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Spin Hall conductivity of interacting two-dimensional electron systems
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We consider a two-dimensional electron system subjected to a short-ranged nonmagnetic disorder potential,
Coulomb interactions, and Rashba spin-orbit coupling. The path-integral approach incorporated within the
Keldysh formalism is used to derive the kinetic equation for the semiclassical Green’s function and applied
to compute the spin current within the linear response theory. We discuss the frequency dependence of the spin
Hall conductivity and further elucidate the role of electron interactions at finite temperatures for both the ballistic
and diffusive regimes of transport. We argue that interaction corrections to the spin Hall effect stem from the
quantum interference processes whose magnitude is estimated in terms of parameters of the considered model.
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I. INTRODUCTION

At the present day the physics phenomena originating from
the Rashba spin-orbit coupling [1,2] dominate the fields of
spintronics [3] and topological systems [4]. One fundamen-
tally important example of the quantum spin transport that
intertwines with topological properties of the band structure
is the spin Hall effect (SHE). It represents a collection of
transport phenomena whereby charge currents propagating in
nonmagnetic materials are converted to transverse spin cur-
rents and vice versa. The resulting spin current is even under
the application of the time-reversal operator, so that in this
regard this effect is similar to the appearance of dissipationless
current in s-wave superconductors. Studies of the extrinsic
mechanisms of the SHE have rich history dating back to
the original works [5,6]; see also review [7] and references
therein. In general, this effect has conceptual overlap with the
anomalous Hall effect (AHE) [8], where one distinguishes
extrinsic side-jump and skew-scattering mechanisms of the
transverse responses, as well as an intrinsic source generated
by the Berry curvature in materials with topologically nontriv-
ial band structure [9].

In the SHE the transverse z-component spin current is
induced by an electric in-plane field through the spin-orbit
coupling,

jz
i = σsHεi jE j, (1)

and therefore one would naturally expect that the correspond-
ing spin Hall conductivity should depend on the value of
the spin-orbit coupling λso. In the inspiring work by Sinova
et al. [10] it was proposed that the spin current may appear
in n-type spin-orbit coupled semiconductors; furthermore, it
was shown that in the bulk of a clean and homogeneous
two-dimensional electronic system (2DES), the spin Hall con-
ductivity is reactive and predicted to have a universal value
σsH = e/8π independent of the spin-orbit coupling (in units
of h̄ = 1). This specific result pertains to the Rashba model

of the spin-orbit interaction. The universality is bounded by
the condition on the carrier concentration that must exceed a
threshold, n > (mλso)2/π , where m is an effective mass, so
that both spin-split bands are occupied. This is not a unique
example, as universal SHE was predicted also to occur in the
Luttinger model Hamiltonian [11,12].

These works generated significant interest and ignited
intense research on this peculiar transport effect [13–17], scru-
tinizing particularly the robustness of the universality of spin
Hall conductivity [18–35]. The resulting conclusions seem
to differ between the model cases. In the Luttinger model
an intrinsic spin Hall conductivity remains largely intact by
scattering [19,20,27,28,30], whereas in the Rashba model in-
clusion of even the smallest amount of nonmagnetic disorder
with the short-range impurity potential leads to the vanish-
ing of the dc spin Hall conductivity [21,22,24–26,35]. This
is due to the fact that scattering introduces the dissipative
contribution to the spin Hall conductivity σ D

sH = −e/8π that
cancels out the reactive part σ R

sH = e/8π . This result was
verified independently by employing a variety of complemen-
tary techniques that include the diagrammatic Kubo formula
approach [21,24–26], Boltzmann equation [35], semiclassical
Eilenberger kinetic equation [22,34], and direct numerical
finite-size analysis [29,31]. With diagrams the cancellation
can be traced to the delicate interplay of self-energy effect
and current vertex corrections. However, despite the general
consensus questions still remained whether this is just specific
properties of the linear Rashba model and perhaps an artifact
of the model assumptions on the properties of the disorder
potential.

Further detailed analyses suggest the following. (1) In the
delta-function disorder model the weak-localization correc-
tions still yield vanishing dc spin Hall conductivity [26];
however, going beyond Born approximation and incorpo-
rating certain diffractive scattering processes with crossed
impurity lines may render finite contributions [36]. (2) This
cancellation is also not complete in an extended model with
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the finite range impurity potential [33] and requires a refined
definition of the spin current operator [37]. (3) The dc spin
Hall conductivity also remains finite in the disordered artifi-
cially engineered contacts and/or heterostructures [22,38,39].
(4) Concerning the impact of electron interaction, general
arguments were put forward to suggest that vanishing of the
dc spin current is an exact property of the Rashba 2DES
with any nonmagnetic interaction [25,26]. The argument is
based on the observation that the Heisenberg equation of
motion for the spin ŝ = σ̂/2 of the electron, ˙̂s = i[Ĥ, ŝ], gives
a simple relation between the spin precession and the spin
current

˙̂si(t ) = −2mλso ĵz
i (t ), i = x, y. (2)

The presence of disorder provides a relaxation mechanism so
that the system is expected to reach a steady state in a long-
time evolution where the expectation value of magnetization
〈ŝ〉 reaches some stationary value. Therefore, the rate of spin
polarization change, 〈˙̂s〉, must vanish, and as an immediate
consequence of Eqs. (1) and (2) σsH = 0 for the static electric
field. In contrast, in clean systems it was found that the long-
range or screened electron-electron interactions will modify
the universal value of σ R

sH [25]. (5) Finally, the ac spin Hall
conductivity remains finite due to its relation with the Pauli
susceptibility [17,25].

In order to reconcile the initial prediction of Ref. [10] with
the rest of the studies that followed on the Rashba model
with short-ranged disorder it is most instructive to study spin
Hall conductivity at finite frequency. It becomes then clear
that orders of taking the clean limit first or sending frequency
to zero first do not commute. Indeed, keeping the impurity
scattering time τ finite and sending the external frequency
to zero gives σsH = (e/4π i)ωτ , thus indeed resulting in van-
ishing dc spin Hall conductivity. Instead, keeping frequency
finite but taking a ballistic limit with τ → ∞ gives universal
σsH = e/8π , which happens to be frequency independent, but
this is not a dc expression. Strictly speaking the saturated
value of σsH occurs at the intermediate range of frequencies,
τ−1

s < ω < τ−1, between the rates of spin relaxation and elas-
tic scattering where it is given by σsH = (e/4π )(τ/τs). The
ratio τ/τs is strongly suppressed in the diffusive limit by
the Dyakonov-Perel mechanism of spin relaxation [40] at the
same time it saturates to 1/2 in the ballistic regime. Finally, at
highest frequencies ωτ � 1 ac spin Hall conductivity decays
algebraically as σsH = (e/2π )(1/ωτ )2. This behavior is fur-
ther illustrated in Fig. 1 for both real and imaginary parts of
σsH(ω) and an analytical formula is derived later in the paper.

Despite all these research efforts and to the best of our
knowledge the general problem of an interplay between the
electron-electron interactions and disorder on spin current has
not been fully addressed yet. In this work, we attempt in
part to fill this gap. Specifically, we take the general theo-
retical framework developed earlier in Refs. [22,34,41] one
step further and study the problem of the effects of Coulomb
interactions on spin Hall conductivity in the presence of
nonmagnetic disorder scattering. We find the quantum in-
terference correction to the spin Hall conductivity at finite
temperatures. The physical origin of the interaction correction
is analogous to the Al’tshuler-Aronov effect in electrical con-
ductivity of disordered 2DES and stems from the interference

(a)

(b)

FIG. 1. Frequency dependence of the spin Hall conductivity in
the Rashba model of spin-orbit coupling for 2DES subjected to
the short-ranged quenched disorder potential characterized by the
elastic scattering time τ . Plots of the real part (a) and imaginary
part (b) are made for the different strength of the disorder potential
as characterized by the parameter ζ = 	τ , where 	 = λso pF is the
energy scale of spin-orbit-induced band splitting.

between the two semiclassical electronic paths: the first path
corresponds to a scattering on impurity, while the second one
corresponds to a scattering off the Friedel oscillations created
by an impurity [42,43]. This interaction correction appears in
the 1/(pF l ) order with pF the Fermi momentum and l the
mean-free path. It shows linear in temperature dependence,
which is further independent of the strength of spin orbit in
the ballistic regime.

The rest of the paper is organized as follows. In Sec. II
we introduce model of interacting 2DES with spin-orbit cou-
pling subjected to the disorder potential and present main
ingredients of the formalism. In Sec. III we derive the kinetic
equation for the quasiclassical Green’s function. An equa-
tion for the density matrix is obtained in Sec. IV. The spin
current response to the alternating field is analyzed in Sec. V,
and interaction corrections to the spin Hall conductivity are
estimated. Technical calculations of the collision integrals are
delegated to several Appendixes.

II. MODEL

In the following we provide the technical ingredients of
our theory. The detailed introduction to the main theoretical
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framework can be found in the original paper by Zala
et al. [43]. The generalization of their results to a disordered
system of the two-dimensional interacting Fermi gas with
Rashba spin-orbit coupling has been given by Li and Li [41].
Our technical discussion here can be viewed as an extension of
the results of Ref. [41] by retaining in the kinetic equation the
terms linear in powers of λso/vF . Last, we note that in what
follows we adopt the energy units h̄ = c = kB = 1.

We start with the partition function in the Keldysh formu-
lation of nonequilibrium systems [44,45]

Z =
∫

D[ψψ] exp(−iS[ψ,ψ]), (3)

where ψα , ψα are fermionic Grassman fields, α is a spin label,
and S[ψ,ψ] is an action defined as

S[ψ,ψ] =
∫

C
dt
∫

d2r
∑
αβ

ψα (r, t )L̂αβ (r, t )ψβ (r, t )

+ 1

A

∫ ∞

−∞
dt
∑
q �=0

πe2

|q| ̂(q, t )̂(−q, t ). (4)

In this expression the time integration is performed over the
Keldysh contour, ̂(q, t ) is the Fourier transform of the parti-
cle density operator ̂(r, t ) =∑α ψα (r, t )ψα (r, t ), A = L2,

and L is a characteristic linear size of the sample. L̂ is an
operator defined in the two-by-two matrix in spin space

L̂(r, t ) =
[
−i

∂

∂t
− ∇2

2m
− EF + U (r)

]
1̂2×2 + η̂p, (5)

where EF is the Fermi energy, η̂p = λso[ez × σ̂] · (−i∇), λso

is the spin-orbit coupling, and U (r) is the random disorder
potential with the correlator

〈U (r)U (r′)〉dis = 1

2πνF τ
δ(r − r′). (6)

Averaging 〈·〉dis is performed over disorder realizations, and
νF is the density of states at the Fermi level.

Since the physical observables are generally expressed in
terms of the fermionic correlators we consider the single-
particle Green’s function

Ĝαβ (x, x′) = −i

Z

∫
D[ψψ]T̂Cψα (x)ψβ (x′)e−iS[ψ,ψ], (7)

and TC refers to the time-ordering operator on a Keldysh
contour.

A. Hubbard-Stratonovich transformation

Our goal is to obtain an equation for the Green’s function.
This is done in two steps. The first step consists in performing
the Hubbard-Stratonovich transformation:

exp

(
− i

A

∫
C

dt
∑
q �=0

πe2

|q| ̂(q, t )̂(−q, t )

)
=
∫

D[φ] exp

[
i
∫

C
dt
∑

q

( |q|
4π

)
φ(q, t )φ(−q, t )

]

× exp

{
ie

2
√
A

∫
C

dt
∑

q

[̂(q, t )φ(−q, t ) + ̂(−q, t )φ(q, t )]

}
. (8)

In the second step, we consider separately the fermionic and
bosonic fields which reside on two sides of the Keldysh
contour: ψ iα , ψiα and φi with i = + for the top part of the
contour and i = − for the bottom part, so that we can treat the
fermionic fields as doublets in the Keldysh space:

�α =
(

ψα,+
ψα,−

)
, � =

(
φ+
φ−

)
. (9)

The original action in Eq. (4) can now be written as a sum of
the term quadratic in the fermionic fields and a term which is
purely bosonic: S[ψ,ψ ; φ] = Sf-b[ψ,ψ ; φ] + Sb[φ] with

Sf-b =
∫

x
�α (x)[L̂αβ (x)τ̂3 − eγ̂iφi(x)δαβ]�β (x),

Sb = −e2

2

∫
x

∫
x′

�T (x)V −1(x − x′)τ̂3�(x′). (10)

Here the summation over repeated indices is assumed.
Further, we use the shorthand notations x = (r, t ),

∫
x =

∫∞
−∞ dt

∫
d2r and matrices

τ̂3 =
(

1 0
0 −1

)
, γ̂+ =

(
1 0
0 0

)
, γ̂− =

(
0 0
0 −1

)
,

(11)
which all operate in the Keldysh space. The function V −1(x −
x′) is defined according to V −1(x − x′) = V −1(r − r′)δ(t −
t ′) and V −1(r) can be found by solving the equation

e2
∫

V −1(r − r1)
d2r1

|r1 − r′| = δ(r − r′). (12)

The bosonic fields are described by the correlators

Dab(x, x′) = i〈φa(x)φb(x′)〉. (13)

Let us single out the second term in Sf-b[ψ,ψ ; φ] and denote
it by Sint[ψ,ψ ; φ]. Introducing the partition function corre-
sponding to a fixed configuration of the bosonic fields

Z[φ] =
∫

D[ψ,ψ]TC exp(−iSint[ψ,ψ ; φ]), (14)
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we consider the corresponding fermionic Green’s function for
this fixed configuration

Ĝαβ (x, x′|φ) = −i

Z[φ]

∫
D[ψψ]T̂C�α (x)�β (x′)e−iSf-b[ψ,ψ ;φ].

(15)

Here Ĝ(x, x′) is a 4 × 4 matrix in Keldysh and spin spaces,
G(i j)

αβ (xi, x′
j ) (i, j = ±). It then follows

Ĝαβ (x, x′) = 1

Z

∫
D[φ]Ĝαβ (x, x′|φ)e−iSB[φ], (16)

where SB[φ] = Sb[φ] + i ln Z[φ]. Averaging both parts of this
expression over disorder yields

〈Ĝαβ (x, x′)〉dis = 1

Z

∫
D[φ]〈Ĝαβ (x, x′|φ)〉dise

−i〈SB[φ]〉dis .

(17)
This expression is approximate since it ignores mesoscopic
fluctuations between polarizability of the medium due to the
action of the bosonic fields and conduction electrons: the
effect of these fluctuations is of the order of ∝ (EF τ )−2 [43].

B. Basic equations

We proceed to introduce quantities which will be central
to our subsequent discussion. Our presentation below follows
closely the discussion in Ref. [43]. We treat the bosonic action
SB[φ] in the saddle-point approximation:

F [φ] = i ln〈e−iSB[φ]〉 = F [0] + 1
2φT �̂φ + O(φ3), (18)

where 〈·〉 formally denotes the averaging over bosonic degrees
of freedom around the saddle-point value and �̂ is the elec-
tronic polarization operator

�αβ (x, x′) =
(

δ2F [φ]

δφα (x)δφβ (x′)

)
φ=0

. (19)

In order to express the polarization operator in terms of the
fermionic propagator (15) it would be convenient to perform
the Keldysh rotation for the fermionic fields (we suppress the
spin label for brevity):

ψ1 = 1√
2

(ψ+ + ψ−), ψ2 = 1√
2

(ψ+ − ψ−),

ψ1 = 1√
2

(ψ+ − ψ−), ψ2 = 1√
2

(ψ+ + ψ−). (20)

The corresponding relations for the bosonic fields are φ1(2) =
(φ+ ± φ−)/2. As a result of this rotation, the Green’s function
in Eq. (15) has the form

Ĝαβ (x, x′|φ) =
(

GR
αβ (x, x′|φ) GK

αβ (x, x′|φ)

GZ
αβ (x, x′|φ) GA

αβ (x, x′|φ)

)
. (21)

In accordance with the standard convention GR/A/K denotes
retarded/advanced/Keldysh Green’s function. It is important
to emphasize that GZ

αβ (x, x′|φ) by itself is not zero, but its
average over the bosonic fields must be zero by causality,
〈GZ

αβ (x, x′|φ)〉φ = 0.

The bosonic propagators (13) in the rotated basis are de-
fined as follows:

〈φ1(x)φ1(x′)〉 = i

2
DK (x, x′),

〈φ1(x)φ2(x′)〉 = i

2
DR(x, x′),

〈φ2(x)φ1(x′)〉 = i

2
DA(x, x′), 〈φ2(x)φ2(x′)〉 = 0. (22)

From Eq. (18) we find that if we were to ignore
Sf-b, then DA

0 (x, x′) = DR
0 (x, x′) = −V (r − r′)δ(t − t ′) and

DK
0 (x, x′) = 0. With the help of the saddle-point approxima-

tion (18), the Dyson equation for the bosonic propagators can
be compactly written as

D̂(x, x′) = D̂0(x, x′)

+
∫

dx3

∫
dx4D̂0(x, x3)�̂(x3, x4)D̂(x4, x′),

D̂ =
(
DR DK

0 DA

)
, �̂ =

(
�R �K

0 �A

)
. (23)

Furthermore, from expanding Z[φ] around the saddle point,
we obtain the following relations between the polarization
operators and the fermionic correlators:

�R(x1, x2) =
( i

2

) δ

δφ1(x2)
{Trσ [ĜK (x, x|φ)]},

�K (x1, x2) =
( i

2

) δ

δφ2(x2)
{Trσ [ĜK (x, x|φ)]}

+
( i

2

) δ

δφ2(x2)
{Trσ [ĜZ (x, x|φ)]}, (24)

and �A(x, x′) = �R(x′, x).
It is well known that fermionic Green’s function satisfies

the pair of Dyson equations [45]:(
Ĝ−1

0 − �̂
) ◦ Ĝ = 1, Ĝ ◦ (Ĝ−1

0 − �̂
) = 1. (25)

In these equations the matrix product implies the convolution
in time and space as well as the matrix product in spin and
Keldysh spaces, and the operator Ĝ0 is given by

Ĝ−1
0 =

[
i
∂

∂t
+ ∇2

2m
+ EF − U (r) − φ̂(x)

]
1̂2×2

− λso[ez × σ̂] · (−i∇), φ̂ =
(

φ1 φ2

φ2 φ1

)
. (26)

We can now perform the averaging over disorder in the lead-
ing in the 1/(EF τ ) approximation. This procedure transforms
the first equation (25) to the following form:

ĥ(1)Ĝ(x1, x2|φ) − φ̂(x1)Ĝ(x1, x2|φ)

− λso[ez × σ̂] · (−i∇1)Ĝ(x1, x2|φ)

= 1̂δ(x1 − x2) +
∫

dx3�̂(x1, x3|φ)Ĝ(x1, x2|φ), (27)

where ĥ(1) = i∂/∂t1 + ∇2
1/(2m) + EF and the self-energy

part, on the account of Eq. (6), is given by

�̂(x1, x2|φ) = δ(r1 − r2)

2πνF τ
Ĝ(x1, x2|φ). (28)
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Consequently, the second equation (25) averaged over disor-
der reads

ĥ∗(2)Ĝ(x1, x2|φ) − Ĝ(x1, x2|φ)φ̂(x2)

− λso(i∇2Ĝ(x1, x2|φ))[ez × σ̂]

= 1̂δ(x1 − x2) +
∫

dx3Ĝ(x1, x3|φ)�̂(x3, x2|φ). (29)

Formally, Eqs. (27) and (29) together with the relations (24)
and (23) form a closed set. Notice that Eqs. (27) and (29)
include the bosonic field explicitly and not the bosonic cor-
relators. However, it would be desirable to transform (27)
and (29) into the form which would allow us to express Ĝ
directly in terms of D̂. This goal can be accomplished in
several steps. The first step consists in treating the equations of
motion (27) and (29) semiclassicaly [46–48].

C. Eilenberger equation

At this point we introduce the quasiclassical Green’s func-
tion. It is obtained from the function Ĝ(x1, x2|φ), which has
already been averaged over disorder, by averaging over the
distance from the Fermi surface:

ĝ(t1, t2; n, r) = i

π

∫ +∞

−∞
Ĝ(t1, t2; p(ξ ), r|φ)dξ, (30)

where p(ξ ) ≈ (p/p)
√

pF + ξ/vF and r = (r1 + r2)/2. Fol-
lowing the avenue of Refs. [41,43,47,48], we subtract Eq. (29)
from Eq. (27) and keep only linear in spatial gradient terms
assuming that ĝ(t1, t2; n, r) varies slowly with r. The resulting
equation is the Eilenberger equation for the quasiclassical
function ĝ(t1, t2; n, r):

∂t ĝ + vF (n · ∇)ĝ + λso

2
{η̂,∇ĝ} + i	p[η̂p, ĝ]

= 1

2τ
(ĝ〈ĝ〉n − 〈ĝ〉nĝ). (31)

The product of the functions on the right-hand side should
be understood as convolution in time and product in spin and
Keldysh spaces. On the left-hand side of this equation the
curly brackets denote the anticommutation relation while the
square brackets denote the commutator. Also, we consider
parameter 	p = λso p, where 〈...〉n stands for the averaging
over the directions of momentum,

∂t ĝ = ∂ ĝ

∂t1
+ ∂ ĝ

∂t2
+ iφ̂(r, t1)ĝ − iĝφ̂(r, t2) (32)

and η̂ = [ez × σ̂]. It is important to keep in mind that the
solutions of Eq. (31) are subjected to the constraints [43]

ĝ(n, r)ĝ(n, r) =
∫ ∞

−∞
dt3
∑

l

[ĝ(t1, t3; n, r)]il [ĝ(t3, t2; n, r)]l j = 1K , (33a)

∫ ∞

−∞
dtTr[ĝ(t, t ; n, r)] = 0, (33b)

and ĝ has the same matrix form in the Keldysh space as (21).
We note that the right-hand side of Eq. (31) contains con-
tributions in the parameter λso/vF that are important for the
calculation of the spin current (see Sec. IV). These terms can
be neglected if one is only interested in studying the effects of
interactions on dynamics of the spin relaxation [41].

III. KINETIC EQUATION

A. Deriving the kinetic equation for ĝK

The physical observables are determined by the Keldysh
component of the quasiclassical function ĝ [45]. Therefore,
our next task will be to derive the kinetic equation for ĝK

averaged over the bosonic fields, 〈ĝK 〉φ . The equation for
ĝK can be obtained from the corresponding matrix block of
Eq. (31):

[∂t + vF (n · ∇)]ĝK + λso

2
{η̂,∇ĝK} + i	p[η̂p, ĝK ]

= −i[φ1(r, t1) − φ1(r, t2)]ĝK

− iφ2(r, t1)ĝA + iφ2(r, t2)ĝR

+ 1

2τ
(ĝR〈ĝK 〉n + ĝK〈ĝA〉n − 〈ĝR〉nĝK − 〈ĝK 〉nĝA). (34)

Similarly, function ĝZ satisfies the following equation:

[∂t + vF (n · ∇)]ĝZ + λso

2
{η̂,∇ĝZ} + i	p[η̂p, ĝZ ]

= −i[φ1(r, t1) − φ1(r, t2)]ĝZ

− iφ2(r, t1)ĝR + iφ2(r, t2)ĝA

+ 1

2τ
(ĝZ〈ĝR〉n + ĝA〈ĝZ〉n − 〈ĝZ〉nĝR − 〈ĝA〉nĝZ ). (35)

By virtue of the constraints imposed by Eq. (33) only two
components of ĝ are independent. It is convenient to fix the
diagonal components [41,43]. The extra complication here, in
comparison to the procedure carried out in Ref. [41], is that
we need to retain the terms up to the first order in powers of
λso/vF :

ĝR =
√
1̂ − 4λso

vF
η̂p − ĝK ĝZ , ĝA = −

√
1̂ − 4λso

vF
η̂p − ĝZ ĝK .

(36)

The square root should be understood in an operator sense as
an expansion in powers of corresponding functions with their
products understood as time convolutions and matrix products
with respect to spin indices. As for the functions ĝK and ĝZ ,
we will look for their expressions by perturbation theory:

ĝK = 〈ĝK 〉φ + δĝK , ĝZ = δĝZ . (37)
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As we have already mentioned, 〈ĝZ〉φ = 0 by causality. There-
fore, up to the linear order in δĝK,Z , we have

ĝR = σ̂0δ(t1 − t2) − 2λso

vF
η̂p − 〈ĝK 〉φ ĝZ ,

ĝA = −σ̂0δ(t1 − t2) + 2λso

vF
η̂p + δĝZ〈ĝK 〉φ, (38)

where σ̂0 is a unit matrix in spin space. These expressions can
now be inserted into Eqs. (34) and (35).

1. Equation for δĝZ

In the equation for δĝZ we only need to keep the terms
linear in bosonic fields. It follows then[

∂

∂t
+ vF (n · ∇)

]
δĝZ + i	[η̂p, δĝZ ] − 1

τ
(δĝZ − 〈δĝZ〉n)

= −2iφ2(r, t1)σ̂0δ(t1 − t2). (39)

Note that here we can safely ignore the gradient term propor-
tional to λso as it exceeds the accuracy of the calculation. The
formal solution of this equation can be written as

δĝZ (t1, t2; n, r) = 2iσ̂0δ(t1 − t2)
∫

dr′
∫

dt3

×
∫

dn′

2π
φ2(r′, t3)�(t3 − t1; n′, n; r′, r),

(40)

and the kernel of the integral is a diffusion propagator. It
satisfies

(−iω + vF · q)�(n′, n; ω, q)

+ 1

τ
[�(n′, n; ω, q) − 〈�(n′, n; ω, q)〉n]

= 2πδnn′ , (41)

where the Fourier transformation for the diffusion propagator
is defined as

�(t ; n′, n; r, r′) =
∫

dωd2q
(2π )3

�(n′, n; ω, q)eiq(r−r′ )−iωt .

(42)

2. Equation for δĝK

To derive an equation for δĝK we use the same approxima-
tions as we did in obtaining Eq. (39). We thus find[

∂

∂t
+ vF (n · ∇)

]
δĝK + i	[η̂p, δĝK ] + 1

τ
(δĝK − 〈δĝK 〉n)

= 2iφ2(r, t1)σ̂0δ(t1 − t2) − i[φ1(r, t1) − φ1(r, t1)]〈δĝK 〉φ
+ 1

4τ
[〈ĝK〉φ〈δĝZ〈ĝK 〉φ〉n − 〈〈ĝK 〉φ〉nδĝZ〈ĝK〉φ

− 〈ĝK〉φδĝZ〈〈ĝK〉φ〉n + 〈〈ĝK 〉φδĝZ〉n〈ĝK 〉φ]. (43)

In order to write the solution of this equation we separate
δĝK into the (traceless) spin and charge components: δĝK =
δgK

0 + δgK · σ̂ (we use the same representation for ĝK as well).
In addition, to simplify the analytical analysis of Eq. (43),
we will assume that 〈ĝK〉φ varies slowly on the length scale

LT = vF min(1/T,
√

τ/T ). Consistent with this assumption is
an approximation

〈ĝK (t1, t2; n1, r1)〉φ ≈ 〈〈ĝK (t1, t2; n, r)〉φ〉n

+ 2n1〈n〈ĝK (t1, t2; n, r)〉φ〉n

+ (r1 − r)∇〈〈ĝK (t1, t2; n, r)〉φ〉n.

(44)

The expression for the δgK
0 is found similarly to the one for

δgZ . There are three terms in the right-hand side of Eq. (43),
which means that we can look for the solution in the form
δgK

0 = δgK
0,a + δgK

0,b + δgK
0,c. For the first one we find

δgK
0,a(t1, t2; n, r) = 2iσ̂0δ(t1 − t2)

∫
dr′
∫

dt3

×
∫

dn′

2π
φ2(r′, t3)�(t1 − t3; n′, n; r, r′).

(45)

Note the different time dependence in the diffusion propaga-
tor, which is due to the opposite sign in front of the third term
in left-hand side of Eq. (43) compared to the similar term in
Eq. (39). The second contribution to δgK

0 originates from the
term proportional to φ1:

δgK
0,b(t1, t2; n, r)

= −i
∫

dr′
∫

dt3

∫
dn′

2π
[φ1(r1, t1 − t3) − φ1(r1, t2 − t3)]

× �(t3; n, n′; r, r′)〈gK
0 (t1 − t3, t2 − t3; n′, r′)〉φ. (46)

This expression can be further simplified by employing the
approximation of Eq. (44). For the remaining contribution we
will provide the approximate expression only neglecting the
term which will not contribute to the spin current within the
accuracy of our approximations. The expression for δgK

0,c we
will use in what follows is

δgK
0,c(t, t ′; n, r)

≈ i

τ

4∏
a=2

∫
dta

∫
d2r2

∫
dn′

2π

∫
dn′′

2π

∫
dn2

2π

× {�(t4 − t3; n2, n′′; r2, r) − �(t4 − t3; n2, n′; r2, r)}
× �(t2; n, n′; r, r1)

〈〈
gK

0 (t − t3, t3; n1, r2)
〉
φ

〉
n1

× 〈〈gK
0 (t3, t ′ − t2; n1, r2)

〉
φ

〉
n1

φ2(r2, t4), (47)

and the contribution ∝ 〈gK〉〈gK〉 has been neglected.
Finally, the expression for δgK can be computed in the

same way. We will not provide the corresponding expressions
here for the same reasons as the approximation we have
adopted in the expression for δgK

0,c: the functions that enter
into the expression for δgK ultimately will not contribute to
the spin current.

3. Equation for 〈ĝK〉φ

The expressions for the functions δĝZ and δĝK listed above
can be used to write the kinetic equation for the function
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〈ĝK 〉φ . Averaging both sides over the bosonic fields yields

[∂t + vF (n · ∇)]〈ĝK 〉φ + λso

2
{η̂,∇〈ĝK 〉φ}

+ i	p[η̂p, 〈ĝK 〉φ]

= 1

τ
(〈〈ĝK 〉φ〉n − 〈ĝK〉φ ) − λso

vF τ
{η̂p, 〈ĝK 〉φ}

+ Stel{ĝK} + Stin{ĝK}. (48)

The last two terms on the right-hand side are the collision
integrals for the elastic and inelastic scattering processes.

B. Collision integral for the elastic scattering

The elastic scattering contribution to the collision integral
is of the form

Stel{ĝK} = 1

4τ

∫
dt3

∫
dn′

2π

× {F̂ R(t1, t3; n, n′; r)〈ĝK (t3, t2; n′, r)〉φ
− F̂ R(t1, t3; n′, n; r)〈ĝK (t3, t2; n, r)〉φ
+ 〈ĝK (t1, t3; n′, r)〉φF̂ A(t3, t2; n′, n; r)

− 〈ĝK (t1, t3; n, r)〉φF̂ A(t3, t2; n, n′; r)}. (49)

Functions F̂ R and F̂ A are related by the equality

F̂ R(ε, t ; n1, n2, r) = F̂ A(ε, t ; n1, n2, r)∗. (50)

For the components of F̂ R we have

F̂ R(t, ε; n1, n2, r) ≈ i
∫

dω

2π

∫
d2r3

∫
d2r4

×
∫

dn3

2π

∫
dn4

2π
DR(t, ω; r3, r4)

× [�(ω; n3, n2, r3, r)

−�(ω; n3, n1, r3, r)]�(ω; n1, n4, r, r4)

× 〈ĝK (t, ε − ω; n4, r4)〉φ. (51)

By construction the elastic collision integral satisfies∫
dn
2π

Stel{ĝK (t1, t2; n, r)} = 0, (52)

which means that the total number of electrons on a given
energy shell is preserved at any given time t1 and t2.

1. Expansion in angular components

The terms with the bosonic propagators need to be treated
approximately. First, we make use of the following approxi-
mate relation:∫

dt3F̂ R(t1, t3; n, n′; r)〈ĝK (t3, t2; n′, r)〉φ
≈ F̂ R(t, ε; n, n′; r)〈ĝK (t, ε; n′, r)〉φ, (53)

where t = (t1 + t2)/2. Here we performed the Fourier trans-
form with respect to τ = t1 − t2 and the terms proportional
to ∂t F̂ R(t, ε; n, n′; r) and ∂εF̂ R(t, ε; n, n′; r) have been disre-
garded. Second, only for the collision integral do we adopt an

approximation equivalent to an assumption of spatial smooth-
ness:∫

dn′

2π
F̂ R(t, ε; n′, n, r)

≈
∫

dn′

2π

∫
dn′′

2π
[1 + 2(n · n′′)]F̂ R(t, ε; n′, n′′, r),

×
∫

dn′

2π
F̂ A(t, ε; n, n′, r)

≈
∫

dn′

2π

∫
dn′′

2π
[1 + 2(n · n′′)]F̂ A(t, ε; n′′, n′, r). (54)

Furthermore, we use (44) so that

〈(n · n′′)F̂ R(t, ε; n′, n′′, r)〉n′,n′′ 〈ĝK (t, ε; n, r)〉φ
≈ 〈(n · n′′)F̂ R(t, ε; n′, n′′, r)〉n′,n′′ 〈〈ĝK (t, ε; n, r)〉φ〉n.

2. Interaction correction to the collision integral

Using the approximations above, we find three separate
contributions to the collision integral:

Stel{ĝ} =
3∑

a=1

St[a]
el {ĝ}. (55)

Below we will write the corresponding expressions for
St[a]

el {ĝ} and will use the compact notations by replacing
〈ĝK (t, ε; n, r)〉φ → ĝ(t, ε; n, r). The first one is

St[1]
el {ĝ} = −2

τ

∫
dω

2π
niR[1]

i j (ω)

× 〈g0(t, ε − ω; n, r)〉n〈n jĝ(t, ε; n, r)〉n, (56)

where the kernel of the integral is

R[1]
i j (ω) = Im

∫
d2q

(2π )2
DR(ω, q)

×
[
〈�ni〉〈�n j〉 − δi j

2
(〈�〉〈�〉 − 〈��〉)

]
. (57)

In the expression above the angular averages of the diffusion
propagators are defined as

〈 f �g〉 =
∫

dndn′

(2π )2
f (n)�(n, n′; ω, q)g(n′),

〈 f �g�h〉 =
∫

dndn′dn′′

(2π )3
f (n)�(n, n′; ω, q)

× g(n′)�(n′, n′′; ω, q)h(n′′). (58)

The second contribution to the collision integral is

St[2]
el {ĝ} = i

τ

∫
dω

2π
niR

[2]
i j (ω)

× 〈n jĝ(t, ε − ω; n, r)〉n〈ĝ(t, ε; n, r)〉n

− i

τ

∫
dω

2π
ni
[
R[2]

i j (ω)
]∗

× 〈ĝ(t, ε; n, r)〉n〈n jĝ(t, ε − ω; n, r)〉n, (59)
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and the kernel of the integral is

R[2]
i j (ω) =

∫
d2q

(2π )2
DR(ω, q)

× (〈�〉〈ni�n j〉 − 〈�ni〉〈�n j〉 − 〈�ni�n j〉). (60)

Finally, the third contribution to the collision integral appears
as a result of the gradient expansion of Eq. (44) in the expres-
sions for F̂ R,A. We find the following expression for it:

St[3]
el {ĝ} = −2

τ

∫
dω

2π
niR[3]

iα (ω)

× ∇α〈g0(t, ε − ω; n, r)〉n〈ĝ(t, ε; n, r)〉n,

(61)

where

R[3]
iα (ω) = −Re

∫
d2q

(2π )2
DR(ω, q)

(
〈�〉 ∂

∂qα

〈ni�〉

× −
〈
�ni

∂

∂qα

�

〉
− 〈�ni〉 ∂

∂qα

〈�〉
)

. (62)

We discuss the specific details pertaining to the dependence of
the kernel functions on frequency below in the section devoted
to the calculation of the spin current. In addition, it should be
noted that in the presence of external field, the vector potential
enters spatial gradients in the gauge invariant way, therefore
inclusion of the field amounts to the replacement, e.g., ∇ →
∂ = ∇ + eE∂ε .

C. Collision integral for the inelastic scattering

Formally, the inelastic scattering collisions are accounted
for by the collision integral

Stin{ĝK} = −i〈[φ1(r, t1) − φ1(r, t2)]δĝK〉φ.

From this expression it is clear that Stin{ĝK}(t1, t1, n, r) = 0.
This means that the total number of particles moving in a
given direction n is conserved. We are not going to give a
detailed expression for Stin{ĝK} since in what follows we are
going to limit our analysis to the limit of small electric fields,
which means we will retain the terms linear in electric field. In
this approximation inelastic processes do not affect the 〈ĝ〉n.

IV. EQUATION FOR THE DENSITY MATRIX

The analysis of preceding sections prepared us to derive the
diffusion equation for the density matrix ρ̂ε = 〈ĝ(t, ε; n, r)〉n
in the presence of the finite electric field E. Using the result of
our earlier discussion our starting point is the kinetic equation

(∂t + vF n · ∂)ĝ + λso

2
{η̂, ∂ĝ} + i	[η̂p, ĝ]

= 〈ĝ〉n − ĝ

τ
− λso

vF τ
{η̂p, 〈ĝ〉n} + Stel{ĝ}, (63)

where now 	 = λso pF . It is clear that if we were to average
both sides of this equation over n, then the matrix function
2n〈n′ĝ〉n′ will also appear. If we were interested in the spin
dynamics we could have determined 2n〈n′ĝ〉n′ perturbatively
and thus established the corresponding correction to 〈ĝ〉n [41].

This procedure would also work for the computing Al’tshuler-
Aronov correction to conductivity; however, it is not sufficient
for the spin Hall effect.

In order to obtain the equation for the density matrix, which
would ultimately produce a reactive contribution to the spin
current, we first rewrite Eq. (63) as follows:(

∂t + 1

τ

)
ĝ + i	[η̂p, ĝ] = K̂[ĝ], (64)

where we use K̂[ĝ] = K̂0[ρ̂ε] + K̂1[ĝ] + K̂2[Ŵ, ĝ] and

K̂0[ρ̂ε] = ρ̂ε

τ
− λso

vF τ
{η̂p, ρ̂ε},

K̂1[ĝ] = −vF (n · ∂)ĝ − λso

2
{η̂, ∂ĝ},

K̂2[ĝ] = Stel{ĝ}. (65)

The formal solution of Eq. (64) is obtained by using the
Fourier transform with respect to time t :

ĝ =
(
Z2

ω + 2	2
)

Zω

(
Z2

ω + 4	2
) K̂ + 2	2

Zω

(
Z2

ω + 4	2
) η̂pK̂ η̂p

− i	

Z2
ω + 4	2

[η̂p, K̂] ≡ F [K̂]. (66)

Here Zω = −iω + τ−1. We can now derive the equation for ρ̂ε

by solving Eq. (66) by consecutive iterations in analogy to the
approach used earlier in Ref. [22].

A. First iteration

To find the first iterative solution, ĝ(0), in Eq. (66) we
replace K̂ with K̂0, and average both sides of the equation
over n:

〈ĝ(0)〉n = 〈F [K̂0]〉n. (67)

As a result, we find

−iωρ̂ε = − ρ̂ε

τs
+ η̂ρ̂εη̂

2τs
. (68)

Here we introduced the spin-relaxation time τs expressed in
terms of a dimensionless parameter ζ ,

τs = [2ζ 2/(1 + 4ζ 2)]−1τ, ζ = τ	. (69)

The expression for the matrix function Ŵ is found by mul-
tiplying ĝ(0) by n and performing the averaging over n. It
follows

2n〈n′ĝ(0)〉n′ = − iζ

1 + 4ζ 2
[η̂p, ρ̂ε] − λso

vF
{η̂p, ρ̂ε}. (70)

B. Second iteration

The second iteration leads to the appearance of the linear-
in-gradient terms in the equation for the density matrix as well
as in the expression for 2n〈n′ĝ〉n′ . By definition

〈ĝ(1)〉n = 〈F [K̂1(ĝ(0) )]〉n. (71)
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After a somewhat lengthy calculation (the details can be found
in the Appendix A) we find

−iωρ̂ε = − ρ̂ε

τs
+ η̂ρ̂εη̂

2τs
+ B{η̂, ∂ρ̂ε} + iC[η̂, ∂ρ̂ε], (72)

where the expressions for the coefficients B and C are
given by

B = λsoζ
2

1 + 4ζ 2
, C = vF ζ

(1 + 4ζ 2)2
. (73)

In order to calculate the gradient correction to Ŵ, it will be
sufficient to use the approximation

∂ρ̂ε(x) ≈ 1
2∂ fεσ̂0, (74)

where function fε is the single particle density. We thus have

2n〈n′ĝ(1)〉n′

= −vF τ

2

{
(n · ∂ fε )σ̂0 +

(
λso

vF

)2 iζ

(1 + 4ζ 2)
[η̂p, η̂ · ∂ fε]

}
.

(75)

We can now use these expressions to compute the interaction
correction to the equation for the density matrix.

C. Third iteration

In our case, the third iteration produces terms still linear in
gradient, but (by construction) they have additional smallness
due to interaction effects. Thus, it is defined as

〈ĝ(2)〉n = 〈F [K̂2(ĝ(1) )]〉n. (76)

The details of the calculation are given in Appendix B, so here
we give the final form of the equation for the density matrix:

−iωρ̂ε = − ρ̂ε

τs
+ η̂ρ̂εη̂

2τs
+ B{η̂, ∂ρ̂ε} + iC[η̂, ∂ρ̂ε]

− eIi j{ fε}[ez × E]iσ̂ j, (77)

where in the last term we have used Eq. (74) and the summa-
tion over repeated indices is assumed. The matrix elements of
Ii j (ε) are

Ii j[ fε] = λ2
soζC

2v2
F

∫
dω

2π

[
R[0]

i j (ω)

(
∂ fε−ω

∂ε

)
fε

+(R[1]
i j (ω) + ζR[2]

i j (ω)
)

fε−ω

∂ fε
∂ε

]
, (78)

and we introduced

R(0)
i j (ω) = Im

[
R(2)

i j (ω)
]
,R(2)

i j (ω) = −Re
[
R(2)

i j (ω)
]
. (79)

We solve Eq. (77) up to the linear order in electric field. To do
that, we fist use the spin-basis representation for the density
matrix:

ρ̂ε = fε
2

σ̂0 + (sε · σ̂). (80)

Then, for the components of the spin-density sε in the bulk of
the sample we find

si
ε = −eτs

(
B

∂ fε
∂ε

δi j + Ii j{ fε}
)

[ez × E] j . (81)

Three comments are in order: (1) the interaction correction
to the spin density is small, O(λ2

SO/v2
F ); (2) it is proportional

to the coefficient C, while the first term is proportional to the
coefficient B; and (3) since electric field lies in the plane, the z
component of the spin polarization is not generated even in the
presence of interactions. As we will see below, the magnitude
of the reactive part of the spin Hall conductivity is determined
by the value of B. Since we assumed that the coefficient ζ

can be arbitrary, it follows that in the limit when ζ � 1,
the interaction correction acquires an extra small prefactor
O(1/ζ 2).

V. SPIN CURRENT

We use the standard (i.e., conventional) definition of the
spin current defined by a symmetric product of the spin and
velocity operators, Ĵ i

k = (σ̂iv̂k + v̂k σ̂i )/4. Alternatively, one
may also consider the definition in which the spin current
satisfies the continuity equation [33]. Our subsequent results
concerning the interaction correction to spin Hall conductivity
are not affected by this choice.

The expectation value of the spin current Ĵ i
k , as defined

above, can be expressed in terms of the Keldysh component
of the Green’s function:

J i
k = 1

8m
Tr{σ̂ i(∇′

k − ∇k )ĜK (x, x′)}x′→x + λso

2
εikzN. (82)

Here N is the total particle number

N = νF

∫ ∞

−∞
dεTr(ρ̂ε ), (83)

εikz is an absolutely antisymmetric tensor of the second rank,
and νF = m/2π is the density of states at the Fermi level.
The Dyson equation (25) can be manipulated in a way which
allows us to express ĜK in terms of ρ̂ε via ĜK = ĜR�̂ĜA (as
before, this product should be understood as convolution in
time and space and matrix product for spin). After performing
the Fourier transformations and making use of Eq. (28) we
find

J i
k = i

8πmτ
(∇′

k − ∇k )
∫ ∞

−∞
dε

∫
d2y

× Tr
{
σ̂iĜ

R
ε (x − y)ρ̂ε(y)ĜA

ε (y − x′)
}

x′→x+
λso

2
εikzN.

(84)

To streamline the calculation of the area integral we will again
rely on the gradient expansion for the density matrix:

ρ̂ε(y) ≈ ρ̂ε(x) + (y − x) · ∂ρ̂ε(x). (85)

As the next step, the integral over the area can be done by go-
ing into the momentum representation. We use the following
expressions for the retarded and advanced components of the
Green’s function:

ĜR(A)(ε, p) = 1

2

∑
a=±

σ̂0 − sgn(a)η̂p

ε − p2

2m + EF + sgn(a)λso p ± i
2τ

. (86)

Given Eq. (85), it is clear that there are two contributions to
the spin current stemming from Eq. (84)

J i
k = ji

k + j̃ i
k . (87)
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The first contribution originates from the ρ̂ε(x), and it is found
to be

ji
k = vF ζ

1 + 4ζ 2

(
δi

zS
k − δi

kSz
)
, (88)

where Sk is the kth component of the spin polarization

S = νF

2

∫ ∞

−∞
dεTr(σ̂ρ̂ε ). (89)

Equation (88) represents a reactive (dissipationless) part of
the spin current. The second contribution to the spin current
is proportional to ∂ρ̂ε(x). Since this term is small, we approx-
imate the gradient term as in Eq. (74). Using the integration
by parts it turns out that the only nonvanishing contribution to
the current is proportional to ∂p j Ĝ

R
pε and is given by

j̃ i
k = −

( e

2π

) ζ 2

1 + 4ζ 2
[ez × E]kδ

i
z. (90)

This contribution can be interpreted as Drude (dissipative)
part of the spin current.

A. Noninteracting case

Let us briefly discuss the noninteracting case, Ii j{nε} = 0
and assuming the static limit. For the reactive part of the spin
current from Eqs. (81) and (89) we find

ji
k = δi

z

vF ζ

1 + 4ζ 2
(νF eτλso)[ez × E]k

=
( e

2π

) δi
zζ

2

1 + 4ζ 2
[ez × E]k = − j̃ i

k, (91)

In deriving this expression, we took into account that for small
deviations from equilibrium we can express fε in terms of the
Fermi distribution functions nF (ε) = [exp(ε/T ) + 1]−1 and T
is temperature. Specifically, given definitions (80) and (83) it
follows that fε = nF (ε + 	) + nF (ε − 	), so that∫ +∞

−∞
dε

∂ fε
∂ε

= −2. (92)

Thus, we verify that in the absence of interactions the reactive
and dissipative contributions to the spin current cancel each
other out in the bulk.

B. Finite frequency spin Hall response

It is of interest to consider spin Hall effect in response
to the alternating field E(t ) = Eω cos(ωt ). After the Fourier
transformation, the equation for the density matrix can be
found in the following form:

−iωρ̂ε = − ρ̂ε

τsω
+ η̂ρ̂ε η̂

2τsω
+ eBω[ez × σ̂]Eω

∂ f

∂ε
, (93)

where

1

τsω
= 2	2τ

(1 − iωτ )2 + 4ζ 2
, Bω = λsoζ

2

(1 − iωτ )2 + 4ζ 2
. (94)

With the parametrization from Eq. (80) the equation for the
spin component becomes(

τ−1
sω − iω

)
sε = −eBω[ez × Eω]

∂ f

∂ε
. (95)

The expression for the spin current has been derived earlier
and can be reduced to

jl
k (ω) = δl

z

(
− e

2π

) 	2

Z2
ω + 4	2

[ez × Eω]k

+ δl
z

vF 	

τ
(
Z2

ω + 4	2
)Sk (ω), S = νF

∫
dεsε (96)

We solve for sε from Eq. (95) and then after the final inte-
gration and a few simple algebra steps extract the spin Hall
conductivity

σsH(ω) =
(

eζ 2

2π

)
ωτ

ωτ [4ζ 2 − (i + ωτ )2] + 2iζ 2
. (97)

This result was plotted in Fig. 1 for various values of ζ . In
the ballistic regime ζ � 1 one can easily extract the limiting
cases

σsH(ω) = e

2π
×
⎧⎨
⎩

−iωτ ω � τ−1
s

1/4 τ−1
s � ω � τ−1

−ζ 2/(ωτ )2 ω � τ−1

. (98)

In contrast, in the diffusive regime ζ � 1, the maximum value
of the spin Hall conductivity remains strongly suppressed
σsH ≈ eζ 2/(2π ). These results are consistent with earlier cal-
culations reported in Refs. [22,26].

C. Interaction correction to spin current

In order to find the interaction correction to spin current,
we first need to compute the spin polarization (89) by inte-
grating Eq. (78) over ε using our result Eq. (81). Inserting
the resulting expression for Sk into Eq. (88) and given the
cancellation of the noninteracting terms (91), the net spin
current is given by the sum of two terms,

J i
k = δ1Ji

k + δ2Ji
k . (99)

For the first one we utilize the property of the kernel functions∫ ∞

−∞

dω

2π
R[0]

i j (ω) =
∫ ∞

−∞

dω

2π
R[1]

i j (ω) = 0 (100)

along with the fact that R[0]
i j (ω) = −R[1]

i j (ω) = δi jR(ω) (see
Appendix C for details). It follows then

δ1Ji
k = −δi

z

( e

8π

)( ζ

1 + 4ζ 2

)2
λso

vF

×
∫

dω

2π

∑
ab

∂

∂ω

[
ωab coth

(ωab

2T

)]
R(ω)[ez × E]k .

(101)

In this expression the summation is performed over (a, b) =
±1, ωab = ω + sgn(a − b)λso pF , and we used the following
identity:∫ ∞

−∞
dε

∂ fε−ω

∂ε
fε = −2 +

∑
ab

∂

∂ω

[ωab

2
coth

(ωab

2T

)]
. (102)

As could have been expected, the magnitude of the spin-
current correction is determined by the additional smallness
of the dimensionless parameter λso/vF . For the remaining
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contribution we found

δ2Ji
k = −δi

z

( e

8π

)( ζ

1 + 4ζ 2

)2
λsoζ

2vF

×
∫

dεdω

2π
R2(ω) fε−ω

∂ fε
∂ε

[ez × E]k, (103)

where we again used R[2]
i j (ω) = δi jR2(ω). The remaining in-

tegrals with the collision kernels are known to be divergent
in the ultraviolet and thus require regularization. The same
issue arises in the context of interaction corrections to the
conductivity (see Ref. [43] for a detailed discussion) since
the corresponding collision integrals have exactly the same
physical origin. We thus adopt the same procedure and replace∫ ∞

0
dω

∂

∂ω

(
ω coth

ω

2T

)
→ −2T + EF coth

EF

2T
, (104)

where EF is put for the upper limit of the integral. This is legit-
imate and consistent with the approximations in momentum
integration, where one relies on fast convergence in order to
set the integration limit (otherwise determined by the Fermi
energy) to infinity and to set all momenta in the numerator
to the Fermi momentum in magnitude. This approach en-
ables us to find the low-temperature asymptote since we are
interested only in temperatures T � EF , where the second
term is essentially a temperature independent constant. These
considerations lead to the following estimate in the ballistic
limit

δσsH � e

pF l

( T

EF

)
ln
(EF

T

)
, (105)

where we used R2(T τ � 1) ≈ 1
2EF

ln( vF q∗
|ω| ) with the mo-

mentum cutoff q∗ ≈ pF . Curiously, we notice that spin-orbit
coupling λso drops out from this result. We have not attempted
to further verify cancellations of interaction corrections in
the static limit stemming for all the interaction channels, but
based on the general grounds we conjecture that this can-
cellation indeed takes place. We remind that cancellation of
this kind were demonstrated earlier diagrammatically in the
context of AHE [49–51]. The scale of δσsH gives an order
of magnitude estimate for the quantum interference effects to
the spin Hall conductivity in the range where it is frequency
independent ωτs > 1. As expected, this correction contains
an extra smallness in 1/(pF l ). In the diffusive case further
suppressions occur in the parameter of ζ � 1.

VI. SUMMARY

To summarize, in this work we have attempted to con-
sistently describe the effect of impurity scattering and
electron-electron interaction on the spin Hall conductiv-
ity of two-dimensional electron gas in the Rashba model.
Our approach is valid for the arbitrary relationship between
temperature and elastic scattering time and as such covers
both ballistic region, T τ > 1, and diffusive transport regime,
T τ < 1. We found that interactions lead to the temperature-
dependent correction to the spin Hall conductivity. We also
provided a detailed discussion of the frequency dependence
of the spin Hall effect. On a technical level, our approach
is distinct from the previously employed methods, but it is

complementary in many ways, as we reproduced various
results in the course of derivation. This technique can be
successfully applied to analyze other relevant models and
problems. For instance, the calculation can be pushed further
to derive the spin- and charge-diffusion equations from which
the spin-relaxation time can be determined explicitly. With
the derived collision kernels it is possible to elucidate the
influence of the electron-electron interaction on the dynamics
of spin relaxation. Future work may focus on extensions of the
theory to hydrodynamic regime of strong electron interactions
where conserved spin currents may lead to peculiar magneto-
transport phenomena.
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APPENDIX A: DERIVATION OF THE EXPRESSIONS FOR
THE COEFFICIENTS IN THE EQUATION FOR

THE DENSITY MATRIX

In this section we provide additional details for the calcula-
tion of the coefficients B and C in Eqs. (73). For convenience
we will consider the separate contributions as K̂1 = K̂ [a]

1 +
K̂ [b]

1 with

K̂ [a]
1 [ĝ(0)] = −vF (n · ∂)ĝ(0), K̂ [b]

1 [ĝ(0)] = −λso

2
{η̂, ∂ĝ(0)}.

(A1)

A simple calculation of angular averages yields

〈
K̂ [a]

1

〉
n = ivF 	

2
(
Z2

ω + 4	2
)
τ

[η̂, ∂ρ̂ε] + λso

2Zωτ
{η̂, ∂ρ̂ε},

〈
K̂ [b]

1

〉
n = −

(
λso

2

) (
Z2

ω + 3	2
)

(
Z2

ω + 4	2
)
Zωτ

{η̂, ∂ρ̂ε}

+
(

λso

2

)
	2(

Z2
ω + 4	2

)
Zωτ

∑
a

η̂a{η̂a, ∂aρ̂ε}η̂a.

(A2)

The remaining step is calculating averages of the type
〈η̂pK̂1η̂p〉n and 〈[η̂p, K̂1]〉n, which is straightforward to do with
the expression for K̂1 obtained above. Collecting all these
terms together in the function F [K̂1] yields the expressions
for the coefficients B and C in the main text.

APPENDIX B: INTERACTION CORRECTION TO THE
EQUATION FOR THE DENSITY MATRIX

We will use the following auxiliary expressions:

〈ĝ(0)(t, ε; n, r)〉n ≈ fε
2

σ̂0,

〈ĝ(1)(t, ε; n, r)〉n ≈ −eB
∂ fε
∂ε

[ez × E] · σ̂ (B1)

245302-11



MAXIM DZERO AND ALEX LEVCHENKO PHYSICAL REVIEW B 106, 245302 (2022)

and similarly for the functions

〈n jĝ
(0)(t, ε; n, r)〉n ≈ − λso

2vF
fεη̂ j,

〈n jĝ
(1)(t, ε; n, r)〉n ≈ −

(evF τ

4

)
E j

∂ fε
∂ε

σ̂0

− eτλ2
soζ

2vF (1 + 4ζ 2)

∂ fε
∂ε

[σ̂ × E] j . (B2)

Keeping the terms which are linear in electric field, we have

St[2]
el

{
ĝ(1)} = − 1

τ

∫
dω

2π
niR[1]

i j (ω) fε−ω〈n jĝ
(1)(t, ε; n, r)〉n

=
∫

dω

2π
niR(1)

i j (ω) fε−ω

×
(

evF

4
E j σ̂0 + eλ2

soζ

2vF (1 + 4ζ 2)
[σ̂ × E] j

)
∂ fε
∂ε

.

(B3)

Here the fε is determined by the single-particle distribution
functions in each of Rashba’s two bands in equilibrium. The
second term here is the one which produces the nonzero ex-
pectation value of the electron’s spin.

Since we are interested in the contribution of the gradient
terms only, we will use the expressions above to rewrite the
kernel of Eq. (59) as follows:

[〈n jĝ(t, ε − ω; n, r)〉n〈ĝ(t, ε; n, r)〉n](1)

≈ −
(evF τ

8

)(∂ fε−ω

∂ε

)
fεE j σ̂0

− eλ2
soζ

4vF (1 + 4ζ 2)

(
∂ fε−ω

∂ε

)
fε[σ̂ × E] j

− eλsoB

2vF
fε−ω

(
∂ fε
∂ε

)
Eiη̂ j η̂i. (B4)

Using these expressions along with Eq. (59) we have

St[1]
el {ĝ(1)} =

∫
dω

2π
niR[0]

i j (ω)

[
∂ fε−ω

∂ε

(
evF

4
E j σ̂0

+ eλ2
soζ

2vF (1 + 4ζ 2)
[σ̂ × E] j

)
fε

+eλsoB

vF
fε−ω

(
∂ fε
∂ε

)
Eiσ̂0

]
, (B5)

where the expression for R[0]
i j (ω) is given in the main text.

Last, there remains one more contribution

St[2]
el {ĝ(1)} = eλsoB

vF

∫
dω

2π
niR[2]

i j (ω) fε−ω

(
∂ fε
∂ε

)
[σ̂ × E] j .

(B6)
We close this section by looking at Eq. (76). Since the

collision integral is proportional to n, it is clear that averaging
over n will render the contributions from the first two terms in
F to vanish. Furthermore, only terms ∝ [E× σ̂] in K̂2(ĝ(1) )
will contribute, which means that the part of the collision
integral proportional to R[3]

i j (ω) does not contribute to the spin
current.

APPENDIX C: CALCULATION OF THE COLLISION
KERNELS R[0]

IJ (ω) and R[1]
IJ (ω)

In this section our goal will be to compute the angular
averages of the diffusion propagators which enter into the
expressions for the functions R[l]

i j (ω). We start with the ex-
pression for the diffusion propagator

�(n, n′; ω, q) = 2πδ(n − n′)
−iω + ivF q + 1

τ

+ 1

τ

〈�(n, n′; ω, q)〉n[− iω + ivF q + 1
τ

] .
(C1)

We can now integrate both parts over n, which yields

〈�(n, n′; ω, q)〉n′ = τYq(τYq − 1)−1

−iω + ivF q + 1
τ

, (C2)

where we use the shorthand notation Yq = Y (ω, q) and

Yq =
√

(vF q)2 +
(

−iω + 1

τ

)2

. (C3)

As the next step, averaging Eq. (C2) over the directions of the
remaining n we find

〈�(ω, q)〉 = τ

τYq − 1
. (C4)

Note that from the last expression it follows

〈�(−ω,−q)〉 = 〈�(ω, q)〉∗. (C5)

1. Kernel function R[1]
i j (ω)

Let us discuss the averages which enter into the expression
for R[1]

i j (ω), Eq. (57). We have

〈��〉 = τ (1 − iωτ )

Yq(τYq − 1)2
,

〈nx�〉 = 〈�nx〉 = cos ϕq

ivF q

(
1 + iωτ

τYq − 1

)
,

〈ny�〉 = 〈�ny〉 = sin ϕq

ivF q

(
1 + iωτ

τYq − 1

)
, (C6)

where we use parametrization cos ϕq = qx/q and sin ϕq =
qy/q. It becomes clear from these expressions that matrix R[1]

i j
is diagonal since∫

dϕq

2π
〈ni�〉〈n j�〉 = − δi j

2v2
F q2

(
1 + iωτ

τYq − 1

)2

. (C7)

Using these expressions we obtain

R[1]
i j (ω) = −

(
δi j

2

)
Im
∫

qdq

2π
DR(ω, q)

×
{

Yq − 1
τ

+ iω

Yq
(
Yq − 1

τ

)2 + (Yq − 1
τ

+ iω)2

v2
F q2
(
Yq − 1

τ

)2
}

. (C8)

In order to compute the momentum integral, we need to find
the explicit expression for the retarded part of the bosonic
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propagatorDR(ω, q), which satisfies the Dyson equation (23).
Using the relation between the polarization operators and the
fermionic correlators (24) one finds the following expression
forDR(ω, q) in terms of the functions considered above:

DR(ω, q) ≈ −ν−1
F

Yq − 1
τ

Yq − 1
τ

+ iω
. (C9)

This result has been written in the unitary limit, DR(ω, q) ≈
−1/�R(ω, q), which corresponds to taking into account the
contributions from the large distances, i.e., small momenta
[see, e.g., Ref. [43] for a related discussion on the limits
of validity of this expression]. Using these expressions the
integral over momentum yields the following result for the
function R[1]

i j (ω):

R[1]
i j (ω) = δi j

4EF

{
π

2

(
6 + ω2τ 2

4 + ω2τ 2

)
sgn(ωτ )

+
(

2 + ω2τ 2

4 + ω2τ 2

)
arctan(ωτ ) + ωτ

4 + ω2τ 2
ln 2

− ωτ

4 + ω2τ 2
ln

( |ωτ |√
1 + ω2τ 2

)}
. (C10)

2. Kernel function R[0]
i j (ω)

We proceed with the calculation of the kernel function

R[0]
i j (ω) = ImR[2]

i j (ω), Eq. (60). In the expressions for the an-
gular averages below we will keep only terms which will
give nonzero result upon integration over the directions of the

momentum q:

〈�nα�nβ〉 = i

vF

∂

∂qα

〈�nβ〉,

〈nx�nx〉 = sin ϕq

Yq
+ 1

τ

(
τYq − 1

τYq

)
〈nx�〉2,

〈ny�ny〉 = cos ϕq

Yq
+ 1

τ

(
τYq − 1

τYq

)
〈ny�〉2. (C11)

Collecting all these terms, we find

R[0]
i j (ω) =

(
δi j

2

)
Im
∫

qdq

2π
DR(ω, q)

×
{

Yq − 1
τ

+ iω

Yq
(
Yq − 1

τ

)2 + (Yq − 1
τ

+ iω)2

v2
F q2
(
Yq − 1

τ

)2
}

. (C12)

From this result we conclude that

R[0]
i j (ω) = −R[1]

i j (ω) ≡ δi jR(ω). (C13)

Hence, we use this expression along with Eq. (C10) to write
Eq. (101).

Finally, we turn our attention to the expression for R[2]
i j (ω),

Eq. (79). We find

R(2)
i j (ω) = δi j

4EF

{(
6 + ω2τ 2

4 + ω2τ 2

)
ln

(
vF q∗

|ω|
)

+
(

2 + ω2τ 2

4 + ω2τ 2

)
ln

(
vF q∗τ

2
√

1 + ω2τ 2

)

− π |ωτ |
2(4 + ω2τ 2)

+ ωτ

4 + ω2τ 2
arctan(ωτ )

}
. (C14)

Here we introduced the momentum cutoff q∗ ≈ pF .
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