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We consider magic-angle graphene in the doping regime around charge neutrality, and we study the connection
between a recently proposed intervalley coherent insulator at zero doping and the neighboring superconducting
domes. The magic-angle graphene continuum model has an emergent U(1) valley-charge conservation symmetry
and an emergent SU(2) symmetry corresponding to opposite spin rotations in the two valleys. The intervalley
coherent insulator spontaneously breaks both these emergent symmetries, and as a result has four Goldstone
modes that couple to doped charge carriers. We derive the effective interaction mediated by the Goldstone
modes, and we study its role in electron pair formation. The SU(2) Goldstone modes generate a ferromagnetic
interaction, which is attractive in spin-triplet pairing channels and repulsive in spin-singlet channels. From a
weak-coupling BCS calculation, we find the leading superconducting instability in the p-wave channel.
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I. INTRODUCTION

The experimental discovery of superconductivity in magic-
angle twisted bilayer graphene (MATBG) [1] has spurred a
tremendous interest in developing a theoretical understanding
of the underlying pairing mechanism [2-28]. At present, the
microscopic origin of superconductivity in MATBG is still
under debate. For example, it is not clear whether electron
pairing is the result of phonon exchange, or whether it is
driven by a more exotic mechanism coming from Coulomb
repulsion. It is also equally unclear whether the superconduct-
ing domes are in any way related to the correlated insulating
phases which are observed in transport experiments at certain
integer fillings [29-33] (signatures of these insulating phases
are also seen in spectroscopic measurements [34—39]). This
last question was addressed in more detail in two recent ex-
perimental works [40,41], where superconducting domes in
the doping regimes around two electrons or holes per moiré
unit cell (v = £2) were observed without any signature of a
correlated insulator.

In Refs. [31,40], superconducting domes were also ob-
served next to the charge neutrality point. In Ref. [40] it
was found that these domes appear only when the distance
between the MATBG device and the gates is large enough,
i.e., when screening by the metallic gates is sufficiently weak.
This observation suggests that Coulomb repulsion plays an
important role for the origin of superconductivity near charge
neutrality. Interestingly, in the same devices insulating behav-
ior is also observed at charge neutrality [31,40] (a charge gap
was also observed in the tunneling experiments of Ref. [38]).

In Ref. [42] it was proposed that the insulating behavior of
magic-angle graphene at charge neutrality is the result of an
intervalley coherent order that develops at zero temperature.
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This order implies that the electron system spontaneously
breaks several continuous symmetries, and therefore hosts
Goldstone modes. The intervalley coherent insulator was
dubbed the K-IVC (Kramers intervalley coherent) insula-
tor [42], because it is invariant under an emergent spinless
Kramers time-reversal symmetry.

In this work, we take the K-IVC insulator of Ref. [42] as
the starting point for a study of superconductivity in MATBG
near charge neutrality. In particular, we investigate the poten-
tial role of the Goldstone modes in the formation of Cooper
pairs. More concretely, we study how the attractive interaction
mediated by the exchange of the Goldstone modes, taken
together with the screened Coulomb interaction, can give rise
to the superconducting instabilities of the doped insulator
near charge neutrality. Importantly, we find that the density
of states of the doped K-IVC insulator is significantly smaller
than that of the “bare” (noninteracting) nearly flat bands of
MATBG at the magic-angle [43—45], which allows us to treat
the problem within a weak-coupling approach. We note that
the role of intervalley Goldstone modes for superconductivity
has also been discussed previously in Ref. [46], where the
authors considered a phenomenological intervalley coherent
insulator in MATBG.

Our main result is that the exchange of intervalley Gold-
stone modes generates an attractive interaction in spin-triplet
Cooper channels only. This can be understood as follows.
At low energies, magic-angle graphene has an emergent
valley U(l) symmetry, and to a very good approximation
also an additional emergent SU(2) symmetry that phys-
ically corresponds to opposite spin rotations in the two
valleys. Intervalley coherent states spontaneously break both
these emergent symmetries, and as a result have four lin-
early dispersing Goldstone modes. Three of these Goldstone
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modes—those corresponding to the broken generators of
SU(2)—generate an effective ferromagnetic interaction be-
tween doped electrons. This interaction is attractive in the
p-wave and repulsive in the s-wave pairing channels. The
Goldstone mode generated by U(1) symmetry breaking is
attractive in both s-wave and p-wave pairing channels. We find
that the overall interaction mediated by the exchange of all
four Goldstone modes pairs electrons in a spin-triplet p-wave
channel and is repulsive in spin-singlet channels.

We perform a weak-coupling BCS-type calculation and
find a superconducting instability in the p-wave channel. The
corresponding dimensionless pairing strength A grows as a
function of the screening length D, which is consistent with
the observations of Ref. [40]. However, the value A = 0.12
obtained at the experimentally relevant screening length D =
15 nm is too small to explain the observed superconducting
transition temperature 7. ~ 0.3 K [40]. We expect that our
naive BCS calculation underestimates 7.. More sophisticated
calculations that allow for a frequency-dependent pairing gap
can potentially produce higher critical temperatures. Our re-
sults do not incorporate the retardation effects that are crucial
to weaken strong Coulomb repulsion in conventional metals.
The absence of retardation poses a serious problem in the
study of superconductivity in low-density materials with a
small Fermi energy [47-49], and we therefore expect that
taking retardation into account will lead to significantly higher
values of T.

As found in Ref. [42], the intervalley coherent order at
charge neutrality gets destroyed when the MATBG is aligned
with the hexagonal boron-nitride substrate. The pairing in-
stabilities discussed in this work (which rely on Goldstone
modes resulting from intervalley coherent order) would then
disappear together with it. This could explain why no su-
perconductivity is seen in the substrate-aligned devices of
Refs. [32,33].

The remainder of the paper is organized as follows. In
Sec. II, we start by reviewing the essential properties of the
K-IVC insulator found in Ref. [42]. The properties of the
Goldstone modes of the K-IVC insulator are discussed in
Sec. III. In Sec. IV, we derive the coupling between elec-
trons in the conduction bands of the K-IVC state and these
Goldstone modes (for concreteness, we focus on electron dop-
ing). The effective interaction between the electrons mediated
by the exchange of Goldstone modes is derived in Sec. V.
In Sec. VI, the superconducting instabilities in the presence
of both the Coulomb interaction and the Goldstone mode-
mediated interaction are examined. We end with a discussion
and outlook in Sec. VII. In the Appendixes, we provide
additional details on how to calculate the Goldstone mode
propagator at charge neutrality, and on how to derive an effec-
tive low-energy theory for the doped electron system and the
Goldstone modes. We also give a more thorough discussion of
the analysis of the superconducting instabilities.

II. THE K-IVC INSULATOR AT CHARGE NEUTRALITY

Our starting point is the Kramers intervalley coher-
ent (K-IVC) insulator, which was found to describe the
ground state of magic-angle graphene at charge neutrality
in Ref. [42] (similar states were also discussed previously
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FIG. 1. Self-consistent mean-field band structure of the K-IVC
state at charge neutrality along two cuts through the mini-BZ, one
in the x-direction (left panel) and one in the y-direction (right panel).
The parameters that were used in the BM Hamiltonian are § = 1.09°,
w; = 110 meV, and wy/w; = 0.75, where wy (w)) is the sublattice
diagonal (off-diagonal) interlayer tunneling strength. For the inter-
action, a dual-gate screened Coulomb interaction with gate distance
D = 15 nm and dielectric constant € = 10 was used. For more de-
tails, see Ref. [42].

in Refs. [46,50]). Evidence for intervalley coherence in
MATBG at charge neutrality was also found in quantum
Monte Carlo [51]. We write the mean-field Hamiltonian of
the K-IVC insulator as follows:

H=Hy+Hy=7) clho®)+A®la, (1)
k

where the electron operators c] are defined in the band basis of
the Bistritzer-MacDonald (BM) model of MATBG [45]. We
consider a model that is obtained by projection into the eight
narrow bands of MATBG, such that each electron operator
carries a BM label a, together with valley and spin quantum
numbers t € {+, —} and s € {1, | }. For our numerical simu-
lations, we keep six bands per spin and valley, corresponding
to the two narrow bands and the first two remote bands above
and below charge neutrality. As these are only bands that
lie in the energy window [—100 meV, 100 meV] of the BM
Hamiltonian, and because the Coulomb interaction energy at
the moiré scale is ~60 meV, we expect that other BM bands at
higher energies will not be important for the strong interaction
physics in the flat bands. This assumption was verified at the
mean-field level in Ref. [42].

The term Hp in Eq. (1) represents the symmetric part of the
Hamiltonian, and H, is the order parameter contribution. The
order parameter introduces coherence between electrons from
different valleys, and is therefore off-diagonal in valley-space,
ie., T°A(k)t® = —A(k), where t° is the third Pauli matrix
acting on the valley indices. As a result, the order parameter
signals the spontaneous breaking of the valley U(1) symmetry
[denoted as Uy (1)] of the interacting BM model, which acts
as

UV(I) : ci,s.a,k - eirqbci,s,a.k' (2)
In Fig. 1, the mean-field band spectrum of the K-IVC insulator
obtained from self-consistent Hartree-Fock is shown along
two orthogonal cuts through the mini-Brillouin zone (mini-
BZ). Note that on top of the twofold spin degeneracy, the
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K-IVC band spectrum has additional degeneracies at time-
reversal invariant momenta. This is the result of a spinless
Kramers time-reversal symmetry 7, which acts as

it /2 .1

7.t
T Crsak € C_ts5a,-k

i —> —I, 3)
and satisfies 7> = —1.. The Kramers time-reversal symmetry
T' = 7K (where K denotes complex conjugation) is a com-
bination of the conventional spinless time-reversal 7 = t*K,
and a 7 /2 valley U(1) rotation.

Finally, let us comment on the spin properties of the K-
IVC state. Without loss of generality, we can take the K-IVC
insulator to be a spin-singlet [42], i.e. [A(K)](z.a.9).c".b.s) =
[A'(K)](z.a).(r.0)0s,¢- An important point is that the lead-
ing part of the interacting BM model has as an enhanced
SU,(2)xSU_(2) spin rotation symmetry, where SU;(2)
corresponds to spin rotations in valley t. This enhanced sym-
metry is broken down to the conventional SU(2) spin rotation
symmetry by an intervalley exchange coupling, which is of
the order ~0.1 meV. As is common in studies of MATBG,
we ignore this small intervalley exchange coupling. Because
the K-IVC order introduces coherence between electrons from
different valleys, it spontaneously breaks the subgroup of
SU,(2)xSU_(2) corresponding to opposite spin rotations in
the two valleys. In this work, we consider without loss of gen-
erality the spin-singlet K-IVC state, which has an unbroken
global spin rotation symmetry (corresponding to the same spin
rotation in the two valleys).

III. GOLDSTONE MODES OF THE K-IVC INSULATOR

The K-IVC insulator spontaneously breaks several con-
tinuous symmetries, such as the valley U(1) symmetry, and
an SU(2) symmetry corresponding to opposite spin rotations
in different valleys. The corresponding broken generators are
given by

%, T, i, TS, @)

where s’ are the Pauli matrices acting on spin indices. In
the absence of Lorentz symmetry, the number of Goldstone
modes associated with the spontaneously broken symmetries
can be smaller than the number of broken generators. In
Refs. [52-54], it was shown that in general, the number of
Goldstone modes is given by

1
ngs = nps — jrankp, (5)
where ngg is the number of broken symmetry generators. The

real, antisymmetric matrix p is defined using the local broken
charges ¢, (for translationally invariant systems) as

Puv = —i{lqu, gv]), (6)

where the expectation values are taken with respect to the
ground-state wave function. For the K-IVC insulator, we can
take

1
qu = ﬁ Z ZClLLq‘EZSMCk, (7)
q Kk

K(q) (meV/Ay)

FIG. 2. K(q) at charge neutrality; see Eq. (10).

with u =0, x,y,z and O =1. Using these expressions, we
find that [q¢, g,,] = 0, and

. 1 ok
(i, q;] = €ijk 557 ; ?ckﬂs Ck, 3

with i, j, k € {x,y, z}. The spin rotation symmetry of the K-
IVC state (recall that we consider a spin-singlet K-IVC state,
which is invariant under applying the same spin rotation in
both valleys) implies that ([g;, ;1) = 0. We thus arrive at the
conclusion that p = 0, which implies that the K-IVC insulator
has four Goldstone modes.

The Goldstone modes can be described using the following
effective Euclidean action:

1 [dwdq
2 2r)3
where ¢, (iw, q) are the Goldstone fields, summation over the
repeated index p is implicit, and

D™ (i, q) = x(iw)* — K(q). (10)

In Appendix A we calculate K(q) from the mean-field K-IVC
band structure. The result of this calculation is plotted in
Fig. 2 (for q < 27 /Ly, where Ly, ~ 13 nm is the moiré lattice
constant). From the long-wavelength part of K(q), we obtain
the stiffness of the K-IVC state p; as K(q) = p,q°> + O(q*).
Numerically, we find that p; &~ 4 meV, which agrees with
the value obtained in Ref. [28] via a different method. The
“compressibility” x, of the Goldstone modes is not important
for our analysis below. The low-energy action in Eq. (9) im-
plies that at long wavelengths, the Goldstone modes have a
linear dispersion. This is generally true when the number of
Goldstone modes is equal to the number of broken symmetry
generators, and results from the fact that p = 0 excludes terms
of the form ¢,,9; ¢, in the effective Goldstone action [54].

As a final comment, let us point out that the Uy (1) symme-
try is only an emergent symmetry, and is in fact weakly broken
in the narrow bands of a complete microscopic model of
MATBG. As a result, the Goldstone modes will acquire a tiny

Sg=— ¢ (iw, @)D (i, Q)¢ (—iw, —q), (9)
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FIG. 3. (a) K-IVC conduction bands at 6 = 1.09° with the Fermi
energy at v = 1/4 indicated by a gray dashed line. (b) Color plots of
the band energies of the two K-IVC conduction bands with a contour
corresponding to the two Fermi pockets around I' at v = 1/4.

mass. We will ignore this mass, however, as it is much smaller
than all the other energy scales in the problem. Similarly, the
intervalley exchange coupling will introduce a mass for the
three Goldstone modes ¢; of the order of 0.1 meV. We will
also ignore this mass, because it only significantly modifies
K(q) at very small q. These small momenta do not play an
important role anyway for our discussion below.

IV. DOPING THE K-IVC STATE AND
ELECTRON-GOLDSTONE MODE COUPLING

In this section, we consider what happens upon doping
away from the charge neutrality point. For concreteness, we
focus on electron doping and work at a fixed filling v =
1/4 (i.e., one electron for every four moiré unit cells). By
solving the Hartree-Fock self-consistency equations at v =
1/4, we find that the K-IVC bands do not change signifi-
cantly compared to those at charge neutrality. The additional
doped electrons simply occupy the lowest-energy states in the
conduction bands of the band structure at charge neutrality,
without any major changes to the dispersion or the energy
gap between valence and conduction bands. In Fig. 3, the
K-IVC conduction bands are shown, and the Fermi energy at
v = 1/4 is indicated by a gray dashed line. It lies approxi-
mately 3.2 meV above the conduction-band minimum. From
Fig. 3, we see that at v = 1/4 there are two Fermi surfaces
around the I point. The average Fermi velocity for electrons
at the outer (inner) Fermi surface is vp; ~ 5.5 meVxLy
(vr2 =~ 8 meVxLy). Throughout this work, we will use a
notation where subscript 1 (2) refers to the lower (upper)
K-IVC conduction band containing the outer (inner) Fermi
surface. In Fig. 4, we show the Fermi energy e and the
density of states at the Fermi energy N(0) as a function of
the filling v. We see that for v = 1/4, the density of states
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FIG. 4. Density of states at the Fermi energy N (0) and the Fermi
energy &p (relative to the band minimum) of the K-IVC conduction
bands as a function of the filling factor v.

is given by N(0) ~ 0.08 meV~! L;,z. Note that this value is
significantly smaller than the density of states in the BM bands
at the magic-angle, where the density of states is N(0)pm 2 1
meV~ L2

We now derive the coupling between the doped electrons
in the conduction bands and the K-IVC Goldstone modes.
Similarly to the calculation of K(q) in Appendix A, we start
from the Hamiltonian [55]

H{$,] = Hy + e "CH, e, (11)

where
0= / dr ¢, (O f Tt £y (12)

is the operator that generates spatially dependent valley U(1)
rotations and opposite spin rotations in the two valleys, with
¢, (r) being the corresponding Goldstone fields. The opera-
tors f, are the real-space fermion creation operators of the
MATBG continuum model [43—45] in the orbital basis. Going
to momentum space and transforming to the band basis of the
BM model, we can write O as

1

°=3a

D Panci g Aa®)Tis ek, (13)
k.q

where A is the area of the system and cjn,k create electrons in
the BM bands, with m = (1, s, a) a combined valley, spin, and
band index. The sum over Kk is restricted to the first mini-BZ,
while the sum over q runs over all BZs in the repeated zone
scheme. In Eq. (13), the form factors A4 (k) result from doing
the unitary transformation from the orbital basis to the BM
band basis, and they are defined as

[Aq(k)]mn = (vm,k+q|vn,k)v (14)

where |v, k) are the periodic part of the Bloch states of the
BM Hamiltonian. Note that since the BM bands have a well-
defined valley and spin quantum number, and do not depend
on the spin quantum number, we could put the matrices t<s*
outside of the form factor in Eq. (13).

Expanding H[¢] to first order in ¢, we find

Hl¢] = H —i[Q, Hal, 15)

where H = ) clt[ho(k) + A(k)]ck is the K-IVC mean-field
Hamiltonian. Written out explicitly, the first-order term takes
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the form
s i .
—i[0, Hal = W/ kijqsq,u Ch g [AK + QA(K)T?
— Aq(K)TZA(K)]s" k. (16)

We now perform a transformation to the eigenbasis of the

K-IVC Hamiltonian, where H = ), | Eo ;,S,klﬂa,s,k- The
electron operators w;,s,k, labeled by a K-IVC band index «o
and a spin index s, are related to the electron operators in the

BM basis as
Vi = D Haad,ch i a7

where [u, k], are the components of the K-IVC eigenstates
|ty x)- In the K-IVC eigenbasis, the first-order term in ¢ takes
the form

N 1 .
=10, Hal = = 37 3 as 06 D s Vs

k.q a.8,v
(18)
where the electron-boson coupling g, (K, q) is given by
i
8ap(K, Q) = 5 (o krqllA(K + QDA(K)T*
— T AqK)AK)Juk ). 19)

From A(k) = 1, we see that the coupling at zero momentum
transfer can be written as [55]

i
2
i .

= 5 (el T upac) X (Eoe = Egp). - (20)
where we have used that [A(K), t°] = [ho(K) + A(K), T°].
Written in this form, it is clear that the intraband scattering
processes vanish at zero momentum transfer. This important
property implies that, at small coupling, the Goldstone modes

are not Landau damped, and they also do not destroy the
Landau quasiparticles [55].

8ap(K, 0) = = (ug kI[AK), T]ug k)

V. GOLDSTONE-MEDIATED INTERACTION

The coupling to the Goldstone modes leads to an effective
attractive interaction between the electrons, similar to the
familiar attractive interaction in coupled electron-phonon sys-
tems. The interaction between electrons doped into the K-IVC

J

=Ll
8158525y = 2%
o oJ —_3y
sls’lsszs’z - 2s5152ss’zs

insulator generated by the exchange of Goldstone modes is
given by

1 G A v
Hg = 2A Z szﬂ/\a (q. k. k )Sslsll SSZ‘Y/Z

q.k kK’

T i
X waysl,k+qw)h52,k/,q¢a.s’2,k/ wﬂ,s'l,ka (21)

where the summation over repeated band indices «, 8, A, o,
spin indices sy, 5}, 52, 85, and p = 0, x, y, z is implicit. Note
that the sum over q in Eq. (21) runs over all mini-BZs in the
repeated zone scheme. The potential V%(q, k, k') is given by

Vaclf;})hg (q’ kv k,) = 8up (kv Q)D(O’ q)g)\a (klﬂ _Q), (22)
where D(0, q) = —K(q) ™' is the Goldstone mode propagator
defined in Eq. (10) evaluated at zero frequency, and g.g(k, q)
is the coupling function defined in Eq. (19).

Note that in the previous section, we have calculated K(q)
at charge neutrality, whereas in this section we are considering
the K-IVC at nonzero doping, i.e., away from charge neutral-
ity. The fact that the interaction mediated by the Goldstone
modes at charge neutrality and at finite doping has approx-
imately the same form, Eq. (21), is a nontrivial result. We
discuss it in detail in Appendix B, where we use the path-
integral formalism to integrate out the valence-band fermionic
degrees of freedom and derive the effective low-energy the-
ory that couples Goldstone modes and the conduction-band
electrons. After carefully summing up certain sets of dia-
grams, we end up with the conclusion that, to good accuracy,
the effective interaction between the electrons on the Fermi
surface mediated by Goldstone modes is given by the same
expression that one would obtain by integrating out Gold-
stone modes at charge neutrality, i.e., Eqgs. (21) and (22). We
emphasize that this interaction should not be viewed as some
low-energy starting point that needs to be further renormalized
by, e.g., particle-hole modes. Instead, it is an effective interac-
tion that already takes into account important renormalization
effects and will be used directly to calculate superconducting
instabilities. This is somewhat similar in spirit to the Eliash-
berg theory of superconductivity, where one self-consistently
solves for the electron Green’s function while taking electron-
phonon interaction as an input parameter (we, however, do not
study the frequency dependence of the gap function in this
paper, but we do a BCS-type analysis instead).

As a preparatory step for studying superconductivity, we
decompose the Goldstone mediated interaction in the different
Cooper channels. In particular, we use the following two Fierz
identities:

+ 15, ('8 (23)

/] + %(sysi)slsz (sisy)s’zx’] (24’)

(with implicit summation over the repeated indices i, j = x, y, z) to rewrite the effective interaction as

1 | | ‘
Ho= 72 ) Wipo @k, k/)[—i(xb;kﬂsywz,k/_q><wa,kfswﬂ,k> + 5(wikﬂ.”’%‘,k/_q><%k’S’Sy%”ﬂ~,k>}- (25)

q.kK

Note the minus sign in front of the spin-singlet part of the
interaction. This implies that the Goldstone-mediated interac-

(

tion in the spin-singlet channel is actually repulsive instead
of attractive. Physically, this can be understood from the fact
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that the combined exchange of the three Goldstone modes
corresponding to opposite spin rotations in the two valleys
generates an effective ferromagnetic interaction, which favors
pairing in a spin-triplet channel. This is completely anal-
ogous to how ferromagnetic fluctuations drive spin-triplet
superconductivity in He?® [56]. It is also similar to how antifer-
romagnetic fluctuations in doped Mott insulators favor pairing
in spin-singlet channels [57,58].

VI. SUPERCONDUCTING INSTABILITIES

We focus on zero-momentum, spin-triplet pairing of elec-
trons near the Fermi surfaces of the doped K-IVC state. The
part of the Goldstone-mediated interaction potential that we
are interested in is therefore given by

V(K k) = Z Wb K —k+ G, Kk, —K), (26)
G

where the sum over moiré reciprocal-lattice vectors G takes
into account the umklapp processes due to the superlattice
potential. In our numerical calculations, we restrict G to lie
within the first three shells of the mini-BZ. This part of the

J

. . . . st eyt .
interaction scatters a spin-triplet Cooper pair ¢, ,is"s’c’y , in

band « to a spin-triplet Cooper pair c; ﬁis«"sj cik’ P in band .
The factor of 2 in Eq. (26) comes from the fact that both the
valley-U(1) Goldstone mode and the SU(2) Goldstone modes
from opposite spin rotations in the two valleys contribute
equally to the triplet channel, as explained in the previous
section.

To obtain physically relevant results for the superconduct-
ing instabilities, it is important not to ignore the repulsive
Coulomb interaction. The metallic state at nonzero doping
will screen the Coulomb interaction. The part of the resulting
screened Coulomb potential which scatters zero momentum
Cooper pairs in the different K-IVC bands is given by

VK k) =) VoK —k+G.k —k), (27
G

where the screened Coulomb potential Va%;f:(q, k, K’) is dis-
cussed in more detail in Appendix C.

Because of the Kramers time-reversal symmetry of the K-
IVC state, the Goldstone-mediated and Coulomb interaction
potentials can be written as

VS k) = e (Z DO,k —k +G)|gap(k, k' — Kk + G)|2> e i0p ), (28)
G
. - Ve(K —k + G)) 2\
ve K. k) = ipo (K') el — R oy Fo K ”ﬂﬁ(k)’ 29
s k) =e ; k1) Hae®lyl e 29

where ¢/«*) and ¢~#®) are gauge-dependent phase factors
(see Appendix D). These phases are irrelevant for our analysis
of the superconducting instabilities, and we can simply omit
them for now, which makes the interaction potentials real-
valued. At the end of this section, we will reintroduce the
gauge-dependent phase factors. As explained in Appendix C,
the factor e(q)~! in Eq. (29) incorporates the screening of the
Coulomb interaction by the doped electrons.

Next, we define the total interaction potential in the Cooper
channel for electrons on the Fermi surface as

Vup(0',0) = Voylkra (), ke p(0)] + V5 Ko (), ke g ()],
(30)

where 6 and 6’ are polar angles in momentum space, and
kpo(6) is the (angle-dependent) Fermi momentum on the
Fermi surface of band «.

As discussed in the previous section, the Goldstone-
mediated interaction is repulsive in the spin-singlet channels.
Inclusion of the Coulomb interaction leads to an instability
in the d-wave pairing channel through the Kohn-Luttinger
mechanism [59,60]. However, this instability is subleading
and has nothing to do with the Goldstone modes, so we
will exclusively focus on spin-triplet channels from now on.
We will thus look for superconducting instabilities with gap
functions of the form

3 Al,k 0 .
Ag = ( 0 Az,k> ® isys, (31

(

where A, i is the gap function in the band labeled by «. Note
that we use a tilde to distinguish the superconducting gap from
the K-IVC order parameter.

To find superconducting instabilities, we can solve the lin-
earized gap equation [61]

do ~ -
Z/ gvaﬂ(e’,G)N,s(O)Aﬂ(é‘) =100, (32
B

where A > 0 and Ng(0) is the density of states per spin at
Fermi surface 8, given by

d6 ky.p(0)|0E4(k, 0)
Ng(0) = | == 2F
5 () f2n o ok

-1

(33)

k=krp(0)

Note that N;(0) + M>(0) = N(0)/2, since we previously
defined N(0) to contain a spin-degeneracy factor. See Ap-
pendix E for a review on the derivation of the linearized gap
equation.

To find the solutions to Eq. (32), we go to the angular
momentum basis and define

do’ do imf’ / —inf
Vap(m, n) = E ge Vap (67, 0)e . (34)

Because V,g(m, n) is real [recall that we ignore the gauge-
dependent phase factors in Eqgs. (29) and (28) for now], it
follows that V;ﬂ (m, n) = Vo,g(—m, —n). Also, because the K-
IVC state is invariant under the mirror symmetry (x,y) —
(x, —y), it follows that V,g(—0', —0) = V,4(6’, 6). This im-
plies that Vog(m, n) = Veg(—m, —n) = V;ﬂ (m, n), such that
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FIG. 5. Dimensionless pairing strength of the superconducting
p-wave channel as a function of the gate distance D.

the components V,g(m, n) are real. From the sixfold in-plane
rotation symmetry of the K-IVC state, it also follows that
Vap(m, n) = 0 if m # n mod 6. Because we are considering
spin-triplet pairing, only odd angular momenta contribute,
which means that we restrict m and n in V,g(m, n) to both
be odd.

For the numerical calculations, we further restrict our-
selves to angular harmonics ¢ with |n| < 6. This converts
the eigenvalue equation (32) to a set of decoupled finite-
dimensional matrix eigenvalue equations

> Vap(n+ 6N, n+6MNg(0)A; \, = =1, A%y, (35)
B.M

labeled by n € {£1, 3}. In Eq. (35), we have defined AZW =
Agnren and Ay, = [ 2 A, (0). Numerically, the sum-
mation over M is restricted by the requirement that |n +
6M| < 6 (the same holds for N, i.e., |n + 6N| < 6). Solutions
to the linearized gap equation with n = %1 correspond to pair-
ing in the degenerate p-wave channels, and n = 3 to pairing
in the f-wave channel.

The gap functions on the Fermi surfaces corresponding to
the different A, are given by the eigenvectors AZ’ N

ALO) =) Ap e TN, (36)
N

At this point, it is straightforward to reintroduce the gauge-
dependent phase factors ¢/%®). These phases do not change
the values of A,, but only modify the gap function to take the
form

As(0) = e @Y " Ay e TN, 37
N

Solving the linearized gap equation for spin-triplet pairing
numerically, we find that there is only a superconducting
instability in the p-wave channel. In Fig. 5, we plot the
numerically obtained value for A, as a function of gate

distance D. These results were obtained using N;(0) = 2.9 x
1072 meV~! L,? and N,(0) = 1.1 x 1072 meV~! L,>. We
see from Fig. 5 that the p-wave pairing strength increases as
a function of gate distance. In the experiments of Ref. [40],
the gate distance of the device displaying superconductivity
around charge neutrality was 15 nm, for which we find A ~
0.12. Using the standard BCS analysis (see Appendix E), one
obtains an estimate for the critical temperature given by

kgT, ~ ep x e /7, (38)

Using e = 3.2 meV and X = 0.12, we obtain T, ~ 8.94 x
10~ K. This value for 7, is much smaller than the experi-
mental value of 7, & 0.3 K [40]. Nevertheless, given that we
have taken the effect of the repulsive Coulomb interaction into
account in our calculation, the fact that there is a pairing in-
stability at the BCS level is a nontrivial result. We expect that
our estimate for 7 is too small, and that a more sophisticated
calculation (such as, for example, a renormalization-group
calculation where the net attractive interaction can grow under
scaling towards lower energies) will lead to a significantly
higher value for 7,.. Our naive BCS calculation already shows
that it is worthwhile to apply more advanced techniques to
the problem of electrons coupled to the collective modes of a
doped K-IVC insulator. In particular, we expect that allowing
for a general frequency dependence of the gap function should
significantly improve the stability of the superconductor.

VII. DISCUSSION

To summarize, we have studied the connection be-
tween the insulating state observed in MATBG at charge
neutrality [31,38,40] and the neighboring superconducting
domes [31,40]. Our starting point was to identify the insu-
lating state with the K-IVC insulator of Ref. [42], which
spontaneously breaks the valley-U(1) symmetry and the
SU(2) symmetry corresponding to opposite spin rotations in
the two valleys. We have coupled the charge carriers at fi-
nite doping (v ~ 0.25) to the four Goldstone modes of the
K-IVC state. The resulting effective interaction mediated by
the exchange of these Goldstone modes is attractive in the
spin-triplet channels, but repulsive in the singlet channels.
This gives rise to a general mechanism for obtaining spin-
triplet superconductivity from an intervalley coherent normal
state in MATBG. A naive BCS calculation that incorporates
both the effective interaction from Goldstone-mode exchange
and the repulsive Coulomb interaction shows that there is
indeed a pairing instability of the doped K-IVC state. We
find that the leading pairing instability occurs in the p-wave
channel.

There is room for improvement of the results presented
here. First, our starting point is a self-consistent Hartree-Fock
band spectrum, and therefore it ignores many-body correla-
tion effects. Second, our analysis of the interactions that lead
to the superconducting instability relies on an RPA approxi-
mation, and thus ignores the effects of quantum fluctuations.
Third, our numerics are done on a 24 x 24 momentum grid,
which introduces unknown finite-size errors. And finally, the
critical temperature obtained via the standard BCS formula
is smaller than the experimental value [31,40] by a factor of
~30 (due to the exponential sensitivity of 7. on A, this would
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correspond to a value for A that is less than two times larger
than that found here). However, we hope that the approach put
forward in this paper can be used as a starting point for future
theoretical analytical and numerical works. In particular, we
believe that a naive BCS analysis slightly underestimates A,
and more advanced approaches can potentially give higher
critical temperatures.

The present work opens up several other questions that
deserve further investigation. For example, it would be inter-
esting to understand whether the pairing mechanism discussed
in this work could also be operative near v = £2, where a
spin-polarized K-IVC state is realized [42].

The Hamiltonian of MATBG restricted to the nearly flat
bands has an approximate U(4) x U(4) symmetry [42,50],
which is responsible for the close competition between many
different symmetry-broken phases in self-consistent Hartree-
Fock studies [34,42,62-64]. Because of this approximate
symmetry, we expect the existence of many nearly soft
bosonic modes corresponding to fluctuations within the low-
energy U (4) x U(4) manifold. In principle, all these modes
can be important for superconductivity. One of these modes
even becomes massless at the continuous phase transition
between the K-IVC state and the valley-Hall state, which
occurs when the microscopic sublattice splitting induced by
the hexagonal boron nitride substrate is around 10 meV [42].
In Appendix F, we argue that non-Fermi-liquid physics is
expected at this critical point, but that deviations from Fermi
liquid theory will only manifest themselves on very long dis-
tance and timescales. An interesting topic for future work is
to further study the role of these nearly soft or critical bosonic
modes.
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APPENDIX A: CALCULATION OF K(q) AND pg AT
CHARGE NEUTRALITY

In this Appendix, we demonstrate how to calculate func-
tion K(q) and parameter p; introduced in Eq. (10) at charge

J

HIg = 33 Eurthl o + % 33 B @ (6, DV g Vi
k a

k.q ap

1

g 2o 2 P @@V g g BnBep . 4 @) + (1= 8,)Z05 (K, 4, 45" Vg

k.q.q «p

v

neutrality, i.e., at zero doping. We start by defining the oper-
ator that generates spatially dependent valley U(1) rotations
and opposite spin rotations in the two valleys:

| .
0= 3 / dr ¢, (v)f %" fr, (A1)

and we write it in the band basis of the BM model to obtain

1

0= W/, > PauChrqDa (KT 5"k, (A2)

k.q

where A is the area of the system and Aq(Kk) are the form
factors defined in Eq. (14). Next, we choose a particular
gauge for the K-IVC order parameter and define the following
Hamiltonian:

HIg] = Hy + e "CHpe®, (A3)
where, in accordance with the main text, Hy is the valley
symmetric part of the K-IVC Hamiltonian, and H, is the
K-IVC order parameter, Hx = ) cltA(k)ck.

Using the Hamiltonian in Eq. (A3), we obtain the free
energy F[¢] as
Zlp(r)] = e PFlem] — Tr(efﬁquﬁ(r)J)’ (A4)
where the trace is over fermionic degrees of freedom. We can
now do an expansion of the free energy in ¢ and write

1 N
FIpwI = Fo+ 5 / Pt GO wpy(®) +--- . (AS)

where K is a general differential operator. Going to momen-
tum space, we obtain

1
Flp@] =Fo+ 5 3 $u(@Ku@pu(—@) + - . (A6)
q

In our discussion in the main text, we are interested in the
function K,,,(q), which we can obtain as

82F[¢] 1 §%In Z[¢]
5030 (—)|,_ Rt (—a)|,_
(A7)
To obtain a more convenient formula for K,,(q) from
Eq. (A7), we first expand the Hamiltonian to second order in
¢, which gives

K;w (q) =

H[¢] = Hy + Hy — i[Q, Hal — 5[0, [Q. HAll + - . (A8)

Writing this in the K-IVC band basis, we obtain

(A9)

(A10)
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where
gup(K,q) = %(ua,qu[A(k + @QAK)T* — T Aq(K)AK)]ug k), (A1D)
1
Zupk,q.q) = _Z<ua,k+q+q’|(A(k +q+q)A(k+q)Aqg (k) + Ag(k + @Ak + q)Aq(k)
+ Aqk+q)AK +q)Ag (k) + Ag(k+ @) Ag(K)AK))|ug k), (A12)

and |u, k) are the eigenstates of the K-IVC Hamiltonian. For the derivation of K,,, (q), we do not need an explicit expression for
g{;j; (k, q, q'). As a next step, we write the partition function as a path integral,

Zlp] = f Dy Dyre™s, (A13)

where the imaginary-time action is given by

= Y Val)(—ion + Exo)Yak) + —= Z¢M<q>gaﬁ(k DV (k + q)s" P (k)

k=K, iw,

1 _
+ A Z G (@Pu (@ Wa(k + G+ ¢ )81w8apK, 4. q) + (1 — 8,0)8, 5 (K, 4, q)s"s" 1Y (k). (Al14)
9.9

The Feynman rules for the vertices in this action are

a,s, k+q
ol = igaﬁ (k’ q) [su]ss’ (AIS)
/67 (g/7 k
and
ql71/ a587k+q+q/
= _% [5Hl/gaﬁ(k7qa q/)(sss’ + ( (Sul,)gaﬁ(k q,q ) [S“ V}ss’] . (A16)

q, 1 /(7),8/, k

Using Eq. (A7), we find that K,,,,(q) is given by the sum of the following two diagrams:

NQ _ (A17)

b

where the first diagram represents the diamagnetic contribution to the stiffness, and the second diagram is the paramagnetic
contribution.
The diamagnetic contribution is evaluated to give

2 y
Kﬁ‘f(‘l) = S[I.UZ Z Zfa,kgaa(ka q,. —q), (A18)
k «

where fi x = f(Eq ) is the Fermi-Dirac distribution function, and the Kronecker-delta §,,, and the factor of 2 come from the
trace over spin indices.
The paramagnetic contribution equals

K (@) = 8 ZZ gi'; _f“ L gup(, F (A19)

where the factor 23, again comes from the trace over spin indices.
Both K1(q) and K}, (q) are easily evaluated numerically from the mean-field K-IVC band structure, and K,,,(q) is simply

given by K, (q) = K3\ (@) + Kin™ (@) = K(Q)3,00-
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From K (q), one obtains the K-IVC stiffness oy by fitting (at zero temperature) to the long-wavelength part of K(q) = p,q° +
O(q*). Note that the zeroth-order term in the long-wavelength expansion of K (q) has to vanish because ¢ is a Goldstone mode.
To see this explicitly, we write the diamagnetic contribution to K,,,(0) in the original BM band basis, where it is given by

tr([r [7%, A(k)]] (A20)

4/3A — ho(k) — A(k)>

1 . 1
- Z Z“(“ P BT Sy A(k))’ (A2

where the trace is over the valley and BM band indices. The trace over the spin index has already been performed. To obtain
the equality in the second line, we have used the identities tr([A, B]C) = —tr(B[A, C]) and [A, B~'] = —B~'[A, B]B~!, where
A, B, and C are arbitrary matrices (and B is invertible for the second identity). We have also used that [t?, hyp(k)] = 0. The
paramagnetic contribution to K, (0) takes the following form in the BM band basis:

1 , 1
i 4 2 E(lr A0 A ) a2

(27

By comparing Eq. (A21) to Eq. (A22), we see that the diamagnetic and paramagnetic contributions cancel exactly, such that
K(0) = 0 as required.

APPENDIX B: LOW-ENERGY EFFECTIVE THEORY AT NONZERO DOPING

At nonzero doping, we can write down an effective low-energy theory to describe the electrons at the Fermi surface and the
Goldstone modes. The total imaginary-time action of this effective theory, obtained by integrating out the electrons in the K-IVC
valence bands, is a sum of several terms:

S=8y +S8Sc+Sy—¢+Sy_g +Sy. (B1)

Below, we define and discuss each of these terms one by one.
The first term Sy, is given by

Sy = / o / Yo (i, K) (=i 4 Eq k) Ya(io, k) ®2)
2 k

and it describes the electrons in the K-IVC conduction bands, meaning that & > 0. Note that spin indices are always implicit,
and that we have introduced the notation fk = %. We will represent propagators of the conduction-band electrons diagram-
matically in the conventional way, i.e., by a solid straight line with an arrow.

The second term S¢ is the Coulomb interaction:

1
Sc = 3 / Ve(q)oq0—q- (B3)
q

where Ve (q) is the gate-screened Coulomb potential defined in Eq. (C2), and pq is the density of electrons in the conduction
bands as defined in Eq. (C3). Diagrammatically, we will represent the Coulomb interaction between the electrons in the K-IVC
conduction bands as

o, k+q

>< Mo VE (@) [F_a(K)],, (B4)

The third and fourth terms in Eq. (B1) describe the coupling between the electrons and the Goldstone boson fields ¢,,. In
particular, the third term is given by

Sy—¢ = /df/k 8ap (K, @), (T, @V (T, k + Q)s" Yp(z, K), (B5)
,q
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where the coupling g, (K, q) is defined in Eq. (19). As before, we represent the corresponding vertex diagrammatically as

a? 87 k + q
¢ H = iga[ﬁ (ka q) [Sﬂ}ss’ . (B6)
B,s', k
The fourth term Sy, _4> takes the form
1 / T / ~/ / =/ / v
Sy_g2 = 3 $u(@DPo (@ (k + g + g8,08opk, g, q') + (1 — 8,0)8, 5k, q, ¢)s"s" T (K), (B7)

k.q.q'

where k = (iw, k), ¢ = (iv, q), and ¢’ = (iV', ') are three-vectors containing both frequency and momentum components, and
/, = f ‘2’—;’ fk. The corresponding vertex is represented diagrammatically as

/

¢, v a8 k+q+q

= % [5/1#.&&[3 (ka q, q/)gss’ + (1 - 5/1,u)§(;5 (ka q, q/)[sﬂsy]ss/]- (BS)

q, B, 8/7 k

As before, only the coupling g, p Will play a role in our discussion. The coupling function g, sk, q. q') contains three different

contributions. The first “bare” contribution comes from the second-order term in the expansion of e iCH A eiQ, which, as discussed
in Appendix A, leads to the coupling g,z (k, q, q') defined in Eq. (A12). For future convenience, we point out that this coupling
satisfies

1
8ap(k,0,0) = ~1 (ua |7, [T%, AT |up k). (B9)

The other two “renormalization” contributions to g, sk, q. q') are the result of integrating out the valence electrons. The easiest
way to represent these is to write out the different contributions to the coupling g, 5(k, ¢, ¢') diagrammatically as follows:

Rt
><>< Lo
/\/\/\;\1\

where we have represented the propagator of the valence-band electrons by a dotted line with an arrow. The first diagram on
the right-hand side represents the “bare” coupling %gaﬁ(k, q, q') discussed above. The last two diagrams on the right-hand
side correspond to the “renormalization” contributions involving a virtual valence-band electron, with two vertices given by
8op (K, q). Translating these diagrams into equations, the coupling g, 4(k, ¢, ¢') is given by

<gw(k +4.9)8,8k,q) gy (k+q', q)g, sk, q’)>
- + — ,
i(w~+v) — Ej kiq i(@+V') = E) ktq

(B10)

Zap(k.q.q) = Bap(k.q.q) + Y (B11)

y<0

where the sum is over the K-IVC valence bands, labeled by negative integers.
The fourth term Sy in Eq. (B1) is the “bare” quadratic boson action obtained after integrating out the valence electrons and
expanding the free energy up to the second order in ¢:

1
Sp = 3 /%(Q)Ko(qwu(—qx (B12)
q
where Ky(q) is given by the diagram
Ko(q) = - - (B13)
/\,\/\/*"\/\,\,\ ’
which evaluates to
Ko(q) 22[ K ek a.—a) (B14)
0 = —2gaa >4, —q)-
a<0 (27-[)
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We would like to emphasize that the bare quantity Ky(q) at finite doping is very different from the quantity K(q) which we
calculated in Appendix A at charge neutrality. In particular, in general Ky(0) will not be equal to zero, such that the boson ¢
appears to be massive. To obtain a proper, massless Goldstone mode propagator, we need to “dress” it with the RPA self-energy,
which contains two terms. The first term originates from the ¢ coupling and is given by

SP(iw, q) = NQ% (B15)

The second contribution to the boson self-energy comes from the ¢ v coupling and is given by
3¢ (iw, q) = (B16)
Using the definition of the ¢>¥'v coupling in Eq. (B10), we can rewrite this as

[ N

Evaluating all diagrams we find that the boson self—energy is given by

Mg k+q — Nk
+ Eyk+q — Epk

dk
Solio, q) = Tglio, q) + Tglio, Q) = 22/ P i |8ap (K, q)|2+2Z/Wna,k§aa(k, q. —q).
a>0

(B18)

where the factors of 2 again come from spin degeneracy, and the indices o and $ in the first term run over both the K-IVC
valence and conduction bands, i.e., @ and 8 run over both positive and negative integers.
Including the self-energy, the “dressed” boson propagator equals

D (iw, q) = —Ko(q) — Zg(io, q). (B19)

We now claim that the properly “dressed” propagator does describe a massless boson, and therefore satisfies the following
equation:

Ko(0) + X6(0,0) = 0. (B20)
To show that this condition is indeed satisfied, we start with using Eq. (20) to write
n k — n k 1 . z
u@aﬁ(k, 0)* = —~ (1o k — 13 (e x| 7%, AT up ) (1t 1| T U i) - (B21)
Ea,k — E/g,k 4

Note that because of the trace over the spin indices in the bubble diagrams, the screening corrections are only nonzero if the
external boson line is labeled by u = 0. Summing over both « and 8 in Eq. (B21), we obtain for the screened coupling to the
= 0 boson,

o, 1 ) .
§ En—k 2’3 “1gap(k, 0)2 = Z[tf(Pl?[r“, AK)IPETY) — r(Pel, AKIRTY)]. (B22)
@B ok B.k

where P} = > o Mokt k) (Ho k| 1s the projector onto the occupied states in the K-IVC bands at momentum k, and P = > (1 —
Ny k) |Ua k) (e x| 1s the projector onto the unoccupied states at k. Using Af = 1 — P2, we find

aXﬁj Z‘;&| 2up (K, 0)2 = —tr(P.‘;[rZ, [, AK)]]) = — ;na,kgwm, 0.0), (B23)

where for the last equality we have used Eq. (B9). Combining Eqs. (B23), (B18), and (B14), one finds that Eq. (B20) indeed
holds, i.e., that Ky(0) + X5(0,0) = 0.

Since the bare boson propagator does not describe a massless Goldstone mode, it is crucial to always use the dressed
propagator Dg(iw, q) to investigate the effect of the Goldstone modes on the conductive electrons. For small enough doping, the
“dressed” propagator Dg(iw, q) will be very close to D(iw, q), the propagator of the Goldstone modes at charge neutrality.
This is because Dgl(ia), qQ) ~ xz(V)(iw)* — pr(v)q> changes continuously with doping and crosses over to D! (iw, q) &~
xs(iw)* — pyq® at v = 0. We have numerically verified that DEl(ia), q) at v = 1/4 is indeed close to D~ ! (iw, q). In the main

text, we therefore use D;l(ia), q) = D™ !(iw, q) for simplicity. The main motivation for this is that we found the propagator
obtained at charge neutrality to be less prone to numerical error.
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Using the propagator D(iw, q), the Goldstone mode-mediated interaction between the electrons is obtained from the following
tree-level diagram:

a,k+q Mk —q
= Vo liv, g,k K), (B24)
67 k g, k/
where
Va%,\g(iw, q. k K') = gop(k, Q)D(iw, q)g10 (K, —q). (B25)

Equations (21) and (22) in the main text are then obtained by considering the static limit of V¢, i.e., setting w = 0.

APPENDIX C: COULOMB INTERACTION AND SCREENING

The bare repulsive interaction between the doped electrons in the K-IVC conduction bands is given by
1
= ﬂ;vc@ : pap—q (C1)

where V¢ (g) the dual gate-screened Coulomb potential

e tanh(Dq)

C2
266 q €2

Ve(g) =
In this expression, D is the distance from the MATBG device to the metallic gates, and € is the dielectric constant. Note that
in the Coulomb interaction, the sum over q is not restricted to the first mini-BZ, but it goes over all BZ in the repeated zone
scheme. The operators pq are defined as

P =Y Vi aFa()¥i (C3)
k

and they correspond to the density of electrons in the K-IVC conduction bands. The form factors Fy(Kk) that appear in this
expression are given by

[Fq(K)]ap = (Uak+ql Aq(K)[up k), ()

where |ug i) are the K-IVC eigenstates corresponding to the conduction bands, and A4 (k) are the form factors defined previously
in Eq. (14). The form factors A4 (k) result from expressing the Coulomb interaction in the BM band basis (see, e.g., Ref. [42]
for details). Note that because of these form factors, the Coulomb interaction acquires an explicit dependence on the incoming
momenta k and K’.

Because there is a Fermi surface at v = 1/4, the electrons can efficiently screen the Coulomb interaction. To take this effect
into account, we calculate the standard (static) polarization bubble, which evaluates to

M(q) = / o )ZZ"‘* At 1 |[F (K)]apl. (C5)

a k+q —

where n, x = n(Ey k) = O(ep — Ey k) 1s the zero-temperature Fermi-Dirac distribution [®(x) is the Heaviside step function]
representing the fermion occupation numbers, ¢ is the Fermi energy, and the factor of 2 comes from the spin degeneracy.

From the polarization bubble, we obtain the dielectric function €(q) = 1 + Vi (¢)I1(q), which appears in the static RPA
screened Coulomb interaction

VC scr ’ Ve(q) &2 M

wpro (@ KK = <@ [Fq(K)]wp[F-q(K)]io = 2evc 4+ k) [Fq(K)]ap[F-q(K)]so - (Co)

In the last line, we have defined

2
ks(q) = e—H(Q) tanh(Dg), €N

which is a q-dependent inverse screening length.
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APPENDIX D: INTERACTIONS IN THE COOPER CHANNEL AND KRAMERS TIME-REVERSAL SYMMETRY

The goal of this Appendix is to show that as a result of the Kramers time-reversal symmetry of the doped K-IVC state, the
Goldstone-mediated and Coulomb interactions in the Cooper channel can be written as in Eqs. (29) and (28) in the main text.
For the Coulomb interaction, this means that we will show that it can be written as follows:

. e tanh(DIk’ — k + G|)
IMUNSESY Fo—x+6(K)]yplFi—c(—k
op (K, K) ) Sere Ik/—k+GI+k§(k/—k+G)[ k'—k+G6 (K)o g [Fr—k -6 (=K)]yp
2 ’
_ i) e tanh(D|k" — k + G|) F Kk 2\ —igsk) D1
e (2(}:2606 |k/—k+G|+ks(k/—k+G)|[ AT ('S) W I 12 , (D1)

where the sum is over moiré reciprocal-lattice vectors G, and e/#«®) ¢~ ®) are gauge-dependent phase factors.
We start by recalling the definition of the K-IVC form factors Fy(k):

(Fq(K)]ep = (Uak+q| Aq(K)[up k), (D2)

where |uy k) are the K-IVC eigenstates. Because of the spinless time-reversal symmetry 7 = 7,K of the BM model, we can
without loss of generality use BM form factors which satisfy A_q(—k) = txA:;(k)tx and 7°Aq(k)t* = Aq(k). Using these
properties, we find that

[Foq(=K)lap = (o, ~k—qlity Ay (K)iT) up k). (D3)
Because of the 7’ symmetry, with 77 = t*T = it K, the K-IVC eigenstates satisfy
T'lupx) = €9®lug i) = it ug 1) = e ®ug )", (D4)

where ¢'#%) is a gauge-dependent phase factor. Since |y k+G) = |Ua k), it follows that e#«k+6) = ¢%«® Using Eq. (D4), one
finds that the K-IVC form factors satisfy

*

[Fq(—K)lap = "0V 0N 0y 1 g | Aq(R) g )" = &' OO R (O, (D5)
which in turn implies Eq. (D1).
Next, we show that the Goldstone-mediated interaction in the Cooper channel similarly satisfies
VoK)= =Y KK —k+G)'gus(k, k' — K+ G)gus(—k. k — K — G)
G
— _ei¢7n(k/) (Z K(k/ _ k + G)71 |gal3(k7 k/ _ k + G)|2> e*i(pﬂ(k). (D6)
G
First, we again use the properties of the BM form factors, and we find
i s Ak
gop(—K, —q) = z(u(,[,_k_qlm(—k — @ity A (K)it)] T° — Thity Af(K)it) A(=K)[up, i). (D7)
The Kramers time-reversal symmetry of the K-IVC state implies that i‘L’yTA(—k)iTy = A*(k), which allows us to write
8up(—K. —0) = 2 (e eI IA" (K + AT — TALR)A KL s ). (D8)
From the transformation property of the K-IVC states in Eq. (D4), we find that
up(—k, —q) = W=tF0n Ml (K, q), (DY)

which implies Eq. (D6).

APPENDIX E: BCS GAP EQUATION
In the main text, we look for superconducting states with an order parameter of the form

t

X A 1.k O .
A = ( 0 AZ,k) ® isys, (ED)
corresponding to spin-triplet pairing of electrons within the same band. The finite-temperature gap equation is then given by

~ 2 A 2
1 Agwr VEsK T 188Kl
Rox=—7 D Vap(k K L T : (E2)
K 2Ef 0 +18pkl? B
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where A is the area of the system. To find the critical temperature of possible superconducting states, we take the BCS gap
equation and apply the standard procedure by ignoring the dependence on the gap in the denominator and the argument of the
hyperbolic tangent in Eq. (E2), motivated by the fact that the gap goes to zero if we approach the critical temperature from below.

This leaves us with

Esw
- ——Zvaﬁ(k K) Apk tanh( L ) ~
e 2E; k5T,

where 6’ is a polar angle in momentum space, and

do kﬁ(E 0) aEﬁ(k 0)

de’
_Z/dENﬁ(E)/z—
B

Apw(E.0)

E
~— tanh , (E3)
2F 2kgT,

Vaplk, K'(E, 0]
54

-1

Ng(E) = / o

(E4)

k=ky (E.0)

corresponds to the density of states in band 8. Here, we use kg(E, 8) to denote the inverse function of the dispersion Eg(k, 6),

i.e., it is defined via the relation Eg[kg(E', 6), 0]
the Fermi surfaces is close to being isotropic.

Next, focusing on the vicinity of the Fermi surface, we write

= E’. Note that the approximation in Eq. (E3) is justified if the dispersion near

tanh <2kBT )

- do’ o
Ay ~ —ZNMO) / 5 Vel ke p OB 101 / dE —

= Au(0) ~

ZNﬂ(O)/—Vaﬁ(e 6")A4(6 )/dE

tanh T T)
(ES)

where kg g(0) is the angle-dependent Fermi momentum on the Fermi surface in band $. In the last line, we have introduce the
notation Ag(#) = Ag, ) for the gaps on the Fermi surfaces, and also V,4(8, 6") = Vy[krq(9), Kr,g(0")] for the interaction
on the Fermi surfaces. Ng(0) is the density of states of band § at the Fermi surface.

It is now clear that to find solutions of the gap equation, we have to solve the eigenvalue equation

Z/— wp(0, 0N (0)Ag(0") = —1A4(0), (E6)

after which we can proceed with the solution of the gap equation in the standard way to obtain

kT, ~ ep x e /7, (E7)

where e is the Fermi energy.

APPENDIX F: CONTINUOUS TRANSITION BETWEEN
K-IVC AND VALLEY HALL INSULATOR

If the hexagonal boron-nitride (hBN) substrate encapsu-
lating the MATBG system becomes sufficiently aligned with
one of the graphene layers, it can introduce a significant
C,.-breaking sublattice splitting Ao, via the proximity ef-
fect [65-68]. Here, o; are the Pauli matrices acting on the
sublattice index. The sublattice splitting generates a Dirac
mass at both the K and K’ points of the mini-BZ, leading
to an insulating single-particle spectrum at charge neutrality.
Depending on the sign of the sublattice splitting, the spin-
resolved bands in each valley have Chern number £1 [69-71].
Note that time-reversal symmetry is not broken, and that the
bands in different valleys that are exchanged under time-
reversal have opposite Chern numbers. Because only the
valley-resolved Chern number of the filled bands is nonzero,
this state is referred to as the valley Hall (VH) insulator.

In Ref. [42] it was found that within mean-field theory,
there is a transition from the K-IVC insulator to the VH
insulator at a critical sublattice splitting (say, on the top layer)
of A} ~ 10 meV. At this point, there is a second-order phase
transition where both the Uy (1) and time-reversal symmetry

(

are restored. Importantly, the single-particle gap does not
close at the transition. We also find that the Fermi surfaces
around I' at v = 1/4 do not change in any significant way
if we tune through the transition. However, if A, becomes
sufficiently close to the critical value A}, there is an additional
soft (critical) bosonic mode that can facilitate pairing.

Based on experience with other systems with a Fermi
surface coupled to a critical mode, one naturally expects non-
Fermi-liquid behavior near the K-IVC-VH transition, even
at small coupling [72-79]. We will argue that this expecta-
tion is essentially correct, but also that the non-Fermi-liquid
physics follows from very small, seemingly negligible terms.
To set up the argument, let us actually start from the VH
side, i.e., let us consider the system with A, > A¥. Also,
in this Appendix, we will work in the sublattice polarized
basis introduced in Ref. [42]. As the precise definition of
this basis is not relevant for this work, we will not give it
here and just refer to Ref. [42] for details. The only reason
why we use the sublattice polarized basis is that the K-IVC
order parameter takes on a particularly simple form. Namely,
in this basis we have A(k) = [d, (k) + d,(k)7,]o,, where
7; are still the Pauli matrices acting on the valley index. The
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Yukawa coupling to the K-IVC modes that become soft near
the critical point is then given by

8 ~F rE
Hy =~ éckﬂ(qbq )0y, (F1)

where ng T = PyTx + ¢;Vlry. So the doped VH state coupled
to the K-IVC modes is described by

_ § <t~
H = €r.a.kCr o kCr.ak

Kk, 7,0

1 -
- it ~
ty D0 (Wrakeql@qr Doylwe g1)EL gl sk
k.q 7,7,a,8

(F2)

where e; 4k and |w; k) are the band energies and Bloch
states of the mean-field VH Hamiltonian. Because the VH
state preserves the valley symmetry, the eigenstates have a
well-defined valley quantum number t. The index « distin-
guishes between valence and conduction bands. Since we are
interested in, e.g., electron doping, we neglect the valence
bands and focus only on the conduction bands. This means
that we can ignore the « index, and label the electrons by the
valley index (and spin). We can then write the Hamiltonian as

H = ng,kfl,kfqu
k,t
1 P
5 2K BTy ok HHe),  (F3)
k.q

where in the last line we have introduced the notation ¢4 =
¢y + iyq and

g+ (K, @) = g{w kiq|Toy W k). (F4)

For our purposes, the main question we want to address is
whether the coupling g, (k, ) becomes zero at zero momen-
tum transfer, i.e., whether g, _(k, 0) = 0 or not.

Before we answer the above question, we first recall that
the BM model has an emergent approximate particle-hole
symmetry P [80,81], which acts in the sublattice polarized
basis as [42]

P El—) %0, C_k. (F5)

If we combine the particle-hole symmetry with the time-
reversal symmetry 7 defined in Eq. (3), we obtain an

approximate P77 symmetry acting as
PT E:{ — i1,0,Ck , | = —I. (F6)

Because of this approximate P7 symmetry, we conclude
that the dominant, particle-hole symmetric terms in the VH
Hamiltonian anticommute with 7,0y, and therefore also with
7,0y. But these matrices exactly constitute the K-IVC order
parameter in the sublattice polarized basis. This implies that
if the VH Hamiltonian was perfectly particle-hole symmetric,
then the coupling would vanish for zero momentum transfer:
g+-(k,0) = 0. This is because 7,0, anticommutes with the
particle-hole symmetric VH Hamiltonian, such that it maps
a conduction-band Bloch state to a valence-band Bloch state
and vice versa. Because of this, the matrix element in Eq. (F4)
is strictly zero. Note that the full Yukawa coupling term in
Eq. (F1) is not zero when q = 0, only the part projected onto
the conduction bands is. In other words, at q = 0, the Yukawa
coupling only mixes the valence and conduction bands of
the particle-hole symmetric VH insulator, but it does not mix
conduction bands among themselves. In part, this is a mani-
festation of the fact that the hBN sublattice splitting o, and the
K-IVC order parameter 7,0, anticommute, which also implies
that the electron gap at v = 0 does not close at the critical
point.

In general, we of course have to include the small particle-
hole symmetry breaking terms in the VH Hamiltonian. These
terms give rise to a nonzero but very small value for g, _(k, 0).

Similar to the analysis in Ref. [82], we can now consider
the electron interaction induced by the soft K-IVC modes for
A, 2 Af. Ttis given by [82]

Vive(k, q, 0) = =g (k, QP x(q, @).  (F])
Here, x(q, w) is the valley-U (1) susceptibility

5—2 1-n/2
2g* + w? + §2> ’ &)

where & ~ |A, — A¥|7" = |6A,|7" is the correlation length of
the boson field ¢, and xo ~ |§A;|7. The critical exponents
v, ¥, and n are those of the (2+1)-d O(2) Wilson-Fisher fixed
point [83].

Because g, is nonzero at q =0, the interaction
Wive(k, 0, 0) in Eq. (F7) diverges at the critical point, resulting
in non-Fermi-liquid physics. However, because g._(k, 0) is
very small, we only expect the non-Fermi-liquid physics to
manifest itself at very long distance and timescales.

X(qs w) ~ XO(
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