M̄ point does not exhibit any x
dependence as shown in the inset of Fig. 3(c).

Figure 4 shows the x dependence of the probability distri-
bution |ψ (z)|2 for (a) S1, (b) S2, and (c) C1 in Bi/BiSb (50 +
50 BL). The properties of |ψ (z)|2 change from trivial (x � xc)
to nontrivial (x � xc), although the topological transition is
smeared due to the finite thickness. For x � xc (trivial/trivial),
|ψ (z)|2 of S1 and S2 exhibit peaks (the bright region) at the
Bi surface (z = 100 BL) and the BiSb surface (z = 1 BL).

FIG. 4. Probability distribution |ψ (z)|2 for (a) S1, (b) S2, and
(c) C1 in Bi/BiSb (50+50 BL). At the BiSb surface (z = 1 BL) of
S1 and S2, the surface state appears for x � xc (� 0.02) but does not
for x � xc, indicating a topological transition.

These peaks are regarded as the SSs of the heterojunction.
There is no peak near the interface (z = 50 BL). Therefore,
the system behaves as if it is a homogeneous 100 BL system.
Meanwhile, for x � xc (trivial/nontrivial), the peak of |ψ (z)|2
at the BiSb surface disappears, and the peak appears at the
interface in S2, i.e., IS appears. The disappearance of the peak
at the BiSb surface for x > xc is fully consistent with the
analytical solution [21]. The appearance of the IS for x � xc

is also consistent with the intuitive picture elucidated in the
Introduction, and, therefore, these results seem reasonable.
However, there is one unexpected property: the IS appears in
S2 but not in S1. We will reveal the origin of this unexpected
property later.

B. Spatial dependence

The nature of the SS and the IS can be understood
more intuitively if we consider the single-particle spectrum
A(k‖, z, ε). Contrary to the eigenvalues (Fig. 3), the spatial
(z) dependence can be resolved from A(k‖, z, ε). Furthermore,
A(k‖, z, ε) directly corresponds to angle-resolved photoe-
mission spectroscopy (ARPES) measurements, making the
comparison between theory and experiment more straightfor-
wardly. The single-particle spectrum is calculated based on
the standard definition of the form

A(k‖, z, ε) = − 1

π
Tr Im G(k‖, z, ε), (1)

G(k‖, z, ε) = [ε − H(k‖, z) + iΣ ′′]−1, (2)

where G is the Green’s function and Σ ′′ is the imaginary
part of the self-energy, which is set to Σ ′′ = 0.01 eV in this
paper. (The real part of the self-energy is already included
in the Hamiltonian H.) The trace is taken over the Hamil-
tonian of one BL of interest, which consists of 16 bases of
s- and p-orbitals (s↑↓, px↑↓, py↑↓, pz↑↓×2 = 16 bases). The
local spectra of Bi/BiSb (x = 0.08) are plotted in Ref. [47]
for both the Bi surface (z = 100 BL) and the BiSb surface
(z = 1 BL), which perfectly match with those obtained from
the eigenvalues of H.

The band alignment can be microscopically calculated
from the z dependence of the single-particle spectrum, which
is plotted in Fig. 2 for (a) k‖ = �̄ and (d) k‖ = M̄. We observe
from Fig. 2(a) that the band alignment at the �̄ point agrees
well with the typical band alignment of the conventional
heterojunction, Fig. 1(a). This is reasonable because there
is no band inversion at the �̄ point (the T point in bulk).
However, the band alignment at the M̄ point [Fig. 2(b)] where
the band inversion occurs in bulk is entirely different from
that is expected as in Figs. 1(a) and 1(b). Each band does
not bend around the interface but exhibits flat energy levels
without any z dependence. To clarify the origin of this unex-
pected property of A(M̄, z, ε), we compared the A(M̄, z, ε) of
the Bi/BiSb heterojunction with that of free-standing Bi and
BiSb as shown in Fig. 5, which provided the most significant
results of this paper. Notably, we found that each energy level
of Bi/BiSb coincides with that of the free-standing Bi and
BiSb, whereas alternating between Bi and BiSb. This corre-
spondence shows that the wave functions of the BiSb region
permeate those of the Bi region and vice versa. The wave
functions of each slab are not connected as is expected from
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FIG. 5. (a) Comparison of A(M̄, z, ε) of the Bi/BiSb heterojunc-
tion and free-standing Bi and BiSb. (For the free-standing Bi and
BiSb, the magnitude of A is reduced by 1/2 because their thickness
is half that of the Bi/BiSb heterojunction.) (b) Schematic of the
permeation in the heterojunction.

Fig. 1(b), but they penetrate the opposite side and retain their
energy with no influence from the joined slab. A schematic of
the long-range permeation is depicted in Fig. 5(b). From this
comparison, it is obvious that S1 on the Bi surface originates
from the eigenenergy of BiSb and that the wave function of
S2 permeates deeply into the BiSb region. Consequently, both
S1 and S2 at the Bi surface are affected by increasing x, which
provides a reasonable interpretation of the x dependence of S1
and S2 as shown in Fig. 3(c). Interestingly, the x dependence
of A(M̄, z, ε) on the Bi surface perfectly matches that on
the BiSb surface, except for the disappearance of the SS on
the BiSb surface as shown in Ref. [47]. This correspondence
indicates the strong correlation between the Bi and the BiSb
surfaces (their correlation length can be 80 nm [47]) due to
the exceptionally long-range permeation.

The long-range permeation is realized by the long Fermi
wavelength (∼100 nm) of electrons at the M̄ point. Mean-
while, the wavelength of holes at the �̄ point is not so long
(∼10 nm). Consequently, no clear permeation is realized at
the �̄ point as shown in Fig. 2(a); this is expected from the
ordinary band alignment shown in Fig. 1(a). The difference in
the wavelength originates from the anisotropy of the effective
mass: m∗/m0 = 0.005 85 for electrons at the M̄ point and
m∗/m0 = 0.721 for holes at the �̄ point [27].

It is not surprising that the mutual permeation of the wave
function occurs in the case where the energy levels of one
side are almost equal to those of the other, such as x � xc.

In the case where the energy levels are clearly different from
each other, such as x = 0.08, it is naively expected that the
energy levels of one side naturally continue to the other by
bending the energy level at the interface. However, no such
level bending was observed. Instead, the energy levels per-
meate with each other, maintaining the energy levels constant
without bending. This is an unexpected result.

It is worth noting that the previously reported topological
“proximity” effect [14,15,23,24] could be understood as the
precursor of this permeating wave function. However, the
previously observed permeation is extremely short range, less
than 1.5 nm. In contrast, our results clearly demonstrate that
much longer-range permeation (as long as 40 nm as shown
later) of the wave functions occurs in thick topological het-
erojunctions.

The IS, a distinct intensity at the interface z = 50 BL,
appears not only in S2, but also in C1 (the level just above
S1) as shown in Fig. 5(a), which is consistent with Fig. 4(c).
Both S2 and C1 originate from the Bi wave function. As is
clear from Fig. 5, the appearance of the IS cannot be due to
what would be expected from Fig. 1(b). Instead, the IS in S2
and C1 should be interpreted as the SSs of the 50 BL Bi. Based
on this understanding, it is reasonable to infer that the S1 does
not have an IS (a distinct intensity at the interface) because
it originates from BiSb, which does not have SSs due to the
topological restriction for x > xc. This provides the solution
to the unpredicted lack of an IS in S1.

From Fig. 5, we can obtain information regarding another
important property of Bi/BiSb. Suppose the scenario of the
ARPES of the Bi surface with BiSb as a substrate. We will
clearly observe two SSs—S1 and S2—in the ARPES spec-
trum. We may interpret both S1 and S2 as the SSs of Bi.
However, S1 does not appear in the free-standing Bi. S1 ap-
pears because of the substrate of BiSb. In this sense, S1 is not
the true SS of Bi, but is instead the “superficial” SS originating
from the substrate BiSb due to the long-range permeation.

Our scenario of the long-range permeation would be
applicable to heterojunctions that have long wavelengths com-
parable to Bi. Here, we briefly examine two different types of
topological heterojunctions TlBiTe2/InBiTe2 and Bi2Te3/Bi.
TlBiTe2 has Dirac-like electrons at the � point [49,50]. The
situation is similar to the L point of Bi. Therefore, the per-
meation of the wave function and superficial SS may be
observed even in TlBiTe2/InBiTe2. However, the effect is
expected to be less significant than Bi/BiSb because the wave-
length of TlBiTe2 is much shorter than that of Bi [49–51].
The heterojunction of Bi2Te3/Bi indicates another interesting
aspect. The large band gap at the M̄ point of Bi2Te3 may
prevent the Bi electrons from permeating into the Bi2Te3 side
[52]. However, according to our observation, the Bi electrons
can permeate into the attached substance owing to its long
wavelength, even if there are no corresponding energy levels.
Therefore, a competition between blocking of the Bi2Te3 side
and permeation from the Bi side will occur, which would be
an interesting future problem.

C. Thickness dependence

The single-particle spectra A(k‖, z, ε) at k‖ = M̄ for dif-
ferent thicknesses from 50+50 to 250+250 BL are shown in
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FIG. 6. Single-particle spectrum A(M̄, z, ε) of Bi/BiSb(x=0.08)
from (a) 50+50 BL to (f) 250+250 BL.

Fig. 6. The long-range permeation where the eigenenergy is
common between the Bi (z > n) and the BiSb regions (z � n)
is observed for 50+50, 75+75, and 100+100 BL. In contrast,
the eingenenergy in the Bi region is different from that in
the BiSb region for 200+200 and 250+250 BL. The long-
range permeation is not observed for n � 200 BL. Bi/BiSb of
150+150 BL is the marginal between the permeated and the
nonpermeated heterojunctions.
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FIG. 7. Thickness dependence of A(M̄, ε) at the Bi surface for
(a) free-standing Bi (n BL) and (b) Bi/BiSb (x = 0.08) (n + n BL)
where the color bar is similar to that in Fig. 5. Their peak positions
are plotted as a function of 1/n for S1, S2, and C1 in (c) free-standing
Bi and (d) Bi/BiSb (x = 0.08). The dashed lines in (d) are the ex-
trapolated lines obtained by the least-squares method for thick layers
(n � 80 BL).

The spectrum for 250+250 [Fig. 6(f)] shows the subtle
connection between the bottom CB of BiSb and the top VB of
Bi. This connection may be an indication of the band connec-
tion as expected in the topological heterojunction, Fig. 1(b).
However, another side connection between the top VB of
BiSb and the bottom CB of Bi is not observed. The band
cross expected in the topological heterojunction has not been
observed even for thick films.

The unusual behavior of S1, the superficial SS, can be
more clearly noted in the thickness dependence. Figure 7
shows the thickness (n) dependence of A(M̄, z, ε) of the Bi
side surface at the M̄ point for (a) the free-standing Bi and
(b) heterojunction Bi/BiSb. The peak positions of S1 and
S2 are plotted as a function of 1/n in Fig. 7(c) for the free-
standing Bi. The thickness dependences of S1 and S2 are
almost symmetric with respect to the center of the band gap
for the free-standing Bi. The symmetry between S1 and S2 is
a characteristic property of Dirac electrons [21]. Furthermore,
it is obvious that the surface gap between S1 and S2 seems to
close for n = 200–300 BL reflecting the topologically trivial
characteristic.

However, the symmetry between S1 and S2 is broken in the
Bi surface of Bi/BiSb. Furthermore, the gap between S1 and
S2 is more significant than in the free-standing Bi, and it will
never close around n = 200–300 BL. This symmetry breaking

C1

S1S2

C1S1
S2

C1S1

S2

C1

(a) 50+50 BL

(b) 75+75 BL

(c) 100+100 BL

(d) 150+150 BL

FIG. 8. Single-particle spectrum at the Bi surface for the M̄
point, A(M̄, 2n, ε), from (a) 50+50 BL to (d) 150+150 BL.
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and gap opening can be easily understood by considering
that S1 originates from the BiSb region. Therefore, we must
consider C1 (not S1) to obtain true information regarding the
Bi surface. In fact, the thickness dependence of S2 is more
symmetric with C1, and the gap between C1 and S2 will close
around n = 200–300; both of these findings are consistent
with the properties of free-standing Bi. These results provide
an important means for the analysis of the SS of Bi. When
one measures the surface states using ARPES, S1 and S2 will
exhibit the greatest intensity for thin heterojunction, such as
50+50 BL. However, evaluation of the gap based on S1 and
S2 will lead to a wrong judgment regarding the topology. One
should evaluate the gap based on C1 and S2 in order to obtain
the true property of the Bi surface, which will provide us with
the accurate topological property. It is worth noting that the
asymmetry of the thickness dependence between the two SSs
has been observed in pure Bi deposited on a Ge substrate [42].
Although our results cannot be directly applied to their system
because of the different substrate, the asymmetry between
the SSs observed in the experiment may be related to the
superficial SS affected by the substrate.

Figure 8 shows the detailed spectra of A(M̄, z, ε) from
50+50 BL to 150+150 BL. In thin films of 50+50 BL, the
intensity of S1 is larger than C1. By increasing the thickness,
the intensity of S1 reduces, whereas that of C1 enhances. In
the 100 + 100 BL, the intensity of C1 becomes larger than
S1, and the S1 peak is absorbed into the C1 peak. For thick
heterojunctions, n � 150, only the C1 peak survives. This is

another evidence that C1 is the true SS that survives, and S1
is the superficial SS that disappears in the bulk limit.

IV. SUMMARY

We have investigated the quantum size effects in the het-
erojunction Bi/BiSb where the wavelength of the electrons is
large. We found an unexpected band alignment, whereby the
wave functions of the electrons permeate through each other.
The wave functions of the two substances coexist throughout
the entire heterodevice, even though the substances are spa-
tially separated.

Additionally, we found that one of the two major spectra
on the Bi side surface S1 was not the true SS of Bi. S1 is the
superficial SS originating from the BiSb region, which is far
away from the Bi surface. To obtain the true characteristic of
the Bi surface, one should consider C1, which is just above
S1. Our results strongly suggest that the SS can be drastically
affected by the substrate when the wavelength is large, even
when a thick film (∼40 nm) is used.
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