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We study the Hubbard model on the square lattice coupled in addition to the optical Su-Schrieffer-Heeger
(SSH) phonons, using the singular-mode functional renormalization group method. At half filling and in the
absence of the Hubbard interaction U, we find the degenerate spin-density-wave—charge-density-wave—s-wave-
superconductivity state at smaller electron-phonon coupling strength A and higher phonon frequency w, and
the valence bond solid (VBS) state at larger A and lower w. After switching on a positive U, the VBS state is
suppressed, while the spin-density wave (SDW) state is enhanced. At finite doping, the SSH phonon is found to
favor s-wave superconductivity (sSC) at U = 0. With increasing positive U, we find d-wave superconductivity
(dSC) and incommensurate SDW states. In a narrow window of moderate U and X, we also find the incom-
mensurate VBS state. The sSC and dSC here can be naturally related to the charge-density wave (CDW) and
SDW fluctuations, both of which can be triggered by the SSH phonons. In contrast, the repulsive interaction U
enhances SDW but suppresses CDW fluctuations. Our results at half filling are consistent with quantum Monte
Carlo (QMC) and provide insights at finite doping where QMC may suffer from the minus sign problem.
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I. INTRODUCTION

The electron-phonon interaction (EPI) is one of the fun-
damental interactions in condensed-matter physics. It plays
important roles in many quantum phenomena, such as the
Peierls transition [1], topological solitons [2], and Bardeen-
Cooper-Schrieffer (BCS) superconductivity [3]. Over the past
few decades, a growing number of experiments suggest that
the EPI may be necessary in understanding various novel
phenomena in strongly correlated materials [4—16], which has
stimulated many theoretical studies in this direction [17-31].
Among different types of EPIs, the Su-Schrieffer-Heeger
(SSH) model was first introduced to study the physics of
trans polyacetylene [2,32]. Interestingly, the original acoustic
SSH phonon model is found to give similar results to the
optical SSH phonon model [33,34] since the dominant scat-
tering process mainly involves the phonon modes near zone
boundary rather than the zone center. In the new century, the
SSH model gets renewed attention because it can be taken as
the simplest one-dimensional (1D) topological insulator [35],
can be mapped to a 1D topological superconductor [36], and
has been realized in optical lattices [37-39].

Recently, the studies of the 1D SSH model have been
extended to two dimensions (2D) [40—46]. The optical SSH
model on the square lattice without or with the Hubbard
interaction U has been carefully studied by the quantum
Monte Carlo (QMC) method at half filling, where the nega-
tive sign problem is absent. In the anti-adiabatic limit (with
the phonon frequency w — oo), the EPI induces effectively
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an instantaneous bond-wise interaction and has been stud-
ied in an early work [40]. In the absence of U, it is found
that a degenerate spin-density-wave—charge-density-wave—s-
wave superconductivity state is present for any nonzero EPI
strength. Both the charge density wave (CDW) and the spin-
density wave (SDW) states have momentum Q = (7, ),
while the s-wave superconductivity (sSC) state is at momen-
tum zero (or uniform). The degeneracy is protected by the
underlying spin-SU(2), charge-SU(2), and a Z, symmetry that
transforms between the two sectors [47]. A spontaneous sym-
metry breaking in the internal space is needed for the system
to settle down in a specific one of the degenerate states. After
a repulsive U is turned on, the Z, symmetry is broken and
the SDW state is the only instability in the anti-adiabatic limit
[40].

For finite phonon frequency and U = 0, the degenerate
SDW-CDW-sSC order still exist for weak EPI, but a strong
enough EPI drives the system into a charge-bond-order state
with ordering momentum Q = (7, 7 ), which is also referred
to as valence-bond solid (VBS) or bond-order wave in some
literature [41,42]. In fact, this can also be regarded as a gener-
alized CDW state for charges defined on bonds rather than on
sites. For comparison, in the 1D SSH model, any nonzero EPI
can induce the VBS, referred to as dimerization [33,48,49],
as a result of the Peierls instability [1]. The effect of a finite
Hubbard U has also been considered very recently [43—46].
Since U breaks the Z, symmetry, a positive U enhances the
SDW in the spin channel while suppresses the CDW-sSC in
the charge channel, providing a new avenue to explore the
transition between the SDW and VBS [44,50].

These recent studies uncover rich physics of the 2D SSH-
Hubbard model. But most of these studies are restricted to
half filling due to the negative sign problem in QMC at
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finite doping (and for positive U). In this work, we investi-
gate the optical SSH-Hubbard model with the singular-mode
functional renormalization-group (SMFRG) method [51-53],
which treats all electronic orders on an equal footing for all
cases of interactions and doping levels under concern. At
half filling with U = 0, we find the VBS state at larger A
and lower phonon frequency w, and we obtain the degen-
erate SDW-CDW-sSC states at lower A and higher w. We
also point out an interesting accidental degeneracy between
the VBS and the Pomeranchuk state for o« =0 and A — 0
(in the thermodynamic limit). After switching on the repul-
sive U, the SDW-CDW-sSC states are further split, leaving
only the SDW as the dominant instability. Next, we study the
doped case (e.g., with (n) = 0.85 electrons per site). The SSH
phonon always induces sSC in the absence of U, and this can
be traced back to the CDW fluctuations the EPI triggers. With
increasing positive U, the d-wave SC (dSC) and incommen-
surate SDW states appear successively. The dSC can be traced
back to the antiferromagnetic SDW fluctuations. We also find
incommensurate VBS state in a narrow window of moderate
U and A.

The rest of this paper is organized as follows: In Sec. II, we
describe the model mainly focusing on the symmetries and
different ordering candidates and briefly sketch the SMFRG
method. Then we present and discuss the SMFRG results in
Sec. III, followed by a summary of this work in Sec. IV.

II. MODEL AND METHOD

We study the SSH-Hubbard model on the square lattice
described by the Hamiltonian

——tZ(cch+Hc>—uZn,+ Z(nl—l)

(ij)o

J_ > (bij +b)(clcjo + He)

(ij)o
+a)Z< byt ) 1)

where t is the hopping integral on the nearest-neighbor bond
(ij), l.g creates an electron at site i with spin o, n; =
>, cf ¢;, Cio 1s the local electron density, u is the chemical po-
tential, and U is the on-site Hubbard interaction. We setr = 1
as the unit of energy henceforth. The optical SSH phonon is
created by bT on each bond (i j) with frequency w. These bond
phonons couple to the electrons in the bond charge channel
through the g term, where M denotes the effective mass for
the optical vibration.

The model enjoys the natural global spin-SU(2) symmetry.
One can also define local pseudospins 7j; = PS;P, where P
is a Nambu transformation such that PciyP = ¢4, Pc; P =
(—1)ic], . Explicitly,

= 3(=1Y(c]icl, + e, @
0, = 3(=1Yi(cl el —cjpein), 3)
= 3(n; —1). )

The three components express the local charge, or the devia-
tion from half filling, in different manners. On the other hand,
the Hubbard term in H can be rewritten as

U -
v=3 2 (37 =57 (5)

which changes sign upon the Nambu transformation. At
half filling (u = 0), it can be shown that the total pseu-
dospin ) ;7; commutes with the Hamiltonian H. In this
case, the Hamiltonian also has charge-SU(2) symmetry. So
the model is SU(2) x SU(2)/Z, = SO(4) symmetric (with Z,
the staggered particle-hole transformation) for finite U [47],
and SO(4) x Z, = O(4) (with Z, the Nambu transformation
defined above) for U = 0 [42]. A repulsive U favors the for-
mation of local spins or, equivalently, suppresses local charge
deviation from half filling.

After integrating out the phonons, we obtain a retarded
electron-electron interaction described by the action AS,

- %Z/dr/dr’Bij(r)H(t — B (7)),
(ij)

where B;j(t) =)  [Cio(T)cjo(r) +c.c.], and ¢ and c are
Grassman fields. The retarded interaction IT(t — t’) written
in frequency space is

g o

m—=--5 _“
Y Mw? V2 + »?

(6)
Here v is the bosonic Matsubara frequency, and the minus
sign indicates attraction. Note that Mw? = K is just the spring
constant for the optical phonon mode. As usual, we write
Iy = —AW, with W = 8¢ the bare bandwidth, to define the
coupling strength, A = g*/(KW).

Much of the effect of the SSH phonons can be anticipated
and understood as follows.

(i) In the adiabatic limit @ — 0, the SSH phonon acts
as classical bond-wise bias fields to the electrons, so it can
obviously induce ordering of bond-wise operators. There are
two types of favorable bond operators. The first is the d-wave
Pomeranchuk operator, (cosk, — cos ky)czackg in momen-
tum space, which leads to a nematic state breaking rotation
symmetry. The susceptibility for this order diverges logarith-
mically because of the van Hove singularity in the density of
states. The second is the doubly degenerate VBS operators,
i sin kx,yc,: Qo Ckas with an ordering momentum Q = (i, 7).
The susceptibility for this order diverges logarithmically be-
cause of the perfect nesting (while the van Hove points are
suppressed by the form factor sink, ). To gain further in-
sight, we consider weak coupling, at which one could ignore
channel overlapping and resort to mean-field analysis for each
ordered state separately. The transition point satisfies a gen-
eralized Stoner criterion 1 = Vepy x, where Ve, = |Tg| is the
strength of the effective interaction, and x is the bare suscep-
tibility at the transition temperature 7 = T, for a respective
order. We find that, for the Pomeranchuk order,

1 4(cosk, — cosk,)? s/ &k
Xp = N Z T Y~ cosh™? (ﬁ)’ @)
k
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FIG. 1. Mean-field transition temperatures 7, for Pomeranchuk,
VBS, and CDW versus Ve, in L x L lattices, for L =400 (thin
lines), 4000 (dashed lines), and oo (thick lines). In finite-sized sys-
tems, there is a level crossing (denoted as C; and C,) between the
Pomeranchuk and CDW states, in favor of the Pomeranchuk state in
the weak-coupling limit V,,, — 0.

and for the VBS state,
1 4sin” k, &k
(= Lk (),
Xubs = Xk: & 2T

where N is the number of sites, and & = 2t(cos k, + cos k).
(We neglect the small renormalization of the uniform hopping
by the coupling to the phonons.) In Fig. 1, we plot T, ver-
sus Vepn determined by the Stoner criterion stated above. For
finite-sized 400 x 400 (thin lines) and 4000 x 4000 (dashed
lines) systems, we find the Pomeranchuk order always wins
over the VBS, particularly so in the weak-coupling limit.
However, the two transition temperatures (or susceptibilities)
become degenerate in infinite-sized systems (thick lines).
This degeneracy is accidental (instead of being symmetry
protected) because it is violated in finite systems. Note the
finite-size effect is weak or absent if 7, is relatively high (and
hence larger than the single-particle level spacing).

(i) In the anti-adiabatic limit @ — oo, the phonon-induced
action AS amounts to an instantaneous interaction

Veph S s L, 1
- 2p ZB,'zj:zVephZ<Si'Sj+ni'nj_Z)s ©))
(

ij) (i)

®)

where B;; is now understood as a bond operator. Clearly, this
interaction favors the bond order, as well as the antiferromag-
netic ordering of local spins or local pseudospins. At half
filling, the latter orders are related by the Nambu transfor-
mation, so that the antiferromagnetic spin order is degenerate
with the uniform s-wave pairing and CDW at momentum
Q. The mean-field transition point can also be written as
a Stoner-like criterion, Veph Xcqw = 1, with the susceptibility
(degenerate for CDW-SDW-sSC by symmetry) given by

1 2 Ek
o =y 2 tanh (57): (10)

which diverges double-logarithmically because of the per-
fect nesting as well as the van Hove singularity. Therefore,
the local spin ordering, up to the O(4) symmetry, may be
more favorable in the anti-adiabatic and weak-coupling limits.
One then anticipates a transition from bond-wise order at
low phonon frequency to site-local order at high frequency.
The transition temperature for CDW-SDW-sSC, determined
by the Stoner-like criterion, is also shown in Fig. 1. Note
that in the same anti-adiabatic limit, the mean-field transition
points for the Pomeranchuk and CDW states are exactly the
same as in the adiabatic limit. The comparison shows that
the CDW-SDW-sSC is favored in the thermodynamic limit,
as anticipated by the double-logarithmic divergence in the
susceptibility. Interestingly, in the finite-sized 400 x 400 and
4000 x 4000 systems, we always find the Pomeranchuk order
wins in the weak-coupling limit Ve, — 0. The crossing points
C; and C; mark the level crossing between Pomeranchuk and
CDW states.

(ii1) Finally, from the expression of Hy in Eq. (5), it is
clear that a repulsive U favors (suppresses) the ordering in
the site-local spin (charge) channel. Away from half filling,
the charge-SU(2) symmetry is broken, and both the van Hove
singularity and perfect nesting are absent. We then expect
weakening of orderings in the particle-hole channels, while
the pairing susceptibility in the Cooper channel is always
logarithmically divergent. We then expect pairing triggered by
fluctuations in the CDW and/or SDW channels at weak cou-
pling, and CDW-SDW-VBS at incommensurate momentum at
strong coupling.

The plethora of ordering tendencies in the SSH-Hubbard
model discussed above must be treated on the same footing.
For this purpose, we resort to SMFRG [51-53]. The idea of
FRG is to inspect the flow of one-particle irreducible (1PI)
vertices, namely, the effective interactions between quasipar-
ticles, with respect to a decreasing infrared-cutoff energy scale
A (the smallest fermion Matsubara frequency in our case). As
in usual practice, we limit ourselves to the four-point vertices.
It is understood that, by power counting, this truncation is
valid, controlled, and self-consistent if the instability occurs
at low energy scales. We therefore limit ourselves to weak
and moderate coupling regimes. The effect of EPI is taken
into account through IT,, which enters the flow equations as
described in Ref. [18] and the Appendix. The four-point ver-
tex functions can be rewritten (or decomposed) as scattering
matrices for all types of fermion bilinears in all collective
channels, namely, the pairing channel for the SC, SDW, and
CDW channels. Note that these channels are able to capture
both onsite and on-bond density-density interactions. (Follow-
ing the convention but at the risk of possible slight confusion,
when an order parameter is concerned, we use SDW-CDW to
indicate site-local orders, while the orders on bond, such as
the Pomeranchuk and VBS orders, are specifically indicated,
although they all belong to the general CDW channel.) Since
various decompositions are performed with respect to the
same interaction vertices, the ordering tendencies in the three
channels are treated on equal footing. In SMFRG, the fermion
bilinears are truncated in the internal spatial range between the
two fermions within a fermion bilinear, up to a range L, that
is sufficient to capture all types of potential singular scattering
modes. Note that the setback distance between two bilinears
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FIG. 2. Phase diagram in the respective parameter space for (a) (n)
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and (d) (n) = 0.85 and w = 0.1z. In panel (a), the hatched regime indicates the Pomeranchuk instability in finite-sized systems, which shrinks
in the thermodynamic limit. The white dashed line denotes the phase boundary extrapolated from the QMC result in Ref. [43]. The other states

are defined in the text. The momentum of the SDW-CDW-VBS states
doped case.

is unlimited, and the dependence in this distance is resolved
by the collective momentum of the bilinear. The SMFRG is
strictly momentum conserving, and is asymptotically exact
(up to the four-point vertices) at large L. In practice, L, = /2
in our case is sufficient to capture all potential orders involving
fermion bilinears defined on-site, on nearest-neighbor bonds,
and on next-nearest-neighbor bonds. This includes the local
(as well as nonlocal) spins in the SDW channel; local charges,
Pomeranchuk operator, and VBS operator in the CDW chan-
nel; local s-wave pairing and d-wave pairing on bonds in
the SC channel, etc. The SMFRG has been applied success-
fully in various contexts [18,51-60], and recently it is also
re-interpreted as truncated-unity FRG [61]. We monitor the
leading (most negative) singular values S of the scattering
matrices in the three channels, as functions of the scale A (as
well as the collective momentum q). The first divergence of
S in one out of the three channels indicates the instability of
the normal state toward the formation of a long-range order
in that channel. The corresponding energy scale A, gives a
measure of the transition temperature 7. of that order, and the
eigenscattering mode (as well as the associated momentum)
describes how fermion bilinears are linearly combined into
the order parameter. (Academically, if the ordering breaks a
continuous symmetry in 2D and at finite temperatures, it is un-
derstood as an instability, quasi-long-range order, or the onset
of strong correlations at finite temperatures in 2D, in view of
the Mermin-Wagner theorem.) We refer to the Appendix and
Refs. [18,53,59] for more technical details.

is Q at half filling, and is close to Q (slightly incommensurate) in the

III. RESULTS AND DISCUSSIONS

We performed systematic calculations using SMFRG to
obtain the phase diagrams in Fig. 2. For (n) =1 and U =0
in Fig. 2(a), we find the nematic Pomeranchuk instability in
the weak-coupling limit, as a result of the finite-size effect,
consistent with the mean-field analysis. This phase shrinks (in
A) with a denser momentum grid used in the SMFRG calcula-
tions and should disappear in the thermodynamic limit. On the
other hand, we obtain the degenerate SDW-CDW-sSC states
for larger A and larger phonon frequency, while the VBS state
appears at smaller phonon frequency. The phase boundary
between SDW-CDW-sSC and VBS agrees very well with that
(the white dashed line) extrapolated from the QMC results in
Ref. [43]. (Note that the slight deviation is reasonable because
the extrapolation is not necessarily rigorous to the weak and
moderate coupling suitable for FRG calculations). For (n) = 1
and w = 0.1¢ in Fig. 2(b), we find the SDW state for larger
U and VBS state for larger A. For (n) = 0.85 and U =0 in
Fig. 2(c), the only instability is sSC for all nonzero phonon
frequency and coupling A. For (n) = 0.85 and w = 0.1¢ in
Fig. 2(d), we obtain the sSC, dSC, and incommensurate SDW
as U increases for a small up to moderate . As A is also
large, we find a small window of incommensurate VBS. In
the following we substantiate and discuss the details of the
FRG flow at typical points in each of the phase diagrams.

We note that in our FRG calculations, we only consider
phonons at finite frequencies. The reason is a zero-frequency
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t/S

FIG. 3. FRG flows of the leading singular values S in the SC, SDW, and CDW channels at half filling (n) = 1, in four representative cases:
(@) U =0, w = 00, and A = 0.005. The lower inset shows S(q) in the CDW channel, and the upper inset shows the leading eigenmode, the
Pomeranchuk state in real space. (b) U = 0, w = 0.3¢, and A = 0.025. The inset shows S(q) in the pairing channel. The arrows show there is
a level crossing from bond-bilinear to site-bilinear in the CDW channel. At the final stage, the leading eigenvalues in the SDW, CDW, and SC
channels are degenerate. (c) U = 0, w = 0.1¢, and A = 0.075. The lower inset shows S(q) in the CDW channel, and the upper inset shows the
leading eigenmode, the VBS state in real space; (d) U = 0.1¢, w = 0.1¢, and A = 0.025. The inset shows S(q) in the SDW channel.

Holstein-like phonon mode is already unstable, and becomes
more so by the polarization effect from the coupling to the
electrons. The physics is more straightforwardly understood
by the mean-field theory, as we discussed, which becomes
actually exact at zero temperature (when thermal fluctuations
of the classical phonon fields are absent).

A. (n)=1and U =0

Figure 3(a) shows the FRG flow of the leading singular
values S in the three channels for @ = co and A = 0.005.
Here, a log-log plot is adopted for clarity. At high energy
scales, the three channels are degenerate, corresponding to
the degenerate SDW-CDW-sSC state. But as A decreases,
the leading eigenmode in the CDW channel changes from
on-site bilinear at collective momentum Q = (7, ), to on-
bond bilinear ) __, Sacl.TU Citso atq = (0, 0), with & = 1/2 for
§ = £xand & = —1/2 for § = +9. In momentum space, this
reads ) (cosk, — cos ky)ciackg, which is just the Pomer-
anchuk operator. This mode then grows up quickly and
diverges first. The emerging Pomeranchuk state causes ne-
matic modulation of the hopping integrals along x and y
directions, as shown in the inset in Fig. 3(a), where the red
(blue) bond indicates strong (weak) hopping. The Fermi sur-
face is changed such that the van Hove singularity (VHS)
points at (7, 0) and (0, ) are avoided. However, as shown in

Sec. II, the existence of Pomeranchuk state at weak coupling
is caused by the finite-size effect. We checked that the Pomer-
anchuk regime shrinks (in A) as we use denser momentum
grid in the one-loop integrations for FRG. On the other hand,
at stronger coupling and small phonon frequency, we find
the VBS state wins over the Pomeranchuk state, breaking the
accidental mean-field degeneracy, as a result of the competi-
tion between interactions responsible for such orders that are
treated equally in our FRG.

Figure 3(b) shows the FRG flow for w = 0.3 and A =
0.025. At high energy scales, the SC and SDW channels
are degenerate but are split from the CDW channel. This is
because the leading scattering mode in the CDW channel is
on-bond at high A and thus is naturally different to the on-site
modes of SDW-sSC at this stage. As the flow continues toward
lower energy scales, the three channels merge and diverge
simultaneously. We checked that here the leading eigenscat-
tering modes are all local bilinears. The inset shows S(q)
in the SC channel as a function of the momentum q, from
which the strong negative peak at q = 0 indicates the Cooper
pairing at zero center-of-mass momentum. Meanwhile, the
other two channels are found (not shown) to peak at q = Q,
corresponding to the site-local SDW and CDW orders. The
existence of such a degenerate SDW-CDW-sSC state is due to
the underlying O(4) symmetry and is consistent with recent
QMC results [40-44].
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FIG. 4. FRG flows of the leading singular values S in the SC, SDW, and CDW channels at doping level (rn) = 0.85, in four representative
cases: (a) U = 0, w = 0.1z, and A = 0.05. The left inset shows S(q) in the diverging SC channel, and the right inset shows the gap function
on the Fermi surface. (b) U = 2t, w = 0.1¢, and A = 0.05. The insets are defined similarly to that in panel (a). (¢) U = 3.8¢, w = 0.1¢, and
A = 0.0125. The inset shows S(q) in the diverging SDW channel. (d) U = 0.5¢, v = 0.1z, and A = 0.0875. The inset shows S(q) in the

diverging CDW channel.

In Fig. 3(c), we plot the FRG flow for w = 0.1f and 1 =
0.075. During the entire flow, the leading channel is CDW,
although the other two channels also catch up quickly at low
energy scales, indicating the SSH EPI favors both on-bond
VBS and on-site SDW-CDW-sSC orders, and the VBS only
wins narrowly. Here, for the VBS, the ordering momentum
q is found to be Q from the negative peak in S(q) shown as
the lower inset of Fig. 3(c). We find two degenerate scattering
modes at this momentum in the CDW channel, i sin &, ch +0Ck
in momentum space. The form factor has the p, or p, symme-
try, and the degeneracy is protected by the little group at Q
(which is the same as the point group). The real-space pattern
of this state, up to the twofold symmetry, is schematically
shown in the upper inset of Fig. 3(c), where red (blue) stands
for a strong (weak) bond. In the ordered state, the two de-
generate modes may be linearly recombined to minimize the
energy.

Our systematic results for this subsection are summarized
in Fig. 2(a). We find three competing phases, namely, the
nematic phase from Pomeranchuk instability, the degenerate
SDW-CDW-sSC phase, and the VBS phase. The Pomer-
anchuk phase is caused by the finite-size effect and should
shrink toward A = 0. The phase boundary between SDW-
CDW-sSC and VBS is qualitatively in agreement with the
QMC results [43] extrapolated to the weak-coupling regime
(white dashed line). We should point out that the SDW-
CDW-sSC state in our case is degenerate exactly, as our
FRG respects all relevant symmetries exactly. However, a
spontaneous symmetry breaking may happen in the ordered

state, as claimed in QMC [42] and may be sensitive to the
implementation details of QMC.

B. (n)=1andU > 0

The FRG flow for o = 0.1¢, A = 0.025, and U = 0.1z is
presented in Fig. 3(d). The leading channel at high energy
scales is CDW and its scattering mode corresponds to the
VBS order, caused by the strong EPI relative to U. As the
energy scale is lowered, the SDW channel grows up quickly
and diverges first. Its eigenscattering mode is site-local and
the collective momentum is Q from the plot of S(q) (inset)
in Fig. 3(d). This is just the antiferromagnetic SDW state. In
comparison with the case of U = 0 with the degenerate SDW-
CDW-sSC state, here, a repulsive U breaks the Z, symmetry
and selects the SDW as the dominant instability. In addition,
due to the remaining SO(4) symmetry, the CDW and sSC
channels are still degenerate at low energy scales.

For the phonon frequency @ = 0.1¢, we obtain the phase
diagram in the (A, U) space in Fig. 2(b). A large positive U
favors SDW, while a large enough A drives VBS. Since the
0O(4) symmetry reduces to SO(4) by a finite U, the SDW state
has no longer degenerate counter part in the charge channel.

C.(n)=0.85andU =0

Next we examine the effect of finite doping. We consider
the filling level (n) = 0.85 as a typical example. The FRG
flow for @ = 0.1¢ and A = 0.05 is shown in Fig. 4(a). At high
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energy scales, the CDW channel dominates. With decreasing
A, the SC channel is triggered and eventually diverges first.
This behavior indicates the superconductivity is related to
charge fluctuations. The leading eigenmode of the SC chan-
nel is dominated by onsite electron pair, with center-of-mass
momentum q = 0, as seen from the left inset. The right inset
shows the pairing function on the Fermi surface. The slight
modulation along the Fermi surface comes from the subdom-
inant off-site pairs in the eigenmode.

The phase diagram (for this subsection) in the (A, w) space
is shown in Fig. 2(c), with the sSC phase alone up to A = 0.1.
This is reasonable, since the bare Cooper pairing susceptibil-
ity (at q = 0) always enjoys logarithmic divergence as long
as the normal state is time-reversal invariant and/or inversion
symmetric. Instead, in the particle-hole channels, the diver-
gence is lost once the Fermi-surface nesting and van Hove
singularity at zero energy are absent upon finite doping.

D. (n) =0.85and U > 0

The FRG flow for w = 0.1¢t, A = 0.05, and U = 2¢ is
shown in Fig. 4(b). At high energy scales, the leading channel
is SDW, suggesting strong spin fluctuations caused by the
Hubbard U. With decreasing A, the SC channel is triggered
and diverges. The pairing eigenmode is at momentum q = 0
as seen from S(q) in the left inset of Fig. 4(b). The right
inset plots the pairing function evaluated on the Fermi sur-
face, which clearly shows the d-wave symmetry. Therefore
the system develops dSC, which can be related to the spin
fluctuations.

The FRG flow for w = 0.1¢, A = 0.0125, and U = 3.8¢ is
shown in Fig. 4(c). During the entire flow, the SDW channel
is the leading one. The scattering mode is found to be local,
and the collective momentum Q) is incommensurate and near
Q, as can be seen from S(q) in the inset of Fig. 4(c). The
incommensurate ordering momentum is caused by the lacking
of perfect nesting at finite doping.

The FRG flow for w = 0.1¢, A = 0.0875, and U = 0.5¢ is
presented in Fig. 4(d). Starting from higher energy scale, the
SDW and CDW channels are stronger than the SC channel,
and the CDW channel grows faster at low energy scales and
diverges first. The eigenmode is found to be a bond-wise order
similar to the VBS at half filling, except that the ordering
momentum Q; is incommensurate and near Q, see the inset
for S(q) in Fig. 4(d). Note that, at low energy scales, the
SC channel also becomes strong, as a result of the channel
overlaps in the various channels.

By systematic calculations, we obtain the phase diagram,
Fig. 2(d), for (n) = 0.85 and w = 0.1¢. For very small U <
AW, the ground state is always sSC. However, this sSC state is
suppressed quickly as U increases and yields to the dSC state
and subsequently the incommensurate SDW state for smaller
A. On the other hand, we find the incommensurate VBS state
in a narrow window centered at A & 0.09 and U = 0.5. The
reason that U can tune the balance between the sSC and dSC
is because the SSH phonons can trigger both CDW and SDW
fluctuations, while a repulsive U enhances (suppresses) the
SDW (CDW) fluctuations. The CDW fluctuations are related
to sSC, while the SDW fluctuations are related to dSC (in the
present model).

IV. SUMMARY

In this work, we have studied the 2D SSH-Hubbard model
on the square lattice within SMFRG. The interplay of Hub-
bard U, EPI strength A, and phonon frequency w leads to
rich phase diagrams. (i) At half filling and U = 0, we obtain
degenerate SDW-CDW-sSC state at higher phonon frequency
and VBS state at lower frequency and larger X, in agree-
ment with QMC. At weak coupling, we obtained the nematic
Pomeranchuk instability in finite-size system, which should
disappear in the thermodynamic limit. This finite-size effect
remains even for a very large lattice (as the mean-field analysis
shows) and may pose a challenge for QMC in this regime. (ii)
Upon finite doping, we find the sSC alone for U = 0, while an
increasing U drives the system into the dSC and incommen-
surate SDW successively. Besides, the incommensurate VBS
state is realized in a narrow window of moderate A and U.
These results at finite doping are beyond the present reach of
QMC because of the minus sign problem.
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APPENDIX: SMFRG WITH RETARDED INTERACTIONS

The method of functional renormalization group (FRG) has
been well explained in many reviews [62-64] and textbooks
[65]. In this Appendix, we mainly focus on one of its real-
izations, called singular mode FRG (SMFRG), in particular
with phonon-induced retarded interactions as employed in this
work.

1. FRG flows

In our SMFRG, we study the RG flow of the four-
point 1PI vertices I"134 appearing in the effective interaction
I3 1234 ¥ VT 123434, Here y is the fermion field, its
subscript labels the one-particle state, and spin conservation
is assumed implicitly for spin-SU(2) symmetric systems. The
vertex can be rewritten as scattering matrices in the three
Mandelstam channels by choosing different fermion bilinears.
This includes the pairing P, crossing C, and direct D channels,
and they are related as

234 = P23 = Ci3.40 = Dia3. (A1)

Correspondingly, the collective momentum q are identified
differently as shown in Fig. 5 explicitly. As the energy scale
A runs, I'1234 flows as

0T 1234
JdA

=[PxppPli2az + [CxprCli3.42

+ [=2DxpnD + DxpinC + CxppDliaza,  (A2)
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FIG. 5. (a) A generic four-point 1PI vertex can be rearranged
into the pairing (P), crossing (C) and direct (D) channels as shown
in panels (b)—(d), respectively. The momenta k, q, p are explicitly
shown for clarity. The spins (o and t) are conserved during fermion
propagation for the spin SU(2) symmetric case. The labels m and n
denote fermion bilinears.

where products imply convolutions, and x,, and x,;, are dif-
ferential susceptibilities given by

1
[xpplizpa = E[Gm(il\)st(—i/\) +(A = —A)], (A3)

1
[xpnlizza = 7 [G14((iA)G3(A) + (A — —A)],  (Ad)

b4
where Gi,(iA) is the normal-state Green’s function with
imaginary frequency iA. As usual, we have neglected the
sixth- and higher-order vertices, which are RG irrelevant [63].
The Feynman diagrams contributing to the flow equation are
illustrated in Fig. 6. Note that after I' is updated during the
FRG flow, it is redistributed into the three Mandelstam chan-
nels as in Fig. 5. This is why FRG can treat interactions in all
channels on equal footing.

2. Including phonon-mediated interactions

The phonon-mediated interaction can be included as a part
of I'1234, with ¥r; and V4 on a bond, and ¥, and ¥r3 on the
same bond, together with the frequency dependence in II,.
In principle, Eq. (A2) can be directly applied to the total
interaction including the retarded one by keeping the full fre-
quency dependence. However, the frequency dependence in
the FRG-generated correction to the four-point vertices can be
argued to be RG irrelevant [63,65]. In this spirit, we separate
the total vertex I into an instantaneous part I'/ and a retarded
one I'%,

r=r/+4+rk (A5)

Since we take the FRG-corrected part as instantaneous, the
retarded part is always given by I'® = I, for the associated
fermions. The initial value of I'V at A = oo is given by the
Hubbard U . For brevity, we keep using the notations I', P, C,
and D (without superscript “I”’) for the instantaneous part. The
Feynman diagrams contributing to the flow of I" are illustrated
in Fig. 6, where the gray bars are the instantaneous vertices,

(a) (b)
1 P l’ll’P 1 1 ¢ l’Jl’C 1
7N\ 7o N,
) (A )
A L)
2 2 3 3 3 3 2 2
(c)
1 D 1 i 3 D 3
/\\
{ )
A)
1 - 2 2
(d) ) _(e) )
1 p 2o 3 1 cl o 3
D 7 i D
J/\\> c//\\)
o N
1 Y 2 2

FIG. 6. One-loop contributions to dT"j234/d A. The gray bar and
wavy line denote the contribution from I" and I1,, respectively. They
are added up in the calculation. The slash denotes the single-scale
propagator and can be put on either one of the fermion lines within
the loop. The directed-circle indicates circulation of frequency within
the loop, and A is the running energy scale. Note that IT enters at
Matsubara frequency v = A (thin wavy lines) in P and C channels,
while it does at v = O (thick wavy lines) in the D channel.

and the wavy lines are from the retarded kernel suitably added
to the instantaneous part. Explicitly, the flow equation can be
written as

T 53

aA [PXPPP]12;43 + [CXPhC]13;42

where P =P + [HA]p, cC=C + [HA]C, D=D+ [H()]D,
with [IT, ]p,c p being the phonon-induced interaction projected
in the respective channels (or associated with the desired
fermion bilinears). Note that the Matsubara frequency of IT,
is A in P, C, and 0 in D, as a result of frequency conservation
when the external fermions are all set at zero frequency in
Fig. 6.

3. Truncated fermion bilinears and singular mode analysis

Without truncation in the fermion bilinears, P, C, and D are
equivalent to or different nicknames of I'. Since the number
of fermion bilinears are infinite, in practice, one has to trun-
cate the bilinears (modulo the center-of-mass position) into
a finite set. Mathematically, this can also be understood as a
truncation of the completeness condition, or truncated unity
[61]. To capture ordering tendencies for short-range operators,
which are arguably the most usual and important, we limit the
internal range between the two fermions within a bilinear up
to a truncation length L.. This means that, in Fig. 5, we require
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(@) (M =1,w=0.3tA=0.025U=0

0.0
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FIG. 7. SMFRG results for various choices of the truncation
length L. in both (a) undoped and (b) doped cases, with the same
parameters as in Figs. 3(b) and 4(b), respectively.

Iry — 1| < L. and |r3 —ry| < L. for P, |r; —r3| < L. and
Ir, —r4| < L. for C, and |r; —ry] < L. and |r; — 13| < L,
for D. These vertices, working as scattering amplitude be-
tween important fermion bilinears, are most likely driven by
FRG into singular scattering modes, as the naming of SMFRG
implies. In momentum space, these vertices become matrices
P(q), C(q), and D(q) in the bilinear basis, at momentum q in
the respective channel.

In the spin-SU(2) symmetric case, the effective interactions
in the SC, SDW, and CDW channels are given by

vS€=p VSV =_c, vV =2p_C (A7)

In a specific channel, the interaction can be decomposed as

V(@) =Y pa(m)Sa (@)} (1), (A8)

where m and n label the fermion bilinear, S, (q) is the singular
value for the eigenscattering mode ¢, in the bilinear basis.
The leading (most negative) singular value S (out of all q) in
each channel is monitored with decreasing A. The first diver-
gence indicates the instability to an ordered state described
by the corresponding eigenscattering mode momentum q. In
practice, we choose S = 100z as the criterion of divergence.
In the main text, we choose the truncation length L, = ﬁ
for fermion bilinears, which is sufficient to capture all the po-
tential orders under concern. Here, we check the convergence
of our results with respect to L., as shown in Fig. 7. With the
same parameters as in Figs. 3(b) and 4(b), the leading singu-
lar values in all three channels saturate already as L. > V2,
justifying the truncation we applied in the main text.
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