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Continuous transition between Ising magnetic order and a chiral spin liquid
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The competition between fractionalized spin-liquid states and magnetically ordered phases is an important
paradigm in frustrated magnetism. Spin-orbit coupled Mott insulators with Ising-like magnetic anisotropies,
such as Kitaev materials, are a particularly rich playground to explore this competition. In this work, we use
effective field theory methods to show that a direct quantum phase transition can occur in two-dimensional
(2D) Ising spin systems between a topologically ordered chiral spin liquid and a phase with magnetic long-range
order. Such a transition can be protected by lattice symmetries and is described by a theory of massless Majorana
fields coupled to non-Abelian SO(N ) gauge fields with a Chern-Simons term. We further show that Euclidean
Majorana zero modes bound to Z2 monopole-instantons in the emergent non-Abelian gauge field are key to
understanding spontaneous symmetry breaking in the ordered phase.
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I. INTRODUCTION

Quantum phase transitions out of fractionalized spin-liquid
states in two dimensions (2D) are an active area of research in
the study of quantum matter [1–3]. From a theoretical stand-
point, the universal properties of spin liquids are captured
by slave-particle gauge theories with bosonic or fermionic
spinons [4]. In describing a transition from a spin liquid to
a conventional ordered phase, two effects must be accounted
for: spontaneous symmetry breaking, and confinement of ex-
citations with nonzero gauge charge. In theories with bosonic
spinons, such as Schwinger boson theories of Z2 spin liquids
[5], confinement concomitant with symmetry breaking re-
sults from the condensation of bosonic visons and/or spinons
which carry nontrivial quantum numbers under global sym-
metries [6]. In descriptions of spin liquids with fermionic
gauge theories, such as the U(1) gauge theory of the Dirac spin
liquid [7], condensation of a fermion bilinear leads to sym-
metry breaking and opening of a fermion mass gap [8–15].
The opening of this gap is followed by the proliferation of
monopole instantons, which induces confinement [16–18]. In
addition to those of fermion bilinears, the symmetry quantum
numbers of monopole operators are important to determine
the precise patterns of symmetry breaking [10,19–22].

An emerging platform for the observation of spin liquids
and their competition with various ordered phases is spin-orbit
coupled Mott insulators; such systems have been a focus of
quantum materials research in recent years [23,24]. In those
systems, strong correlations promote the formation of local
magnetic moments, while spin-orbit coupling entangles spin
and orbital degrees of freedom and introduces anisotropy in
the magnetic exchange interactions. The paradigmatic class of
materials in this context is Kitaev materials [25,26], described
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at low energies by effective spin-1/2 moments on the honey-
comb lattice and governed by a Kitaev-like Hamiltonian [27]
in which SU(2) spin rotation symmetry is broken to a discrete
subgroup. Recently, the Kitaev material α-RuCl3 has attracted
much attention due to the observation of a magnetic-field-
induced transition from a zigzag-ordered state at low fields
to a paramagnetic state at higher fields [28–34]. Remarkably,
the latter state appears to exhibit a quantized thermal Hall
conductance κxy/T = 1/2 in units of πk2

B/6h̄, suggestive of
a gapped chiral spin liquid phase with intrinsic topological or-
der [33,34]. In Ref. [35], a theory of the transition between the
zigzag-ordered state and the chiral spin liquid was developed,
based on dualities of (2+1)D gauge theories with U(N ) gauge
groups.

Motivated by these recent developments, we ask the gen-
eral question whether, from an effective field theory point of
view, the phase diagram of spin systems with Ising spin-flip
symmetry can exhibit a continuous transition from Ising mag-
netic order to a gapped chiral spin liquid. Given that the chiral
spin liquid is a topological phase without a local order pa-
rameter, while the Ising-ordered phase exhibits conventional
symmetry breaking, such a transition is necessarily an exotic
non-Landau transition involving the fractionalized degrees of
freedom of the spin liquid, and possibly monopole-instanton
configurations in the associated emergent gauge field.

In this paper, we use effective field theory methods to
show that such an exotic transition is in general possible.
Our approach is based on a parton decomposition of the Ising
spin operator, involving fractionalized Majorana fermion de-
grees of freedom coupled to an emergent non-Abelian SO(N )
gauge field. Our study can be viewed as a generalization of
Ref. [36]—which studies transitions between Mott insulating,
fractional quantum Hall, and superfluid states of bosons with
continuous U(1) symmetry—to systems of Ising spins with
a discrete Z2 symmetry. Chern-number changing transitions
between different topologically superconducting states of the
Majorana partons correspond to different phases of the Ising
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spin system. While various spin-liquid states can be accessed
in this way, including spin liquids with non-Abelian topo-
logical order, we focus on Abelian chiral spin liquids with
the topological order of the bosonic fractional quantum Hall
(Laughlin) state. In our construction, such a chiral spin liq-
uid is naturally proximate to a trivial paramagnet and to a
magnetically ordered phase with broken Z2 symmetry. Us-
ing recently conjectured dualities of SO(N ) gauge theories
in (2+1)D, we find that the critical theory for the ordering
transition from the trivial paramagnet is, as expected, dual to
the standard 3D Ising Wilson-Fisher theory, while transitions
involving the chiral spin liquid are described by theories of
massless Majorana fields coupled to an SO(N ) gauge field
with a Chern-Simons term. In particular, we show that a direct
transition from the chiral spin liquid to the Ising-ordered phase
is possible and can be protected by inversion symmetry on the
honeycomb lattice.

Finally, in analogy with our previous work on bosons
with U(1) symmetry [37], we show that the breaking of
Z2 symmetry in the confined, ordered phase can be under-
stood as a nontrivial consequence of Euclidean Majorana zero
modes (ZMs) bound to monopole-instantons. By contrast with
monopole-instantons in U(1) theories, the latter carry here a
Z2 topological charge under the ZM

2 magnetic symmetry of
SO(N ) gauge theory in (2+1)D. Under the assumption that
the infrared effects of such instantons is adequately captured
by a semiclassical instanton-gas treatment, the Euclidean ZMs
lead to an effective interaction among Majorana fermions
that is analogous to the ’t Hooft vertex in quantum chro-
modynamics [38–40]. This interaction intertwines the Ising
Z2 symmetry with the ZM

2 magnetic symmetry. As a con-
sequence of this intertwinement, the spontaneous breakdown
of ZM

2 magnetic symmetry expected in a confined phase
[41,42] automatically results in long-range Ising order for the
underlying spin system.

The rest of the paper is structured as follows. In Sec. II, we
review the parton description of bosons with U(1) symmetry
[36,37], as a means to introduce the basic ideas and methods
that we will generalize to Ising spins with Z2 spin-flip sym-
metry. In Sec. III, we introduce our parton decomposition of
Ising spins and discuss the various phases that can be accessed
within the parton mean-field framework: chiral spin liquids,
a trivial paramagnet, and an ordered phase with broken Z2

symmetry. Using SO(N ) dualities in (2+1)D, we discuss tran-
sitions between these phases. In Sec. IV, we turn our focus
to the broken phase. Although conventional from the micro-
scopic standpoint, its description within the parton framework
necessitates accounting for nonperturbative confinement ef-
fects. We discuss Z2 monopole-instantons in SO(N ) gauge
theory, show that Euclidean fermion ZMs are bound to them,
and resum the instanton gas to exhibit the ’t Hooft vertex that
properly accounts for the broken Z2 symmetry. We conclude
in Sec. V with a summary of our main results and suggestions
for future research.

II. WARM-UP: BOSONS WITH U(1) SYMMETRY

We begin by briefly reviewing the problem of continuous
quantum phase transitions in systems of hardcore bosons with
the global U(1) symmetry associated with particle-number

conservation. To aid the passage from U(1) bosons to Z2

spins, we re-interpret the results of Ref. [36] in the context of
dualities of (2+1)D quantum field theories with unitary gauge
groups [43–52]. We also point out the key role of monopole-
instantons and the Euclidean fermion ZMs bound to them in
accounting for the physics of broken-symmetry phases [37].

A. Parton construction

We begin by considering a system of charge-1 hardcore
bosons on a 2D lattice described by operators b(r) (b†(r)) that
annihilate (create) a boson on lattice site r. We then write the
boson operator as

b(r) = f1(r) f2(r), (1)

where f1(r) and f2(r) are fermionic annihilation operators.
This parton decomposition [53,54] introduces a local gauge
redundancy. We consider parton mean-field ansätze such that
f1 forms a Chern insulator with Chern number 1 and f2 forms
a Chern insulator with Chern number C. In general, such
ansätze have a U(1) gauge structure with emergent gauge field
aμ; we assume f1 ( f2) carries gauge charge −1 (+1), and f2

carries the unit global U(1) charge of the boson system.
Upon integrating out the massive partons f1 and f2, we

obtain the low-energy effective Lagrangian:

L = 1

4π
ada + C

4π
(a + A)d (a + A), (2)

where adb ≡ εμνλaμ∂νbλ for any two gauge fields aμ and
bμ, and we have added a background gauge field Aμ which
couples to the global U(1) symmetry. Performing the shift
aμ → aμ − C

C+1 Aμ to eliminate the cross terms, we obtain

L = C + 1

4π
ada + 1

4π

C

C + 1
AdA. (3)

For values of C other than C = −2,−1, 0, this describes
an Abelian fractional quantum Hall state with ground-state
degeneracy |C + 1|g on a genus-g surface and quantized Hall
conductance σxy = C/(C + 1). For C = 0, the ground state is
unique and the Hall conductance vanishes: this is the Bose
Mott insulator. For C = −2, the ground state is again unique,
but the Hall conductance is nonzero, σxy = 2: this is a bosonic
integer quantum Hall state [55–58]. For C = −1, the Chern-
Simons term for aμ cancels and we must keep a Maxwell term.
Integrating out aμ, we obtain in the low-energy limit,

Seff[Aμ] = 1

8π2

∫
d3q

(2π )3
Aμ(−q)

(
ημν − qμqν

q2

)
Aν (q), (4)

where ημν is the (2+1)D Minkowski metric. Equation (4)
describes the (transverse) Meissner response of a charged
superfluid, thus the C = −1 phase is a superfluid of the b
bosons.

B. Phase transitions and U(1) dualities

At the parton mean-field level, transitions between the
different bosonic phases mentioned above are Chern-number-
changing (topological) transitions in the f2 parton band
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FIG. 1. Phase diagram for bosons with U(1) symmetry as a func-
tion of the two tuning parameters m+, m−. MI: trivial Mott insulator;
SF: superfluid; and FQH: ν = 1/2 bosonic Laughlin state.

structure. For simplicity, we focus on transitions between the
Mott insulator (C = 0), superfluid (C = −1), and ν = 1/2
bosonic fractional quantum Hall state (C = 1) [59]. To derive
a critical theory for the transition, we can integrate out f1,
which remains gapped across the transition. This generates a
U(1)1 Chern-Simons term in the effective theory. By contrast,
f2 becomes gapless at the transition and must be kept in the
critical theory. In the low-energy limit and near the transition,
the f2 band structure will generically consist of two Dirac
points K+ and K−, such that f2(r) can be expanded near the
Dirac points: f2(r) ≈∑k=± eiKk ·rψ2k (r), where ψ2+, ψ2− are
slow two-component Dirac fields with mass m+, m− respec-
tively. The low-energy effective theory interpolating between
all three phases is thus

L = 1

4π
ada +

∑
k=±

ψ̄2k (i /D − mk )ψ2k, (5)

where /D = γ μDμ with Dμ = ∂μ − i(aμ + Aμ) the gauge-
covariant derivative, and γ μ are (2+1)D Dirac matrices.

The phases described in Sec. II A are recovered when both
Dirac fermions are massive and can be integrated out (Fig. 1).
Since a single massive two-component Dirac fermion with
mass m carries a partial Chern number of 1

2 sgn m [60,61],
when both m± > 0, we recover Eq. (2) with C = 1, i.e., the
bosonic ν = 1/2 Laughlin state. When both m± < 0, we find
the superfluid with C = −1. When the masses are of opposite
sign, the partial Chern numbers from the two Dirac fermions
cancel out and we obtain the trivial Mott insulator with C = 0.

Transitions between the Mott insulator and superfluid and
between the Mott insulator and the bosonic Laughlin state can
be accessed by tuning m− through zero at m+ < 0 and m+ >

0, respectively. When m+ < 0, integrating out ψ2+ and setting
m− = 0 gives

L = 1

8π
ada + ψ̄2−i /Dψ2− − 1

4π
Ada − 1

8π
AdA, (6)

a single two-component Dirac fermion coupled to a U(1)
Chern-Simons gauge field at level 1/2, which is conjectured
[43,47–49,51,52] to be dual in the infrared to the (2+1)D
Wilson-Fisher fixed point of a single complex scalar φ,

Ldual = |(∂μ − iAμ)φ|2 − λ|φ|4. (7)

We thus recover the known fact that the boson superfluid-
Mott insulator transition is in the 3D XY universality class

(in the presence of particle-hole symmetry, which is assumed
here due to the relativistic Dirac dispersions). Furthermore,
a fermion mass term for ψ2− maps to a mass term for the
scalar of the same sign,1 such that m− > 0 corresponds to the
disordered (Mott insulating) phase of the scalar and m− < 0
to its broken symmetry (superfluid) phase. As is clear from
Eq. (7), the dual scalar field φ carries charge 1 under the
background gauge field Aμ and can thus be directly inter-
preted as the continuum limit of the boson operator b near
the superfluid-insulator transition.

When m+ > 0, integrating out ψ2+ and setting m− = 0
yields

L = 3

8π
ada + ψ̄2−i /Dψ2− + 1

4π
Ada + 1

8π
AdA, (8)

a Dirac fermion coupled to U(1)3/2 Chern-Simons theory,
which is dual to a single complex scalar coupled to U(1)−2

Chern-Simons theory,

Ldual = |(∂μ − iãμ)φ|2 − λ|φ|4 − 2

4π
ãdã + 1

2π
Adã. (9)

The derivation of this duality is reviewed in Appendix A. If
we add a positive mass term for the scalar (corresponding
to m− > 0 for the fermion), the scalar can be integrated out
and upon shifting ã → ã + 1

2 A we obtain U(1) Chern-Simons
terms of level −2 and 1/2 for the ã and A gauge fields, re-
spectively, in accordance with the ν = 1/2 bosonic Laughlin
state expected for m− > 0. Setting A = 0, approximate crit-
ical exponents for the Mott insulator-bosonic Laughlin state
transition can be obtained by studying Eq. (8) in the 1/Nf

expansion where Nf denotes the number of Dirac fermion
flavors [43,62], or by studying the dual theory (9) in a bosonic
1/Nb expansion [63].

Finally, exact microscopic symmetries may force m+ =
m− and protect a topological transition in which C changes
by 2 (e.g., inversion symmetry in the Haldane model [64]). In
this case a direct transition from the superfluid to the bosonic
Laughlin state is generically allowed, and the critical theory is
(5) with m+ = m− = 0. Critical exponents can be estimated
using the large-Nf expansion mentioned above [43,62].

C. Instantons, fermion zero modes, and superfluidity

So far, we have ignored the compactness of the emergent
U(1) gauge field aμ. In the superfluid phase, the low-energy
effective action does not feature a Chern-Simons term, thus
confinement effects due to the proliferation of monopole-
instantons [16–18] are expected to play a key role. In the
presence of fermions, such instantons can additionally lead to
symmetry-breaking effects [65]. In an instanton background
a(g)

μ of topological charge g, a (2+1)D Dirac fermion ψ of

1The reason the fermion and scalar masses are of the same sign
is that we are in fact using a time-reversed version of the duality in
Ref. [47].
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charge e and mass m possesses Euclidean ZMs given by [37]

ψ+
0 (r, θ, φ) =

√
2m

r
e−mrY1/2

1/2,0,0(θ, φ), (10)

ψ−
0 (r, θ, φ) =

√−2m

r
emrY1/2

−1/2,0,0(θ, φ), (11)

for eg = +1/2 and eg = −1/2, respectively, according to
the Dirac quantization condition. Here Y j±1/2

eg, j,mj
(θ, φ) are

monopole spinor harmonics with total angular momentum
j and its projection mj [66,67], and (r, θ, φ) are spherical
coordinates in 3D Euclidean space-time. In the semiclassical
instanton gas approximation, those fermion ZMs induce an ef-
fective four-fermion interaction, known as the ’t Hooft vertex
[38–40]:

e−2π iσ e−iϑψ
ᵀ
1+γψ2+ψ

ᵀ
1−γψ2− + H.c., (12)

where ψ1± are the slow fields in the low-energy expansion
f1(r) ≈∑k=± eiKk ·rψ1k (r), σ is the dual photon, ϑ is a topo-
logical angle analogous to the theta angle of 4D Yang-Mills
theory, and γ is a certain 2 × 2 matrix in spinor space [37].
The operator M(x) = e2π iσ (x) is a monopole operator that
inserts 2π flux at a given point x in space-time.

The importance of this term is that it properly accounts for
the unique U(1) global symmetry of the microscopic boson
system. Absent instanton effects, the Lagrangian (5) has a
spurious U(1) × U(1)top symmetry, where the first factor cor-
responds to the conservation of ψ2+ particle number, and the
second factor represents the conservation of the topological
current jμtop = 1

2π
εμνλ∂νaλ = 1

(2π )2 ∂
μσ . The ’t Hooft vertex

(12) intertwines these two symmetries, reducing them to the
diagonal U(1) subgroup under which a phase rotation of ψ2±
is compensated by a shift of σ . Assuming instanton prolifer-
ation in the confined phase, σ acquires an expectation value,
which breaks this U(1) symmetry spontaneously and results
in a superfluid phase.

III. ISING SPINS

We now turn to our main focus, a system of quantum Ising
spins τ z(r) = ±1 living on the sites r of a 2D lattice. We
assume the Hamiltonian of the system is invariant under the
global Z2 symmetry τ z(r) → −τ z(r), for all r. We wish to
describe ordered and disordered phases of this quantum spin
system, as well as transitions between them, using a parton
construction.

A. Parton construction

In analogy with (1), we introduce the parton decomposition

τ z(r) = iN/2χ1(r)χ2(r) · · · χN (r), (13)

where N is even and χα (r), α = 1, . . . , N are Hermitian
(Majorana) fermion operators obeying the SO(N ) Clifford al-
gebra {χα (r), χβ (r′)} = 2δαβδrr′ . One easily checks that (13)
implies the expected properties τ z(r) = τ z(r)†, τ z(r)2 = 1,
and that the τ z(r) commute on different sites. This parton
decomposition introduces a local SO(N ) gauge redundancy
χ (r) → R(r)χ (r) under which τ z(r) remains invariant, where
R(r) ∈ SO(N ) and we group the Majorana operators into
an SO(N ) vector χ = (χ1, . . . , χN )ᵀ. The charge under the

global Ising symmetry can be assigned to any odd number
of the N Majorana modes; we choose to assign the global
Z2 charge to χ1, i.e., χ transforms as χ (r) → W χ (r) where
W = diag(−1, 1, . . . , 1). This action of the global symmetry
does not commute with SO(N ) gauge transformations in the
parton Hilbert space. Therefore, unlike for the U(1) boson
problem (Sec. II), we cannot couple the parton system to a
background Z2 gauge field while maintaining SO(N ) invari-
ance at the Lagrangian level. However, the global symmetry
action is well defined on gauge-invariant operators and gauge-
invariant states. To the difference of other Majorana-based
parton decompositions of spin operators [68], explicit ex-
pressions for the operators τ x(r) and τ y(r) in terms of the
Majorana fermions χα (r) are expected to be nonlocal and can-
not be easily written down. Nonetheless, in Appendix B, we
show that the strong-coupling limit of an SO(N ) lattice gauge
theory with Majorana matter naturally describes a quantum
Ising spin system, thus lending support to (13) as a valid
parton representation.

We consider an SO(N )-invariant parton mean-field ansatz
in which all N partons of the multiplet form a class-D topolog-
ical superconductor [69] with Chern number C. Considering
fluctuations above the mean-field ground state, the partons
couple to an emergent SO(N ) gauge field denoted by aμ.
Integrating out the partons, we obtain the effective Lagrangian

L = CSSO(N )C [a] + . . . , (14)

where CSSO(N )k [a] denotes a level-k non-Abelian SO(N )
Chern-Simons term for the gauge field a [70–72],

CSSO(N )k [a] = k

2 · 4π
tr

(
a ∧ da + 2

3
a ∧ a ∧ a

)
, (15)

with the trace in the vector representation of SO(N ). The dots
in (14) denote nontopological gauge invariant terms such as
the Yang-Mills action ∝tr( f ∧ ∗ f ), where f = da + a ∧ a is
the non-Abelian field-strength 2-form.

We now investigate the different phases of the original
spin system that can be reached by varying C. When C = 0,
the Chern-Simons term is absent and the Yang-Mills term
dominates the action. At least when regularized on a lattice, as
is the case here, pure SO(N ) gauge theory in 2 + 1 dimensions
and without a Chern-Simons term is believed to be confining
at zero temperature [73,74]. The confining theory is massive,
thus C = 0 corresponds to a gapped phase of the original Ising
spin system. When C = 1, the effective Lagrangian contains
an SO(N )1 Chern-Simons term,

L = CSSO(N )1 [a] + . . . (16)

This theory is also massive, but the Chern-Simons term leads
to deconfinement at zero temperature. Below the mass gap
and in the long-wavelength limit, the system is described by
a pure topological SO(N )1 theory. Similarly to U(1)1 Chern-
Simons theory, this is an invertible topological quantum field
theory with a unique ground state on all closed manifolds
[75]. Note that SO(N )k Chern-Simons theory is a consistent
theory of microscopic bosons, even if k is odd, provided that
only fermionic matter fields couple to the SO(N ) gauge field
[71]; both conditions are satisfied here. Thus for C = 1, the
original Ising spin system forms a gapped paramagnet without
topological order. For |C| > 1, one obtains a deconfined phase
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described by SO(N )C Chern-Simons theory. Such theories are
not invertible, and thus the Ising spin system is in a phase with
intrinsic topological order, i.e., a gapped spin liquid.

Another way to see that the C = 1 phase corresponds to
a gapped paramagnet without topological order is by looking
at the edge degrees of freedom. At the mean-field level, the
C = 1 phase features N free chiral Majorana modes on the
boundary, which is a noninteracting conformal field theory
(CFT) with chiral so(N )1 current algebra and chiral central
charge c− = N/2 [76]. However, when projecting to the phys-
ical Hilbert space the SO(N ) symmetry is gauged, which gives
a trivial coset CFT on the edge with vanishing chiral central
charge.

More generally, for C > 1, one obtains NC free chiral
Majorana modes on the boundary at the parton mean-field
level, corresponding to a chiral so(NC)1 current algebra (we
assume C is positive without loss of generality, as a sign
reversal of C simply corresponds to a reversal of chirality).
In Appendix C, we show that this current algebra obeys the
following conformal embedding:

so(N )C ⊗ so(C)N ⊆ so(NC)1. (17)

Gauging the SO(N ) symmetry leaves a chiral so(C)N current
algebra [77], with chiral central charge

c− = NC(C − 1)

2(N + C − 2)
. (18)

Thus the C > 1 phases are chiral topological phases with
protected edge modes described by the chiral so(C)N Wess-
Zumino-Witten (WZW) CFT. Since the microscopic system
consists of interacting Ising spins, these are chiral spin-liquid
phases with broken time-reversal symmetry but unbroken Z2

spin-flip symmetry. For C = 2, the edge theory is a so(2)N =
u(1)N CFT with c− = 1. This is consistent with the fact
that the bulk SO(N )2 Chern-Simons theory is equivalent to
SO(2)N = U(1)N by level-rank duality [78]. Thus the C = 2
phase is an Abelian topological phase, with the topological
order of a ν = 1/N bosonic fractional quantum Hall state
[59,79,80]. Such a chiral spin liquid has anyonic spinon ex-
citations with statistical angle θ = π/N . Likewise, for C > 2
but N = 2, the edge theory is a so(C)2 CFT which is equiv-
alent to su(C)1 [72], with chiral central charge c− = C − 1.
This can be understood intuitively since N = 2 corresponds
to two Majorana fermions, which is equivalent to a single
Dirac fermion. The mean-field state is a Chern insulator of this
Dirac fermion with Chern number C, and gauging the internal
SO(2) symmetry corresponds to gauging the U(1) symmetry
of the Dirac fermion. For N > 2 and C > 2, the bulk SO(N )C

Chern-Simons theory is level-rank dual to SO(C)N , consistent
with the so(C)N edge CFT. In the following, we will be inter-
ested exclusively in the case N > 2, for reasons to be clarified
shortly.

B. Phase transitions and SO(N) dualities

For simplicity, and to make an analogy with Sec. II B,
we focus on transitions between the three phases with C =
0, 1, and 2. At the mean-field level, those are topological
transitions that proceed by linear (Majorana) crossings of
the Bogoliubov-de Gennes bands of the topological super-

FIG. 2. Phase diagram for Ising spins as a function of the two
tuning parameters m+, m−. PM: trivial paramagnet; SSB: ordered
phase with Z2 spontaneous symmetry breaking; and CSL: chiral spin
liquid.

conductor. We consider a parton band structure such that a
low-lying band with Chern number one remains filled across
the transition, and there is a linear crossing at zero energy of
two other bands (for examples of multiband Majorana models
with topological transitions, see Refs. [81–83]). Since the total
Chern number must be integer, and a single massive two-
component Majorana fermion carries a partial Chern number
of 1

2 sgn m, the low-energy band structure in the vicinity of
the transitions can be described by two slow, two-component
Majorana fields ψ+, ψ− in the vector representation of SO(N )
with masses m+, m− respectively. In Appendix D, we give
an example of Majorana hopping model that produces such
a low-energy band structure with tunable masses m±. Consid-
ering gauge fluctuations, the theory interpolating between all
three phases is

L = CSSO(N )1 [a] + 1

4

∑
k=±

ψ
ᵀ
k C(i /D − mk )ψk, (19)

where /D = γ μ(∂μ − iaμ) is a gauge-covariant derivative
involving the internal SO(N ) gauge field aμ, C is a charge-
conjugation matrix, and the level-1 Chern-Simons term comes
from the response of the low-lying band. The phases described
in Sec. III A for C = 0, 1, and 2 are obtained when m+ and
m− are nonzero. When m± > 0, the two Majorana fermions
ψ± can be integrated out, yielding an SO(N )2 Chern-Simons
term. As seen above, this is a chiral spin liquid with the topo-
logical order of the ν = 1/N bosonic fractional quantum Hall
state. When both m± < 0, the Chern-Simons level vanishes
and one obtains a pure Yang-Mills theory which confines. As
we discuss below, this is a phase with magnetic long-range
order. Finally, when the masses are of opposite sign, one
has an SO(N )1 Chern-Simons term which corresponds to a
topologically trivial, gapped paramagnet. A schematic phase
diagram is given in Fig. 2.

The critical theories for the transitions in Fig. 2 can all be
written in the following general form:

LNf ,ν = CSSO(N )ν [a] + 1

4

Nf∑
j=1

ψ
ᵀ
j Ci /Dψ j, (20)
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where ν is the Chern-Simons level and Nf is the number of
Majorana fields that become massless at the transition. We
first consider transitions involving the chiral spin liquid. The
transition between the chiral spin liquid and the paramagnet
is tuned by m+ (m−) crossing zero at constant m− > 0 (m+ >

0); integrating out the massive fermion, we find Eq. (20) with
Nf = 1 and ν = 3/2. A direct transition from the chiral spin
liquid to the ordered phase is obtained by tuning the mass
of both fermions through zero, and is described by Eq. (20)
with Nf = 2 and ν = 1. Such a transition can be protected
by microscopic symmetries enforcing m+ = m−; for example,
this is achieved by requiring inversion symmetry in the honey-
comb lattice model presented in Appendix D. Assuming both
theories flow to a bona fide critical fixed point in the infrared,
they correspond to novel universality classes.

We next argue that the confining phase at m± < 0 (i.e.,
C = 0) has a spontaneously broken Z2 symmetry: that is, it
possesses Ising-type magnetic long-range order. The transi-
tion between the C = 1 (paramagnetic) and C = 0 phases is
obtained by tuning m+ (m−) through zero at constant m− < 0
(m+ < 0). It is thus described by L1,1/2 in Eq. (20), i.e., a
single flavor of Majorana fermions in the vector representation
coupled to an SO(N )1/2 theory. It was conjectured in Ref. [72]
that an SO(k)−M+ N f

2

theory coupled to Nf flavors of vector

Majorana fermions is dual to an SO(M )k theory coupled to Nf

flavors of real scalars φ in the vector representation with (φ2)2

interactions, i.e., an SO(M )k theory coupled to the bosonic
O(M ) vector model at its Wilson-Fisher fixed point. For Nf =
M = 1, this stipulates that an SO(k)−1/2 theory coupled to a
single Majorana fermion is dual to a single real scalar φ at its
Wilson-Fisher fixed point, since SO(1) on the scalar side is
trivial:

Majorana + SO(k)−1/2 ←→ real scalar, (21)

which can be viewed as a fermionization of the 3D Ising
transition. Note that this duality is conjectured to hold only for
k > 2, which corresponds in our case to N > 2, i.e., a mini-
mum of four partons in the decomposition (13). Equation (21)
can also be viewed as the Majorana counterpart of the U(1)
boson-fermion duality [43,47–49,51,52]

Dirac + U (1)−1/2 ←→ complex scalar, (22)

whose time-reversed version we have used in Eqs. (6) and
(7), or as the “inverse” of the Majorana bosonization duality
[71,72]

Majorana ←→ O(M ) scalar + SO(M )1, (23)

obtained by considering Nf = k = 1 (and M � 3). Setting
k = N and performing time reversal to reverse the sign of the
Chern-Simons level, Eq. (21) is precisely the critical theory
L1,1/2. Thus one obtains the dual critical theory

Ldual = 1

2
(∂μφ)2 − λ

4!
φ4. (24)

The dual Lagrangian (24) has a global Z2 symmetry φ → −φ

and two massive phases, the unbroken phase 〈φ〉 = 0 and the
phase 〈φ〉 �= 0 with spontaneously broken Z2 symmetry. This
transition can be tuned by adding a scalar mass term ∝φ2.
Since m− > 0 in the original theory corresponds to a trivial

paramagnet with no broken symmetries, this must correspond
to the unbroken phase in the dual theory, i.e., a positive scalar
mass term. Therefore m− < 0 must correspond to a negative
scalar mass term in the dual theory, i.e., the phase with spon-
taneously broken Z2 symmetry.

It remains to be shown that the Z2 symmetry under φ →
−φ of the dual theory (24) is nothing but the original global
Z2 symmetry of the spin system. As in Sec. II C, this is
properly achieved by the consideration of nonperturbative
instanton effects, to which we now turn.

IV. INSTANTONS, MAJORANA ZERO MODES,
AND ISING SYMMETRY

In this section, we wish to understand how the low-energy
SO(N ) gauge theory accounts for the broken Ising symmetry
in the phase with parton Chern number C = 0. In our de-
scription of the C = 1→C = 0 transition in Sec. III B, the
C = 0 Chern number of the occupied bands resulted from the
cancellation between a spectator C = 1 band and a nearly-
critical C =−1 band (fermions ψ± with masses m± < 0). To
understand the physics deep in the C = 0 phase, it is simpler
to work with a topologically equivalent theory, that is, a single
C =0 band producing two continuum Majorana fields �+ and
�− with opposite masses ±m (see again Appendix D for a
lattice representative) specified by the Euclidean Lagrangian

L = 1

4
�

ᵀ
+C(/∂ − i/a + m)�+ + 1

4
�

ᵀ
−C(/∂ − i/a − m)�−

+ 1

2g2
tr f 2, (25)

where we have explicitly included a Yang-Mills term, in the
absence of a net Chern-Simons level. As we discuss below,
the breaking of Ising symmetry ultimately results from Eu-
clidean ZMs supported by those massive Majorana fields in
the presence of instantons in the SO(N ) gauge field, which
have heretofore been ignored.

The rest of this section is structured as follows. We first
discuss the monopole operator of SO(N ) gauge theory in
(2+1)D, which is charged under a topological (magnetic)
ZM

2 symmetry and becomes a Z2 instanton in Euclidean
space-time (Sec. IV A). Together with the global Z2 symmetry
action W on the Majorana partons χ (recall Sec. III A), the
Lagrangian (25) has a spurious global Z2 × ZM

2 symmetry
absent instanton effects. We show that in the presence of
massive fermions coupled to the SO(N ) gauge field, these
instantons are dressed by Euclidean Majorana ZMs bound to
the instanton (Sec. IV B). We then show that semiclassical
resummation of the Z2 instanton gas produces an interaction
term among the fermionic partons, the ’t Hooft vertex, that
explicitly breaks this spurious Z2 × ZM

2 symmetry down to
its diagonal Z2 subgroup (Sec. IV C). This intertwinement
ensures that if the ZM

2 magnetic symmetry is spontaneously
broken, as is typical in a confined phase [41,42], the micro-
scopic Ising symmetry τ z → −τ z is broken also. The C =
0 confined phase is thus naturally identified as a broken-
symmetry phase, in agreement with the duality arguments of
Sec. III B.
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A. Z2 instantons in SO(N) gauge theory

In the absence of instantons, SO(N ) gauge theory in
(2+1)D with N >2 possesses a magnetic ZM

2 symmetry
[41,42,72,84–86], analogous to the topological U(1)top sym-
metry of U(1) gauge theory in (2+1)D. Unlike the latter, ZM

2
lacks a conserved current, being a discrete symmetry. The
similarity between the two is that both result in the existence
of disorder operators that create topological excitations, in this
case monopole instantons.

The operator charged under the ZM
2 symmetry is a lo-

cal monopole operator M(x), whose charge is defined by a
nontrivial second Stiefel-Whitney class w2 ∈ H2(�,Z2) on a
closed surface � surrounding the operator insertion [87]:∫

�

w2 ∈ Z2. (26)

A nontrivial second Stiefel-Whitney class is an obstruction
to lifting an SO(N ) bundle to its double cover, a Spin(N )
bundle. For � a sphere, the Z2 monopole charge corresponds
to the nontrivial homotopy group π1(SO(N ))∼=Z2, N > 2. It
measures the winding number of an SO(N ) gauge transfor-
mation that relates the gauge fields aI

μ and aII
μ on the overlap

of two coordinate charts I and II on �. As in the U(1) theory
[16–18], the Z2 monopoles are regarded here as instantons in
3D Euclidean space-time.

An explicit semiclassical representative [88] is obtained by
placing a Dirac monopole in a specific SO(2) subgroup of
SO(N ), so that one may use the Wu-Yang connection 1-form
[66]:

An = n

2
(1 − cos θ )tcdφ, n∈Z, (27)

where n is the Dirac monopole charge, φ is the azimuthal
coordinate on a sphere � surrounding the monopole, and
tc ∈so(N ) generates a subgroup SO(2)⊂SO(N ). By means of
gauge rotations, any tc ∈so(N ) can be rotated to a Cartan gen-
erator, which shall be taken as t(12), the generator of rotations
in the (χ1, χ2) plane of the Majorana vector (χ1, . . . , χN ).
Such a semiclassical characterization explicitly breaks the
SO(N ) gauge symmetry down to an [O(2)×O(N−2)]/Z2

subgroup, where quotienting by Z2 restricts the determinant
of the overall transformation to be positive. Note that a
suitable SO(N ) gauge transformation can invert the SO(2)
monopole charge n; thus an n=2=1+1 monopole is topo-
logically equivalent to an n=0=1+(−1) monopole, and the
unique Z2-nontrivial monopole is given by n=1 (or n=−1).
Although it does not preserve full SO(N ) gauge invariance,
this semiclassical description will allow us to perform an ex-
plicit instanton-gas calculation analogous to that in Ref. [37]
for U(1) gauge theory.

Incarnating the SO(N ) monopole as a Dirac monopole in
a specific SO(2) subgroup can be regarded as a partial gauge
choice. Formally notating this gauge condition as G(a)=0,
the Euclidean path integral for the theory can be expressed
using the Faddeev-Popov (FP) method as

Z =
∫

SO(N )
DR
∫

DaD�± �G[a]δ[G(a(R) )]e−S[a,�±], (28)

where a(R) is related to a by a gauge transformation R(x),
and we denote D�± ≡ D�+D�− for simplicity. The FP

determinant �G[a] and the delta functional δ[G(a(R) )] can be
written respectively as ghost and gauge-fixing terms in the
Lagrangian. The essential idea expressed by Eq. (28) is that
one can perform a path integral calculation in a fixed gauge
(gauge slice), and then integrate the result over its gauge orbit
(
∫

DR) to recover gauge invariance. This will allow us to use
a U(1) monopole operator that creates 2π flux in the SO(2)
subgroup, for which an explicit expression is known. In the
following, we will omit explicit integration over the gauge or-
bit but invoke heuristic arguments to (partially) restore SO(N )
gauge invariance at the end of the calculation, focusing on its
physical consequences.

As stated earlier, incarnating the SO(N ) monopole as a
Dirac monopole in an SO(2) subgroup only partially fixes the
gauge. The group S[O(2)×O(N −2)]≡ [O(2)×O(N −2)]/Z2

of global gauge rotations is a stabilizer for such a monopole
configuration. Naïvely, the existence of a nontrivial stabilizer
leads to ghost ZMs, which are ZMs in the FP determinant
�G[a]=|det δG/δω|, where ω∈so(N ) generates the rota-
tion R=exp(−ω), and G(a) is the aforementioned gauge
function partially determining the gauge. By employing the
background-field gauge method [39], we show in Appendix E
that such ZMs can be removed from the FP determinant at the
cost of introducing an overall factor of vol(SO(N )/S[O(2)×
O(N−2)])N in the N -instanton contribution to the partition
function. This is interpreted as the volume of the moduli space
of “gauge collective coordinates”—global gauge rotations that
act to move the Dirac monopole to distinct SO(2) subgroups
of SO(N ), thus yielding other viable instanton solutions [89].
Besides this, the ghost and gauge-fixing terms will simply
spectate in the instanton gas calculation to follow, and will
thus henceforth be suppressed to reduce clutter.

The coupling of fermions to finite-action fluctuations
(“gluons”) around the instanton solution An is ignored in the
semiclassical approximation [38–40]. In our choice of gauge,
the contribution to the path integral from Z2 instantons can be
separated and written as [37]

Z =
∫

Da e
− 1

2g2

∫
d3x tr f 2

∞∑
N=0

λN

N !

×
N∏
k=1

∫
d3zk

∑
nk=±1

M(12)
nk

(zk )
∫

D�±e−SF [Ank ,�±],

(29)

where M(12)
n is a monopole operator that creates a Dirac

monopole of charge n in the SO(2) subgroup generated by
t(12) ∈so(N ), and λ is the fugacity of an n = ±1 instanton.
In this fixed gauge, the monopole operator has an explicit
representation exp(inγ(12)) in terms of the dual photon γ(12)

[16–18,90]. Unlike in U(1) gauge theory, γ(12) is no longer
gauge invariant, as evident from the presence of the gauge-
dependent susbcript that selects an SO(2) subgroup in SO(N ).
The fermion action in the instanton background is

SF [An] = 1

4

∫
d3x[�ᵀ

+C(/∂ − i /An + m)�+

+ �
ᵀ
−C(/∂ − i /An − m)�−]. (30)
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The inclusion of charge n=±1 monopoles in Eq. (29)
deserves further explanation in light of the Z2 nature of the
topological charge of SO(N ) monopoles. A simple explana-
tion is that in our fixed choice of gauge, these two charges are
distinct configurations and must both be accounted for. Alter-
natively, one can resort to a stability argument. In one higher
space-time dimension (4D), Z2 monopoles feature as solitons
in the gauge theory. A monopole of topological charge 0
or 1 can be “dynamically” represented as Dirac monopoles
of charges {0,±2,±4, . . . } or {±1,±3, . . . } respectively, in
some SO(2)⊂SO(N ). A stability analysis [91,92] indicates
that the uniquely stable dynamical configurations in the two
topological classes are the charge 0 and ±1 Dirac monopoles.
This result can be used to determine the stable dynamical
configuration of multimonopole solutions. At distances large
compared to their separation, two monopoles with Dirac
charges +1 look like a single monopole of Dirac charge 2,
which is unstable to the charge 0 configuration. This implies
the instability of the 1 + 1 to the 1 − 1 configuration, which
proceeds by the emission of gluon radiation. While such a
stability analysis has been applied to monopoles as soliton
excitations in 4D, we expect that a similar result holds for
monopole instantons, with the charge 0 and ±1 configurations
being the most probable instanton events. Since the instanton
gas calculation is performed with the Dirac charge instead
of the topological Z2 charge, one must account for both ±1
charges in the instanton sum (29), as both are expected to
be equally probable. Finally, we find that inclusion of both
±1 charges is required to maintain reflection positivity of the
instanton-induced ’t Hooft vertex, as discussed in Sec. IV C.

B. Euclidean Majorana zero modes

A natural question to ask now is if there are (Euclidean)
Majorana ZMs, associated with zero-eigenvalue modes of the
Euclidean Dirac operators

D± ≡ /∂ − i /An ± m, (31)

appearing in the fermion action SF , for Dirac instantons of
charges n=±1. In the absence of a Callias index theorem
for Dirac instantons in Abelian SO(2) ∼= U (1) gauge theory
[93,94], we resort to an explicit solution of the Dirac equation.

As stated previously, we assume a gauge in which the in-
stanton incarnates as a Dirac monopole in the SO(2) subgroup
generated by

t(12) =
⎛
⎝ 0 −i 0

i 0 0
0 0 0

⎞
⎠ ∈ so(N ), (32)

where the upper-left block corresponds to the (12) subspace,
and 0 denotes a zero matrix of the appropriate size, involving
the remaining N−2 directions in color space. Writing An =
ant(12), and working in the Cartan (diagonal) basis of so(N ),
the Dirac operators can be written as

D± = U

⎛
⎝ /∂−i/an±m 0 0

0 /∂+i/an±m 0
0 0 (/∂±m)1

⎞
⎠U †,

(33)

where U is the unitary matrix that diagonalizes t(12). Borrow-
ing results from Ref. [37], in an n=1 instanton background,
(/∂−i/a++m) and (/∂+i/a+−m) have the respective normaliz-
able ZMs:

ψ+
0 =

√
2m

r
e−mrY0

1/2,0,0(θ, φ),

ψ−
0 =

√
2m

r
e−mrY0

−1/2,0,0(θ, φ), (34)

where Y j±1/2
n/2, j,mj

(θ, φ) are monopole spinor harmonics. The
rest of the operators on the diagonal of Eq. (33) do not have
any normalizable ZMs. Therefore the normalizable ZMs of
D± in an n=1 instanton background are, respectively,

u0 = U (ψ+
0 , 0, . . . , 0)ᵀ = ψ+

0√
2

(−i, 1, 0, . . . , 0)ᵀ,

v0 = eiαU (0, ψ−
0 , 0, . . . , 0)ᵀ = eiαψ−

0√
2

(i, 1, 0, . . . , 0)ᵀ.

(35)

Any phase multiplying a ZM still produces a normalized ZM,
and this apparent freedom has been encoded in an arbitrary
relative phase eiα .

Similarly, in an n=−1 instanton background, the operators
D± have the ZMs

ũ0 = U (0, ψ+
0 , 0, . . . , 0)ᵀ = ψ+

0√
2

(i, 1, 0, . . . , 0)ᵀ,

ṽ0 = e−iβU (ψ−
0 , 0, . . . , 0)ᵀ = e−iβψ−

0√
2

(−i, 1, 0, . . . , 0)ᵀ.

(36)

The Z2 topological equivalence of the n = ±1 field configu-
rations under the full SO(N ) gauge structure will be discussed
later, as well as constraints on the relative phases α and β.

C. ’t Hooft vertex and Ising symmetry

In this subsection, we show that the Euclidean Majorana
ZMs found in the previous subsection induce symmetry-
breaking interactions in the SO(N ) gauge theory. (As men-
tioned previously, Appendix E shows that FP ghosts do not
give rise to physical ZMs bound to instantons.) Specifically,
these ZMs imply that instanton events are correlated with
creation (or annihilation) of Majorana fermions. Resumming
the instanton gas results in a new fermion interaction, called
the ’t Hooft vertex, which reduces the symmetry of the initial
Lagrangian (25).

We now sketch a derivation of this ’t Hooft vertex; more
details regarding the structure of such a calculation can be
found in Ref. [37]. In the background of an n=1 instanton
fixed at location z+, the measure of the fermion part of the path
integral (29) can be defined by means of the mode expansions

�+(x) = u0(x − z+)η0 +
∑

i

′ui(x − z+)ηi,

�−(x) = v0(x − z+)χ0 +
∑

i

′vi(x − z+)χi, (37)

where ηi, χi are single-component Grassmann variables, u0

and v0 are the respective ZMs of D+ and D− in an n=1
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instanton background, and the primed sums denote non-ZM
contributions. The functions that form the non-ZM contri-
butions can be taken to be eigenfunctions of a self-adjoint
extension of the Hermitian operator D†

±D±, whose non-ZM
eigenfunctions occur in pairs that share the same eigenvalue
[65,95].

Defining the fermion functional measure as

D�± = D�+D�− = dη0dχ0

′∏
i

dηidχi, (38)

we observe that the mode expansions (37) diagonalize the
fermion action SF , but the ZMs do not appear in the diag-
onalized action, by virtue of being annihilated by the Dirac
operators D±. This causes the integral over the ZMs (η0, χ0)
to vanish, killing the path integral. As in Ref. [37], instantons
do not contribute to the partition function itself, but to corre-
lation functions that can “soak up” the ZMs, such as 〈�α

+�
β
−〉.

Such correlation functions generically violate the apparent
Z2×ZM

2 symmetry of the naive continuum Lagrangian (25).
To find the true effective theory, we add a weak symmetry-
breaking source to the action and re-evaluate the fermion part
of the path integral to linear order in the source J . Explicitly,
using the mode expansions (37),

ZF [A+, J] =
∫

D�±e−SF [A+]−∫ d3(x,y)�ᵀ
+ (x)J (x,y)�−(y),

=
∫

d3(x, y)uᵀ
0 (x−z+)J (x, y)v0(y−z+)K, (39)

where K denotes the path integral over non-ZMs, and
d3(x, y)=d3xd3y. Strictly, nonlocal expressions like the
source term require an insertion of Wilson lines to maintain
gauge invariance, but we do not write these explicitly, as the
final form of the ’t Hooft vertex will turn out to be local. This
is also consistent with our neglect of fermion-gluon interac-
tions at this stage.

Demanding an effective theory that reproduces this path
integral amounts to “integrating out” the instantons in the full
partition function (29). As an ansatz for the resulting partition
function, consider

I+[J] =
∫

D�±e−SF −∫ d3(x,y)�ᵀ
+ (x)J (x,y)�−(y)

×
∫

d3(x1, x2)ρ�
ᵀ
−(x2)ω2ω

ᵀ
1 �+(x1), (40)

where ρ and ω1,2 are fixed by requiring equality with
ZF [A+, J] in Eq. (39). Note that the action SF written with-
out source arguments is the free Majorana action. This
leads to

ρ = K, ω1 = 1
2C(/∂ + m)u0,

ω2 = 1
2C(/∂ − m)v0. (41)

The above calculations can be repeated for an n=−1 in-
stanton background using the mode expansions

�+(x) = ũ0(x − z−)η0 +
∑

i

′ũi(x − z−)ηi,

�−(x) = ṽ0(x − z−)χ0 +
∑

i

′ṽi(x − z−)χi, (42)

where ũ0 and ṽ0 are the respective ZMs of the Dirac operators
D± in an n=−1 background, discussed in Sec. IV B. The
fermion path integral ZF [A−, J] can be shown to be equal to

I−[J] =
∫

D�±e−SF −∫ d3(x,y)�ᵀ
+ (x)J (x,y)�−(y)

×
∫

d3(x1, x2)K�
ᵀ
−(x2)ω̃2ω̃

ᵀ
1 �+(x1), (43)

provided

ω̃1 = 1
2C(/∂ + m)ũ0, ω̃2 = 1

2C(/∂ − m)ṽ0. (44)

Substituting I±[J] instead of ZF [A±
μ, J] in the full partition

function (29) and resumming the instanton gas leads to an
instanton-induced action of the form

Sinst = −λK
∫

d3(x, y, z)

× {�ᵀ
−(x)

[
eiγ(12) (z)ω2(x−z)ωᵀ

1 (y−z)

+ e−iγ(12) (z)ω̃2(x−z)ω̃ᵀ
1 (y−z)

]
�+(y)}. (45)

As ω1,2, ω̃1,2 are proportional to the radial part (e−mr/r) of the
ZMs, the contribution to the x and y integrals are mainly from
small neighborhoods of x=z and y=z. A change of integra-
tion variables x→x+z and y→y+z, and subsequent Taylor
expansions of the fermion fields �−(x+z) and �+(y+z) to
leading (zeroth) order in x and y, yield a local action. Substi-
tuting the explicit forms of ω1,2 and ω̃1,2, this local action is

Sinst = λK

m

∫
d3z �

ᵀ
−(z)�(z)�+(z), (46)

where the instanton-induced ’t Hooft vertex is defined as

�(z) = 1

2
(−σz+iσy)

⎡
⎣eiγ(12) eiα

⎛
⎝ 1 −i 0

i 1 0
0 0 0

⎞
⎠

+e−iγ(12) e−iβ

⎛
⎝ 1 i 0

−i 1 0
0 0 0

⎞
⎠
⎤
⎦, (47)

where the z dependence comes through the dual photon
γ(12) = γ(12)(z).

We next address the issue of SO(N ) gauge invariance,
which the derived ’t Hooft vertex currently lacks. Indeed, its
matrix structure is invariant only under the [O(2)×O(N−
2)]/Z2 subgroup, and involves gauge-dependent variables
α, β, and γ(12). The key physical feature that full SO(N )
invariance brings, for N >2, is the gauge equivalence be-
tween instantons and anti-instantons in any SO(2) subgroup,
given the Z2 topological charge discussed in Sec. IV A. It
is expected this feature will be restored upon performing
the SO(N ) Haar integral in Eq. (28), but this is analytically
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intractable. A more physically transparent way is to impose
by hand the gauge equivalence between the ± monopole op-
erators

eiγ(12) ∼ e−iγ(12) , (48)

where the ∼ implies the two operators can be made equal
by an SO(N ) gauge rotation. Writing the SO(N )-invariant
monopole operator as

M = eiγ , (49)

the constraint (48) requires that γ ∈{0, π} mod 2π . Accord-
ingly, the continuous U(1) shift symmetry of the dual photon
reduces to a discrete ZM

2 magnetic symmetry, under which
the monopole operator is charged:

ZM
2 : γ �→ γ + π, M �→ −M. (50)

This is the behavior expected of monopole operators in 3D
SO(N >2) Yang-Mills theories, which are charged under ZM

2
[41,42,72,84–86].

The ’t Hooft vertex can be further simplified by imposing
reflection positivity of the Euclidean action as well as an an-
tiunitary time-reversal symmetry. First, reflection positivity2

sets α=β in Eq. (47), partially constraining the phases of the
ZM functions. This simplifies the vertex to

�(z) = M(z)(−σz+iσy)

⎛
⎝ cos α sin α 0

− sin α cos α 0
0 0 0

⎞
⎠. (51)

From this form of the vertex, it is clear that α is analogous
to the theta angle in compact U(1) gauge theory in 3D [37],
bar complications arising here from the lack of SO(N ) gauge
invariance. To fix the value of α, we demand that the ’t Hooft
vertex (51) satisfies the same discrete space-time symmetries
as the rest of the action obtained from the Lagrangian (25).
As can be checked explicitly, the corresponding Hamiltonian
possesses an antiunitary time-reversal symmetry T , which is
defined by

T �±T −1 = iσy�∓, T aiT −1 = ai. (52)

The nonstandard transformation of the vector potential ai

comes from the fact that the generators of so(N ) are pure
imaginary antisymmetric matrices [e.g., Eq. (32)] which pick
up an additional minus sign under complex conjugation. To
determine the action of T on M, we use a physical argument.
T can at most reverse the direction of SO(2) flux created
by the monopole operator; but monopoles and antimonopoles
are gauge equivalent. Thus we conclude that M transforms
trivially under T .

To study the effect of T on the ’t Hooft vertex, we first
rewrite it using the Majorana condition (D11) as

Linst = λK

2m
(�†

−σx��+ + �
†
+�†σx�−)

= λK

2m
(�†

−��+ + �
†
+�†�−). (53)

2In the Euclidean signature, reality of the Minkowski action re-
quires reflection-positivity of the Euclidean one. However, as the
instanton-induced term is free of time derivatives, it is also a term
in the effective Hamiltonian, which is required to be Hermitian, so it
suffices to check Hermiticity.

It is then readily observed that

T LinstT −1 = −λK

2m
(�†

+σy�
∗σy�− + �

†
−σy�

ᵀσy�+). (54)

Demanding T invariance then yields the condition

σy�
ᵀσy = �, (55)

which requires that the SO(N ) matrix in (51) be antisymmet-
ric. Thus we obtain

α ∈
{

π

2
,

3π

2

}
mod 2π, (56)

which can be interpreted as a Z2 theta angle. The two resulting
’t Hooft vertices only differ by an overall sign that can be
absorbed in the coupling constant. Choosing α=π/2, the
effective Lagrangian that accounts for instanton effects is

Leff = 1

4
�

ᵀ
+C(/∂ − i/a + m)�+ + 1

4
�

ᵀ
−C(/∂ − i/a − m)�−

+ iλK

m
M�

ᵀ
−(−σz+iσy)t(12)�+ + 1

2g2
tr f 2, (57)

where the coupling of fermions to a gluon field a has been
restored.

Clearly, Leff is still only gauge invariant under [O(2)×
O(N−2)]/Z2, the presence of t(12) indicating memory of the
specific SO(2) subgroup the instanton was placed in. Yet,
Leff encapsulates all the correct physical symmetries expected
of the gauge-invariant Lagrangian. Without instanton correc-
tions, the parton theory has the spurious global symmetry
Z2×ZM

2 , where Z2 is the microscopic parton representation
of the Ising symmetry, under which

�± → W �±, W = diag(−1, 1, . . . , 1)N×N , (58)

as per our choice of global charge assignment in Sec. III A,
and ZM

2 is the magnetic symmetry (50). This enlarged sym-
metry is absent in the physical spin model. The low-energy
effective theory (57) indicates that instantons have the effect
of explicitly breaking this spurious Z2×ZM

2 symmetry to the
diagonal subgroup, under which

�± → W �±, M → −M. (59)

Indeed, since W ᵀt(12)W =−t(12), the fermion bilinear in the
’t Hooft vertex acquires a minus sign under the action of the
first Z2 factor, which can be compensated by another minus
sign coming from the ZM

2 symmetry action on the monopole
operator M. This diagonal symmetry is finally understood
as the correct incarnation, in the low-energy parton theory,
of the microscopic Ising symmetry τ z → −τ z. Although it
is not presently clear whether nor how this may be derived
analytically, we speculate that full averaging over the SO(N )
gauge orbit (

∫
DR) in the partition function (28,29) produces
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a fully SO(N )-invariant ’t Hooft vertex of the form

Leff
?∼ Mεα1···αN �

α1− (−σz+iσy)�α2+ · · ·
× · · · �αN−1

− (−σz+iσy)�αN+ . (60)

Under the Z2 symmetry W , the fermionic “baryon” operator
is multiplied by a factor det W = −1 which is compensated
by the transformation of the monopole operator M under the
ZM

2 magnetic symmetry. Note that those transformation prop-
erties are now properly independent of the choice of global
charge assignment to the fermionic partons, since det W is
invariant under gauge-equivalent redefinitions W → RW Rᵀ

with R ∈ SO(N ).
In either its [O(2)×O(N−2)]/Z2 or SO(N ) invariant in-

carnations, the ’t Hooft vertex implies that a breakdown of
magnetic symmetry, which is typically associated with con-
finement [41,42], is concomitant with a breakdown of the
Ising symmetry implemented by W in the parton theory. We
thus conclude that the C = 0 phase, which is described by a
confining pure Yang-Mills theory at low energies, is indeed
a phase in which the microscopic Ising symmetry is sponta-
neously broken.

V. CONCLUSION

In summary, we have employed slave-particle methods
to discuss universal aspects of quantum phase transitions
between magnetically ordered, trivially paramagnetic, and
gapped topological phases of Ising spin systems. Our theory
can be viewed as a generalization of the work of Ref. [36]
from hardcore bosons with U(1) symmetry to Ising spins with
Z2 symmetry. Using a slave-particle decomposition of Ising
spins in terms of fermionic Majorana partons with SO(N )
gauge structure, we argued that placing the partons in topolog-
ically superconducting mean-field states with Chern number
C = 0, 1, 2 corresponds respectively to magnetically ordered,
trivially paramagnetic, and chiral spin liquid phases of the
constituent spins. Accounting for gauge fluctuations beyond
mean-field, the corresponding Chern-number changing tran-
sitions were described by theories of Majorana fields coupled
to SO(N ) gauge fields with a Chern-Simons term. Using re-
cently conjectured SO(N ) dualities with Majorana fermions,
the critical theory for the ordering transition from the trivial
paramagnet was found to be dual to the usual Wilson-Fisher
theory with a single scalar field, as expected for a standard
Ising transition. We found that a direct ordering transition
from the chiral spin liquid was also possible, and could be
protected by lattice symmetries such as inversion symmetry
on the honeycomb lattice.

Finally, we turned our attention to the ordered phase itself,
in order to identify the symmetry-breaking mechanism from
the point of view of the parton gauge theory. The latter was
characterized by a spurious apparent Z2 × ZM

2 symmetry,
with the first Z2 factor a global symmetry action on the Majo-
rana partons, and ZM

2 the magnetic symmetry associated with
SO(N ) monopole operators. We then showed that the resolu-
tion of this problem is to account for nonperturbative instanton
effects. First, the massive Majorana fields of the C = 0 phase
support Euclidean ZMs bound to instantons. Second, resum-
ming the instanton gas using semiclassical methods produces

an interaction vertex (’t Hooft vertex) involving Majorana
fields and monopole operators, that is only invariant under
the diagonal Z2 subgroup of Z2 × ZM

2 . Under the plausible
assumption of spontaneously broken ZM

2 magnetic symmetry
in the (confined) C = 0 phase, the ’t Hooft vertex naturally
led to simultaneous breaking of the global Ising symmetry
in the parton sector. Thus, as in our earlier work on U(1)
bosons [37], we found that nonperturbative instanton effects
are instrumental in accounting for spontaneous symmetry
breaking in the relevant parton gauge theory. The precise
pattern of symmetry breaking (e.g., ferromagnetism vs anti-
ferromagnetism) in the physical spin system depends on the
microscopic interpretation of the continuum Majorana spinors
�± in a specific lattice model.

We finally outline a few avenues for future research. First,
it would be interesting to perform tests of the fermionization
duality (21) using large-N methods, as done in Ref. [43]
for the fermionization (6) of the 3D XY transition, or in
Refs. [96,97] for non-Abelian dualities with unitary gauge
groups. In particular, the duality predicts that the scaling di-
mension of the Majorana mass operator [ψᵀCψ] = 3 − ν−1,
which is dual to the φ2 operator on the scalar side and related
to the correlation length exponent ν, should be independent
of the rank of the SO(N ) gauge group. It would be interesting
to test this prediction by performing computations in the ’t
Hooft limit with N → ∞ [98]. Second, while the transition
between magnetic order and trivial paramagnet is ultimately
a standard Ising transition, a direct transition between mag-
netic order and the ν = 1/N chiral spin liquid is described
by a theory of Nf = 2 massless Majorana fermions coupled
to an SO(N )1 Chern-Simons term. This presumably defines a
new universality class of Ising transitions in 2+1 dimensions,
and it would be interesting to compute critical exponents
using either large-Nf or large-N expansions. Third, to com-
plement the semiclassical instanton gas calculation we have
presented here, it would be interesting to study the scaling
dimensions of Z2 monopole operators in critical SO(N ) gauge
theories with Majorana matter, using the state-operator cor-
respondence of conformal field theory [90]. The latter has
been successfully used in U(1) gauge theories with mass-
less Dirac matter [11,22,90,99,100]. Finally, from a more
microscopic standpoint, it would be desirable to construct
variational many-body wave functions based on the parton
ansätze discussed here (i.e., N-flavor wave functions of Majo-
rana fermions projected to the SO(N ) gauge-invariant sector)
and use them to study frustrated lattice models of interacting
spins with Ising symmetry. Such models could include antifer-
romagnetic quantum Ising models defined on geometrically
frustrated lattices like the kagome lattice, or on nonfrustrated
lattices but with competing anisotropic interactions, as in the
Kitaev model on the honeycomb lattice.
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APPENDIX A: DUALITIES FOR BOSONS
WITH U(1) SYMMETRY

For the reader’s convenience, we provide here a derivation
of the dualities between the fermionic critical theories (6), (8)
and their respective bosonic duals (7), (9), respectively, based
on Ref. [48].

The starting point is the duality of relativistic flux attach-
ment, whereby coupling a level-1 Chern-Simons gauge field
to a relativistic complex scalar attaches one flux quantum to
the latter and turns it into a Dirac fermion [101]. This can be
expressed by the following equivalence between the partition
functions

Zψ [A]e
i
2 SCS[A] =

∫
Da Zφ[a]e−iSCS[a]+iSBF[a,A], (A1)

where we define the fermionic and bosonic partition functions

Zψ [A] =
∫

Dψ̄Dψ ei
∫

d3x ψ̄ i(/∂−i /A)ψ, (A2)

Zφ[A] =
∫

Dφ∗Dφ ei
∫

d3x(|(∂μ−iAμ )φ|2−λ|φ|4 ), (A3)

and the bosonic action is understood as being tuned to criti-
cality. We define the Chern-Simons and BF actions as

SCS[a] = 1

4π

∫
ada, (A4)

SBF[a, b] = SBF[b, a] = 1

2π

∫
adb. (A5)

Equation (A1) for A = 0 is simply the relativistic version of
the statement that attaching a flux quantum to a boson turns it
into a fermion. The BF term for nonzero A expresses the fact
that the conserved U(1) fermion current ψ̄γ μψ corresponds
to 1

2π
εμνλ∂νaλ in the bosonic theory [102]. To understand

the level 1/2 Chern-Simons term for A, consider a massive
deformation of the theory. If we add a mass term −r|φ|2
for the scalar with r > 0, the scalar is gapped and can be
integrated out. At low energies the factor Zφ[a] in Eq. (A1)
only contains irrelevant terms and reduces to a constant; inte-
grating out a then produces a Chern-Simons term of level 1
for A. The fermionic theory should also be gapped. Assuming
a fermionic mass term ∝ −rψ̄ψ , if r > 0 integrating out the
fermion produces a Chern-Simons term at level 1/2 for A;
an additional level-1/2 Chern-Simons term must be added
to the fermionic action for the two sides to match. For this
assignment to be consistent, the two sides should match also
when r < 0. In this case, on the fermionic side integrating out
the fermion cancels out the Chern-Simons term and the Hall
response vanishes. On the bosonic side, the scalar condenses
and a is Higgsed; the Chern-Simons term for a becomes
irrelevant and the Hall response also vanishes upon integration
over a.

We now turn to deriving the duality between (6) and (7).
The partition function Z[A] for the fermionic theory (6) is

given by

Z[A] =
∫

Da Zψ [a + A]e
i
2 SCS[a]− i

2 SBF[a,A]− i
2 SCS[A]. (A6)

Shifting a → a − A and using

SCS[a − A] = SCS[a] − SBF[a, A] + SCS[A], (A7)

SBF[a − A, A] = SBF[a, A] − 2SCS[A], (A8)

we obtain

Z[A] =
∫

Da Zψ [a]e
i
2 SCS[a]−iSBF[a,A]+iSCS[A]. (A9)

Apart from an additional Chern-Simons term, this can be
interpreted as applying the S operation of Witten’s SL(2,Z)
action on (2+1)D CFTs with a global U(1) symmetry [103] to
the left-hand side of the flux-attachment duality (A1). Using
(A1), Z[A] becomes

Z[A] =
∫

DaD ã Zφ[ã]e−iSCS[ã]+iSBF[ã,a]−iSBF[a,A]+iSCS[A]

=
∫

D ã Zφ[ã]e−iSCS[ã]+iSCS[A]
∫

Da e
i

2π

∫
ad (ã−A).

(A10)

Integrating over a enforces ã = A + dχ where χ is an arbi-
trary function. Exploiting the gauge invariance of the bosonic
partition function (A3) and the Chern-Simons action (A4),
we find simply Z[A] = Zφ[A], thus the gauged Wilson-Fisher
theory (7) is dual to the fermionic theory (6).

We now derive the duality between (8) and (9). The parti-
tion function corresponding to (8) is

Z[A] =
∫

Da Zψ [a + A]e
3i
2 SCS[a]+ i

2 SBF[a,A]+ i
2 SCS[A]. (A11)

Performing the shift a → a − A as before, we obtain

Z[A] =
∫

Da Zψ [a]e
3i
2 SCS[a]−iSBF[a,A]+iSCS[A]. (A12)

This can be interpreted as applying the combined ST oper-
ation of Witten’s SL(2,Z) action to (A1), whereby one first
shifts the Chern-Simons level of the background gauge field
by one before making it dynamical [103]. Using (A1) once
again, we have

Z[A] =
∫

DaD ã Zφ[ã]e−iSCS[ã]+iSCS[a]+iSBF[a,ã−A]+iSCS[A]

=
∫

D ã Zφ[ã]e−2iSCS[ã]+iSBF[ã,A], (A13)

performing the path integral over a. Thus a single Dirac
fermion coupled to U(1)3/2 Chern-Simons theory [Eq. (8)]
is dual to the gauged Wilson-Fisher fixed point coupled to
U(1)−2 Chern-Simons theory [Eq. (9)].

APPENDIX B: MAJORANA SO(N) LATTICE GAUGE
THEORY IN THE STRONG-COUPLING LIMIT

In this Appendix, we show that in the limit of strong gauge
coupling, a theory of N colors of Majorana fermions (N even)
coupled to an SO(N ) lattice gauge field naturally reduces to
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a theory of Ising spins corresponding to the gauge-invariant
Majorana baryons (13).

1. Euclidean versus Hamiltonian approach

First, we relate the Euclidean and Hamiltonian descrip-
tions of SO(N ) lattice gauge theory with Majorana fermions
in the vector representation, following the approach of
Refs. [104–106]. We begin with a Euclidean action in discrete
3D space-time,

S = Sχ + SU , (B1)

where

SU = −β

2

∑
�

trUUUU − βτ

2

∑
�τ

trUUUU + c.c., (B2)

is the gauge-field action, and

Sχ = it

4

∑
i,μ

χT
i hi,i+μ̂Ui,i+μ̂χi+μ̂ + tτ

4

∑
i

χT
i Ui,i+τ̂ χi+τ̂ ,

(B3)

is the gauged Majorana action. Here i, j denote space-time
lattice sites, μ̂ = (x̂, ŷ) denotes lattice vectors in the two
space directions, and τ̂ denotes the lattice vector in the
imaginary-time direction. We write χi = (χ1

i , . . . , χN
i ) for the

N-component vector of Majorana fields on site i, Ui j ∈ SO(N )
for the link variable on nearest-neighbor space-time link i j,
with Uji = U −1

i j , and � and �τ for spacelike and timelike
plaquettes, respectively. The real antisymmetric matrix h de-
scribes Majorana hopping in the absence of gauge fields [27],
but we have factored out the hopping strength t . We consider
space-time-anisotropic couplings in anticipation of taking the
τ -continuum limit to relate the discrete-time action formu-
lation to the Hamiltonian formulation [107]. For the same
reason, we take the lattice constant in the spatial direction to
be unity, and the lattice constant in the temporal direction to
be ε � 1. The action is invariant under local SO(N ) gauge
transformations,

χi → Riχi, Ui j → RiUi jR
−1
j , Ri ∈ SO(N ). (B4)

First, we use this gauge freedom to work in the temporal
gauge: Ui,i+τ̂ = 1 on all temporal links. The Majorana action
becomes

Sχ =
∑

τ

(
t

4

∑
r,μ

χT
r (τ )Ur,r+μ̂(τ )χr+μ̂(τ )

+ tτ
4

∑
r

χT
r (τ )χr (τ + ε) + c.c.

)

≈ ε
∑

τ

(
t

4ε

∑
r,μ

χT
r (τ )Ur,r+μ̂(τ )χr+μ̂(τ )

+ tτ
4

∑
r

χT
r (τ )∂τχr (τ ) + c.c.

)
, (B5)

to leading order in ε, ignoring additive constants. Here we
use i = (r, τ ) to denote the dependence on space r and time τ

coordinates separately.

The gauge-field action is more subtle. The contribution
from spatial plaquettes is obvious; we now focus on temporal
plaquettes. In the temporal gauge, we have

trUUUU |�τ
= trUr,r+μ̂(τ )Ur+μ̂,r (τ + ε)

= trU −1
r,r+μ̂(τ + ε)Ur,r+μ̂(τ ), (B6)

using the cyclic property of the trace. To work towards the
Hamiltonian formulation, we seek an operator Ô such that

〈Urr′ (τ + ε)|e−εÔ|Urr′ (τ )〉 = eβτ Retrg, (B7)

where g = U −1
rr′ (τ + ε)Urr′ (τ ) ∈ SO(N ), and the equality

holds in the limit ε � 1. We focus on a given spatial link
rr′. The state |Urr′ 〉 is an eigenstate of the matrix-valued link
operator Ûrr′ ,

Ûrr′ |Urr′ 〉 = Urr′ |Urr′ 〉. (B8)

We define an electric-field operator Ê a
rr′ that is (almost) a

canonical conjugate to Ûrr′ ,[
Ê a

rr′ , Ûrr′
] = −T aÛrr′ , (B9)

where a = 1, . . . , N (N − 1)/2 ranges over the generators T a

of SO(N ). [Note that on the right-hand side of Eq. (B9),
there is matrix multiplication between the c-number matrix T a

and the matrix-valued operator Ûrr′ , while for a given a, the
operator Ê a

rr′ is a scalar.] The electric-field operators satisfy
the so(N ) Lie algebra,[

Ê a
rr′ , Ê b

rr′
] = i f abcÊ c

rr′ , (B10)

where f abc are the so(N ) structure constants. Now consider
the operator

R̂rr′ (g) = e−iωaÊa
rr′ , (B11)

where the SO(N ) matrix is parametrized as g = e−iωaT a
. We

have the property

R̂rr′ (g)|Urr′ 〉 = |gUrr′ 〉. (B12)

Indeed, using Eq. (B9), we can show that R̂rr′ (g)|Urr′ 〉 is an
eigenstate of Ûrr′ with eigenvalue gUrr′ :

Ûrr′ (R̂rr′ (g)|Urr′ 〉) = (Ûrr′e−iωaÊa
rr′Û −1

rr′
)
Ûrr′ |Urr′ 〉

= e−iωaÛrr′ Ê a
rr′Û

−1
rr′ Urr′ |Urr′ 〉

= e−iωa (Ê a
rr′ +T a )Urr′ |Urr′ 〉

= e−iωaÊa
rr′ e−iωaT a

Urr′ |Urr′ 〉
= gUrr′ (R̂rr′ (g)|Urr′ 〉). (B13)

In the fourth line, we use the fact that [Ê a
rr′ , T a] = 0 because

T a is a c-number matrix while Ê a
rr′ is a scalar operator.

Using property (B12), we claim that Eq. (B7) is satisfied if

e−εÔ =
∫

dgeβτ RetrgR̂rr′ (g), (B14)
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where dg denotes the Haar measure on SO(N ). Indeed, we
then have

〈Urr′ (τ + ε)|e−εÔ|Urr′ (τ )〉

=
∫

dgeβτ Retrg〈Urr′ (τ + ε)|R̂rr′ (g)|Urr′ (τ )〉

=
∫

dgeβτ Retrg〈Urr′ (τ + ε)|gUrr′ (τ )〉

=
∫

dgeβτ RetrgδUrr′ (τ+ε),gUrr′ (τ )

= eβτ RetrUrr′ (τ+ε)U −1
rr′ (τ )

= eβτ RetrU −1
rr′ (τ+ε)Urr′ (τ ), (B15)

where in the last line, we have used the fact that Retrg =
Retrg†, and g−1 = g† for g ∈ SO(N ). Finally, we consider the
SO(N ) Haar integral in (B14). Since g = e−iωaT a

, we have
Retrg = 1

2 tr(g + g†) = tr cos ωaT a. The integral over g can be
converted to an integral over ω:

e−εÔ =
(∏

a

∫
dωa

)
J (ω)eβτ tr cos ωaT a

e−iωaÊa
rr′ , (B16)

where J is the Jacobian of the transformation. We further
write βτ = 1/(εJ ) with fixed J , and consider the limit ε � 1.
In that limit, we can use a saddle-point approximation: the
integral is dominated by Gaussian fluctuations around the
maximum of tr cos ωaT a, which is at ωa = 0. Using

tr cos ωaT a = tr

(
1 − 1

2
ωaωbT aT b + . . .

)

= N − 1

4
ωaωa + O(ω4), (B17)

assuming the SO(N ) generators are normalized as trT aT b =
1
2δab. We thus obtain

e−εÔ ∝ J (0)
∫

dω e− βτ
4 ωaωa

e−iωaÊa
rr′

∝ e−εJÊa
rr′ Ê

a
rr′ . (B18)

Taking the logarithm on both sides and ignoring an irrelevant
additive constant, we thus conclude that the desired operator
Ô is

Ô = J
∑
r,μ

Ê a
r,r+μ̂Ê a

r,r+μ̂, (B19)

where we have generalized Eq. (B14) to include a product
over all spatial links, since all spatial links decouple in the
sum over temporal plaquettes. Finally, writing β = εK with
fixed K , t = εκ with fixed κ , and normalizing the action such
that tτ = 1, we obtain

S ≈ ε
∑

τ

(
1

4

∑
r

χT
r ∂τχr + H

)

≈
∫

dτ

(
1

4

∑
r

χT
r ∂τχr + H

)
, (B20)

where the Hamiltonian is, now dropping hats on operators,

H = iκ

4

∑
r,μ

χT
r hr,r+μ̂Ur,r+μ̂χr+μ̂ + J

∑
r,μ

trE2
r,r+μ̂

+ K
∑
�

RetrUUUU, (B21)

where we have defined the matrix-valued electric-field op-
erator Er,r+μ̂ ≡ Ea

r,r+μ̂T a to arrive at a basis-independent
expression (and have absorbed a factor of 1

2 into J). Note that
the hopping matrix hrr′ = −hr′r = h∗

rr′ has no dependence on
color indices. To be more precise, we have χT

r hrr′Urr′χr′ ≡
χα

r hrr′U αβ

rr′ χ
β

r′ , where α, β = 1, . . . , N are the color indices.
We can check that the constraints of Fermi statistics and
Hermiticity of the Hamiltonian both separately imply that
U βα

r′r = U αβ

rr′ , i.e., that U T
r′r = Urr′ , which is satisfied for SO(N )

gauge fields since U T
r′r = U −1

r′r = Urr′ . Thus lattice Majorana
fermions can be consistently coupled to lattice SO(N ) gauge
fields.

2. Strong-coupling limit

In the τ -continuum limit, we saw that the relationship be-
tween the couplings in the space-time lattice action β, βτ and
those in the Hamiltonian J, K is β = εK and βτ = 1/(εJ ). We
now consider the “electric” limit in the Hamiltonian problem:
J → ∞ and K → 0. We see that in this limit, β, βτ → 0. Go-
ing back to the Euclidean lattice action, the plaquette term SU

disappears in this limit, and the physics is purely governed by
the gauged Majorana action: S(J → ∞, K → 0) ≈ Sχ , where

Sχ = it

4

∑
i,μ

χT
i hi,i+μ̂Ui,i+μ̂χi+μ̂ + 1

4

∑
i

χT
i Ui,i+τ̂ χi+τ̂ .

(B22)

In this limit, all links decouple, and the functional integral
over the gauge field reduces to a product of one-link Haar
integrals over SO(N ) [108,109]:

Z =
∫

DχDU e−S

=
∫

Dχ

(∏
i,μ

∫
dU e− it

4 χT
i hi,i+μ̂Uχi+μ̂

)

×
(∏

i

∫
dU e− 1

4 χT
i Uχi+τ̂

)
. (B23)

Consider first the spatial-link term. We perform a formal ex-
pansion in the hopping parameter:∫

dU e− it
4 χT

i hi,i+μ̂Uχi+μ̂ =
∞∑

n=0

1

n!

(
− it

4
hi,i+μ̂

)n

× χ
α1
i χ

β1
i+μ̂ · · · χαn

i χ
βn
i+μ̂

×
∫

dU U α1β1 · · ·U αnβn . (B24)

Polynomial integrals over compact Lie groups can in principle
be computed exactly in the framework of Weingarten calculus
[110]. Here we will not attempt to do this, but only use general

245107-14



CONTINUOUS TRANSITION BETWEEN ISING MAGNETIC … PHYSICAL REVIEW B 106, 245107 (2022)

properties of those integrals to illustrate the physics [111]. The
necessary results are given in Ref. [110] for the orthogonal
group O(N ). To compute integrals over SO(N ), we insert the
factor (1 + det U )/2 in the integrand:

∫
SO(N )

dU U α1β1 · · ·U αnβn

=
∫

O(N )
dU

(
1 + det U

2

)
U α1β1 · · ·U αnβn

= 1

2

∫
O(N )

dU U α1β1 · · ·U αnβn

+ 1

2
εγ1···γN

∫
O(N )

dU U 1,γ1 · · ·U N,γN

× U α1β1 · · ·U αnβn . (B25)

Consider the first term. For it to be nonzero, n must be
even: n = 2k, and the sets {α1, . . . , α2k} and {β1, . . . , β2k}
must each contain k pairs of identical entries [110]. Consider
such pairs αi = α j = α and βi = β j = β; the corresponding
Majorana term is (χα

i )2(χβ

i+μ̂)2 = const. Thus the first term
in Eq. (B25) can be ignored (the gauge-invariant Majorana
“mesons” are trivial). Turning to the second term, the pairing
rule first requires that the set {1, . . . , N, α1, . . . , αn} can be
grouped into pairs. The smallest n for which this occurs is n =
N , which implies that {α1, . . . , αN } = {1, . . . , N} in some or-
der. Likewise, the set {γ1, . . . , γN , β1, . . . , βn} must obey the
same pair constraint, which also implies that {β1, . . . , βN } =
{1, . . . , N} in some order since {γ1, . . . , γN } = {1, . . . , N} by
virtue of the epsilon tensor. However, since both {α1, . . . , αN }
and {β1, . . . , βN } must equal {1, . . . , N} in some order, then

χ
α1
i χ

β1
i+μ̂ · · · χαn

i χ
βn
i+μ̂ ∝ (χ1

i . . . χN
i

)(
χ1

i+μ̂ · · · χN
i+μ̂

)
× εα1···αN εβ1···βN , (B26)

since Majorana fields anticommute. Absorbing into a constant
B the following integral,

B ∝ εγ1···γN εα1···αN εβ1···βN

×
∫

O(N )
dU U 1,γ1 · · ·U N,γN U α1β1 · · ·U αN βN , (B27)

we obtain

∫
dU e− it

4 χT
i hi,i+μ̂Uχi+μ̂ = 1 + B(−t )N hN

i,i+μ̂

4N N!
τ z

i τ
z
i+μ̂ + . . .

≈ eJi,i+μ̂τ z
i τ z

i+μ̂+..., (B28)

where we have introduced the Ising baryon

τ z
i = iN/2χ1

i . . . χN
i , (B29)

with N even, and an effective nearest-neighbor exchange
Ji,i+μ̂ = B(−t )N hN

i,i+μ̂/(4N N!). Likewise for the temporal link

integral in Eq. (B23), the formal expansion gives:∫
dU e− 1

4 χT
i Uχi+τ̂ = 1 + BiN

4N N!
τ z

i τ
z
i+τ̂ + . . .

≈ eKτ z
i τ z

i+τ̂ +..., (B30)

where K = B(−1)N/2/(4N N!) is the nearest-neighbor cou-
pling in the temporal direction. One thus obtains an effective
space-time lattice Ising action,

Seff[τ
z] = −

∑
i,μ

Ji,i+μ̂τ z
i τ

z
i+μ̂ − K

∑
i

τ z
i τ

z
i+τ̂ + . . . , (B31)

which corresponds to an effective quantum Ising Hamiltonian
in the τ -continuum limit [107],

Heff[τ̂
z, τ̂ x] = −

∑
r,μ

J ′
r,r+μ̂τ̂ z

r τ̂
z
r+μ̂ − K ′∑

r

τ̂ x
r + . . . , (B32)

with a suitably defined exchange coupling J ′
r,r+μ̂ and trans-

verse field K ′, neglecting higher-order multi-spin interactions
that correspond to neglected higher-order baryon processes in
the strong-coupling (hopping) expansion. Thus it is clear that,
at least from a strong-coupling perspective, the SO(N ) Majo-
rana gauge theory that results from the parton decomposition
(13) is a theory of interacting Ising spins.

APPENDIX C: CONFORMAL EMBEDDINGS IN so(n)
WESS-ZUMINO-WITTEN MODELS

In this Appendix, we explain the meaning of the conformal
embedding [78]:

so(N )k ⊗ so(k)N ⊆ so(Nk)1, (C1)

which is a generalization of the embedding so(k)k ⊗ so(k)k ⊆
so(k2)1 used in Refs. [112,113].

1. Free chiral Majorana fields

The starting point is the 2D CFT of Nk free chiral Majorana
fermions χα (z), α = 1, . . . , Nk. The (holomorphic) energy-
momentum tensor for this free theory is [114]

T (z) = −1

2

∑
α

χα∂χα, (C2)

where ∂ ≡ ∂z. The chiral central charge c− for this theory is
1/2 per flavor of Majorana fermion, i.e., c− = Nk/2. This
theory is equivalent to the critical so(n) WZW model at level
1, with n = Nk. To establish this, we define the so(n) currents

ja(z) ≡ i

2
χT (z)T aχ (z), (C3)

where a = 1, . . . , n(n − 1)/2 ranges over the real antisym-
metric generators T a of the so(n) Lie algebra. These currents
satisfy a nontrivial algebra (current algebra) in the sense of
the operator product expansion (OPE). To compute the OPE
for free fields, we simply need to use Wick’s theorem. For now
we are only interested in the singular part of the OPE, which
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is given by the sum of all Wick contractions:

ja(z) jb(w) ∼ −1

4

∑
Wick

χα (z)T a
αβχβ (z)χγ (w)T b

γ δχδ (w)

∼ −1

4
T a

αβT b
γ δ[−〈χα (z)χγ (w)〉χβ (z)χδ (w)

− 〈χβ (z)χδ (w)〉χα (z)χγ (w)

+ 〈χβ (z)χγ (w)〉χα (z)χδ (w)

+ 〈χα (z)χδ (w)〉χβ (z)χγ (w)

− 〈χα (z)χγ (w)〉〈χβ (z)χδ (w)〉
+ 〈χα (z)χδ (w)〉〈χβ (z)χγ (w)〉]. (C4)

Next, we use the free Majorana Green’s function:

〈χα (z)χβ (w)〉 = δαβ

z − w
, (C5)

and, in the operator-valued terms, expand χα (z) = χα (w) +
(z − w)∂χα (w) + . . . Keeping only terms singular as z → w,
we obtain

ja(z) jb(w) ∼ −1

4

(
2

z − w
χT [T a, T b]χ

+ 2

(z − w)2
trT aT b

)
, (C6)

using χT T aT bχ = −χT T bT aχ , from the Grassmann anti-
commutation and the antisymmetry of the so(n) generators.
We assume the (anti-Hermitian) generators obey the following
properties:

[T a, T b] = f abcT c, trT aT b = −2δab, (C7)

where f abc are the structure constants of so(n). We then obtain

ja(z) jb(w) ∼ δab

(z − w)2
+ i f abc

z − w
jc(w), (C8)

which is the so(n)1 current algebra (Kac-Moody algebra)
[114]. The energy-momentum tensor can be expressed in
terms of these currents using the Sugawara construction:

Tso(n)1 (z) = 1

2(n − 1)

∑
a

: ja(z) ja(z) :, (C9)

where the colons denote normal ordering, i.e., the product
ja(z) jb(w) in the limit z → w (that is, the OPE) but with all
singular terms subtracted. To do this computation, we use the
identity in Eq. (15.204) of Ref. [114]:∑

αβ

(: (χαχβ )(χαχβ ) : − : (χαχβ )(χβχα ) :)

= 4(n − 1)
∑

α

χα∂χα. (C10)

We also choose a particular basis for the so(n) generators
[114],

T (r,s)
αβ = δr

αδs
β − δr

βδs
α, (C11)

which is properly normalized according to Eq. (C7). Here the
generators are labeled by the n(n − 1)/2 pairs (r, s) with 1 �

r < s � n. Using the identity∑
(r,s)

T (r,s)
αβ T (r,s)

γ δ = δαγ δβδ − δβγ δαδ, (C12)

and Eq. (C10), we easily find that the Sugawara energy-
momentum tensor (C9) reproduces Eq. (C2). The chiral
central charge can also be checked. The Sugawara energy-
momentum tensor of the gk WZW CFT has the general form
[114]

Tgk (z) = 1

2(k + g)

∑
a

: JaJa :, (C13)

where k is the Kac-Moody level and g is the dual Coxeter
number. The chiral central charge is then

c−[gk] = k dim g

k + g
, (C14)

where dim g = δaa, i.e., the number of generators of the Lie
algebra g. Here we have dim so(n) = n(n − 1)/2, and k = 1.
By comparing (C13) and (C9), we find g = n − 2, and thus

c−[so(n)1] = n(n − 1)/2

1 + n − 2
= n

2
, (C15)

as expected for n free Majorana fermions.

2. Conformal embedding

The conformal embedding (C1) arises from a natural em-
bedding of the Lie algebras so(N ) and so(k) into so(Nk). We
first represent the indices for so(Nk) matrices as a pair α =
(α, α̃) where α = 1, . . . , N and α̃ = 1, . . . , k. We construct
an embedding so(N ) → so(Nk) as

�a
αβ = (T a)αβδα̃β̃ , (C16)

i.e., �a = T a ⊗ 1k , where T a are so(N ) generators and 1k the
k × k identity matrix. Likewise, we construct an embedding
so(k) → so(Nk) as

�̃a
αβ = δαβ (T̃ a)α̃β̃ , (C17)

i.e., �̃a = 1N ⊗ T̃ a, where T̃ a are so(k) generators and 1N

the N × N identity matrix. We then define so(N ) and so(k)
currents, respectively, as

Ja(z) ≡ i

2
χT (z)�aχ (z), J̃a(z) ≡ i

2
χT (z)�̃aχ (z), (C18)

analogously to Eq. (C3). By computing the OPE, we now
show these satisfy the so(N )k and so(k)N current algebras,
respectively. Using the explicit forms

Ja(z) = i

2
χαα̃T a

αβχβα̃, J̃a(z) = i

2
χαα̃T̃ a

α̃β̃
χαβ̃ , (C19)

and following the same steps as in Eqs. (C4)–(C8), we find

Ja(z)Jb(w) ∼ kδab

(z − w)2
+ i f abc

z − w
Jc(w), (C20)

J̃a(z)J̃b(w) ∼ Nδab

(z − w)2
+ i f abc

z − w
J̃c(w), (C21)
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which are indeed the so(N )k and so(k)N current algebras,
respectively. By following similar steps and using the fact that
trT a = trT̃ a = 0, we can show that the mixed JaJ̃b OPE has
no singular terms. Thus the two current algebras decouple.

Finally, we show that the energy-momentum tensor (C9)
of the so(Nk)1 theory decomposes into the sum of the energy-
momentum tensors of the so(N )k and so(k)N theories:

Tso(Nk)1 (z) = Tso(N )k (z) + Tso(k)N (z). (C22)

To do this, we need the following formula [112,113]:

: (χαχβ )(χαχβ ) := χα∂χα + χβ∂χβ, α �= β, (C23)

without summation over α, β. We also use Eqs. (C11) for
T a, T̃ a and (C19) to write

J (r,s) = i
k∑

α̃=1

χrα̃χsα̃, J̃ (r̃,s̃) = i
N∑

α=1

χαr̃χαs̃, (C24)

with 1 � r < s � N and 1 � r̃ < s̃ � k. We have

∑
(r,s)

: J (r,s)J (r,s) : = −
∑
(r,s)

∑
α̃β̃

: (χrα̃χsα̃ )(χrβ̃χsβ̃ ) :

= −
∑
r<s

⎛
⎝∑

α̃

: (χrα̃χsα̃ )(χrα̃χsα̃ ) : +
∑
α̃ �=β̃

: χrα̃χsα̃χrβ̃χsβ̃ :

⎞
⎠

= −
∑
r<s

⎡
⎣∑

α̃

(χrα̃∂χrα̃ + χsα̃∂χsα̃ ) + 2
∑
α̃<β̃

χrα̃χsα̃χrβ̃χsβ̃

⎤
⎦

= −1

2

∑
α̃

[∑
rs

(χrα̃∂χrα̃ + χsα̃∂χsα̃ ) − 2
∑

r

χrα̃∂χrα̃

]
− 2

∑
r<s

∑
α̃<β̃

χrα̃χsα̃χrβ̃χsβ̃

= −(N − 1)
∑
rα̃

χrα̃∂χrα̃ − 2Oχχχχ , (C25)

where we define the four-fermion operator

Oχχχχ ≡
∑
r<s

∑
α̃<β̃

χrα̃χsα̃χrβ̃χsβ̃ . (C26)

Note that this operator does not need further normal ordering
since all fields in the product are different. Similarly, we find∑

(r̃,s̃)

: J (r̃,s̃)J (r̃,s̃) : = −(k − 1)
∑
αr̃

χαr̃∂χαr̃

− 2
∑
α<β

∑
r̃<s̃

χαr̃χαs̃χβ r̃χβ s̃. (C27)

By performing the changes of dummy summation variables
α, β → r, s and r̃, s̃ → α̃, β̃, we find:∑

(r̃,s̃)

: J (r̃,s̃)J (r̃,s̃) : = −(k − 1)
∑
rα̃

χrα̃∂χrα̃

− 2
∑
r<s

∑
α̃<β̃

χrα̃χrβ̃χsα̃χsβ̃

= −(k − 1)
∑
rα̃

χrα̃∂χrα̃

+ 2
∑
r<s

∑
α̃<β̃

χrα̃χsα̃χrβ̃χsβ̃

= −(k − 1)
∑
rα̃

χrα̃∂χrα̃ + 2Oχχχχ .

(C28)

Based on Eq. (C13) with g = n − 2 for g = so(n), we expect
the following Sugawara forms:

Tso(N )k (z) = 1

2(k + N − 2)

∑
(r,s)

: J (r,s)J (r,s) :, (C29)

Tso(k)N (z) = 1

2(N + k − 2)

∑
(r̃,s̃)

: J (r̃,s̃)J (r̃,s̃) : . (C30)

Using Eqs. (C25) and (C28), we thus find

Tso(N )k (z) + Tso(k)N (z) = −1

2

∑
rα̃

χrα̃∂χrα̃

= Tso(Nk)1 (z), (C31)

where we see that the four-fermion contributions ∝Oχχχχ

cancel. Note that the so(N )k and so(k)N theories are inter-
acting theories, since their energy-momentum tensors contain
four-fermion terms, but their sum is a free theory.

Using Eq. (C14), we can also check that the chiral central
charges add:

c−[so(N )k] = kN (N − 1)

2(k + N − 2)
,

c−[so(k)N ] = Nk(k − 1)

2(N + k − 2)
,

c−[so(N )k] + c−[so(k)N ] = 1

2
Nk = c−[so(Nk)1]. (C32)

Finally, Ref. [77] shows that a theory of N flavors of Majo-
rana fermions ψ i

a with an internally gauged SO(k) symmetry
(a = 1, . . . , N , i = 1, . . . , k, thus Nk Majorana fermions in
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total) is equivalent to the so(N )k WZW model. This is con-
sistent with projecting out the so(k)N sector in the conformal
embedding (C1). The su(n) analog [78,115] of this embed-
ding was used previously in a similar manner to understand
the edge physics of fractional quantum Hall states obtained
from a parton construction [53].

APPENDIX D: KITAEV-KEKULÉ MODEL

In this Appendix, we give an example of noninteracting
Majorana hopping model whose low-energy band structure
consists of two continuum Majorana fields �+, �− with tun-
able masses m+, m− [81–83]. We begin with nearest-neighbor
Majorana hopping on the honeycomb lattice, which produces
two massless Majorana fields at low energies [27]. We then
add two perturbations: a second-neighbor hopping term of
strength κ , which gives a Haldane-type mass [27,64] of the
same sign for both Majorana fields, and a Kekulé distortion
term [116,117] of strength λ, which gives masses of opposite
sign for the Majorana fields. By tuning both κ and λ, the
low-energy Majorana masses m± resulting from the combined
effect of both perturbations can be tuned independently.

The hopping model consists of two terms:

H = HKit + HKek, (D1)

where

HKit = i

4

∑
j,k

A jkc jck, (D2)

is the model specified by Eq. (48) of Ref. [27], with nearest-
neighbor hopping amplitude J and second-neighbor hopping
amplitude κ for Majorana fermions c j on the honeycomb
lattice. This model gives a topological superconductor with
Chern number equal to sgn κ . The second term is a spatially
nonuniform modulation of the nearest-neighbor hopping am-
plitude:

HKek = i

4

∑
j,k

t jkc jck, (D3)

where t jk specifies the Kekulé distortion pattern:

t jk =
{− t√

3
eiK+·δn eiG·r j + c.c., if rk =r j +δn,

0, otherwise.
(D4)

Here, δn are the three nearest-neighbor vectors on the hon-
eycomb lattice, K± = (±4π/3, 0) are the two gapless Dirac
points obtained in the limit κ = t =0, and G=K+−K− is the
momentum connecting the two Dirac points. The complex pa-
rameter t is such that |t | controls the strength of the distortion.
This distortion triples the size of the unit cell of the honey-
comb lattice, and thus folds the Brillouin zone three times.
The Dirac points are mapped to the � point of the reduced
Brillouin zone. Since there are six inequivalent sites in the
Kekulé-distorted lattice, there are six bands in the band struc-
ture. When κ and |t | are small compared to J , the low-energy
physics is dominated by two bands with avoided crossings
near the � point. The low-energy degrees of freedom are the
spinors

η±(k)≡(cA
K±+k cB

K±+k

)ᵀ
, η

†
±(k)=η

ᵀ
∓(−k), (D5)

where A and B superscripts indicate the two sublattices of the
honeycomb lattice, and the second equality above is a Majo-
rana condition. Linearizing the low-energy band structure near
the Dirac (�) point, we obtain [81]

H ≈ J
√

3

4

∫
d2k

(2π )2

[
η

†
+(k)

(
6κ/J −ky − ikx

−ky+ikx −6κ/J

)
η+(k)

+ η
†
−(k)

(
6κ/J −ky−ikx

−ky+ikx −6κ/J

)
η−(k)

+ η
†
+(k)

(
0 2it/J

−2it/J 0

)
η−(k)

+ η
†
−(k)

(
0 2it∗/J

−2it∗/J 0

)
η+(k)

]
. (D6)

The Kekulé distortion couples the gapless excitations from
the K± valleys. To diagonalize the Hamiltonian, we define the
new spinors

�+(k) ≡ 1√
2

(−iσzη+(k) + σyη−(k)),

�−(k) ≡ 1√
2

(σzη+(k) − iσyη−(k)),

�
†
±(k) = �

ᵀ
±(−k)σx. (D7)

In this model, the ± indices in �± are no longer valley indices.
Indeed, it is obvious from their definition that the �± fermions
mix the fermions η± from the valleys K±. Furthermore, we set
the Kekulé coupling t = iλ, where λ∈R, thus removing the
phase degree of freedom in the distortion. This diagonalizes
in flavor space the linearized Hamiltonian (D6), which is now
written as

H = J
√

3

4

∑
i=±

∫
d2k

(2π )2
�

†
i (k)(kyσx − kxσy + miσz )�i(k),

(D8)

where the low-energy Majorana masses

m± = 6κ ± λ

J
, (D9)

can be tuned independently by the lattice couplings κ and
λ. When m+ and m− are of the same sign (i.e., when κ

dominates), the system is a topological superconductor with
Chern number ±1; when m+ and m− are of opposite sign (i.e.,
when λ dominates), the system is a trivial superconductor. Us-
ing the Euclidean gamma matrix representation (γ0, γ1, γ2) =
(σz, σx, σy), and rescaling the couplings to set the Majorana
velocity to unity, we obtain the Euclidean Lagrangian in posi-
tion space,

L = 1

4

∑
i=±

�
ᵀ
i C(/∂ + mi )�i, (D10)

whose gauged version appears in Eq. (19). Here, C=−iγ2 is a
charge-conjugation matrix, and the fermionic fields �± obey
the Majorana condition

�̄± ≡ �
†
±γ0 = �

ᵀ
±C. (D11)

For general nonzero κ and λ, the masses (D9)
break the microscopic time-reversal (T ) and inversion (I)
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symmetries. These can be represented on the Majorana fields
η± in Eq. (D5) as

T η±(k)T −1 = −iσzKη∓(−k),

Iη±(k)I−1 = iσyη∓(−k), (D12)

where we denote complex conjugation by K . These nonstan-
dard transformations deserve further explanation. We recall
that the Kitaev honeycomb model (D2) is in fact a Z2 gauge
theory with static gauge fields ujk that modulate the nearest-
neighbor hopping amplitude J . The model (D2) is obtained
as the effective Hamiltonian in the ground-state (zero-flux)
sector in standard gauge u jk =1, for all j ∈A, k ∈B. The stan-
dard definitions of time-reversal (cA/B

j →KcA/B
j ) and inversion

(cA/B
j →cB/A

− j ) also flip the sign of u jk , and thus do not preserve
the standard gauge. However, the sign change of the latter
can be compensated by a Z2 gauge transformation on either
the j or k sites. The definitions (D12) denote such composite
transformations, and are thus projective representations of
time reversal and inversion on the Majorana partons. These
filter down to the modified spinors �±(k) in Eq. (D7) as

T �±(k)T −1 = iσyK�∓(−k),

I�±(k)I−1 = iσz�∓(−k). (D13)

Using these transformations on the Lagrangian (D10), one
observes that the Kekulé distortion λ provides a T -invariant
mass but breaks I, whereas the Haldane mass λ breaks T , but
preserves I. Imposing I, we obtain m+ = m− = 6κ/J , and
tuning κ through zero induces a direct continuous transition
between the chiral spin liquid and the Ising-ordered phase in
Fig. 2.

APPENDIX E: INSTANTON CALCULUS
IN THE BACKGROUND FIELD GAUGE

To perform the instanton gas calculation in this paper, we
use a representation of Z2 monopoles in SO(N ) gauge theory
as Dirac monopoles in an SO(2) subgroup. This representa-
tion breaks the SO(N ) invariance down to a S[O(2)×O(N−
2)]≡ [O(2)×O(N −2)]/Z2 subgroup. This is interpreted as
a partial choice of gauge, and naïvely leads to ZMs in the
Faddeev-Popov (FP) determinant. In this Appendix, we em-
ploy the background field gauge to show that such ZMs can
be removed [39,118–120], at the cost of introducing “gauge
collective coordinates,” which rotate the Dirac monopole be-
tween distinct SO(2) subgroups of SO(N ).

We shall begin by formulating and gauge-fixing the N -
instanton contribution to the partition function. Formally
decomposing the gauge field A into an instanton background
Ā and a fluctuation part a,

A = Ā + a, (E1)

the associated field strength decomposes to3

F = F̄ + dĀa + a ∧ a. (E2)

3Given a gauge group G and a linear representation ρ :G→Aut(V ),
the exterior derivative with respect to a g-valued connection A is dA =
d + dρ(A)∧, where dρ is the induced representation of g on V .

Defining a gauge-invariant inner product on the space of
so(N )-valued forms as

〈α, β〉 = 1

2g2

∫
tr(α ∧ ∗β ), (E3)

the Yang-Mills action can be decomposed as SYM = S̄YM +
Sa[Ā] where S̄YM = 〈F̄ , F̄ 〉 and

Sa[Ā] ≡ 〈dĀa, dĀa〉 + 2〈F̄ , a ∧ a〉 + O(a3). (E4)

Terms linear in a vanish as F̄ satisfies the equations of motion.
The fermion action can be similarly decomposed,

SF = 1
4�ᵀC/a� + 1

4�ᵀC(/∂ + /̄A + m)�. (E5)

A single fermion � is considered here, but the derivation is
straightforwardly generalized to the case of multiple fermion
flavors relevant for the main text.

The net action is invariant under the infinitesimal gauge
transformation

Ā + a → Ā + a + dĀω + [a, ω],

� → e−ω� = � − ω�. (E6)

The fermions will just spectate in the following discussion,
and so will not be discussed further. Since Ā is a classical
background field (not integrated over in the path integral), a
true gauge transformation must act only on the fluctuation a,
so that

δωa = dĀω + [a, ω], δωĀ = 0. (E7)

However, it is useful to define a “pseudo” gauge transforma-
tion

δpseudoĀ = dĀω, δpseudoa = [a, ω], (E8)

under which the action remains invariant. As far as the parent
theory with A= Ā+a is concerned, the pseudo and true gauge
transformations are identical. We shall shortly see that the
background field method is a clever choice of gauge that re-
tains invariance under the pseudo gauge transformations (E8)
while gauge-fixing the fluctuation part of the path integral

Z = e−S̄YM

∫
D�Da e−Sa[Ā]−SF [Ā,a]. (E9)

To gauge-fix this path integral, we select an so(N )-valued
gauge function G(a) and employ the FP method by inserting
into Z the identity in the form �−1

FP �FP, where the gauge-
invariant FP determinant is defined as the inverse of

�−1
FP =

∫
Dω δ[G(a + δωa)],

=
∫

DG δ[G(a + δωa)]

∣∣∣∣det
δG

δω

∣∣∣∣
−1

,

=
∣∣∣∣det

δG

δω

∣∣∣∣
−1

G=0

. (E10)

We will choose the background field gauge,

G(a) = D̄μaμ = ∂μaμ + [Āμ, aμ] = 0, (E11)

where D̄μ is the gauge covariant derivative with respect to the
instanton field Ā. The reason for this choice is that the gauge
function will eventually feature in a gauge-fixing term trG2
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in the Lagrangian, and it is easy to show that such a term is
invariant under the pseudo gauge transformation (E8), but not
under a true gauge transformation (E7) of the fluctuation field
a. In this manner, the gauge invariance of the parent theory
with A= Ā+a is retained.

The FP determinant is easily evaluated to be

det
δG

δω
= det0D̄μDμ, (E12)

where the subscript 0 indicates that the determinant is to be
evaluated in the space of so(N )-valued 0-forms ω(x), and the
(bar-less) covariant derivative Dμ is with respect to the total
field A= Ā+a, so that Dμω=∂μω+[Āμ+aμ, ω]. If Ā=0,
then this reduces to the familiar result for Lorenz gauge. A
good gauge function must satisfy G(a+δωa) �=G(a) for any
ω �=0, so that the gauge slice G(a)=0 contains only inequiv-
alent configurations of a. If there exists an ω that violates this
requirement, then this would result in a ZM contribution to
(E12); these can be interpreted as would-be FP ghost ZMs [see
Eq. (E22)]. To see this explicitly, note that the FP operator is

D̄μDμω = D̄2
μω + [D̄μaμ, ω] + [aμ, D̄μω],

= D̄2
μω + [G, ω] + [aμ, D̄μω]. (E13)

If D̄μω=0, then ω is a ZM of the FP operator evaluated on
the gauge slice G(a)=0 [see Eq. (E10)]. Noting that D̄μω=0
infinitesimally means e−ω(Ā + d )eω = Ā, we find that ZMs
exist if there is a nontrivial stabilizer (denoted H) of Ā in the
group of gauge transformations G.4 For instance, if Ā=0 then
the stabilizer consists of all global gauge transformations so
that H=SO(N ), the gauge group. Here, Ā is the instanton em-
bedded in an SO(2) subgroup, which has a stabilizer subgroup
of global rotations in S[O(2)×O(N−2)].

Due to the presence of ZMs in the FP determinant, one
must split the domain of the ω integral in Eq. (E10) into a
ZM space consisting of all ω∈ker0 D̄μ, and its orthogonal
complement ker0 D̄⊥

μ , where the subscript 0 indicates that the
domain of D̄μ is restricted to 0-forms. Such a grading can be
achieved by means of the inner product (E3) defined on this
space. Then any gauge transformation can be decomposed as

ω = φ + λ, φ∈ker0 D̄μ, λ∈ker0 D̄⊥
μ . (E14)

This also means that

�−1
FP =

∫
Dω δ[G(a + δωa)],

=
∫

ker0 D̄μ

Dφ

∫
ker0 D̄⊥

μ

Dλδ[G(a + δλa)],

= vol(H)|det′0 D̄μDμ|−1, (E15)

where the prime indicates that the determinant of D̄μDμ is
evaluated in the space ker0 D̄⊥

μ , with the ZMs removed. The

4If M is space-time and G=SO(N ) the gauge group, the group G :
M →G of gauge transformations acts as G :x �→exp(ω(x)).

gauge-fixed path integral is then

Z = e−S̄YM

vol(H)

∫
Da D�

∫
Dω

× δ[G(a + δωa)]|det′0 D̄μDμ|e−Sa[Ā]−SF [Ā,a],

=
(∫

Dω

)
e−S̄YM

vol(H)

∫
DaD�

× δ[G(a)]|det′0 D̄μDμ| e−Sa[Ā]−SF [Ā,a], (E16)

where the second line is obtained on a gauge transformation
by −ω, keeping all gauge invariant quantities fixed. The in-
tegral over ω is an infinite constant that can be dropped by
defining a suitable normalization.

The fluctuation integral is subject to the gauge condition
G(a)= D̄μaμ =0. Once again, the inner product (E3) can be
used to split the space of so(N )-valued 1-forms into ker1 D̄μ

and its orthogonal complement ker1 D̄⊥
μ , where the subscript

1 now indicates that the domain of D̄μ is the space of 1-forms.
Using the inner product (E3), it is readily seen (using integra-
tion by parts) that any nontrivial element of ker1 D̄⊥

μ is of the
form D̄μϕ for some 0-form ϕ∈ker0 D̄⊥

μ . Then,

aμ = αμ + D̄μϕ, αμ ∈ker1 D̄μ, ϕ∈ker0 D̄⊥
μ . (E17)

A change of variables from a to α and ϕ in the path integral
now has a nontrivial Jacobian, found by examining the metric
in this functional space,

‖aμ‖2 = 〈αμ + D̄μϕ, αμ + D̄μϕ〉

=
〈
(αμ ϕ)

(
1 0
0 −D̄2

μ

)(
αμ

ϕ

)〉
. (E18)

The Jacobian is thus [det′0(−D̄2
μ)]1/2, where the operator acts

on ϕ∈ker0 D̄⊥
μ , so there are no ZMs in this determinant. Since

−D̄2
μ is a positive-definite operator on ker0 D̄⊥

μ , its square root
is well defined, and an absolute value sign is redundant. The
path integral then simplifies to

Z = e−S̄YM

vol(H)

∫
ker1 D̄μ

Dα

∫
ker0 D̄⊥

μ

Dϕ δ
[
D̄2

μϕ
]√

det′0
(−D̄2

μ

)

× |det′0D̄μDμ|
∫

D�e−Sα+D̄μϕ [Ā]−SF [Ā,α+D̄μϕ],

= e−S̄YM

vol(H)

∫
ker1 D̄μ

Dα
[
det′0
(−D̄2

μ

)]−1/2|det′0D̄μDμ|

×
∫

D�e−Sα [Ā]−SF [Ā,α], (E19)

where the second line is obtained by using δ[D̄2
μϕ] =

[det0(−D̄2
μ)]−1δ[ϕ], and performing the ϕ integral.

The path integral (E19) has actually been derived for a
general background Ā. We will now specialize to the case
of instantons in SO(N ) gauge theory, and evaluate an N -
instanton contribution to the path integral, such as appears
in Eq. (29). Each instanton incarnates as a Dirac monopole
in some SO(2) subgroup, and the background Ā is a simple
sum of the single instanton 1-form (27) in the dilute gas
approximation. Within such an approximation, the stabilizer
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for such an instanton configuration on a space-time M is
simply HN , where the single instanton stabilizer is H :M →
(H =S[O(2)×O(N −2)]). Writing a general element of H as
exp[−φa(x)ha], where a∈{1, . . . , dim H},

vol(H) =
∫

ker0 D̄μ

Dφ(x) =
∫

H

dim H∏
a=1

dφa

√
volM

2g2

=
(

volM

2g2

)dim H/2

vol(H ). (E20)

The determinant [det′0(−D̄2
μ)]−1/2 appearing in the general

path integral (E19), deviates from [det′0(−∂2
μ)]−1/2 pertinent

to a trivial background Ā=0, only in small (disjoint) neigh-
borhoods of the N localized instantons. The N -instanton
correction to the trivial determinant can be defined via
[det′0(−D̄2

μ)]−1/2 ≡ [det′0(−∂2
μ)]−1/2KN [121]. Normalizing

the path integral against the trivial background Ā=0, the
N -instanton contribution to the partition function is

ZN
Z0

= vol(G/H )N
(

volM

2g2

)N dim(G/H )
2

e−S̄YM

∫
ker1 D̄μ

Dα

∫
ker0 D̄⊥

μ

× D (η̄, η)
∫

D�
KN

K e−Sα [Ā]−SF [Ā,α]−Sgh[Ā,α], (E21)

where the action for the FP ghost fields η, η̄ is

Sgh =
∫

dDxtrη̄ D̄μDμη, (E22)

and the normalization K is the transverse mode (α) and ghost
path integrals evaluated in the trivial background Ā=0.

As stated in the introduction to this Appendix, the coset
space G/H =SO(N )/S[O(2)×O(N −2)] has a collective co-
ordinate interpretation. It is the space of global rotations
that move an instanton between distinct SO(2) subgroups of
SO(N ). Furthermore, the fact that the α integral is restricted
to ker1 D̄μ means that such global rotations that change Ā
are excluded from that path integral. However, there are still
ZMs corresponding to other nongauge collective coordinates,
such as a translation of an instanton in space-time. For the
monopole instantons considered here, it is clear that there
are no other collective coordinates besides these. Explicitly
separating out the collective coordinates {zi} corresponding to
the locations of the instantons (for which the Jacobian is a
trivial constant that can be absorbed into K), the final result is

ZN
Z0

= vol(G/H )N
(

volM

2g2

)N dim(G/H )
2

× e−S̄YM

∫ ( N∏
i=1

dzi

)∫
ker1 D̄μ

D ′α

×
∫

ker0 D̄⊥
μ

D (η̄, η)
∫

D�
KN

K e−Sα [Ā]−SF [Ā,α]−Sgh[Ā,α],

(E23)

where the primed measure D ′α means that ZM solutions of α

are excluded from the domain of integration. More precisely,
if the Gaussian part of the fluctuation action is Sα =〈α,�α〉,
then ZMs of the operator � are to be discarded in a mode
expansion of α. Therefore the only ZMs still present in the
path integral are those of fermions bound to the instantons,
which have physical consequences for symmetry breaking.
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