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We study theoretically the quantum phase transition from a metal to a Wigner-Mott insulator at fractional
commensurate filling on a two-leg ladder. We show that a continuous transition out of a symmetry-preserving

Luttinger liquid metal is possible where the onset of insulating behavior is accompanied by the breaking of the
lattice translation symmetry. At fillings v = 1/m per spin per unit cell, we find that the spin degrees of freedom
also acquire a gap at the Wigner-Mott transition for odd integer m. In contrast for even integer m, the spin sector
remains gapless and the resulting insulator is a ladder analog of the two-dimensional spinon surface state. In both

cases, a charge neutral spinless mode remains gapless across the Wigner-Mott transition. We discuss physical
properties of these transitions and comment on insights obtained for thinking about continuous Wigner-Mott
transitions in two-dimensional systems which are being studied in moire materials.
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I. INTRODUCTION

Despite decades of study, the vicinity of the Mott metal-
insulator transition continues to surprise and challenge
theoretical physics. Particularly fascinating is the possibility
of a continuous second-order Mott transition across which the
metallic Fermi surface (FS) must disappear while maintaining
its size [1]. Recent experiments [2,3] on moire superlatices
formed from transition metal dichalcogenide (TMD) materials
have found good evidence for such a continuous Mott transi-
tion at half filling of a band. A theory [4] for a continuous Mott
transition from a Fermi liquid metal to a symmetry-preserving
Mott insulator in a certain quantum spin liquid phase exists.
A refinement of this theory to include effects of various kinds
of disorder [5,6] seems to be able to account for the observed
electrical transport in Refs. [2,3].

The moire-TMD setting also enables study of the transi-
tion between the metal and a Wigner-Mott (WM) insulator at
discrete fractional band fillings. Remarkably, some of these
WM transitions also appear to be continuous [7,8]. Theoret-
ically, the possibility of such a continuous (as opposed to
one that is first order) Wigner-Mott transition raises a number
of fundamental questions which are only beginning to be
addressed. For a number of scenarios for how such a transition
may proceed, see, e.g., Refs. [9,10]. Most interesting is the
possibility that the charge ordering associated with the WM
state develops only in the insulating phase. Building on the
theory of the continuous Mott transition at half filling, the
authors of this paper (together with D. Chowdhury) recently
demonstrated the possibility of such a continuous metal to
WM insulator transition in two dimensions [10]. At such a
transition, the entire electronic FS disappears abruptly upon
approaching from the metallic side, and the insulating charge
gap and various order-parameters associated with sponta-
neously broken space-group symmetries vanish continuously
upon approaching from the insulating side. An illustration of
this is shown as the rightmost critical point in Fig. 1. As in the
figure, transitions of this type might be expected to generically
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occur for fractional electron fillings of the form v, = 1/m,
where m is an integer, as any real space arrangement of
localized electrons will necessarily break some space-group
symmetries.

This previous work provides a proof of principle of the
possibility of such a continuous WM transition in two dimen-
sions. A crucial step was the identification of a low-energy
effective field theory that captures both the Fermi liquid and
the WM insulator, and thus is capable of describing a direct
transition between them. Unfortunately it is hard to control the
properties of this theory at the transition point, and Ref. [10]
relied on a certain large-N generalization to make calculations
tractable. Clearly it will be extremely helpful to study contin-
uous WM transitions in other situations, and see what we can
learn.

In contrast to the situation in d = 2 space dimensions, the
universal properties of the WM transition in a d = 1 chain can
be understood in an exact way using bosonization methods
[11,12]. Here we will generalize this treatment to the two-
leg triangular ladder (pictured in Fig. 1) as a step toward
the full two-dimensional problem. We will demonstrate that
it is indeed possible to have a continuous bandwidth-tuned
metal to WM transition in this setup. We will further show
that for electron fillings v, = 1/m with m odd this transition
must also open a spin gap at the same critical point where
the charge is gapped out, shown as the rightmost red star
in Fig. 1(b). For even m, the spin sector remains gapless
across the metal-insulator transition. The resulting insulator
is a ladder analog of the two-dimensional spinon FS state in
a WM insulator of the kind discussed in Ref. [10]. For both
even and odd m, in the immediate vicinity of the transition,
the insulating phase has a gapless spin singlet, charge-neutral
excitation mode. This is a new feature of the two-leg ladder
not present in the strictly one-dimensional chain and is shown
as the intermediate phase in Figs. 1(a) and 1(b).

The continuous Mott transition at half filling in a
two-leg ladder between a Luttinger liquid metal and a
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FIG. 1. A continuous metal to Wigner-Mott insulating transition
in the triangular strip at fillings per spin of v. = 1/m with (a) m even
and (b) m odd. On the metallic side, the system exhibits a dispersion
with well-defined Fermi points separating filled from unfilled states.
This dispersion is shown below the metallic phase in both (a) and (b).
Interactions, labeled here by U/, are then increased while keeping
the filling fixed. The system eventually crosses a critical point, shown
as the rightmost red star in both (a) and (b), where it develops both
a charge gap, A, and a nonzero expectation value for translation
symmetry breaking order parameters, (Ocpw) 7 0. This translation
symmetry broken state is labeled the Wigner-Mott insulating state
and a possible real space charge arrangement is shown for v. = 1/6
in (a) and v, = 1/3 in (b), where the filled blue circles indicate
electronic charge. Additionally, for m odd the first critical point will
open a spin gap. This is shown in (b). Directly on the insulating side,
both (a) and (b) will generically still have a gapless neutral charge
mode which will lead to fluctuations of observables at incommensu-
rate wave vectors. This neutral charge mode will be gapped out at a
second transition, shown as the rightmost red star in both diagrams.
For m even, the transition that gaps out this charge mode will also
open a gap in the spin sector. The transition to the fully gapped
(COSO0) phase is briefly discussed in Sec. IV.

symmetry-preserving gapless Mott insulator was previously
studied in Ref. [13], and we will build on their analysis. There
are a few new features introduced by the extension to the WM
transition that we will discuss at various points in the paper.

II. INTRODUCTION TO THE MODEL
AND BOSONIZATION

A candidate microscopic model for the two-leg triangular
strip shown in Fig. 2(a) can be written as the extended Hub-
bard model considered by [13]

H=— Z[(U.Ciacr-kl,a + tciacr+2,a +H.c.) — un,]

ra

1
+5 ;vv — ey, (1

where ¢, is the electron annihilation operator at site r with
spin o, n, := Za cf’acr,a is the electron number operator at
site r, and p is tuned so the system is at an electron filling

-=== ¢(q) = =2t cos(q) — 2t cos(2q)
S [ ——— 4 such that v, = %
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FIG. 2. Introduction to the triangle strip model: (a) The real
space picture of the model, with charges indicated by sites filled with
blue. Intrachain hopping is given by 7 and interchain hopping is given
by ¢, . The distance between sites is a. Long-ranged repulsion is not
shown but is generically present. (b) The dispersion of the model
without interactions, where we treat the model as a single chain with
NN hopping ¢, and NNN hopping ¢. Here g = ka/2, where k is
the Fermi vector along a single chain. The Fermi wave vectors are
labeled and the left- and right-moving fermions of the first Fermi
surface are labeled, respectively, by P = L and P = R.

of v.. The interelectron repulsion V (r — r’) is taken to extend
over a few lattice constants but is otherwise short ranged and
will have an overall scale U. Note that we are treating the
triangular strip as a single chain with nearest-neighbor (NN)
hopping ¢, and next-nearest-neighbor (NNN) hopping 7. If we
neglect the long-ranged repulsion V, then the model will have
the dispersion shown in Fig. 2(b). If ¢, /¢ = 0, the chains will
decouple and there will be two FSs, each associated with one
of the chains. If ¢, /t is nonzero, but less than some upper
bound dependent on the electron filling v, then there will still
be two FSs. We will always consider this limit.! We denote the
FS wave vectors by gr, with a = 1, 2, as shown in Fig. 2(b).
They will obey the Luttinger sum rule for this system,

2gr1 + 2qr2 =27y, (mod 27), 2

(where v, is the filling per spin) since we have considered a
single spin degenerate band. We have set the lattice spacing
along the single chain to be 1. In particular, if we consider a
filling v, = 1/m, as we did in two dimensions [10], then the
Luttinger sum rule means that 2m(gr; + gr2) = 0 (mod 27).

'If the model had a single Fermi surface it could be bosonized and
treated as in [11].
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This rule will continue to hold even when interactions are
turned on.

We introduce this microscopic model merely as a guide
to intuition. We ultimately want to understand the universal
properties of the metal to WM insulator transition which
should not depend on the microscopic details (except for a
finite number of nonuniversal parameters that enter the low
energy effective theory). To do this, we will isolate the low-
energy degrees of freedom by bosonizing the system and
working solely with the bosonized action. We partially? adopt
the convention of Ref. [13] and expand the electron operator
in terms of slowly varying continuum fields at the four Fermi
points shown in Fig. 2(b):

CPaa = naaequFﬂrei((pua-’—PO“a)v (3)
where fluctuations in ¢,y (6,4 ) correspond to phase (charge)
fluctuations of the ath FS with spin «. Note that here P =
L(R) refers to left- (right-) moving fermions of a given
FS. These fields are canonically conjugate, as described in
Egs. (Al), and the n,,s are anticommuting Klein factors
which are added to ensure that cp,, have the correct anticom-
mutation relations.
We further adopt the convention of Ref. [13] by defining
charge and spin modes for each band:
1
eap/a = E(QaT + 9(1L)7 (4)

along with total and relative combinations of the two bands,

0 ! 01, £62,) o)

+ = —=01 2u)s
o N "

where © = p, 0. The various combinations of the ¢,, are
defined analogously. These transformations will then preserve
the commutation relations of Egs. (A1). With this convention,
the total density of electrons can be seen to be

2
P =D ChugCrua =20+ — 80,4 (1), (6)

Pa,a

where we used Eq. (2) to insert 2v.. The total charge density
of the system is 2v., so we see that 6, represents the long-
wavelength fluctuations of the total charge density. Thus any
insulating phase of the triangular strip will be characterized
by a 6,4 which is gapped out.

III. METAL TO WM INSULATOR TRANSITION
AT FILLING v, = 1/m

We have seen that upon bosonization there are generically
two charge modes and two spin modes. The metallic state of
the bosonized model will leave all of these gapless. In the
literature, this is denoted by CaSB, with & = 2 the number of
gapless charge modes and 8 = 2 the number of gapless spin
modes [14]. If we now want to promote a transition into an
insulating state, then it is necessary to gap out the total charge
fluctuation.

2In [13] the extra factor of gp,r in Eq. (3) was absorbed into 6.

In analogy with the case of a one-dimensional chain [11],
we expect that the operator which gaps out the total charge
fluctuations will be related to the umklapp operator at fill-
ing v, = 1/m. This operator will transfer a total momentum
of m(2qr1 + 2gr>) =0 (mod 27) and can thus be written
schematically as

m m
Ou = (Z C;]aCLIOt) (Z C;zaCL2a>
o o
m m
— (Z e—2i(qmr+9m)> (Z e_Zi(qF2r+92u))
o o

~ e_Zim0”+ COSm(ﬁela ) cos™ (\/5920 )
~ ¢ 2mo+ [c08(205 4. ) 4 c08(205_)]™. @)

If we now define

S, = gu/dxdt(Ou +0)

~ gu/dxdr cos(2mB,4)[cos(20,+) + cos(26,-)]",
(3

then this term is consistent with all symmetries of the model,
as discussed in Appendix B 2 and must be added to the ac-
tion. If S, is relevant, then 6, will be pinned and develop
an expectation value and a gap to excitations. The umklapp
term is therefore a possible candidate for driving a transition
to an insulating state; indeed, we will later explicitly show
that generically this term must be what drives an insulating
transition.

Gapping out the fluctuations of 6, will also lead to the
development of charge-density wave (CDW) order. If 0, is
pinned by umklapp scattering, we should generically expect
that any operator which depends solely on 6, will develop
an expectation value. In particular, consider the operator

Ocpw = C;-glTC}E]lC£2TC£2¢CL1TCL1¢CL2¢CL2¢a (&)
which has a bosonized form given by
OCDW ~ €4i9p+€2ﬂi(2v”)r. (10)

We show in Appendix B 1 that all operators which depend
only on 6, will simply be powers of Ocpw. This operator can
be seen to be precisely the order parameter for CDW order
with real-space periodicity of 1/(2v.) = m/2. Thus by gap-
ping out 6, we have not only gapped out the fluctuations of
the total charge, thus making the system an insulator, but have
given finite expectation value to a CDW order parameter with
periodicity equivalent to the total charge. This is precisely our
definition of a transition from a metal to a WM insulator, as
discussed in the introduction and illustrated in Fig. 1.

The relevance or irrelevance of S, is controlled by the sign
of

Assuming that we reside on the metallic side of the transi-
tion, the fixed point theory of the system will generically be
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quadratic and have the scaling dimensions,

2
A[eiﬁeﬁ] — P K9p+ and A[ei}/&;i] — ysz)ai i (12)
4 4
where Kj,, (K,,,) is defined to be the scaling dimension
of e?u+ (¢%%u+) for u = p, o. The SU(2) invariance of the
theory will mean that the Hamiltonian is diagonal in the spin
sector and Ky , = 1 =K, ,. Note that the generic metallic
Hamiltonian will not be diagonal in the charge sector, and
so we will generically have Ky, # K, 'i If the charge sector
Hamiltonian is diagonal, then we will follow the convention
of Ref. [13] and set Ky,, = K+ and K, , = p_i This is
discussed in much greater detail in Appendix A. Thus, to
identify A[O,] we must expand the spinful terms to their
lowest order. For even m, the most relevant contribution of
these terms will simply be a constant, while if m is odd the
most relevant contribution will be cos(26,.). Then we see
from Egs. (12) that

2 —m’Ky,, ifmeven
Algul = {1 —m?K,,, if m odd, (13)

which comes from the most relevant parts of S,

1 me?27Z
S, ~ /dxdr cos(2mb,1) x {cos(2€ai) else. (14)

If we then start from the metallic (C2S2) state and drive
an insulating transition via S, by tuning Ky, until Alg,] <O,
the equations above suggest we must treat fillings v, = 1/m
very differently depending on the parity of m. For even m, the
most relevant term in S, will gap out only the total charge,
while for odd m the spin excitations will both be gapped out.
This means that S,, describes a transition from the metal C2S2
to C1S2 when m is even, but a transition from C2S2 to C1S0
when m is odd [14].

The properties of these phases have been analyzed by
Sheng et al. for the case of v, = 1/m with m = 2, i.e., without
translational symmetry breaking [15]. There it was found that
the C1S2 phase was stable and provided a one-dimensional
example of the spinon FS state. Additionally, if interactions
in the spin sector became marginally relevant, then this C1S2
phase could flow to a C1SO state where 6, and 6,4 were
pinned. This state exhibited period-2 VBS order but showed
power-law correlations in the VBS order parameter at the
incommensurate wave vectors 2¢gr; and 2qr;. The C1S0 state
we describe will have similar properties, exhibiting period-m
VBS order, but showing power-law correlations in the VBS
order parameter at 2gr; and 2qr;.

Of course, there could be some m-independent term in
the action which is more relevant than S, and the distinction
between even and odd m will hence be avoided. We will show
in the next section that this is not the case, but for now we
make an argument that these fillings must indeed be treated
quite differently by considering m = 6 and m = 3.

Consider the case of v, =1/6 deep in the insulating
regime, illustrated in Fig. 3(a). We expect that the charge-
ordering pattern will be as shown for the microscopic model
given in Eq. (1) based on the observed and predicted +/3 x /3
charge ordering on the full triangular lattice in two dimensions
[16,17]. With this charge ordering, the system can be treated

- -

FIG. 3. Behavior of the Wigner-Mott insulator deep in the insu-
lating phase: (a) The system with v. = 1/6. We expect the charge
order shown, with the filled circles indicating electron charge. The
ground state of the system is then a spin — 1/2 chain with NN spin
exchange J;, shown as a magenta line, and NNN spin exchange
J2, shown as a dotted magenta line. Deep in the insulating phase
J1/J> > 1, leading to gapless spins. (b) For v, = 1/3, we expect the
charge order shown here. The ground state is then a single spin — 1/2
chain with alternating spin exchange scales J;, J, denoted by a solid
and dotted magenta line, respectively. Here we consider J; /J; > 1 so
singlet formation is encouraged along the solid magenta lines; these
singlets are indicated with magenta ellipses.

as a single spin-1/2 chain with NN spin exchange J; and NNN
spin exchange J. Their ratio will be roughly J; /J> ~ t2U? /14,
where U is an overall scaling factor for the long-ranged repul-
sion V(r — ) in Eq. (1). Regardless of the ratio of 7, /t, as
U/t is tuned deep into the insulating regime J; /J, — oo. In
this limit, the spins remain gapless [18,19]. Thus, we might
expect that any transition from the metal into the insulating
state with charge order shown in Fig. 3(a) will not gap out the
spins.

Now consider the case of v, = 1/3 deep in the insulating
regime. We can make a particle-hole transformation of the
above case, which will turn the v. = 1/6 filled ladder into
the v, = 1/3 filled ladder. Since the Coulomb interaction is
particle-hole symmetric, we should thus expect the charge
ordering shown in Fig. 3(b). Again, we may treat the system
deep in the insulating regime with this charge ordering pattern
as a single spin — 1/2 chain. However, this chain will, to
leading order, only have alternating NN hopping. The NN
hoppings will scale as J; ~ /U and J, ~ t7 /U. These cou-
plings will be different unless the system is fine tuned, and the
spins will thus be gapped out [20]. Thus, we might also expect
that any transition from the metal into the insulating state with
this charge order will also gap out the spins. Note also that this
state will indeed exhibit the period-m VBS order expected for
the C1S0 state where 6,1, 6, are pinned.

These examples provide heuristic reasons to suspect that
the spins must also be gapped out at the metal to WM insulator
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transition when v, = 1/m with m odd, but ultimately we must
consider the full bosonized theory to address this question.

IV. TRANSITIONS OUT OF THE METALLIC THEORY

We now want to investigate more thoroughly how to tune
from the metallic C2S2 theory to a different fixed point theory
where 6, is gapped. As we do so, we want to be careful
to avoid any intervening phase where some combination of
the four modes are gapped out but 6, is not. Such an in-
tervening phase would preclude the kind of direct metal to
WM transition shown in Fig. 1. We thus need to consider all
possible terms that might be added to the generic Luttinger
liquid action for the C2S2 metal and show that these terms
will not become relevant before a term that gaps out the total
charge. In doing so, we will see that for many, though not all,
transitions the umklapp operator, we have described is always
the most relevant as the critical point is approached from the
metallic side. For these transitions, the physics described in
the previous section will continue to hold.

We begin by enumerating the possible operators to add
to the metallic theory; these will be all operators consistent
with the symmetries of the C2S2 metal. These symmetries
can be seen to be particle number conservation, conservation
of total spin, SU(2) invariance, time reversal invariance, and
the space-group symmetries of the triangular lattice strip in
Fig. 2(a). The space-group symmetries will imply conser-
vation of crystal momentum in addition to the point-group
symmetries of the strip, which consist only of reflection about
lattice sites. In Appendix B 2, we work out the most general
operator consistent with all of these symmetries.

An important symmetry for our purposes will be the con-
servation of crystal momentum. The total charge mode 6,
has an accompanying momentum of gr; + gr2, while the
relative charge mode has an accompanying momentum of
qr1 — qr2. While gry + gr» is constrained to be a rational
multiple of 27 by the Luttinger sum rule, Eq. (2), gr1 — gF2 is
incommensurate in the absence of fine tuning. Thus, the con-
servation of crystal momentum will mean that any operator
allowed to be added to the C2S2 theory cannot contain terms
with the relative charge mode 6,_. With these constraints,
we show in Appendix B 3 that the most relevant operators in
the metallic C2S2 theory will be the umklapp operator and
the operators cos(2¢,_) cos(2¢,_) and cos(2¢,_) cos(20,+ ),
where these must be added together in an SU(2) invariant way.
The latter operator is the four-fermion W operator discussed
in Ref. [15], which mixes right- and left-moving fermions at
different Fermi points. We will henceforth refer to it as Ow.

Suppose now that our theory is diagonal in the charge
sector. Then we can tune K, = Ky, to zero to drive an
insulating transition via the umklapp operator. Since we do
notalter K, =K p__l then the Ow term will stay irrelevant, as
it must have been irrelevant by definition in the C2S2 metallic
theory. As these are the two most relevant terms, we conclude
that this describes a direct metal to WM transition in the
two-leg ladder. Of course, a given microscopic theory is not
likely to have a charge sector that is diagonal. Nonetheless,
as long as K, _ does not decrease as K, is tuned to zero,
then a direct metal to WM transition will be obtained. If, on
the other hand, K,,_ does decrease as Ko, . is tuned to zero,

then the transition that occurs will be determined by whether
the umklapp or the Ow term becomes relevant first. In the
first case, a direct metal to WM transition will still occur. In
the second case, the transition would be into the C1S0 state
with the total charge remaining gapless. As Ky, continues to
decrease, there will then be a second transition to the COSO
insulating state. Given that we have now demonstrated (in
the diagonal theory) that a direct metal to WM transition is
possible, we now consider subsequent transitions to the fully
gapped COSO state.

After the umklapp operator becomes relevant, the even m
system will flow to the C1S2 state pictured in Fig. 1(a). One
can redo the arguments in Appendix B3 to show that the
most relevant possible SU(2) invariant operator containing
¢,— will again be the Ow term. We should thus expect that
any subsequent transition where ¢,_ is pinned will also gap
out both spin modes if m is even. Alternatively, the spin terms
may become marginally relevant and gap out the spin modes
before ¢,_ is pinned. The possible transitions out of the C1S2
intermediate state are then either to the fully gapped COSO
state or to the C1SO state where the relative charge mode
remains gapless. This is indeed what was found by Sheng
et al. [15] for the case of m = 2. We note that this means the
strong coupling picture shown in Fig. 3(a) will not generically
be an accessible phase via the transitions we are discussing,
since it has both charge modes gapped but a gapless spin
mode. To access this phase, it is necessary for gr, — gp, to
be renormalized to a commensurate wave vector so 6,_ can
be pinned by another umklapp operator.

Finally, after the umklapp operator becomes relevant for
m odd, the system will flow to the C1SO0 state with a gapless
relative charge mode. This is shown as the intermediate phase
in Fig. 1(b). Alternatively, as discussed above, this state can
be accessed for m even by the spin terms becoming marginally
relevant before ¢,_ is pinned. The transition out of this state
to the fully gapped COSO state will be driven by terms propor-
tional to cos(2¢,—), where the coefficient of proportionality
will be a function of the pinned total charge and spin modes.

Ultimately, the transition we are interested in is the metallic
C2S2 to WM transition; we will thus not concern ourselves
further with the transition to the fully gapped state.

V. PHYSICAL PROPERTIES OF THE TRANSITION

We discuss several properties of the metal to WM transition
for the case of m even and m odd. In each case, we will discuss
the RG flow of the theory and the scaling of any gaps in the
system, operators which acquire an expectation value at the
critical point, and Green’s functions. We will also discuss the
behavior of the compressibility and spin susceptibility.

A. Even m

The transition in this case is from the C2S2 metal to the
C18S2 state and is driven by the umklapp operator cos(2mf, ).
We therefore want to study the properties of the theory given
by

L = L, + LEys + 284 cos(2mb, ), (15)
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with the preceding terms given by Eqs. (A3) and (A4). The
critical properties of this transition were studied by Mishmash
et al. [13] for m =2. If 6,4 in our theory is rescaled to
20,4 /m, the critical properties will then be identical. The
transition is Kosterlitz-Thouless (KT)-like, with an additional
complication arising because the L£Z,q, theory is not neces-
sarily diagonal in the p+ basis. Nonetheless, near the critical
point a change of variables reveals that the transition is a
simple KT transition, with the relevance of g, being controlled
by 2 — mngp . and the nondiagonal RG flow being entirely
controlled by the flow of Ky,, and g,. Thus, for Ky,, > m?/2,
the theory flows to a C2S2 fixed point, while Ky,, < m?/2 g,
flows to infinity, and Ky, flows to zero. The velocities of the
diagonal modes of the L{,q, theory are not renormalized by
the flows nor is the spin sector.

The compressibility, which measures the response of the
theory to a —u [drdt p = —p [ drdt (28,0,4/7) term in
the action, will thus drop discontinuously to zero on the in-
sulating side where 6, is pinned. At the critical point, the
value of « will be nonuniversal. Indeed, if the theory were to
be diagonal in the o= basis, k = 4Ky, /v, , where v, will
take a nonuniversal value at the critical point. Similarly, the
spin susceptibility is given by x = 4Ky, . /mvsy = 4/T V04
and therefore evolves smoothly across the transition.

Near the critical point, the correlation length on the insu-
lating side will follow the usual KT form

g7 ~exp (— ¢ ) (16)

‘/2—1’1’121(9}04r

where C is some nonuniversal constant. We can expect the
charge gap to scale like A, ~ fiv, &'; since v, evolves
smoothly across the transition A.~ &~! near the critical
point.

The behavior of the Green’s function, (cl (x)cy (0)) across
this transition was discussed in Ref. [13]. There they note that
the electron operator will contain the conjugate field to 6,4,
¢,+. Once 0, is pinned, this will fluctuate wildly and cause it
to decay exponentially at all wave vectors. This same behavior
will also be present in our case. Thus, on the metallic side, we
expect the Green’s function to decay as a power law, while on
the insulating side it will decay exponentially. At the critical
point, where Ky, = 2/m? # 0, the Green’s function will still
exhibit power-law decay.

The transition for m # 2 has the additional feature that the
operator Ocpw ~ e¥0+e*™ir/m \will break translational sym-
metry and develop an expectation value on the insulating
side. We make a standard argument to relate its scaling
to the scaling dimension of Ocpw. Consider the correlator
{Ocpw (x)Ocpw(0)). Just on the insulating side where Ky .
has not renormalized to zero, we expect that this correlator
will continue to scale as |x| 724 along with some possible
logarithmic corrections arising from the marginally irrele-
vant umklapp operator [12]. However, fluctuations of 6,
should be suppressed for length scales larger than &. We
may thus conclude that (Ocpw) ~ +/(Ocpw (§)Ocpw). Then
up to some logarithmic corrections (Ocpw) ~ &4+ since
Ocpw ~ €*0r+¢?™i2v7)  For the sake of completeness, we
compute the logarithmic corrections to (Ocpw(§)Ocpw) in
the theory diagonal in the p= basis in Appendix C 1 and find

that
8C/m?
\/ 2 — mzKp+

The nondiagonal theory should display identical scaling once
the appropriate change of variables is made near the critical
point.

(Ocpw) ~ exp ( - )(2 — mzKer)_‘V’”z. (17)

B. Odd m

In the case of odd m, the umklapp operator now contains
spin terms. We thus want to study the properties of the theory
given by

L = L + LT + 481 cos(2mb,) cos(20,4) (18)
+4g> cos(2mb,4) cos(20,_) (19)
+4g3 cos(2mb,y) cos(s—). (20)

Note that this is not the same as Eq. (8), which had g, =
g» = gu and g3 = 0. This is because we want to consider the
possibility that the coefficients of the two umklapp terms will
renormalize differently and to include the most relevant terms
containing the total charge mode consistent with the sym-
metries of Lo, as discussed in Appendix B 3. Here SU(2)
symmetry is not manifest, so we must ensure that the g1, g2, g3
coefficients are chosen so it is maintained by the theory. To do
this, we note that, as in Ref. [13], we may write the bosonized
spin operators at wave vector 2qr,, Sag, = Ch o OupCrLap/2s as

Sy = —ilatay € €% sin(v/ 2040 ), 1)
Sy = —iNatNlay € € cos(V2p40),  (22)
S5y, = —€ e Sin(v20,0 ). (23)

Here 6,4+ = (61, 020)/\/5. ‘We now consider a 270° rota-
tion about the x axis which takes §* — $¥ and $¥ — —S$°
while leaving S$* invariant. This will take sin(v/260,4) —
inaT Nay COS(ﬁ%a) and inaT Nay COS(\/z(paa )—>— Sin(ﬁeaa)
while leaving sin(\/zgow,) invariant. Further, we know that
cos(ﬁ@aa) must be invariant under this transformation
because dny,,, cos(ﬁ@a(,) and the density operator is in-
variant under all spin rotations. The quadratic part of the
theory is trivially invariant under this rotation. Expanding
the o+ basis in terms of the ac basis allows us to see that
(g1 — §2)* = g; for the interacting part of the action to be
invariant. The squared exponent must be included to deal with
the sign arising from the choice of Majorana sector. If the
C282 theory is initially perturbed by the umklapp operator,
then g1(I =0) = g, = g2(I = 0) and thus g3(I = 0) = 0 ini-
tially. But then g3(/) = 0 for the whole flow, since dg3/dl
g3. Thus, SU(2) invariance requires that the C2S2 phase, when
initially perturbed by the umklapp term, will have a theory as
above but with g3 = 0. If there were some other perturbation
such that g — g» # 0, then this additional term would need to
be considered.

Even without a g3 term, we might expect that this transition
will no longer be of a simple KT type, since there are now
two equally relevant terms driving the transition. In particular,
it might be the case that the spin gap, which is now opened
at the same critical point, scales differently than the charge
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gap. To simplify our treatment of the transition, we will ignore
a number of subtleties. We will treat the Lcysy theory as
being diagonal in the p=+ basis. The RG flow near the critical
point should be unaffected by this choice, as we can always
linearize near it and consider only deformations along the
Ky, direction. This is analogous to the approach taken by
Mishmash et al. [13] in the m = 2 case. We will also work
with the theory where all of the spin and charge velocities are
identical. This makes it easier to compute the RG flows in real
space but again should capture the RG flows we care about
since the velocities should be expected to evolve smoothly
across the critical point. With these simplifications, we treat
the RG flows in Appendix C2.

We discuss the flows in more detail in the Appendices,
but we note that because K, =1 =K,_and g = g, = &
initially, they will maintain this equality throughout the flow.
The problem then reduces once more to a simple KT-like
transition which is driven by a single perturbing term g,, with
K, and K, being driven to zero in a similar way. On the
separatrix, where the flow is the simplest their flows will take
the form

2 1
Xpr(l) = =—20%0 4 o and (24)
31—xp50 37T
1 X +.,0 1
(= =20 25
Xo+(1) 31— x, 0l 3%o+0 (25)

where x,, =1 — mzKl,Jr and x,+ =1 — K,+. Here we see
that dx, /dl = 2dx,4 /dl; this is because there are two terms
proportional to g, which attempt to pin 6,,, while there is
only a single term for each 6, so its flow is twice as fast.
Despite this, we note that for x,4 o, the [ required for x,
and x,+ to become order one will be 1/x,4 o to leading order
for both. We therefore conclude that the charge and spin gaps
must scale identically as

= ) 6)

_\/Z—mzKﬁ_ — R4

where C is some nonuniversal number. Note that we have not
set K,+ = 1 here to account for its value being smaller than
one on the insulating side with a spin gap.

Just as in the even m case, the Green’s function will con-
tinue to have power-law decay on the metallic side and at
the critical point, while it will decay exponentially on the
insulating side. The behavior of the compressibility will also
be analogous; it will drop discontinuously to zero on the insu-
lating side and take a nonuniversal value at the critical point.
In this case, the spin susceptibility will behave identically, as
the spins are gapped on the insulating side.

We discuss the scaling of the expectation value of the CDW
operator near the critical point in Appendix C2. There, we
find that

ACNASNexp<

(Ocow) ~ e ( 4C/me ) 27)
oo [
CDW P \/2 — Ky, — Koy
X (2 —m*K,y — Ky )8 (28)

where the presence of the 8/3m? in the exponent of the log-
arithmic correction is due to the 2/3 factor multiplying the
diverging piece of x, .

Finally, we discuss the scaling of the other important sym-
metry breaking order on the insulating side; the period-m
VBS order. This will lead to an expectation value for Bay /m,
where By is the VBS order parameter at wave vector Q. By
analogy, with Ref. [13] we expect that the bosonized form of
this operator will be given by

Boy jm ~ [c08(205+) 4 cos(26,_)] sin(mb, ). 29)

Thus, A[Bar/m] = Kot + m?K, /4 which is equal to 5/4 at
the critical point. We should thus expect that (Ba; /) ~ AY4
(plus logarithmic corrections which we will not compute).

We conclude our discussion by noting that a full treat-
ment of the critical point will include the possibility of
marginally relevant terms which couple the spin modes to-
gether. These are written as the o terms in Refs. [13,15]. The
most important contribution comes from a term proportional
to cos(26,4) cos(2p,—). If its coefficient is nonzero, then it
will cause K, and K,_ to renormalize to zero at different
rates and break the simple KT-like nature of the transition.
Nonetheless, none of these additional terms will stop the
umklapp term from pinning both spin modes.

VI. DISCUSSION

In this paper, we analyzed the WM transition in the two-leg
triangular ladder. We were able to show using bosonization
that a continuous bandwidth-tuned metal to WM transition is
possible and is driven by the umklapp operator. An interesting
extension of our results would be to study the density-tuned
transition, which would allow for us to treat experiments that
are tuned through the transition via doping.

Additionally, we were able to describe, in the case of
odd denominator fillings, a transition which opened a spin
gap at the same critical point. Such a transition has been
described in the case of a d = 1 chain [11], but its extension
to multileg ladders may provide a way to tackle a continu-
ous metal-insulator transition in two dimensions which does
not exhibit a spinon FS on the insulating side. To this end,
it may be interesting to extend our results to higher leg
ladders.

Finally, it would be interesting to consider the transition for
even denominator fillings at a finite temperature. Deep in the
insulating side, the increased distance between charges may
mean that the spin exchange scale is substantially renormal-
ized downward in a nonuniversal way. Thus, the transition for
even denominator fillings at finite temperature should be ex-
pected to be a transition between a metal and a spin-incoherent
Luttinger liquid [21] with a remaining gapless degree of free-
dom encoded in the relative charge. Extending this to two
dimensions is less clear, but may be relevant to experiments.
Indeed, one may expect that future experiments probing the
metal to WM transition of moire-TMDs with filling v, < 1/2
will describe a similar metal to spin incoherent liquid transi-
tion.
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APPENDIX A: GENERIC L,
AND SCALING DIMENSIONS

We first state the commutation relations. The fields 6, and
@ae are canonically conjugate so

[@ae (1), @op ()] = 0 = [0ua (1), Ops ()],
[@aa(r), ebﬁ (r,)] = inaabsaﬂ O — l‘/).
We will now draw heavily from the Appendix of Ref. [22].

The generic action for C2S2 will be quadratic, along with
possible marginal corrections, and can be written as

(AD)

Lcosy = Ly + LEysy,  Where (A2)
1 . r i
Ll = g[a,opAa,e,, + 0,9, Bd,0,] + ;a,op - 0:9,,
(A3)

with A and B some real, symmetric, positive-definite matri-
ces whose entries can be deduced starting from a generic
microscopic model [13]. Here 0;5 = (0p+,0,-) and (p/T, =
(¢o+, ¢,—) and the time derivative term is enforced by the
commutation relations in Eqgs. (Al). The Lagrangian in the
spin sector will be somewhat simpler due to SU(2) invariance:

- VUos | 1
282 = Z E [a(areas)z + Kas(ar(pax)z]

s=%

+3 i(areas)(azw.

s==%

(A4)

The condition K,; = 1 for s = & will also be enforced by
SU(2) invariance [13]. There are additional marginal terms
in the spin sector that will introduce logarithmic corrections
to various correlators [12,23], however, we will ignore them
since we are not concerned with marginal corrections but
instead with the fixed point the theory flows to.

To understand the scaling dimensions of operators in this
theory, we follow the analysis of Ref. [22]. Let S € O(2) be
the matrix such that

Tao_ (A1 O0Y . _
STAS = <0 A2> = Ap,

(A5)
then define B’ = /ApSTBS\/Ap. Since A was positive-
definite we see that B’ is still a real, symmetric, positive
definite matrix. Thus, there exists R € O(2) such that

B, 0
R'BR = ( : ) := B},

0 B (46)

If we now define 0;, ¢/, such that

6, =S(VAp)'R8,, @, =S\VArRe), (A7)

then we note that the primed fields still satisfy Eqgs. (A1) and
the action in the charge sector can now be written as

1 / / l /
Loos = 5—[10:0, " + 0,9, B0,0), ] + —0,8), - 99,

(A8)
With this action, it is then straightforward to see that
o 2 /B . 2
Ale??i] = M, and  A[e”%i] = 14 . (A9)
4 4./B

1

where B,y € R, as derived for a theory in this form in
Ref. [12]. Using the relations in Egs. (A7), the scaling dimen-
sion of ¢’P%= and e'¥?+ can then be worked out in terms of the
Luttinger parameters in A and B. In the spin sector, we must
have that

. ﬁz . y2
AleP%+] = T and A[eV%*] = T (A10)

which is enforced by SU(2) invariance.

APPENDIX B: CONSTRUCTION OF ALL POSSIBLE
LOCAL OPERATORS

Any local operator must be constructed from the low-
energy electrons cp,, and can thus be expressed as complex
linear combinations of powers of them. We will call operators
made up solely of powers of the electrons O, for short. Acting
with a given O, will then add (or subtract) a well-defined
number of particles of a given spin « and parity P to each
FS a; call this np,, € Z. Thus, when we bosonize an operator
of this type, we can write it as

Op ~ ¢ Y baa nPaa((pzmt+P0ao()eir(ZPﬂﬂ npaaPgra) ) (B1)

Note that we have neglected possible constants of propor-
tionality, which may include the Klein factors 7,,, as these
will not affect the relevance or irrelevance of operators. Ad-
ditionally, we have ignored terms of the form c;aacPaa =
0r(Baq + Pay)/(2m). These terms will not create any net
particles, i.e., np,y = 0 VP, a, o, but will produce additional
derivative factors in front of O,. However, it is always the case
that A[0,0,4] = 1 = A[0,¢4e] [12]. Including such terms can
thus only decrease the relevance of a given O,, and we will
therefore ignore them in favor of the bare O,.

With this reasoning, we can then write any given local
operator as

O(f) = Y fm)0,n) where f:7°—C, (B2)

nez8
Op(n) — ei ZRa,a Npaa (‘pLAa+Pena)eiQ(n)r and (B3)
Q) := Y npawPgra. (B4)
Pa,x

This then allows for complex linear combinations to be made
of operators that add a well-defined number of particles of
each species n. Again, we have neglected possible derivative
terms due to their lower relevance.
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Ultimately, we want to understand these operators in terms
of the basis 6,,+, 0,+ and likewise for ¢, as these are the form
of the bosonized terms we will be referring to. Using Eqs. (4)
and (5), we see that

Oua = 5Ops + 0y + 0ubloy + 04040,—) and  (BS)

Daa = %((pp+ + OaPp— + 0P+ + Uaact(pa—)a where
(B6)
_ |+ ifa=1
“—{—1 ifa=2 9 ®&7
_j+1 ifa =1
“a—{—l ifo =" (B8)

We can then insert these expressions and rewrite the exponent
of Op(n) in terms of these variables, i.e., it will be given by

O,(n) ~exp|i Z

n=p,0os==

(bem 0/‘” + b(ﬂw ‘pus) )

where the coefficients b will be given by

1
Do, =5 D nruaP, (B9)
Pa,a
1
by, =5 D npuPou, (B10)
P,a,a
1
b, =5 ) MraaP0u. (B11)
P,a,a
1
by, =5 ) MrauP0uOs, (B12)
P,a,x
1
by =5 D e (B13)
Pa,a
1
by, =5 D MPaaCa: (B14)
P,a,a
1
Doy = 5 D MPae (B15)
P,a,a
1
by =5 > NpaaOa0y. (B16)
Pa,x

It is then straightforward to invert this expression and rewrite
the particles created by O,(n), n, in terms of the coefficients
b:

Npgoy = %Pbgwr + élTPO'abgk + %F’O’abgwr + %Paaaabo,,,
+ 1by, + 30uby, + 10uby,, + $040.b,, . (B17)

The fact that np,, € Z will constrain the possible values that
the coefficients b can take.

We can further use this expression for n in terms of the
coefficients b to express the total momentum Q of the operator
O,(n) in terms of the b coefficients,

O(b}) = (gr1 + gr2)bs,, + (gr1 — qFr2)bs,_,

where the sum over P and « annihilated the other terms. This
makes it clear that 6, is the operator associated with the

(B18)

total momentum, while 6,_ is the operator associated with the
relative momentum. Note that the expression for Q in Eq. (B4)
shows that bg,, + by, and bg,, — by, must be integers. In
particular, this implies that by, and by, must be half integer.

1. Possible local CDW operators

We seek operators which have by, # 0 with all other co-
efficients zero. From Eq. (B17), we see that such an operator
will add (or subtract) np,e = Pby,, /4 electrons of spin o and
parity P to each FS a. Since this must be an integer, we
require b(.)p+ = 4] for some [ € Z. Then, from Eq. (B18), we
see that operators of this type will add a total momentum
O = 4(qgF1 + qrF2)!. From the Luttinger sum rule in Eq. (2),
we can rewrite this as Q = 4mw/v,.. We may therefore write the
bosonized form of every operator which depends only on 6,
as

—4i6, e—27{i(2v,.)r
(B19)

Since by,, = 4 for Ocpw, we know that np,, = P and we can
thus write

O,(n) ~ OZCDW, where Ocpw ~ e

Ocpw = CITQMC};]¢C;2TC};2¢CL1¢CL1¢CLZTCL2¢ (B20)

in terms of the low-energy fermionic degrees of freedom.

2. Local operators consistent with symmetries of £cas>

We enumerate the constraints on operators required by the
symmetries described in Sec. IV. Note that some of these
constraints were mentioned in Ref. [15], which treated the
case where v, = 1/2.

Particle number conservation means that the total number
of particles an operator O,(n) creates must be zero, i.e., that
> paw e = 0. Equation (B13) shows that this must mean
the coefficient of @py 18 zero, i.e., that b, , = 0. This again
agrees with our understanding since ¢,; is the conjugate
phase to the total density.

Conservation of total spin, Y, $? = Y 04c), cry, means
that ZRa’a Npu0q = 0, or from Eq. (BlSj by, = 0. This is
because ¢, is the conjugate phase for the total spin.

Conservation of crystal momentum means that Q =0
(mod 27m), which we see from Eq. (B18) will impose con-
straints on the coefficients of 6,4 and 6,_. From the Luttinger
sum rule, Eq. (2), we know that 2m(qr; + qr2) = 27w and
therefore that we may write

b

Q((b)) = 27 5" + (qr1 — qr2)by, =0 (mod 27).
(B21)
Since bgﬁ+ must be half integer, we thus see that 4mQ =
21 (2by,, ) + 4m(qr1 — qr2)by,_ = 4m(qr1 — qr2)bg,. = 0
(mod 2m). Without fine tuning the momenta, we expect
that gr; — gpo Will not be some rational multiple of 27 and
thus that there is no nonzero half-integer beﬂf which can
be chosen to satisfy this requirement. We may therefore
conclude that in the absence of fine tuning conservation of
crystal momentum implies that by, = 0. This then means that

Q =2mbg,, /2m =0 (mod 27 ) and thus that by,, € 2mZ.
Finally, we must address time-reversal invariance, the point
group symmetries of the 1D chain, and SU(2) invariance.
Unlike the other symmetries, these will not constrain the terms
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allowed in the exponential of a generic operator, however,
we will find that they constrain the ways that operators must
be added together. In other words, these symmetries will not
act to constrain the b coefficients but rather the f : 78 — C
that defines the coefficients of each O,(n). We consider a
combination of time reversal and a spin rotation which we
label T,

T cpaa(r) = Ke_paa(r) (B22)
= Oaa(r) > Oaa(r) (B23)
Pae (1) = —@aa (1), (B24)

where KC is the conjugation operator. Time reversal alone
would have taken cpyy — K(io”?)qpc_psp s0 the spin operator
was flipped, but this would have been more complicated in
bosonized form. Since SU(2) is also a good symmetry of
the system, we have considered 7 for ease. Note that this
preserves 0qq(r) > pue(r) and the canonical commutation
relation [044(7), @ue ()] = i8(r — ¥') as it must. Indeed, we
could have used the preservation of these two to deduce the
action of 7 on 6, and ¢,,. Next, the only point-group sym-
metry of the lattice pictured in Fig. 2(a) is the symmetry oy :
r — —r which reflects about a given point. Since oy flips
spatial directions, but not time, it must also take P > —P.
Thus,

Osite :CPaa () P> C_paa (—T) (B25)
=040 (r) > =040 (—T1) (B26)
(/)aa(r) = (paa(_r)- (B27)

We see that this symmetry will take the densities pu(r) =
0,040 /7T > pae(—r) as it must.

Finally, we must consider SU(2) invariance. This is more
complicated to express in terms of bosonized operators. How-
ever, none of these mappings will change the scaling of the
resulting operator [12].

Returning to Eq. (B17), we finally see this means that

Npag = %Pml + iPUab@O+ + %Paaaabga_
+ Y0uby, + $040.by, (B28)

describes the possible ways we can add particles consistent
with all of these symmetries. We also see that operators which
preserve these symmetries will scale as

2 2
A[Op(n)] = (ml) K9p+ + ibwpr‘ﬂp*

+ 305, + b5, +D ).

where we are again defining K,,,_ to be the scaling dimension

of e?%~. Note that since A and B may not be diagonal, it is

not generally true that K, _ is the inverse of Ky, , where this
is likewise defined to be the scaling dimension of ¢~

(B29)

3. Most relevant operators consistent with symmetries of Lcs2

The operators which might possibly drive a transition out
of the C2S2 metallic state are those which are most rele-
vant, so we will enumerate the operators consistent with the
constraint Eq. (B28) that have the smallest scaling dimen-
sion given by Eq. (B29). Consider the integers defined by

Eq. (B28) and sum over oy,. Then it is clear that 0,b,, /2 € Z
and thus that b, = 2l, for somel, € Z. If we similarly
sum over o,, we can see that by, = 2l , for ly , € Z. Then
summing over P and using the fact that b,, = 2[,,_, we can
see that b, = 2l, forl, € Z.Finally, by multiplying by
P, summing over it, and using the fact that by , = 2l _,, we
may conclude that by, = 2l with I, € Z. We therefore
have that the number of particles created by these local oper-
ators must be of the form

Npgy = %(Pml + Poyly,, 4+ Poqouls,_

+ Oaly, + 0404l ) €Z, (B30)
and their scaling dimensions will be given by
ALOp(m)] = (mlY'Ky,, + 1] K,
St A (B31)

Operators involving just the spins will be at worst marginal
and because of their SU(2) invariance will be unaffected by
tuning the theory toward an insulator. We will therefore ignore
such options, considering instead operators that include at
least one of 8,4 or ¢,_, as these are the terms that can possibly
tune us across a critical point by tuning Ky, and K, _.

a. Even m

For the case of even m, the Pml/2 term in Eq. (B30) will
be an integer no matter the value of [/, so the constraint of
Eq. (B30) reduces to

Poylg,, + Poyouls, + O’ul(pk + O'aO'al(pk (B32)

being an even integer.

Now we will find the most relevant operator subject to this
constraint which does not involve the total charge mode 6,
but does involve ¢,_, i.e., I =0 and l(,,pf # 0. Clearly, the
smallest we can then make Eq. (B31)is/, = 1 with all other
coefficients zero. However, this does not satisfy the constraint
above. The next most relevant operators will then either have
ly, =2 with all other coefficients zero or [, =1 with one
of the coefficients of the spin operators as small as possible
without being zero, say [, = 1. Both of these will satisfy
the even integer constraint. The case of [, =2 will have
npsw = 04 With this operator described by

Op(n) ~ C;lTC;LH¢C21¢C21¢CR2¢CR2¢CL2¢CL2¢ ~ -

(B33)

The operator cos(4¢,_), which has the same scaling dimen-
sion, will be consistent with all of the symmetries enumerated
in the previous section. It will have a scaling dimension of
AlO,(n)] = 4K,,_. Next consider the case of [, =1 and
ly,_ = 1. From Eq. (B28), we see that

Mpog = %(1 to,) e (B34)

Thus, we may write this operator as
0p(n) ~ chyrchyrcrarCrat (B35)
~ ¢~ 2ipp-t+o-) (B36)
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It can be checked that the operator cos(2¢,_)cos(2¢,_),
which has the same scaling dimension, is consistent with all
symmetries of the system, provided the necessary spin terms
are added so SU(2) invariance is respected. This operator will
have scaling dimensions of A[O,(n)] = K,,_ + 1. We now
claim that cos(2¢,_)cos(2¢,—) is always a more relevant
operator than cos(4¢,_) on the metallic side and at the crit-
ical point. Suppose it were not, then 4K¢,p7 <K, +1 and
K,,_ < 1/3. But this would mean that Ky, + 1<4/3 <2,
so the system would have already gapped out the relative
charge mode. Thus, the most relevant operator which involves
¢,— but not 6, is cos(2¢,_) cos(2¢,_) plus any additional
operators required by SU(2) invariance, which will have the
same scaling dimension.

‘We now consider the most relevant operator involving 6,
but not ¢,_, i.e., I # 0 but l%f = 0. Clearly, the smallest we
can then make Eq. (B31) is mzKeﬁ. This operator will have
npse = Pml /2, which is indeed an integer since m is even.
Indeed, this just describes the umklapp operator, cos(2m8,.).
Thus, the umklapp operator is the most relevant operator in-
volving 6, but not ¢,_.

Finally, we consider the most relevant operator involving
both 6, and ¢,_. As mentioned, because m is even,
the Pml/2 term dropped out of the integer constraint
on the coefficients. This means that we are free to
choose [ =1 without affecting the constraints on the
other coefficients. Then, by the same logic as when we
considered the most relevant operator involving ¢,_ and
not 6,,, the most relevant operators which involve both
must scale like mngﬂ+ +K,_ +1 or mngp+ +4K,, .
Again, by the same logic as above, the operator scaling like
m*Ky,, +K,,_+ 1 must be the more relevant of the two.
But this operator is obviously less relevant than both the
umklapp operator and the operator cos(2¢,—)cos(2¢,—)
since it scales as their product. We may thus
neglect it.

We conclude by noting that for even m the most rele-
vant operators which might tune us out of the C2S2 metallic
phase are the umklapp operator, cos(2mé,..), and the operator
cos(2¢,—) cos(2¢,_). In particular, we note that if we wanted
to tune to any phase which gaps out ¢, we must gap out
both spins. Thus, attempting to gap out both charge modes
upon exiting the C2S2 metal must necessarily gap out both
spin modes as well.

b. Oddm

The case of odd m will be different. Now Eq. (B30) reduces

to the condition that

Poyly,, + Powouly,  + 0uly, + 0404ly,_ (B37)
be an even integer when / is even and an odd integer when /
is odd.

Let us first consider the most relevant operator subject to
this constraint which does not involve the total charge mode
but does involve ¢,_, i.e., [ =0 and 1%7 # 0. Since [ =0 is
even, the above constraint will be identical to the case of m
even, and we conclude that the most relevant operator in this
case must again be cos(2¢,_) cos(2¢,_).

We next consider the most relevant operator subject to this
constraint which involves 6, but not ¢,_. As in the case of
even m, the smallest we can make Eq. (B31) is mngﬂ .» when
I =1 and all other coefficients are zero. But this would then
imply that np,, = Pml/2 ¢ Z since m is odd. We must then
either take [ =2 with all other coefficients being equal to
zero or consider / = 1 with one of the coefficients of the spin
operators as small as possible, say l,, = 1. The case of [ =2
will have np,, = Pm, which just describes the operator Ocpw
raised to the mth power. This operator is clearly consistent
with all possible symmetries as it can just be thought of as
the umklapp operator squared, and will scale as 4m2K9p+. The
case | = 1 with [, =1 just describes the umklapp operator
when m is odd. This operator is clearly consistent with all pos-
sible symmetries and will scale as mngﬂ+ + 1. The umklapp
operator, cos(2m#f,,.) cos(26,4.), will be the more relevant of
the two on the metallic side and at the critical point, as if it
was not then Ky, < 1/(3m?) and mZKgﬁ+ +1<4/3<2.

Finally, we consider the most relevant object which in-
volves both 6, and ¢,_. The smallest we can make Eq. (B31)
is then mnger + K,,_ by choosing / =1 and I, = 1. For
this operator, np,, = (Pm + 0,)/2, which is indeed an integer.
One can check that cos(2mé,,) cos(2¢,_) is also consistent
with all possible symmetries. Thus the most relevant operator
containing both 6, and ¢,_ is cos(2mf,,) cos(2¢,_).

The three most relevant possible operators which might
tune us out of the C2S2 metallic phase for m odd are the
umklapp operator, cos(2mé,) cos(20,.), and the operators
cos(2¢,—)cos(2¢,—) and cos(2mb,;)cos(2¢,—). We now
claim that cos(2mf,)cos(2¢,_) must be of lesser or the
same relevance than the other two operators. Suppose it was
not, then mngp+ + K,,_ would be less than either K, + 1 or
mzK(;p . + 1. In the first case, we would have mzK(;p . < land
thus m2Kgp . +1 <2, so the umklapp operator would have
driven a transition out of the metal. In the second case, we
would have that K, < 1, so the cos(2¢,_) cos(2¢,_) oper-
ator would have already driven a transition out of the metal.
We thus conclude that mnger +K,_ > mngp L+ LK, +
1, with equality only possible at the critical point. This means
that the two most relevant operators which can tune us out of
the C2S2 metal both have spin operators present. Thus, tuning
out of the C2S2 metal must always gap out the spin for m odd
even if only one charge mode is gapped out. The intuition
for this in the case of the total charge is discussed in the
main text.

APPENDIX C: PHYSICAL PROPERTIES
OF WM TRANSITION

1. Even m (C2S2 — C1S2)

We wish to find the logarithmic corrections to
(Ocpw (r)Ocpw(0)) in the theory with ’CéDW diagonal in
the p= basis. Note that in this theory Kjy,, will become a true
Luttinger parameter, so we will write K, instead. We will
also write v = v, for short. We now restate some basics. For
the Lagrangian

1 1
L= Lo+ 5 [v—w,eps)z + upx(arepoz], ()
pSs

s=%
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we have the correlation function,

[0+ (r, T) = 0,4 (0)]*)o
x2+(%+h|+aﬁ}

(C2)

o?

=F(rt)= %ln[

where « is a real-space cutoff that is taken to zero. The details
of this cutoff are in Appendix C of Ref. [12]. We will make
the definition that 7 = (r, vt) to take advantage of the Lorentz
invariance of the 6, part of the action. With this definition
F(r, ) ~ In(#/a) in the large 7/« limit.

Using these results, we can now compute the RG equa-
tions by studying the real space renormalization of correlation
functions. We will have that

Ru(F) = (£0+Dgial1 O}y

=R,(M” + 1R, (AP + O(g}),

(C3)
(C4)

where we can expand perturbatively in g,; here g, is the
coefficient of the umklapp term as written in the full theory in
Eq. (15). The odd order terms are zero because the coefficients
of 6, in the exponentials cannot possibly sum to zero. We
can then evaluate this term by term. The expansion is exactly
analogous to the treatment of the KT transition in Chap. 2 of
Ref. [12], so we simply quote the result here. To second order,
we will have that

2
2 = a g
Ra 7) — —a Kp+F(r)/2 1 u
() =e + 2 4m2y?

d;;s 7 3—2m*K,
X — | — .
Fy>a (o4 (o4

This looks like the zeroth order correlation function, but with
an effective

m’K; F(F)

(C5)

. &
K3 (@) = Kop(e) = 55

d;‘s fs 372mzK,,+
X e — .
Fs>a o o4

We now imagine letting the real-space cutoff flow to an in-
finitesimally larger value, i.e., taking o’ = «(1 + dl). The
effective value of K, should be unchanged under this pro-
cedure, since the long-distance physics should be unaffected
by our choice of a cutoff. Setting K, (') = K, (o) immedi-
ately gives us the RG equations:

dKp+

()m’K ()

(C6)

o=y, (C7)
dy
== m’K,,)y, (C8)

where y = g,/2mv. If we linearize about the critical point
K, = 2/m? by taking x = 2 — m*K, 1, then we see to lowest
order our differential equations are

d
&=y, (C9)
dl
dy
— = xy. C10
T (C10)

The trajectories are thus the standard hyperbolas of the KT-
transition. In the disordered regime, where 2|y| > |x|, they can
be solved via

x(l) = Atan (Al + tan™! (%)),
_ A _1{ X0
y(l) = 5 sec (Al + tan (Z))’

where A = /4y? — x2 is a constant of the flow. If we now
take the flow close to the critical point, in the limit where
x0/A, Al < 1, then we see that the trajectory becomes

(C11)

(C12)

x(l)= —20 (C13)
1—.X()l
1 X0
)= — , Cl4
=51 (C14)

which is exactly the form the flow takes on the whole separa-
trix 2y(l) = x(I). Thus, close enough to the critical point the
RG flow is identical to the flow on the separatrix.

We have derived the renormalization equations by comput-
ing a specific correlator and demanding that it be unchanged
under the RG flow. This was done perturbatively in the umk-
lapp coupling. However, we have not addressed a deeper
problem. We note that the g2 correction to R,(7)'* has a factor
of F(7) ~ In(|7|/«), which is divergent as |F|/a¢ — oco. We
should not trust this divergence, however, as it would go away
for a fixed but large |7| if we chose o ~ |#|. Thus, even though
we are choosing K, (/) and g, (1) such that the effective g,
and Ky, do not change under the RG flow, the presence of
this logarithm in the correlator means that the RG flow needs
to be treated in the correlator as well. Note that this is a generic
feature of any correlator with a marginally irrelevant operator
in the theory, as we can expect logarithms that diverge at
long distances to appear in these theories. To treat this, we
write R, (7, @) = I,(«, &’)R,(F, '), which allows us to treat
the RG flow of the correlator by incorporating it into the
I, function. Dividing out by a factor of R,(#)®, R,(F, ) =
R,(F, @) /Ra(?)(o) allows us to consider an I, which is 1 in the
g, = 0 limit and thus treat it perturbatively. If we now take
o' = |7, then we can expect that R,(7, a’) = O(1) since the
gﬁF (7) term will be small in this limit. Thus, we should expect
R, (7, oz)/R,l(?)(O) ~ I,(c, |F|). To compute I,(c, |7]), we first
find I,(a, ae?) and integrate it. We see that

2
RFa) =1+ %yz(a)mzKé+(a)F(?)

- s~ —2m?K,

dr (7 32K
X — —
Fo>a O o

=1+ i 2K F)dl 1
= 7Y ()m°K, (a)F (F) (C16)

(C15)

2
a ’ -
+ 2y @HmK] (@F'(F)

- ~ N\ 3-2m?K,;
x / ar, (r—) N (eIV))
Fy>a’ o o

where we expanded in terms of o = ae?, used the

fact that y*(a/) =y*(@)(e//a)* 2" K+ and K2 (o) =
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K,+(a2) + O(?*) to make this perturbative connection.
Thus,
)
Lo, ae’y =1+ Eyz(oe)mzKﬁ(a)F(?)dl
(C18)

2
= In(I,(a, ae’)) = %yz(a)m2K§+(a)F(f)dz. (C19)
The definition of I,(«, ') makes it clear that I,(a, a”) =
I,(a, o), (a’, a”) and thus that

(e, 7) = [ [lu(ae™, ae’e™) (C20)
J
= exp Zln(la(aejdl, aeldedhy) (C21)
J
a In(7/a) 5 5 )
= exp [E/(; dl m~y~ (DK, (1)
x (In(F/a) — l)j|, (C22)

where we used the fact that ln(?/ot(l))=ln(?/ozel)=
In(#/a) —1. From the RG equations, we note that
mzyz(l)K§+(l) = —dK, /dl and thus

2 In(7/a) dK
L(@,7) = exp [—%/ dl d;’* (In(F/a) — 1)}
0

(C23)
a? 7
= exp ?Kﬁln 5
a2 [/
- f dl Kp+(l):| (C24)
2 Jo
= R,(F, &) ~ Ry(7, @) OL(cx, 7) (C25)
a2 G/
= exp [_? /0 dl K,H(l)}. (C26)

We have thus learned that the value of (e/@e+()eia0+(0)y
requires tracking the full RG flow of K, (/) to avoid the
inconsistencies arising from the log divergence of the per-
turbative corrections. We saw above that close enough to the
critical point the RG flow is given by x(I) = xo/(1 — xol) for
x=2- mzK/,+. If we now insert this form, we will find that

a*/m? 2 In(7/a)
5 o a Xo
Ralr 00 = (‘) P [m [ _xoz]

(C27)
@\ (x(n(#/a))
-(5) (™)

The logarithmic corrections to this correlator are thus particu-
larly simple along the separatrix.

(C28)

Based on our general arguments in the main text, we should
expect that

(Ocpw) ~ v/ {Ocpw (£)Ocpw (0)) (C29)
= VR4(E, @) (C30)
8/m* 4/m?
_ (g) (x(ln(é/a))) (31
X0

8C/m?

mng +

~exp<

since £ is defined by the requirement that x(I*) ~ 1 for
£~ ae.

) (2 — m2K9p+)_4/m2 )

(C32)

2. Odd m (C2S2 — C1S0)

The unperturbed theory which is diagonal in the p=+
basis and has identical spin and charge velocities can be
written as

v 1
£C252 = Z Z |:K_(ar9us)2 + Kvs(arwvs)2:|

v=p,0
s=%

+ ﬁ(a,.emxaﬂpw). (C33)

Note that we have not set K,+ = 1 here, even though this will
be the value they take in the SU(2) invariant C2S2 theory. We
want to be able to track the evolution into the spin insulator, so
we need to allow their values to flow, though we will set their
initial values under the flow to be one. With this unperturbed
theory, we can write Wick’s theorem as

< l_[ ei(A/9u:(7j)+Bj<ﬂm(71 ))>
J

= €Xp I:_% Z (_AiAijs - BLBJK\;.I)F(;’", — 7'])

i<j

+ (A;B; + B;A;)D(F; — ?j)], (C34)
where, again,
1 2 2
F(7) = ~In rrQlrlte ]
2 a?
D(7) = —iarg[vt + asgn(z) +ir]. (C35)

Note that F and D are the real and imaginary parts of the
function In(vt 4 asgn(t) — ir), respectively. As before, the
correlator above will be zero unless ) ;A; =0=),B;. We
have taken these results directly from Giamarchi [12]. We
further note that because Lcos; is diagonal in the vs modes,
any expectation values in the unperturbed theory, (-)o, will
factorize into the different vs sectors.
We can now begin to compute correlators. We define

RY(r) = (D10, (C36)
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We will then have that

—a*K, . F 2 2 2 2 ~\(2
Rp+(r) = ¢ T K F(®)/ + lg Rp+(r)( ) 282R5+(”);2), (C37)
2=t 3211
Rp+(r)(2) _ Z/ d-¥d-r 1a9p+(7)efia0p+(0)62mi010p+(7’)672mi010p+(7’”)>0(62i029a+(7/)e*2i0295+(7’”))0 (C38)
(27101)4112
_ (e’“(’”*(’)e*’”eﬂ*(o)) ( 2"”"‘9"+(7/)e*2mi"'0/’+(7’/))0(eZi"ze"*(7/)e*2i"29”+(7'/’))0] (C39)
2~1 g2~/
oK (P2 Z / d°rdr 2P KKy JF () [ o Ky [F ()= F G4 F () =F () _ | (C40)
(2710:)41)2
2 = d*#d’R ~
=@ Ky O [ e O - Va(F G~ B) = FR)F, (C41)

where we changed variables to 7, = 7 — 7/, R = ¥/ /2 + 7’ /2 and expanded about small 7;. We note that the 7, integral with the
cutoff 7, > « is rotationally symmetric and thus the cross terms are zero. Expanding the square, integrating by parts, and using
the fact that AgxF (R) = —2mw8®)(R) gives

. d*7d’R .
Rp+(r)(2) = —mzazKZJ’_e*azK/ﬂrF(r)/z/\ mefz(mzK”JrK”)F(mf’f[F(? _ R) _ F(R)]AR[F(;’" _ R) _ F(R)] (C42)
a’K?
K d?
_ > p+F( Yo K,,+F(r)/2/ T 24 ~S2 —2(m*K, +K, 1 F () (C43)
2 - 3-2(m*K, 4K, 1)
a1 22 -\~ K, F(7))2 dr s -
= ?nzvzm Kp+F(V)€ a~Kpt . ? a . (C44)

Computing the second-order correlator for g, will be essentially identical. Note that there are no cross terms involving g;g»
because the spin parts of their perturbations must have canceling exponents and each spin piece is distinct. In the end, we will
see that

dr, 5\ 320Ky 4Ky ) 5\ 320K, 4K, )
RP-‘r(r) — ¢ Kp+F(r)/2{1 + — 3 2K2 F(f‘) i » |:)’1( )( 5) +y§(o{)(;s> :|}, (C45)

where y; = g;/(v/2mv). Demanding that the effective value of K, is invariant under changing « to ae?’ gives us the RG
equations:

dkK,
o -7 K2 (c40
dy
—r =@k~ Keom, (C47)
d
= Q=K — Kooy (C48)

These latter two RG equations follow directly from the scaling dimensions of the g; terms. It is only the first that is nontrivial.
We will next compute R? (7). We note that the 6, mode can only couple to the g; term, so

RIF(F) = e Kt FO2 L L RTF (7)Y, (C50)
o+ (7)D) — o= Kot F(H)/2 A7 d*F o2 Ky AKy JF (7 =) j00 Ky s [F (=7 )=F (F=F )+ F (7' )=F ()]
RS (r)gl — o+ Z G )4 Se o+ Kot [e@0 Ko+ -1] (C51)
o)t

2 - 3-2(m2K, s +Ky )

a1 dis (¥ pr ot
= 2 722 K F(r)e “K"*F(’)/z/: 75 (oj) , (C52)

Fy>o

where we have again used the same tricks in our computation of these correlators and expansions. Finding the effective K, and
the RG equations is again straightforward. We see that we will have

dKaJr

_ K2
dl Y1

o+

(C53)

235148-14



METAL TO WIGNER-MOTT INSULATOR TRANSITION IN ...

PHYSICAL REVIEW B 106, 235148 (2022)

and the identical RG equation we have already found for y;.
Since gz = 0, the theory is symmetric under the interchange
Os4+ < 05—, g1 <> g2. Thus, the last RG equation is clearly

dK,_
dl

We can now linearize our RG equations about the fixed
point. We know that if we define x,+ = 1 — K, 4, then x,4
will be zero in the SU(2) invariant C2S2 theory, and should
be expected to be small at the critical point. If we also define
Xp+ = 1 —m*K,, then our four RG equations will become

= —yK;_.

(C54)

Tk (55)
dZT =, (C56)
dz— =2, (C57)

% = (Xpy + Xo 1 V1, (C58)
% = (Xp4 + Xo—)¥2. (C59)

The interpretation of these RG equations is straightforward.
The presence of any of the two terms will attempt to pin 6,
which will increase x, (decrease K,,; ). Due to the symmetry
of the problem, they must all contribute the same way. The
first term will also attempt to pin 6,,, while the last will
attempt to pin 6, .

Let f; = In(y;), then we see that d(f; — f2)/dl = x,4+ —
Xo— and d(x,4 — x,_)/dl = e*/' — ¢*/>. From this, we see
that d*(f, — f»)/dI* = e*' — e*2 and thus that d*f/dI* —
e = g(1) = d?f»/d1> — 2”2, where g(1) is some function
of . We know from the existence and uniqueness theorem
that the equation d”f;/dI> — e*/ = g(I) has a unique solu-
tion for a given initial condition f1(I =0) = f1 o and dfi(I =
0)/dl = f{’o. Now, at the beginning of our flow, we have that
yil =0) =y, = y2(I =0), since both come from the umk-
lapp operator. Further, we start from the SU(2) invariant fixed
point in the C2S2 theory, where x,+ = 0 = x,_. Thus we
conclude that dfi(I =0)/dl =x,.(I =0) =df2(I =0)/dl.
Then, since f|, f, satisfy the same second-order differential
equation and have the same two initial conditions, we can
conclude that y; = y, by the uniqueness theorem.

Our equations then reduce further to

dxp+ 2
Lo+ _ 92, C60
T Vi (C60)
dxy 5 dXe_
_ 2= Hoo col
a T Tar (c61)
dyy,
4 Gt A+ Kot Wi (C62)

dl
where we can conclude that x, . (/) = x,_(I) and both are zero
initially. The first two equations will also reveal that x, . (/) =
2x4+(I) + x,4 0. But then the above flow can immediately be
seen to be the traditional KT-like transition. It is controlled by
only two variables y, and x,, with all other values fixed by
SU(2) invariance and initial conditions.

Consider the flow in the disordered regime. We can take
advantage of the fact that A2 = 3y? — (x,4 + x,1)* is a con-
stant of the flow; the disordered regime has this constant being
greater than zero. We can then solve the above equations to
find that

2 1
X () = gA tan |:Al + tan~! (x";(’)} + 35040 (C63)
1 1
Xor(l) = JAtn [Al + tan~! C%)} — 3540, (C64)
1 1 *p+.0
() = —Asec [Al + tan~! <"—>} (C65)
y 7 1

For small A and small /, these equations reduce to those of the
separatrix, as discussed in the main text.

We can now understand the scaling of the gaps as we ap-
proach the critical point. For ease, we will choose x,, o = 0 so
A =43 vo| and we will tune A toward zero. On dimensional
grounds [12], we can expect that A,/ ~ e where Xp4(I7) ~
1 and x,4+(I7) ~ 1. Then we see that 3/(2A) = tan(Al}) and
3/A = tan(Al7). For small A, we can expand this to see that
[¥~m/QA)—2/3 and [; ~ 7 /(2A) — 1/3 and thus [} ~ [¥.
In particular, A ~ \/ 2 —m?K,, — K, if the transition is ap-
proached from a different direction, giving the scaling of A,
and A; quoted in the main text.

Lastly, we address the scaling of the correlator
(Ocpw (F)Ocpw (0)). If we make the same definition as
in the above, ROT(F, o) = I,(r, & )RET (7, ), then we can
use our derivation of the correlator above to see that

2

Lo, e®™y =1+ %mzKp2+(a)[y%(a) —{—y%(a)]F(f’).

(C66)

By the identical logic as in the even m case, we see that
therefore
2

In(7/at)
ROV(F, ) = exp [—3 / dl K,,+(l)]. (C67)
0

Close to the critical point, we will then have that

a*/2m? 2 In(7/at)
o a
RAH(F ) = <;) exp |:—2m2 /
0

2 X 0 1
xdl [ Z—220 4 .
(3 1 —xpol 37777
If we use the definition of & = aelc with x,(I*) = 1, then
we can evaluate this integral to find that

o a*/2m? 2 o
Ry (5 ) = (E) %"
where this power is due to the factor of 2/3 in front of the
diverging piece of x, (/). We finally conclude that we should
expect

(C68)

(C69)

AC I m? )

(0] ~exp| —
(Ocpw) p < owK. K.

—8/3m?

X (2= m’K, — Kq1) (C70)
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