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The infinite projected entangled simplex state (iPESS), a type of tensor network (TN) state, has been used
successfully for simulating and characterizing nonchiral spin liquids on the kagome lattice. Here, we demonstrate
that iPESS also provides a faithful representation of a chiral spin liquid (CSL) on the same lattice, namely
the ground state of the spin-1/2 kagome Heisenberg antiferromagnet with a scalar chirality. By classifying
local tensors according to SU(2) and point group symmetries, we construct a chiral ansatz breaking reflection
P and time reversal T symmetries while preserving PT. The variational TN states are shown to host, for
bond dimension D > 8, a chiral gapless entanglement spectrum following SU(2); conformal field theory. The
correlation function shows a small weight long-range tail complying with the prediction of the TN bulk-edge
correspondence. We identify a nonchiral manifold spanned by only a subset of symmetric tensors where a new
emergent tensor conservation law is realized. This allows us to both probe the stability of the nonchiral spin
liquid and discuss its transition to CSL induced by a scalar chirality term.
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Introduction. Quantum spin liquids have received numer-
ous attention in condensed matter theory and experiments due
to their exotic properties such as fractionalized excitations
and long-range entanglement [1,2]. A prominent system is the
kagome Heisenberg antiferromagnet (KHA) where the quan-
tum ground state is nonmagnetic. Promising ground states
were proposed such as the algebraic U(1) spin liquid with
Dirac spinon spectrum [3] and the gapped spin liquid with Z,
topological order [4]. By perturbing such system with a scalar
spin chirality term or longer-range Heisenberg couplings, a
more intriguing chiral spin liquid (CSL) state can be stabilized
as uncovered by density-matrix renormalization group studies
in quasi-one dimension [5,6]. CSL states were proposed by
Kalmeyer and Laughlin in spin models as a bosonic variant
of some fractional quantum Hall state [7]. Such states host
anyonic quasiparticles [8] in the bulk as well as chiral gap-
less modes [9] on the edge described by (1 + 1)-dimensional
conformal field theories (CFT).

In recent decades, tensor network (TN) states [10] have
emerged as a powerful framework for investigating strongly
correlated systems both analytically and numerically.
They encode many-body state into a network of local
tensors contracted by their connected virtual bonds. In two
dimensions, TN states can represent several well-known
nonchiral spin liquid states exactly, e.g., the toric code state
with Z, topological order [11,12], the string-net states [13],
and the short-range resonating valence bond (RVB) states on
the kagome lattice (with Z, topological order) and on the
square lattice [being gapless and with U(1) gauge symmetry]
[14]. On the numerical side, TN states have also proven their
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competitiveness against other numerical methods [15] in
determining the nature of ground states of challenging models
such as the KHA [16,17].

In contrast to the case of nonchiral topological states where
TN representation works well with local gauge symmetry
imposed [12,18], it is less clear whether TN states can rep-
resent generic chiral topological states [19-21]. In the past,
a lot of effort has been devoted to construct CSL states
on the square lattice [22-28] with symmetric [23,29] infi-
nite projected entangled pair states (iPEPS) [30,31]. These
constructions include two important ingredients. First, both
the reflection P and time reversal 7 symmetries are broken
while the combined PT symmetry is preserved. On the square
lattice with Cy, point group symmetry, one can choose the
real elementary tensors transforming according to A; and A,
irreducible representations (IRREPs) [23], and the A; + iA;
chiral ansatz then satisfies the symmetry condition exactly.
Second, appropriate spins should be assigned in the virtual
space. For the simplest SU(2); CSL (bosonic v = 1/2 Laugh-
lin state), the virtual space is chosen as a direct sum )V =
0 @ 1/2 where two virtual spins 0 and 1/2 correspond to two
primary fields of Wess-Zumino-Witten (WZW) SU(2); CFT
and the local tensor satisfies the necessary gauge symmetry
[22]. This heuristic rule for virtual spins turns out to be valid
also for SU(N); [26] and non-Abelian SU(2), [28] CSLs.

However, generalizing the construction to the nonbipartite
kagome lattice is not straightforward. The natural extension of
iPEPS on the kagome lattice [32] was named infinite projected
entangled simplex state (iIPESS) [33]. A direct adoption of the
heuristic rule fails for the simplest SU(2); case as the trivalent
tensor ansatz A + iA, with virtual space V = 0 @ 1/2 yields
the nonchiral short-range RVB state [14]. Here the phase i
only contributes a global phase to the many-body state due
to an emergent conservation law for the total number of A,
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tensors on the lattice. One then has to generalize the heuristic
rule by including more relevant virtual spins while keeping
the gauge symmetry intact in the local tensors. The main
purpose of this paper is to provide the first example of a
two-dimensional TN (iPESS) construction of CSL states on
the kagome lattice. We start from the Hamiltonian, which
hosts a CSL ground state.

Model and classification of symmetric iPESS. We consider
the nearest-neighbor spin-1/2 KHA model with a scalar spin
chirality term y;x = S; - (S; x S¢) acting on both up and
down triangles

H=1JyY Si-Si+J > X (0
(i) i,j,ke A,V

with sites i, j, k on triangles ordered clockwise. The y;x term
breaks P and T symmetries, while preserving SU(2) spin rota-
tion and P7" symmetries. For convenience, we define J, /Jy =
tan 0 and set Jy = 1. The & = 0 point then corresponds to the
T -symmetric KHA point.

We construct the iPESS ansatz for a translationally invari-
ant state on the kagome lattice from two unique tensors: An
on-site tensor b, which resides on physical sites and a trivalent
tensor ¢, which resides in triangles. Using Penrose notation, b
and ¢ have the form

b=, t:/k. @

Here, the on-site b tensor has one physical index (wavy line)
of dimension 2 corresponding to spin-1/2 and two virtual
indices (solid lines) of dimension D running over states in
the virtual space V, while the trivalent tensor ¢ has three
virtual indices of dimension D. Kagome lattice is tiled with
t tensors, each connected by three b tensors to neighboring ¢’s
as shown below. For evaluating the physical observables, we
group three adjacent b tensors and two ¢ tensors into an iPEPS
tensor a defined as

3

)

mapping the wave function to an effective square lattice where
each unit cell contains three spins. We adopt the corner
transfer matrix renormalization (CTMRG) method [34,35],
controlled by environment dimension x, to contract the re-
sulting TN approximately (exact in the y — oo limit).

To further restrict the ansatz, we impose both point group
symmetries and SU(2) symmetry on both b and ¢ tensors en-
suring that the many-body state preserves lattice symmetries
and is a global spin singlet. The latter requires a choice of
an appropriate virtual space V for the CSL state, which we
obtain from simple update simulations [16,36] at 8 = 0.27,
deep in the CSL phase [5]. Starting from a D = 6 ansatz with
V=0& % @ 1 [16,37] and appropriate point group quantum
number (see below) we perform the imaginary time evolution
while keeping SU(2) symmetry. The resulting optimal virtual
spaces V = 69?:* Vi for various multiplet dimension D* are
shown in Table 1. The product virtual space V®* for b (V&3

TABLE I. Virtual spaces V for different multiplet dimensions D*
and numbers of distinct elementary tensors resolved by point group
symmetry (see text).

D* D Virtual space by by 1y, 1Nty 1y
2 3 003 1 1 1 0 0 1
36 0ol 2 2 1 2 1 1
4 8 0Odi®ld] 4 4 2 4 1 4
5 12 0ejele;®; 5 5 2 71 1 7

for ) tensor can be decomposed into disconnected subspaces
labeled by the occupations {n, ..., np«} with the constraint
> -.n; =2 (3, n; = 3). Importantly, due to SU(2) invariance
the total occupations for even (integer) virtual spins reye, and
odd (half-integer) virtual spins n,qq are constrained. The b
tensors satisfy {reven, 70da} = {1, 1} due to the physical spin
S = 1/2. For the ¢ tensor, {feyen, Hoad} can be either {3, 0}
(dubbed as t') or {I,2} (dubbed as ). Graphically these
tensors take the form

odd (S =1/2) even odd
b=_5 ., = =
odd even even even odd even
4)

The conservation of the total parity for b and ¢ tensors infers
a Z, gauge symmetry to our family of TN states.

Finally, we impose point group symmetries C, on b and
Cs, on t tensors with respect to permutation of virtual indices.
The b tensors are divided into by and bg, transforming as
symmetric A and antisymmetric B IRREPs of the C, group.
Similarly, ¢ tensors are further divided into 7 , 5 , 1) .14,
where Aj, A, are reflection symmetric and antisymmetric IR-
REPs of the G5, group. The complete set of these real-valued
elementary tensors can be obtained from the diagonalization
procedure proposed in Ref. [23]. We show the number of these
elementary tensors in each subspace in Table I.

Now we are ready to construct the many-body
chiral/nonchiral states by defining b and r tensor as
superposition of elementary tensors. For b we consider only
ba elementary tensors, since they are equivalent to bg via a
virtual Z, gauge transformation [38] and their superposition
breaks lattice rotation symmetry. The existence of reflection
symmetry then depends only on the choice of the ¢ tensors.
There are two types of nonchiral states constructed from
(i) pure A; or pure A, IRREP tensors or (ii) I/IM + ei¢t£2 or
15 + €1}, tensors, ¢ being an (irrelevant) arbitrary number.
The nonchiral ansatz (ii) preserves reflection symmetry due
to an emergent conservation law for the number of A; tensors
on the lattice: Every b tensor has one odd virtual index and, on
the lattice with a fixed number of physical sites, the number of
odd virtual indices is also fixed. Therefore, the number of ¢
tensors is conserved and the ¢ factor only changes the global
phase of the many-body state. The ansatz for chiral states
should allow for fluctuations of the number of 75 ~and 7y
tensors, which is realized by choosing 1 + 1y + ity + ity
(dubbed as A| + iA;), which is invariant under PT operation.
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FIG. 1. Energies of the A; 4+ iA, chiral iPESS at 6 = 0.2 as
functions of CTMRG environment dimension y. The states are op-
timized at x = 40, 60, 120 for D = 6, 8, 12. The ED energies on
clusters with sizes (N = 12, 15, 18, 21, 24, 27, 36) are marked by
green symbols.

CSL state in the iPESS representation. Here we demon-
strate that the topological CSL state can be represented by
the A; + iA, chiral iPESS by determining it variationally at
6 = 0.2m, deep in the CSL phase. In our optimization scheme,
the b and ¢ tensors are written as linear superpositions with
real coefficients of the elementary tensors of Table I. These
coefficients are the variational parameters and we optimize
them by gradient descent method, where the gradients are ob-
tained from finite differences of energy evaluated by CTMRG
at fixed x. The energies at D = 6, 8, 12 in Fig. 1 show that the
ground-state energy converges quickly. By comparing with
the exact diagonalization (ED) energies on finite-size clusters
(up to 36 sites) we find that already from D > 8 the chiral
iPESS ansatz has very good energy.

In order to identify the topological nature of optimized
states, we compute the bipartite entanglement spectrum (ES)
as proposed by Li and Haldane [39]. Here, the iPEPS tensors
a of Eq. (3) are put on an infinitely long cylinder with finite
circumference N, . The entanglement spectrum of the TN state
can then be calculated exactly by ED for small N, [14,40] and
approximately with the CTMRG method [25,28,41] for larger
N,. We find that a satisfactory agreement is reached between
the ES of D > 8 states and the predictions of SU(2); CSL
[42]. The results of ES for the D = 8 variational state are
displayed in Fig. 2. The levels are labeled by momentum and
total spin quantum numbers. One can see the low-lying chiral
branches disperse linearly and the levels in the even/odd sec-
tor match those of two SU(2); conformal towers associated to
spin 0/ % primary WZW fields as marked in Fig. 2. Moreover,
the agreement with the CFT level counting becomes better for
larger N,. Further details regarding computation of ES and
finite-size dependence of its two topological sectors can be
found in the Appendix.

After analysis of the boundary properties of our CSL
iPESS we turn to a second important aspect, the bulk corre-
lations. In all previous studies, done exclusively on the square
lattice, CSLs described by iPEPS display weak long-range
tails in bulk correlations [22-28], contrary to the expectation
for a gapped CSL phase. We show the same behavior arises
also in bulk correlations on the kagome lattice, depicted in
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FIG. 2. Entanglement spectrum of the optimized A, + iA; chi-
ral iPESS (D = 8) at # = 0.2z with even/odd sectors normalized
separately. [(a),(b)] ES on width N, = 4 cylinders obtained by ED.
[(c),(d)] ES on N, = 8 cylinders obtained from CTMRG with x =
40. The levels marked by red boxes agree with the level counting of
the SU(2), WZW CFT.

Fig. 3 for D = 8 state. Spin and dimer correlation functions
clearly show two distinct regimes. At short distance r < 4 the
spin correlations decay exponentially with very short corre-
lation length &pux & 0.6, which is believed to be related to
the bulk gap of the true ground state [27,28]. At longer dis-
tances a long-range tail of tiny magnitude (*107%) emerges.
Its decay becomes slower than any exponential function as
its correlation length increases with x. To confirm this we
analyze the transfer matrix spectrum [43] in Figs. 3(c) and
3(d), which demonstrates that by increasing x, the gap in the
spectrum |Ag| — |11 (normalization |Ag| = 1 is used) vanishes
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FIG. 3. Bulk correlations in the optimized A; + iA, chiral iPESS
(D =8)atf = 0.2x. [(a),(b)] Connected spin and dimer correlation
functions where D; = S; - S;;1 with increasing CTMRG environment
dimension x. (c) Normalized SU(2) multiplet eigenvalues A; of the
transfer matrix. The gap of the spectrum |X| — |A;]| scales to zero in
the large x limit. (d) Scaling of the leading correlation length &.
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FIG. 4. The variational energies of the nonchiral 7y + 7, ansatz
at the KHA point. The dashed line shows the best energy —0.4369
in Ref. [16] with D = 29 (D* = 12). Inset shows the transfer matrix
eigenvalues for different D.

and the leading correlation length £ = —1/In|A;| (associated
with the tail) diverges. The dimer correlations behave simi-
larly. These long-range tails indicate the state supports some
form of long-range bulk correlations, which still could decay
faster than any power law (see discussion in Ref. [24]). These
features come as a direct consequence of the no-go theorem
[19-21] formally preventing the exact finite-D TN representa-
tion of gapped chiral topological states. This can be physically
understood from the PEPS bulk-edge correspondence: The
entanglement Hamiltonian necessary for harboring an ideal
gapless chiral ES, strictly speaking, must be of infinite range
which, in turn, implies an infinite bulk correlation length
[14,40]. These features closely resemble those observed in the
iPEPS representations of CSL on the square lattice [24,27],
strongly suggesting a universal finite-D artifact in all TN
ansatze of spin-1/2 CSL. Good variational energies, sharply
defined chiral ES branches, and exponentially decaying cor-
relations at short distances clearly demonstrate the ability of
iPESS developed here to simulate CSL phases on the kagome
lattice. We conjecture that the unphysical weak long-distance
gossamer tail will eventually vanish upon increasing D. In the
Appendix we show the same CSL features are obtained from
iPESS simulations without symmetries, which indicates that
the CSL phase in the iPESS representation is not fine tuned.
The KHA point and the transition to the CSL phase. We
now construct the optimal point group symmetric ansatz at the
KHA J, = 0 point and investigate the possible occurrence
of spontaneous time-reversal symmetry breaking induced
by the proximity to the CSL phase [6,44-46]. Starting the
optimizations from random A; + iA; chiral states we find
they always flow to the nonchiral t}\l + t}\l2 ansatz (the same
as the D = 3 RVB state), which is a subset of the complete
family of chiral ansatze. This suggests that spontaneous
time-reversal symmetry breaking does not occur at the KHA
point. As shown in Fig. 4, the variational energies of our
finite-D nonchiral ansatze are consistent with the finite D
energies obtained in Ref. [16] where only SU(2) symmetry
is imposed, hence validating our fully symmetric ansatz.
At currently accessible D = 6, 8, 12 the resulting iPESS is
gapped and has Z, topological order [16] (in contrast to the
Gutzwiller-projected Dirac liquid of similar energy [15]).
The large gap seen in the transfer matrix spectrum shown in
the inset of Fig. 4 implies that, at current D, the correlation
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= 0 ~D=12| %
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S~
01
-0.15
0

FIG. 5. The observable (y;jx) of the optimized chiral states. Here
x = 60 is used. Inset shows the first-order derivatives.

length is short and a larger D may still be needed to approach
the true ground state. However, our knowledge of the exact
form of the optimal ansatz is expected to greatly speed up the
variational optimization at larger D.

To investigate the transition between the CSL phase at
large J, and the nonchiral spin liquid phase at J, = 0, we look
at the scalar chirality (x;z) in the optimized ansatz, as shown
in Fig. 5. A linear growth of |(x;jx)| is observed at small J,,
consistent with linear response theory and a finite value of the
chiral susceptibility Xchira = —9{Xijx)/0Jx|s,=0 (measured
by the slope at J, — 0). For D > 8 a singularity builds up at
finite J,, as reflected more clearly by the behavior of the first
(numerical) derivative of |{; ;)| with respect to J, suggesting
a first-order transition around J, >~ 0.1, in agreement with
the DMRG result in Ref. [47]. The transition detected from
the jump of (x;jx) is also confirmed by behaviors of the
variational parameters and the ES, see the Appendix. Note
the value of the critical point may be overestimated since the
gap of the variational state at the KHA point decreases with
increasing D making the system more susceptible to stabilize
the CSL phase.

Conclusion and outlook. In this paper, we demonstrated
that the CSL ground state of the chiral Heisenberg model on
the kagome lattice can be represented faithfully by the chiral
iPESS ansatz. By classifying elementary tensors with optimal
virtual spaces using SU(2) and point group symmetries, we
constructed an enlarged family of chiral states for numerical
simulations (including a nonchiral subset) and studied the
transition induced by the scalar chirality term between the
nonchiral spin liquid phase and the CSL phase. In contrast to
the former, the latter is characterized by a well-defined chiral
edge mode consistent with the SU(2); conformal field theory.
A long-range tail (of very small weight) in the spin-spin cor-
relation is found, as also encountered in the square lattice CSL
analog [24,27], suggesting universality in finite-D artifacts of
TN representation of CSL. The nonchiral ansatz discovered
here paves the way for the symmetric variational optimization
and the study of the excitation spectrum at the KHA point.
Also, it would be interesting to apply our chiral ansatz to
explore spontaneous time-reversal symmetry breaking in the
model with longer range couplings [6,44—46].
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APPENDIX

1. CSL entanglement spectrum
on finite-circumference cylinders

In the main text we used two methods, i.e., ED (exact
contraction) and CTMRG, to obtain the boundary operators
needed to calculate the ES on a (bipartitioned) infinite cylinder
of finite circumference N,, see Fig. 2. The second method,
which is approximate but applicable to larger N,, is tested
here by comparing its results to the one obtained by ED on
the same thin cylinder (N, = 4). As shown in Figs. 6(a)-6(d)
using the D = 8 ansatz, a perfect agreement is found both for
even and odd sectors in the low-energy regime.

The finite-circumference dependence of the two sectors
of the ES can be seen in Fig. 7. We observe a systematic
even/odd effect depending on the parity of N,/2: for N, =
4m (m € NT) the ES in the even sector has larger weight
(lower energy) while for N, = 4m + 2 the ES in the odd
sector has larger weight (lower energy). We conjecture that
this is because the leading sector in the two-site entanglement
Hamiltonian is the odd sector. Moreover, we find the leading
sector only has one dispersion branch while the subleading
sector has two nearly-degenerate branches shifted by 7 in
momentum as can be seen in Fig. 7.

(a) N, =4, even sector (b) N, =4, odd sector
> ootk ‘
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FIG. 7. Entanglement spectrum of the optimized A; + iA; chiral
ansatz (D = 8) at 8 = 0.2w. CTMRG boundary tensors with x = 40
are used. The even and odd sectors are normalized together. For N, =
4m the leading sector is the even sector, while for N, = 4m + 2 the
leading sector is the odd sector, as reflected from the offsets on the
energy axis introduced in (b), (c), and (f) (to move the ground state
down to E = 0)

2. Unconstrained iPESS simulation of the CSL state

Here we show that the kagome CSL state can also be
obtained from simulations without symmetry constraints,
similar to the case on the square lattice [27]. In this calcu-
lation, we still consider the same parameter 6 = 0.2w, and
perform gradient optimization with the gradient obtained from
an automatic difference algorithm [51,52]. The D = 8 state is
optimized at xy = 64 and further evaluated at y = 128. The
energy per site E = —0.5018 is only slightly better than the
energy of the symmetric ansatz, via forming a small mag-

N, =4 ) N,=6
3 g 3
2 6 2 C
e
1 e 1 o
0 0—=
-0.5 0 05 -05 0 0.5
k/2m k/2m

FIG. 8. Entanglement spectrum of the optimized unconstrained
D = 8 iPESS at # = 0.2z. The fixed point boundary operators are
obtained from CTMRG y = 40.
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FIG. 9. Optimized variational parameters associated to the by, t,,, and 75, tensors vs J,.. At the J,, = 0 point, the parameters defining the
t}\II , t}\2 tensors vanish exactly (the optimal ansatz there is the reflection symmetric ansatz t}\1 + tgz). When J, is turned on, these parameters

grow linearly up to the critical point.

netization around 5 x 1073, This feature of CSL phase is in
sharp contrast to the kagome spin liquid at the KHA point
where the finite D energy can be improved a lot through
forming considerable mean-field like magnetization [16,17].
The ES for the unconstrained simulation is shown in Fig. 8.
As the SU(2) symmetry is slightly broken, the spin quan-
tum number is not well defined and we can not distinguish
topological sectors. Nevertheless, the dispersion is perfectly
linear and the degeneracies of low-energy states agree well
with those in the leading sectors in Fig. 7. We also find

that the correlation functions have the same long-range fea-
tures as the symmetric states in the main text (not shown
here).

3. Behavior of the variational parameters
across the phase transition

Apart from the chirality observable (x;jx) displayed in the
main text, the phase transition from tuning J, is also reflected
in the behavior of the variational parameters defining the
tensors, as can be seen in Fig. 9. Before the transition, the
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FIG. 10. Entanglement spectrum of the optimized A, + iA, chiral ansatz (D = 8) at different J,. N, = 4 and CTMRG yx = 40 are used.
[(a),(d)] ES at the KHA point with J, = 0. [(b),(e)] ES below the D = 8 critical J, point. [(c),(f)] ES above the D = 8 critical J, point.
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FIG. 11. Entanglement spectrum of the optimized A; + iA, chiral ansatz (D = 12) at different J,. N, = 4 and CTMRG x = 40 are used.
[(a),(d)] ES at the KHA point with J, = 0. [(b),(e)] ES below the D = 12 critical J, point. [(c),(f)] ES above the D = 12 critical J, point.

parameters vary smoothly and the parameters associated to
the 7}l , 7y tensors grow from zero linearly. At the transition
point, some of the parameters show clear jumps (e.g., the
parameters in t}\l1 tensors at D = 12). Below and above the
transition, the parameters have two distinct behaviors, which
is consistent with the level crossing picture in first-order phase
transition.

4. Behavior of the entanglement spectrum
across the phase transition

The two phases can be further distinguished from their ES.
First, we show the ES at the KHA point J, = 0 for D = 8, 12
in Figs. 10(a) and 10(b) and in Figs. 11(a) and 11(b). The
quantum numbers and dispersions are essentially the same
as the D = 3 short-range RVB state given in Ref. [14], as
can be expected from the fact that the SU(2) symmetric
variational state at finite (small) D has Z, topological order

[16]. We further show the ES for J, values below and above
the (estimated) critical value of the transition for D = 8 in
Figs. 10(c)-10(f) and for D = 12 in Figs. 11(c)-11(f). It is
clear that the ES in the leading sector (even sector for N, = 4
here) show a qualitative change compared to the nonchiral
case. Once J, is turned on, while still below the transition,
there is no separation between low- and high-energy states
and the lowest entanglement energy level is a S = 1 triplet (al-
though reflection symmetry is broken). Above the transition,
the low energy chiral branches become well separated from
the higher energy states with the lowest level being a S = 0
singlet. For the subleading sector (odd sector for N, =4
here), which has smaller weight, as there exists two branches,
the transition is not so clear. We expect the transition in the
subleading sector will become more visible for larger cylinder
circumferences N,,.
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