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Exact many-body scars based on pairs or multimers in a chain of spinless fermions
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We construct a 1D model Hamiltonian of spinless fermions for which the spinless analog of n-pairing states
are quantum many-body scars of the model. These states are excited states and display subvolume entanglement

entropy scaling; they form a tower of states that are equally spaced in energy (resulting in periodic oscillations
in the Loschmidt echo and in the time evolution of observables for initial states prepared in a superposition
of them) and are atypical in the sense that they weakly break the eigenstate thermalization hypothesis, while
the other excited states are thermal. We extend the approach by presenting models with a tower of scar states
generated by multimers located at the edge of the Brillouin zone.
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I. INTRODUCTION

The question of thermalization in isolated many-body
quantum systems typically relies on the eigenstate-
thermalization-hypothesis (ETH) [1-4], which assumes
that highly-excited eigenstates of nonintegrable quantum
many-body systems act as effective baths for their small
subsystems, thus allowing a conventional statistical ensemble
description of local observables. An active research area
stemming from the introduction of ETH has been the search
for systems that violate such a conjecture and hence display
anomalous thermalization behavior.

The strategies towards the realization of systems lacking
standard thermalization under unitary time evolution have
relied on the presence of an extensive number of integrals
of motion, thereby enforcing the time-evolved state to retain
memory of its initial configuration. The two representatives
of the aforesaid routes towards ETH-breaking are fine-tuned
integrable systems, featuring an extensive set of global con-
served quantities [5—12], and strongly disordered systems,
where the phenomenon of many-body localization has been
explained by introducing the idea of local integrals of motion
[13-21]. Moreover, signatures of breakdown of thermaliza-
tion have been reported in Floquet quantum matter [22-24],
where the presence of an external driving can induce emergent
conservation laws in clean interacting quantum many-body
systems.

More recently, an experiment on quantum quenches in a
system of cold Rydberg atoms revealed persistent coherent
oscillations in local observables when monitoring the time
evolution starting from a specific initial state [25]. Such a
feature was shown to rely on the presence of a measure-
zero set of exceptional ETH-violating eigenstates, called
quantum many-body scars [26-29], embedded in an other-
wise thermalizing spectrum [30-34]. A recent observation of
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many-body scarring in a quantum simulator has also been
reported [35-37]. The latter have been later constructed in
several nonintegrable models of spin-1 [33,38-43] and spin-
% chains [42-45] or, more generically, spin-S chains [46],
as well as in spinful fermionic systems in one and higher
dimensions [47-49] and in quantum Hall models [50]. They
all have the form of energetically equally-spaced towers of
exact eigenstates of the Hamiltonian, and this peculiar spectral
feature lies at the heart of the observed periodic revivals in the
time evolution of suitably chosen local observables. Further
examples of quantum many-body scars have been predicted
in the framework of Floquet-engineered systems [51-54],
lattice gauge theories [55-57], flat-band models [58,59] and
magnetically-frustrated systems [58,60,61].

A crucial step towards the understanding of quantum
many-body scars was played by n-pairing states, firstly dis-
covered by Yang as exact excited eigenstates of the Hubbard
model with off-diagonal long-range order [62]. Despite the
n-pairing states not representing genuine many-body scars
of the Hubbard model due to the presence of a hidden
n-pairing SU (2) symmetry, they display the prototypical al-
gebraic properties of towers of scarred eigenstates, as they
are generated by the repeated application of a ladder-like
operator to a weakly-entangled state, and a subvolume entan-
glement entropy scaling law [63]. Thus, the n-pairing states
have inspired several works aiming at unveiling a universal
scarring mechanism allowing for the microscopic emergence
of many-body scars, as well as the search for Hubbard-like
Hamiltonians with n-pairing-symmetry-breaking terms that
preserve analytically tractable towers of n-pairing states as
genuine many-body scars [47].

In this paper, we unveil the existence of an exact tower
of scarred eigenstates of a spinless fermion Hamiltonian
by generalizing the mechanism of 5 pairing to the case
of spinless fermions. Our analysis provides a further illus-
tration of the characteristic properties of towers of scarred
eigenstates studied in the literature and with one of the sim-
plest particles: spinless fermions. The scarred eigenstates are
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characterized by ETH-violating properties such as the log-
arithmic scaling of the entanglement entropy in the size of
the selected subsystem [30,32,41,44,47,63,64] and the off-
diagonal long-range order [44,64—67] in the pair correlation
function. Moreover, we show how the choice of a superpo-
sition of scarred eigenstates as the initial state of the time
evolution leads to periodic revivals in the expectation values
of local observables [44,64,68]. We highlight the peculiar
feature of symmetry enhancement in the scarred subspace by
drawing connections to the concept of quasisymmetry [69,70]
and its relation to many-body scar dynamics.

Remarkably, all these results can be extended to scar states
characterised by multimers where M > 2 particles are bound
together; we discuss explicitly the case M = 3, where trimers
are fermionic and display some qualitative different features
with respect to the bosonic case.

Despite the aforementioned phenomenology being known,
we wish to highlight the aspects of our paper that have
not been significantly underlined in the preceding literature.
Firstly, we extend pioneering results on many-body scars
in spinful fermionic systems, where 5 pairs represent the
infinitely long-lived quasiparticles that underlie the corre-
sponding tower of scarred eigenstates [47]. More precisely,
we reveal how an analogous structure is realized in a sys-
tem of spinless fermions [71]. The extended spatial structure
of the quasiparticles, namely pairs or multimers of spinless
fermions, reflects itself into nonlocal expressions for the low-
ering operator in the scarred subspace (also discussed in
Ref. [44]) and for a nontrivial conserved quantity of the many-
body scar dynamics. Moreover, we highlight the fact that our
paired scarred states can be interpreted within the framework
of macroscopic quantum coherence in the grand-canonical
ensemble by constructing a close analog of bosonic coherent
states [46]. Our result differs from the one expected in the
case of a purely bosonic mode as a result of the hardcore
nature of the pairs. We find that the fermionic case is even
more peculiar: Although we are able to write the scarred states
analytically and to identify them in numerical simulations,
we were not able to find an expression for the raising and
lowering operators that is local. To the best of our knowledge,
so far at least one of the two has always been found.

This article is organised as follows. The first part of the
article is devoted to scars based on pairs and it consists in
Sec. II. After introducing the model Hamiltonian and dis-
cussing the structure of the interaction term, we define the
tower of scarred eigenstates and characterize their spectral
and entanglement properties, thereby underlining their con-
sequences on the dynamics. Our analysis is corroborated by
numerical data. The second part of the article consists in
Sec. III, where we extend our results to the multimer case:
We present a simple Hamiltonian that supports exact multimer
scars and we argue with analytical and numerical results that
the model is not integrable and that the scars are not generic.
The conclusions are presented in Sec. I'V.

II. SCARS BASED ON PAIRS
IN A SPINLESS-FERMION MODEL

We start our discussion focusing on a model that features
exact many-body scar states that generalise 1 pairing to a

spinless fermion chain,
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the fermionic creation and annihilation operators satisfy
the canonical anticommutation relations {c;,c¢;} =0 and
{¢i, Ejf} = §; j. The hopping amplitude is ¢, u is the chemical
potential, and J is the pair-hopping amplitude associated to the
motion of two neighboring particles; J is also the parameter
of different forms of density-density interactions. We take
J >0 and ¢ > 0. This kind of correlated pair-hopping has
been recently studied in a variety of studies and is responsible
for several phenomena related to pairing [72—77]. The lattice
size is denoted by L and the Hamiltonian conserves the total
number of particle operator N. Throughout this article, for
simplicity, we always assume L and N to be even and we take
open boundary conditions if not explicitly mentioned. To ease
readability, we write explicitly the bounds of summation only
when they are nontrivial.

A. Exact results on scar states and towers of states

We now discuss a set of scarred eigenstates for . In order
to do so, we define the tower of states for k € {0, 1, ...L/2},

1 @ik
(L;k) k’

Vi) = @), with i} =" e™elel

Jjoj+1

@

This set of states is the closest analog of 1 pairing in a spinless
fermionic setup as they represent a condensate of pairs that
have 7 momentum, i.e., they belong to the edge of the first
Brillouin zone. Such a state have a fixed number of pairs &,
and thus a number of fermions N = 2k.

The normalization factor follows from combinatorial con-
siderations. Indeed, given N fermions on a lattice of size L,
one can map each fermionic configuration where particles
form even-sized clusters to a spin configuration with k spin-up
states on a spin chain of size L — k via the rules |ee) —
[1), o) — |{). Then, the number of fully-paired fermionic
configurations on the original lattice equals the number of
ways of distributing k spins-up on a chain of length L — k,
which is (£ 1 %).

The states introduced in Eq. (2) form a tower of en-
ergetically equally-spaced eigenstates of H, satisfying the
eigenvalue equation

H |Win) = =20k Y x) . 3)

This result is explicitly derived in Appendix A; very briefly,
it follows from the destructive interference of the single
fermions when single-particle hopping breaks a pair into two
fermions (similar mechanisms have been also highlighted in
other models, e.g., spin-1 models [31]).

Moreover, the [y ) satisfy the standard restricted
spectrum-generating algebra (RSGA) typical of the tower of

J

235147-2



EXACT MANY-BODY SCARS BASED ON PAIRS OR ...

PHYSICAL REVIEW B 106, 235147 (2022)

states,

(H, i1 1Ye2) = =2m0) [Vix) )

and as such they fit exactly in the standard theory of exact
many-body scars with linearly-separated energies. Addition-
ally, the states |y ) are the exact frustration-free ground
states of the Hamiltonian H; = +(J/2) > L;L_i for J > 0,
where

L= fjhj = i+ ohiné; — Etjnéia,  (5)
which corresponds to the part proportional to J of the model
in Eq. (1). Thus, we can interpret them as scars obtained by
deforming a frustration-free nonintegrable model, the defor-
mation being obtained by adding the single-particle hopping.

The fact that pairs located at momentum m are eigenstates
of the Hamiltonian means that they can be thought of as
quasiparticles with infinite lifetime; the equal energy spacing
is instead associated to the fact that they are not interacting
(see Appendix B for a coordinate Bethe Ansatz argument sup-
porting the latter observation). It is enough to assume # > |u|
to place them in the middle of the spectrum of A, of which
they become exact eigenstates that lie at an extensive energy
above the ground-state energy.

It is not difficult to observe that the | ) feature off-
diagonal long-range order; let us introduce

P(r) = (x| €128, 850r8jrit 1Vkn) (6)

to denote the pair correlation function evaluated on the state
|Yr.z). Then, taking periodic boundary conditions and the
thermodynamic limit at fixed density n = 2k/L, we obtain

n

lim Pe(r) = (=1 "' >—(1 —n)’, ()

L—o0 2—n
with r > 3. The explicit formula at finite size is given in
Appendix C. This observation alone is sufficient to motivate
the fact that they are exceptional in the spectrum of the Hamil-
tonian and break ETH, as they violate the Mermin-Wagner
theorem about thermal states in one dimension. As a further
proof of ETH breaking, we will later also discuss the fact that
the entanglement entropy of these states grows logarithmi-
cally with the subsystem length, instead of linearly, as it is
typically expected for thermal states.

B. Algebraic properties

As mentioned, the operators fﬁT realize a RSGA in the
subspace S spanned by the |y ). Indeed, the commutator
[H, ﬁj,] reads

[H, 711 = —2unl + 0, ®)

where the explicit expression for O is given in Appendix D.
There, we also show that the states | ) belong to the kernel
of O. Therefore, Eq. (4) is satisfied and, in turn, the eigenvalue
equation (3) is proven in a way that is different from that
presented in Appendix A.

More interestingly, we observe peculiar consequences of
the spatial structure of the pairs when considering a lower-
ing operator 7). satisfying 7/ |¥x ) & |¥x—1 ) for k > 1 and
fi7. |[Wk=0.r) = 0. The naive guess fj,, = f), fails, as one can

notice by studying the explicit case k = 2, L = 4,
iz |Y2,7) =iz |0 @ 08) = |8 008) —[00 e8) — |00 00),
©))

where the filled dots indicate occupied sites while empty dots
denote empty sites. As one can infer from Eq. (9), the action of
fix on | ) generates configurations with unpaired fermions
as soon as k > 1, thus failing to reproduce the properties of a
lowering operator inside the subspace S.

In general, the explicit form of /. is rather complicated,
we discuss here below for simplicity an expression that works
if applied on states | ) for k < L/3, and that is nonlocal,

Zni"’(z’é) L—1
t Z —inj pl-Da. A
e 1pY Cj+1Cj. (10)

=1 m=0 j=1

In Eq. (10), the operator C = Zf;ll (1 —7;)(1 — f1j41) counts
the number of consecutive sites that are empty and the sum
over m represents a Kronecker delta that selects the value of
¢ that is equal to the eigenvalue of the operator C. The two
operators ¢;41¢; annihilate a pair at sites j and j + 1 and the
projectors PU—1 check that the site j is preceded by an even
number of occupied sites and otherwise they annihilate the
Fock state. Comparing with the sketch in Eq. (9), this term has
the goal of avoiding that the unpaired configuration |e o ce) is
generated from the initial state |e e ee). It is possibly interest-
ing to observe that there is a recursion relation obeyed by the
projectors

PO — 1,

PO =1 -pP D 1<s<L. (1)

We claim that # |Y) o |Y_1 ). Indeed, if one can
show that each of the configurations contributing to the state
|\Vk—1,>) appears in the expression of the state 7, [) with
a unit coefficient (apart from overall normalization factors),
then the proof is concluded. Consider any fully-paired Fock
state |c) contributing to the state |yy_; ). The latter is gen-
erated whenever )/, acts on a configuration contributing to
|Yr.») that can be obtained by adding a pair to the target
configuration in |Y_; ). The number of such configurations
with k pairs equals the expectation value of C over the target
configuration |c). Therefore, by dividing each contribution
that results in |c) by the number of configurations in | )
that |c) can be reached by, one gets the desired result. This
last operation is implemented by the operator expression that
precedes the summation over the lattice sites in Eq. (10).

C. Quasi symmetries

In this section we draw connections with the quasisym-
metry picture of many-body scar subspaces [69]. Since the
spinless n-pairing states |1 ) that generate S are character-
ized by infinitely long-lived pair quasiparticles, we infer that
the total number of pairs N, » 1s a conserved quantity under time
evolution within S. Its explicit form is once more nonlocal,
and reads

~

-1

Np = ﬁ(j_l)fl_jﬁ_i+1. (12)
1

~.
Il
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The quasisymmetry property amounts then to the statement
that

U,HU |s = Hls, (13)
where Uy = ¢ is a unitary representation of U(1). We
conclude that the subspace S enjoys a nontrivial U (1) qua-
sisymmetry linked to the infinite lifetime of the n pairs.
Similar considerations can be carried out in the case of the
operator Nstag = Z?Zl(—l)jﬁ j» which gives rise to an addi-
tional U (1) quasisymmetry of the subspace S via the unitary
representation Uq, = e#Nwe | which enjoys the properties of
being a tensor product representation over the Hilbert spaces
attached to the lattice sites.

We underline that, according to the definition of qua-
sisymmetry of a degenerate subspace [69], the unitary
representations are required to be tensor product representa-
tions over the Hilbert spaces attached to the lattice sites, in
order to avoid including complicated transformations without
a transparent physical meaning in the definition. While the
latter condition is met by the unitary U,, it is not satisfied
by U,. However, given the clear physical meaning of the
generator 1\71,, we choose to include it in the discussion.

D. Dynamics and quantum coherence

The consequences of Eq. (3) on the dynamics of a generic
superposition of the states |y ) are easily computed; the
existence of infinite revivals in the coherent dynamics that will
be discussed below is a further consequence of ETH breaking.
For an initial state of the form

L2

WO) =D mlex). Y ImlP=1.  (14)
k=0 k

the Loschmidt echo takes the form

L2

Lo =[O @) P =Y im0, a5
k=0

and is periodic with period T = |7 h/u|. Coherently with the
interpretation of the states [y ) as condensates of pairs, we
find here that their time evolution is dictated by the chemical
potential w [78].

The time evolution of the expectation value of an opera-
tor is also easily computed. We take ¢;¢;;1 as an example
of operator that has matrix elements between states whose
number of pairs differs by one; assuming periodic boundary
conditions, even L and odd L/2 for simplicity, the dynamics
of its expectation value reads

(Y @)1E;ejnly @)
L—2—k)

L/2-2 N
My Mye4-1 ( k

— (—1)y , 16
()ez\/LL—kLL—k—l (16)

Lfk( k )Lfkfl( k+1 )

k=0

and exhibits a periodic oscillating behavior. The compli-
cated coefficients in terms of binomial appearing inside the
summation take an easier expression when we consider the
thermodynamic limit at fixed density n = 2k/L. Noticeably,

in agreement with Eq. (7), it is easy to show that

m (Yl 856501 W) = (17 /= (1 —n)
oo kol CjCj+1 k+1,7m 2 _n s

7

which allows to conclude that the thermodynamic limit of the
pair correlation function, lim; _, « P (r), equals

W (Y1 €565 W) (Ve | 8408 jer1 [Wikprx)  (18)
L—o00 -

when r > 3. Once more, this expression certifies that the
states | ) feature off-diagonal long-range order.

If the states |y ) can be considered as many-body states
with macroscopic coherence and fixed number of particles,
states of the form (14) can be used to discuss the macroscopic
quantum coherence in the more usual grand-canonical ensem-
ble. We can introduce the « states

) = N, e |0), aeC (19)

where A, is a normalization constant, and by applying the
time-evolution operator on |o), one can easily verify that they
remain of the same form, and that the parameter « obeys the
time-evolution relation

a(t) = e a(0). (20)

It is tempting to interpret the « states as the coherent states of
a quantum harmonic oscillator, but we stress that even if we
assume infinite size, the fi, and # do not satisfy the canonical
commutation relation, and for instance 7, |«) # « |«). This
follows from the considerations presented above on the alge-
braic properties of the /(7.

The oscillatory behavior of the coherence parameter o
demonstrates transparently that the state |«) returns to it-
self after a period T and naturally translates into periodic
oscillations in the time evolution of suitably chosen local
observables, as demonstrated more generally in Eq. (16).

We probe the macroscopic coherence of the state |«) by
evaluating the expression in Eq. (16) for the choice |y (7)) =
|e(2)). The result takes the following form in the limit L —
400 (see Appendix E):

2a(t)
VI + 421 +/T+4aP)
2n

(@) e™ejela@)) =

While for small values of « the result reproduces the value
obtained for the coherent state obtained from a single bosonic
mode, the term in the denominator of Eq. (21) corrects the
result for larger values of o and arises from the hard-core
nature of the pairs that populate the system.

E. Entanglement

In this subsection we compute the scaling of the entangle-
ment entropy of the |y ) for a bipartition of the system into
two halves of length L/2. We show that they are entanglement
outliers, as they display a logarithmic scaling of the half-chain
entanglement entropy; as we have already mentioned, the
scaling is not the typical scaling of a thermal state and thus is
a consequence of ETH breaking. To this end, we consider the

235147-4



EXACT MANY-BODY SCARS BASED ON PAIRS OR ...

PHYSICAL REVIEW B 106, 235147 (2022)

1
(a) (b | (©
10 ¢
. 1 0—3 b /\m J\ A _
& 4t Q
§ = 10°F 3 =
i . " . =] < 10°F | - o
. . = k=L/6 -60 08 4
. o kL3 10 ¢ 06
2Fe * — analytics| 10’75 - ]]:jz 04 -
pede 2 ]
L n L n L n L n L n L N - i i N 00 \5 IR '3 L » O Il L L L
4.8 5.2 54 5.6 5.8 0 10 20 30 40 50 0 10 20 30
log(L) t E[t]

FIG. 1. (a) Scaling of the half-chain entanglement entropy of the states | ) for fillings n = 2k/L = 1/4, 1/3, 2/3 according to Eq. (23).
The blue line is the asymptotic expression (24). (b) Loschmidt echo £(z) as a function of time ¢ for the Hamiltonian parameterst = 1, J = 2,
and ¢ = —1, starting from a product state |1,) (see text). Inset: Same for a superposition of scarred eigenstates |¢/;) (see text). (c) Half-chain
entanglement entropy of the eigenstates of Hamiltonian (1) witht =J =1, u = —1forL = 16 and N = 6, 8, 10, 12 particles.

density matrix pxr = |V¥r.x){¥r.~| on a system with L sites and we aim to compute the reduced density matrix for the first %

St . =—log {Tr[(ﬁ;f,?)z} }

An analytical generic formula for any & can be obtained in terms of binomial coefficients, and reads

in{ | L2 LNy ko
) mzEn ()
%,k,n = _log Z LN
I=max{0,[ Y27 ( gz)

A more readable analytical expression can be found taking the
thermodynamic limit L — oo and k — oo and fixing the ratio
2k/L = n = 2/3. In this limit, in Appendix F we show that the
formula is well approximated by

Styt (24)

3.7

For more clarity, we have evaluated the resulting entangle-
ment entropy scaling law in Fig. 1(a), where the analytical
prediction in Eq. (23) is plotted as a function of logL for
several choices of the system filling, i.e., of the number of
pairs. The figure confirms the agreement with the scaling
for n =2/3 in Eq. (24) and demonstrates a scaling as log L
for other filling choices. As already mentioned, a logarithmic
scaling of the entanglement entropy signals a non-ETH state,
and shows the exceptional character of the | ).

F. Numerical analysis

We proceed by providing numerical benchmarks of the
scarred eigenstates discussed in the previous sections by per-
forming exact diagonalization simulations with the QuSpin
package [79,80]. We start by presenting the behavior of the
Loschmidt echo £(¢) when the system is initialized either in
the superposition of scarred eigenstates |y;) = Lz(h//lﬂ) +

|¥2.7)) or in the generic product states [y,) = ]—[fi 41 ¢, i [0).
The data presented in Fig. I(center) show that, while the
superposition of scarred eigenstates shows exact revivals, as

predicted exactly via Eq. (15), the coherent dynamics of a

(22)
2 A _ LoN L\ 2
(e .
3
I=max{0,[ Y1217} ( N )

(

generic product state displays a phenomenology that is consis-
tent with the loss of memory of the initial state, as generically
expected for a thermalizing isolated many-body quantum sys-
tem. The data confirm therefore that the revivals associated
to the existence of an exact tower of states embedded in the
spectrum is atypical and not observed when the dynamics of a
generic initial state is monitored.

A further check is provided by plotting the half-chain en-
tanglement entropy of a system described by Hamiltonian (1)
on a lattice of size L = 16 for N = 6, 8, 10, 12. The points
highlighted in orange in Fig. 1(c), which refer to the half-chain
entanglement entropy of the scarred eigenstates {Iwk,,,)},f:y
point towards the anomalously low entanglement of scarred
eigenstates in comparison to other generic excited states. This
finding is consistent with the nonthermal nature of the un-
veiled quantum many-body scars and confirms their nature of
exceptional states embedded in an otherwise ETH-satisfying
spectrum.

We conclude this section by demonstrating the nonin-
tegrability of Hamiltonian (1) by means of the study of
level-spacing statistics. More specifically, we compute the
probability density function of the ratio of consecutive level
spacings r, = §,/sy,—1 [81,82], where s, = E,+; — E, is the
difference between two consecutive energy levels E, and E, 1
in the spectrum. The comparison between the numerical data
and the Wigner-Dyson probability distribution for the GOE
ensemble provided in Fig. 2(a) shows a neat quantitative
agreement. Moreover, the average of the level-spacing ratio
7, = min(s,, s,_1)/ max(s,, s,_1) obtained from the numeri-
cal data equals 0.52822..., is perfectly compatible with the
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FIG. 2. (a) Level statistics probe P(r) in the bulk of the spectrum of (1) with OBC witht =J =1, u = —1 forsize L = 18 and N = 6, in
the inversion symmetry sector / = —1 (black dots) compared to the GOE prediction (red solid line). (b) Same plot for the Hamiltonian A in
Eq. (30) with the same parameters. (c) Same plot for H; but setting J = 0 and keeping other parameters identical.

theoretical value (7) = 0.53590.... We are thus able to con-
clude that the model is not integrable.

G. Relation with previous work

Recently, an article has presented results on a class of spin
models that are connected to ours [46]. One of the models
considered (in the notation of the article, it corresponds to n =
2)is

L

L
H=Y (S;S; +Hc)+hY S +Hpens (25
j=1 j=1

where S;?‘ are spin-1/2 operators. The Hamiltonian Hpey,» is
parametrised by three sets of coefficients cﬁ."), withi=1,2,3

D= =0and ¢ =2,

and j =1,2...L; if we take c;

we obtain

L
Hperia =J Y (I011) + [110)((O11] + (110]).  (26)

J=1

If we apply the Jordan-Wigner transformation to this model,
we obtain the model written in Eq. (1) upon setting t = 1 and
h = —u. Hence, Hamiltonian in Eq. (1) maps to a specific
instance of the model discussed in Ref. [46]. Our paper, pre-
sented directly in the fermionic form, puts more emphasis on
pairing nature of the model and of the scars, and lends itself to
multimer generalisations, as it is discussed in the next section.
Our point of view and complementary results shed new lights
on possible route for identifying scar models.

III. SCARS BASED ON MULTIMERS IN A
SPINLESS-FERMION MODEL

In the following, we generalize our findings on many-body
scars with n-pairing to the case of multimers of arbitrary size
M > 2 by constructing a family of Hamiltonians H,;, such
that states composed of many n multimers of size M are exact
many-body scars of the Hamiltonian Hy,.

The Hamiltonian is the sum of three terms: Hy = H, +
Hu + H; and their explicit forms in open boundary conditions

read
L—1 L—-M+1
H = —t) [€l¢jy +Hel =ty [M] M) +Hecl;
j=1 j=1
(27a)
L
A= iy (27b)
j=1
L-M [/M—1 M M
By (nﬁ,+,+nﬁ,+, 2 i
Jj=1 =0 =1 =0
+ [M;M,+1 +Hc ]) (27¢)

In the Hamiltonian A, we recognize a single-particle and a
M — 1-particle hopping term, with

M-2

ATt _ AT _ AT AT

Mj = ch+l—cj...cj+M_2, (28)
=0

whereas H,L is just a chemical potential term. The
Hamiltonian H; is a frustration-free positive Hamiltonian of
the form J ) ; ﬁ;(M)iﬁ,M), comprising both density-density in-
teractions and a M-particle hopping term

(993

M—1

ot A At At

j—lchl— i Ciipet- (29)
1=0

The explicit expression of I:g.M ), that is inessential for this
discussion, is given in Appendix G. For completeness, we
mention that multimer Hamiltonians and variants thereof have
been discussed in Refs. [77,83].

The Hamiltonian A, is the generalisation of the Hamil-
tonian A introduced in Eq. (1) and it reduces exactly to it
for M = 2. A particularly interesting property is the fact that
for M > 3 the simpler Hamiltonian H, + H,, is already not
integrable; for M =2 this would not be true as it would
be a free-fermion model. We verify this first statement with
a numerical analysis for the case M = 3, and for reading
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convenience we write here the explicit Hamiltonian

L-1

L-2

= —IZ(C Cj+1-|—HC)—MZHJ+IZ(CJ+2HJ+1C]+HC)

Jj=1 j=1

L-3

A A A A oA A A A A AfaA A A
+J ) [Ahjiije 4 Rjafofs — 200 R R+ (ERjaiadis + He)l.

j=1

First of all, we study its level-spacing statistics, as in the case
of n pairs. The results shown in Figs. 2(b) and 2(c) showcase
the agreement between the Wigner-Dyson distribution and the
numerical data. For J # 0, the value of () is computed from
the numerics to be 0.5296. .., which is compatible with its
theoretical prediction. For J = 0, the average of (#) computed
numerically takes the value 0.5326. ... We conclude that the
deformation of the Hamiltonian proportional to J is not nec-
essary to make the model nonintegrable when working with
M = 3 and we expect this to be true in general for M > 2.

A. Exact results on scar states

We assume open boundary conditions and introduce the
towers of states |1p(’”)) that generalise those presented in
Eq. (2) to multimers. The goal of this section is to define and
characterise the properties of these states; in Sec. III B we will
present numerical evidence that they are scar states, and an
analytical proof of that will follow in Sec. IIIC.

For M even, the states are defined as condensates of multi-
mers atk = 7,

k. il (L—(M—l)k) ’ '
: k

The physical properties that the states |¢(M)) display are an
extension of the ones unveiled in the case of pairs. More
precisely, these states display long-range order signaled by
a nonvanishing value of the large distance behavior of the
multimer correlator (w,EM)| M m e |¢,£M) ). Such a feature is a
consequence of the statistics of the underlying quasiparticles:
Indeed, since the multimer creation operators M T commute
for even M when they have nonintersecting support, the even-
sized multimers in such states behave as a condensate of
hardcore bosons.

On the other hand, for M odd, the multimers are fermionic,
and the notion of condensation cannot be applied. In this
case the states W(M )} are the equal-amplitude superposition
of all multimer states weighted by a phase factor. To make
this precise, we need to define what is a multimer state,
namely a real-space Fock state of the spinless fermions where
fermions bunch in groups whose length is a multiple of M. For
M = 3, for instance, [ceeecococoo)and [ceeeeeecO)
are multimer states, whereas |o @ @ @ @ 0 0 0 o) is not. To each
multimer state we can associate the phase factor Ty "
where m; is the site where the first fermion of the jth multimer
is located. For the two multimer states given above, in the
first case m; = 2, and in the second case m; = 2 and m, = 5.
The linear superposition of all multimer states multiplied by

j=1

(30)

(

the given phase factors defines the exact scars; these states
generalise the properties of the bosonic states defined above.
It is interesting to observe that in the fermionic case the
tower of states are not generated by a local raising operator,
as it happens in the hardcore bosonic case. This observation
can be traced back to the fermionic anticommutation relation
M, M;} = 0 when |j — /| > M, which in turn implies that
the naive guess 7" = 3~ e 1\71; fails because the latter op-
erator squares to zero. The correct form of the raising operator
has the following structure, generalizing the Jordan-Wigner

string:
e (M) A
§ emjemNj MJT7
Jj

~(M)F _

U (32)

where V™ is a nonlocal operator that outputs the number
of multimers of size M that are present before site j. A
construction of such an operator is presented in Sec. III D.

Moreover, the correlation properties of states |1/I(M )) with
odd M display edge properties that depend on the total parity
associated to the number of multimers. For instance, the edge-
to-edge correlation function reads

(L—4—2k)
k=1
L—2ky ’
)
provided k < 1 4+ [(L — 6)/3], and vanishes otherwise. More
generally, we compute the trimer correlation function on a
system with OBC (the explicit expression is provided in Ap-
pendix H) and present it in Fig. 3: The result shows a revival

of correlations at the right edge of the system, whose sign
depends on the parity of the total number of trimers in the

( (M)

o (_1)L+k

CL 262 chC3czcl |1ﬁ ) (33)

0.15 \
N, =10 1
— N =11 i

0.1

! ! ! !
0 20 40 . 60 80

J
(3)|AM;

FIG. 3. Trimer correlation function (—l)f“(w ! +,c, 1263
&¢11¥)) on a lattice of size L = 100 for k = Ny = 10, 11 trimers.

100
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N=12|"]

0 10 20 30

FIG. 4. Half-chain von Neumann entanglement entropy of the
eigenstates of the Hamiltonian A with r=J =1, u=—1 on a
lattice of size L = 16 in the sectors with N = 6, 9, 12 particles.

system. Such a feature is reminiscent of the behavior of the
single-particle correlator (6;61) for the ground states of
the Kitaev chain; it hints at the fact that the equal-weight
superposition of the states |1//(3 ) ) with fixed parity of the num-
ber of trimers, i.e., with k = 2n or k = 2n + 1, could possess
the nontrivial topological properties of the ground state of the
Kitaev chain in its topological phase. These considerations are
a consequence of the fermionic nature of the quasiparticles
associated to the tower of scarred eigenstates with an odd
value of M.

B. Numerical signatures of the trimer scars

In order to verify the existence of multimer scars, we focus
on the specific case M = 3 and we employ numerical tools:
We will show the existence of atypical eigenstates with ener-
gies By = —Muk, k = , LL/M].

We test the half- chaln von Neumann entanglement entropy
in Fig. 4, where the atypical eigenstates belonging to the tower
of states defined in Eq. (27a) with M = 3 emerge as entangle-
ment outliers with respect to the typical behavior observed for
generic highly-excited eigenstates. We also show in Fig. 5 the
expectation value of a generic local observable related to the
relevant quasiparticles, in this case the total trimer-hopping
energy density

L—
Z (€17j410j428 43 + Heel). (34)

The plot shows that K3 takes an anomalous value when evalu-
ated over the scarred eigenstate |1ﬁ3(i)r), whereas it behaves as

J

e

b
™
!

Lol

i

_ . | . | . | . | . | .
0.3 0 5 10 15 20 25

E[t]

FIG. 5. Expectation value K3 over the eigenstates of Hamiltonian
Hyfort=J=1,u=—1forL=16and N =9.

smooth function of energy for the other eigenstates, thereby
supporting the validity of the weak ETH-breaking associated
to the scars that we are presenting.

C. Proof of the exact multimer scar states

In this section we show that the ngt[r)> introduced in
Sec. IIT A are scar states with energies E;. We recall that
they are defined as the normalized equal-amplitude superpo-
sition of all Fock configurations obtained by distributing k
trimers over the system, each multiplied by the phase factor
¢ Yol where ji is the position of the first fermion in
the Ith multimer. The Hamiltonian H, annihilates the states
|w(M ) by means of the destructive interference among single-
particle hopping and multimer hop 'ng. Similarly, it is easy
to see that H |'(//(M)> —Muk Vi n ) Hence, we focus on
the problem of showing that the states |1ﬂ1%)
by ﬁ J-

By performing the transformation ¢; — e~'#7/¢; via the
unitary operator Uy = ]_[jL.=1 €'/ to remove the n-pairing
phase factor from each term in the superposition that defines
W(M )) we need to prove that the states |1/f,%)) are eigenstates

) are annihilated

H;, where

M—1 M M
Ay =14+ [as —2] [+ — MM + Heo).
1=0 I=1 1=0
(35)
We show now thatH |1/f(M)) =0forj=1,...,L—M. Let

us denote by Cﬁ() the set of all Fock space configurations
obtained by distributing £ multimers of size M over the lattice,
each multiplied by the normalization factor of the state |1//(M ).

In other words, C\y’ is the collection of all Fock position basis
states that contribute to |1//(M )) Let us further introduce the

following subsets of CJ(J).

S =1{Iv)yecy  Wluly) =1, ji <I< p}. (36)
Saji = { W) € CY - (Wlij 1 1Y) =, (Ylaly) =1, j1 <1< ja), (37)
Sirwa ={1W) €CY : (Wlhjer [¥) =, (Yl l¥) =1, ji <1< ), (38)
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with o« = 0. Then, one can write

Blvl)= >

[¥) €S jrm—1

i+ >

|‘//)€S_;+I,j+/vl

where | %)) is obtained from the corresponding state |/) € Sy, 11, j+m by moving the multimer placed on sites j + 1, ...

M to the sites j, . ..

41,

oo w®y= > ),

1) €S0;j+1,j+M [¥)€S; jtm-10

-2y - Y

[V)€S) j+m

[y ®y, (39)

SRS

1) €S0;j+1,j+m W)ES) j4m-1:0

J+

, j +M — 1 and leaving the site j + M empty. As a result, [¢'©)) € S; ;4y—1,0. Similarly, the state [ ®) is
obtained from the corresponding state |) € S; j1m—1.0 by moving the multimer placed on sites j, ..
, j + M and leaving the site j empty. Thus, [®) € Sy ;11 j+m. Noticing that

., j+ M — 1 to the sites

>ooow®= > 1w, (40)

[¥)E€S) j+m-10 1) €S0;j+1,j+m

and rewriting the first two terms in Eq. (39) by making explicit reference to the occupation of site j + M and site j, respectively,

one obtains

Hilwi) = >

[V)ES) j+m-1.0 V)ES) j4m

+ Y =2 > - Y

V) €S) j+m

[V)€S) j+m

The result is therefore proven.

D. Quasi symmetries

We extend to the general multimer case the observation
of symmetry enhancement in the scarred subspace spanned
by the states |¢,§ﬁ? ) by constructing examples of observables
conserved by the dynamics within the scarred subspace in
analogy with the analysis carried out in the case of pairs.
Firstly, the number of multimers of size M, Ny, commutes
with the Hamiltonian when their action is restricted to the
scarred subspace. The latter is formally defined via the fol-
lowing nonlocal operator:

L—M+1 M—1
& 5(Gi—1 o
Ny = d O T T e (42)
j=1 1=0

where ﬁ]fj Visa projection operator that does not vanish if
and only if the site j is preceded by a number of occupied
sites that is a multiple of M, i.e., if it is preceded by multimers
of size M (including the case of no particle on site j — 1). It
is defined recursively by setting

PO =1, 0<s<M—1, (43)

M—1
Py =1=ig+ [ [ semsrnBy ™, s=M. (44)
=0

The enhanced symmetry properties of the scarred subspace
are thus expressed mathematically as

U
O3, 4B}, |, = 1. (43)

Su

where Sy, is the subspace spanned by the scar states based
on n-multimers of size M and Uy, , = €™ is the associated
unitary representation of U (1).

Similarly, the quantity

A 2w
Naags = Y /i; (46)
J

W+ D I+

> W)

[¥) €S0, j+1.j+M

- Y

[¥)€S0;j+1,j4+M

ly) =0. (41)

V) €S) j+m-10

(

vanishes when evaluated on the scar states. Thus, the unitary
representation Usg y,p = €Muet of U(1) leaves the scarred
eigenspace invariant and further enjoys the property of being
a tensor product representation over all lattice sites.

IV. CONCLUSIONS

In this article, we have studied several models of spinless
fermions with exact many-body scars that are based on pairs
or multimer bound states. In the first part, we have focused
on the case of condensates of pairs. We have characterized
exactly the spectral and entanglement properties of the tower
of eigenstates responsible for their emergence, thereby prov-
ing that the latter display subvolume entanglement entropy
scaling and that they are energetically equally spaced. The
aforementioned results are corroborated by the numerical
analysis of the Loschmidt echo and of the half-chain entan-
glement entropy, which give clear evidence of the exceptional
character of the dynamical properties exhibited by the scarred
eigenstates. The latter are indeed atypical, as generic excited
eigenstates of the model Hamiltonian are expected to possess
standard thermalization properties described within the frame-
work of ETH. Finally, the level-spacing statistics reveals that
the system is not integrable and hence that the ETH-breaking
involves only a measure-zero set of eigenstates of the Hamil-
tonian. The results are then generalised in the second part of
the article, where we focus on multimers. The Hamiltonian
that we propose is simpler than in the pair case, whereas the
scars generalise in many aspects the properties of the pair
condensates. We have highlighted the fact that for fermionic
multimers there cannot be condensation and we could not find
local raising or lowering operators generating the tower of
states.

The unveiled results open the route towards further inves-
tigations. On one side, it will be interesting to investigate
whether such a construction is amenable to generalizations
to higher-dimensional setups. The spatial structure of the
pair and multimer complicates the algebraic relations and
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makes such an extension nontrivial. On the other side, a ACKNOWLEDGMENTS
stimulating challenge for the future would consist in devising
quantum-state engineering protocols to prepare the system
in the discovered scar states or in a state that is sufficiently
close to it to make the revivals visible in an experiment with a
quantum simulator.
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APPENDIX A: PROOF OF EQ. (3)

1. Proof by direct verification

In order to assert the validity of Eq. (3), we consider the Hamiltonian Hy = U,H UJ and prove the analogous relation

Ho [Y0) = =21k [Yr0) - (A1)

Combining Eq. (A1) and Eq. (F3) with the definition of Hy, we obtain the desired result presented in Eq. (3).
To this end, let us consider more explicitly the expression of Hy,

L-1 L L-2
Ho =it Y [e1ej01 — cled— Y iy +20 ) i + i — 280000 + @464 + He)l. (A2)
j=1 j=1 j=1

The action of the single-particle hopping term in Eq. (A2) on the states | o) can be evaluated as follows:

L-1 L-2 L—-1 L-2
it Y [&5ej0 — 8l o) =it | Y elejn — Y et e | o) = it Y 1@ = &l,5)¢ 1] o) - (A3)
j=l1 j=l1 j=2 j=l1

where we have discarded the terms &5¢, and &) &, when going from the first to the second row since their action vanishes

on fully paired Fock basis configurations. After the above manipulations, and denoting as C the set of all pair configurations
contributing to the equal-weight superposition defining the state |1 o), let us evaluate

Z |---e0e...)— Z |---ece...) | =0. (A4)

(— it [Yro) = ———
¢ C/+z Ci+1 |¥r0 o .

ceC:
<n,>70 (nj)=1,
(n/+1> (”/+l):]
(”1+2) ] (j12)=0 .
As the above relation holds for j = 1, ..., L — 2, one obtains
L1
it » [¢1ej1 = ¢l 81 1Y) = 0. (AS5)

The action of the chemical potential on the states |y ) is trivial, as it amounts to counting the number of particles in the
given state, and reads

L
— Y7 [Yko) = —2pk [Yo0) - (A6)

Finally, in order to evaluate the action of the interacting term on |y o), it is convenient to rewrite it as

L2 L-2
A A Ao A Ao AT A A F oyt
20 ) i+ R = 28R + @ + He)l =27 ) OoLi0f 0oL, 0y, (AT)
j=1 j=1
where
Y A A
oL;Uy = fjijpg — fjpfjo — cj+2n,+1c, +c ij+1€j42. (A8)
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Hence, it suffices to prove that Uyl i ﬁg |¥.0) = 0. By denoting as C the set of all pair configurations contributing to the equal-
weight superposition defining the state |y o), we obtain

"
o [Yk0) - E ey — E le) + E le) — E le) | =0, (A9)
k! (L; ) ceC: ceC: ceC: ceC:
(Aj)=1, (Ajr1)=1, (n)=0, (nj)=1,
(Ajr1)=1 (Aj42)=1 (Ajr1)=1 (Ajr1)=1,
(j12)=1 (j4+2)=0

where the final result is obtained by combining the first and last summation and the second and third summation, respectively.
The result presented in Eq. (3) is thus proved.

2. Algebraic proof

We follow yet another, more rigorous route to prove Eq. (3). We aim at showing that, for k =0, ..., L%J, the following is
true:
L-1 L2
—t Y [efej +Hel+J Y LIL; | [Yix) =0. (A10)
j=1 j=1

We start by considering the single-particle hopping term. In this case, it is straightforward to show that

L-1 L-2
—t Y (@ej +He) 7l | ==l + ) (=1 e, +élel )+ (D) el =0, (A1)
j=1 j=2
which trivially implies
< L
Z &1+ He) [Yir) =0, k=o,...,bJ (A12)

On the other hand, if we denote Hiy = J ZL -2 LTL j» in order to prove Hin |Yr.) = 0, we need a preparatory lemma.

Lemma 1. Let us consider a Hamiltonian H and a set of nonzero states {(A")* |@) }N o obtained by repeated application of the
operator A' to the vacuum. Let us further define

Hy=H, (A13)
H, =[H, A", (Al14)
Ay = (A1, AT], 2 <k <N. (A15)
Then, if H; |#) = 0 fork =0, ..., N, one has
AAY 19) =0, k=0,...,N (A16)
Proof.

We prove the lemma by showing by induction that

n
AGTY =Y <”>(AT)kﬁ,,k, k=0,....N. (A17)

k=0 k

The base case k = 0 is trivially verified. Thus, let us assume the result is proven for 0 < k < n and show that it holds as a result
for k = n+ 1 as well. We perform the following manipulations:

A&y = [Z (Z) (A*)kﬂnk]fi* =Y (’;) A Hpr -k +ATHy ]
k=0 k=0
R n " n+1 ) .
=Hu1+ ) [@ + (k )}(A Y Hyp1k + (AT Hy = Z( L )(A"')an+l_k, (A18)
k=1

k=0

thus proving the result. The lemma follows trivially from the assumption that A |#) = 0 fork =0, ..., N.
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A ) L
We wish to apply the above lemma to the Hamiltonian H;,; and the set of states {(qur Y2y} ,&ijo To this end, let us consider the

parameter-dependent state

[ (@) = eI Hipe ™ |3) .

On one hand, it can be shown that | («)) = O by rewriting |¢ («)) as

~

-2 3
W) = e | S LIL; |em 1p) =
j=1 Jj=1

L-3 j+2 Jj+2

L1
—1)k —a (=1 —nieiet, 7t 7 —a(=1)/¢]
#3 [] e ritont, [T et [] e Vit by [T oo

J=2 k=j—-1 k;l

and showing that each term in the above summation vanishes.

[Te e L*Lll_[ VG )

On the other hand, the Baker-Campbell-Hausdorff formula allows to express the latter as

[V (@) = Hin |9) + a[f)],

ﬂint] M) +

(A19)
L—1
(A20)
j=L=3 j=L-3
Ol2 A
5[&2, (7], Hindd119) + (A21)

up to order L%J. As | (o)) vanishes, each of the states multiplying the corresponding power of o must vanish. Hence, the
conditions of the lemma are satisfied and Eq. (A10) is proved, which in turn implies the validity of Eq. (3).

APPENDIX B: COORDINATE BETHE ANSATZ IN THE
FULLY PAIRED SUBSPACE FOR THE INTERACTING
TERM IN HAMILTONIAN (1)

We start from the spinless fermion Hamiltonian (1) with
t = u = 0 and rewrite it in PBC with a change in the sign of
the pair hopping for the terms across the bond among sites L
and 1,
L2
A =7 i+t — 28000500
J=1

— (Ehj18j12 + Hel (B1)

+JlAg 1y + Agiy — 20, gy + (&) Apé) + Hae.)]
(B2)

+J[Aghy + iy — 2apM Ay + (6,718, + Hee)l.  (B3)
When rewritten in spin-1/2 language and in the sector of even
parity (that the fully paired subspace belongs to), it takes the
form
L
H =0 [+ Ajsiijer = 2000140
j=1

~|—(o n]+1o+2~|—HC)] (B4)

where 71; = we apply the coordinate
Bethe Ansatz technique to the subspace spanned by fully
paired configurations and write down Bethe equations for the
momenta of the pairs first in the 1-pair problem and then in the
2-pair one, showing the lack of interactions among 7 pairs.

1. 1-pair problem

We search for a generic eigenstate in the 1-pair subspace
by writing it in the form

'M“

W) =) a6 6/, 11), (B5)

1

J

(

where |]) is the spin down ferromagnetic state. The
Schrodinger equation H |¢) = E |y) and the periodic bound-
ary conditions read

2Ja(j) +Ja(j — 1)+ Ja(j + 1) = Ea(}), (B6)

a(lL + j) = a(j). (B7)

Looking for a solution of the form a(j) = Ae*/, one obtains
the conditions

2
E =2J +2Jcos(k), with k:%n, n=0,....L—1.

(B8)
1Y) o

When L is even, the I-pair eta-pairing state

(Z§= e™I6 67 ) |1) is recovered.

2. 2-pair problem

We search for a generic eigenstate in the 2-pair subspace
by writing it in the form

W)= > aG. 26165 ,,656510).

I<ji<ja<L

(B9)

where one should notice that the term multiplying a(j, j; +
1) vanishes. The Schroedinger equation H |¢) = E |{) now
reads

4Ja(ji, j2) +Ja(ji — 1, jo) +Ja(ji + 1, j2)
+Ja(jy, o — D+ Ja(ji, o+ 1)

=Ea(ji, j2), jo> j1+2 (B10)

2Ja(jy, j1 +2)+ Ja(ji — 1, jo) +Ja(jy, ji1 +3)

=Ea(j, i +2), 2=j+2, (B11)
while PBC are enforced through the equation
a(ji, j2) = a(ja2, j1 + L). (B12)
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The Ansatz for the coefficients a(j;, j,) takes the form
a(jr, j») zAlzei(klerkzjz) +A216i(kzj1+k1jz)_ (B13)

The above Ansatz solves Eq. (B10) with energy E = 4J +
2J cos(ky) + 2J cos(ky ), while Eq. (B11) is solved by adding
to it the terms such that it takes the same form as Eq. (B10)
and setting them to zero. The result of this procedure leads to
the condition

2Ja(ji, j1 +2)+Ja(ji + 1, j1 +2)+Ja(ji, i1 +1) =0,

(B14)
that amounts to requiring that
A21 281’21{2 + ei(k] +2ky) + eikz .
A_12 = T etk T eitat2k) f ik T Sk, k2), (B15)

where we have defined the scattering matrix S(k;, k») via the
expression to its left.
Finally, imposing PBC, one obtains the relations

Ay = Ay Mk, (B16)

Ay = Appe™t, (B17)

which, owing to the property S(k, k) = —1, can be rewritten

in the compact form

2
[[Sk k) =—e™; j=1.2.
=1

(B18)

The result can be shown to generalize to the nontrivial three-
pair case, thus proving the Bethe-Ansatz solvability of model
(B4) in the subspace spanned by fully-paired configurations.

It should be noticed that the two-pair n-pairing state, ob-
tained for k| = k, = m, satisfies Eq. (B14) for all values of
A2, Az and the PBC in Eq. (B12) for an even value of L,
which impose A}, = A,;. The scattering matrix is ill defined
in this case, as the coefficient a(ji, j,) reduces to

Cl(j], ]2) x eiﬂjleiﬂlé, (Blg)

i.e., it factorizes into independent plane waves with quasimo-
mentum 7.

APPENDIX C: FINITE-SIZE FORMULA FOR P, (r)

We present here an explicit finite-size formula for P (r)
with r > 3. Straightforward combinatorial considerations give
the result

in(k—1,1 5% ]) - —l—r—
;mrr]nax(Ok 1-| L= oy (7 ? 1)(L ;7;71“1)

P(r) = (=1)*!

(ChH

APPENDIX D: THE OPERATOR O ANNIHILATES THE
TOWER OF STATES

The operator O takes the form O = J 25;22 0 ;, where
1
0; =™ V(1 —2a; ael, ¢,
+emUTVE &R (1= 2040)

+ e’”JéLl(ﬁ_,- + )¢, (D1)

Hence, it suffices to show that Oj |1//k,ﬂ)'= 0for2<j<
L — 2. We adopt the notation Y.~ e |y . y,)
to denote the sum over all Fock states |c) contributing to
the state |y ) that have the form |x, ..., x4) on sites j —
1, j,j+ 1, j+ 2 prior to the application of O; and the form
[v1, ..., ys) after the application of Oj, and where sgn(c) =
an:l Jms Jm being the position of the first fermion of the mth
pair in the state | ). Then, it is easy to obtain

Z eirrsgn(c) |o @ o0)

c:|ee00)

+ Z ersen(©) |o @ o0)

c:loocee)

O Wi z) = €™/

+2 Z £'7sen(©) |o @ 00)

c:loeeo)

(D2)

The number of configurations contributing to the state |y )
that locally, on sites j— 1, j, j+ 1, j+ 2, have the form
|® @ 00) is equal to the number of those with the forms [o o ee)
and |o e e0), and they can be put in a one-to-one correspon-
dence with each other by mapping each configuration in of
the aforesaid three collections to the one that is identical to
it up to the different occupation of the highlighted sites j —
1, j, j+ 1, j + 2. Since the local configuration resulting from
the application of O ; is the same in all three cases, the three
summations are carried over the same set of configurations.
On the other hand, the sign of each of the configurations in the
last summation is the opposite of the sign of the corresponding
ones in the first two summations, leading to the desired result
O W) =0.

APPENDIX E: MACROSCOPIC COHERENCE
OF THE STATE |)

We derive here explicitly the result shown in Eq. (21). The
explicit expression for the state |«) reads
L/2-1

L—k
NZ ( )akm,a, (E1)

where the normalization constant A/ satisfies

1

Lo et

IN)? = (E2)

which results from imposing the normalization condition
(f la) = 1.

Plugging the expression of the expansion coefficients in
Eq. (E1) into Eq. (16), one obtains

L/2 2(L 2)|Ol|2k
L/2 ]L(ka)|6¥|2k

=0 L—k
(E3)

PO L 2ut
((®)] €218 la(t)) = e+

If we assume self-consistently that the sums in the numer-
ator and denominator of Eq. (E3) will be dominated by
terms with k = O(L) and apply Stirling’s approximation n! ~
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/2mnn"e ", one obtains, as a function of the rescaled variable
_ 3k
X = >
L (L—k Loy
L—_k( N )|a|2" ~ ge, (E4)
L—k—-2
( i >|a|2" ~ h(x)e s/ (ES)

in the limit of large L, where we have introduced the function

F(x) = 3 —x)10g(3 — x) — xlogx — (3 — 2x) log(3 — 2x)
+ (2log | |)x, (E6)
(x)=3 ) ! (E7)
=N IV xG =3B — 20
_ / 3 —2x)3
hx) = 2L x(3 — x)3 (E8)

We proceed by converting the summations over k in Eq. (E3)
into continuous integrals over x and applying the saddle-point
integration technique, in order to get to the final result

3
e [ h(x)es @ dx

- h(x*
(@) e/ ej1e)la(t)) = ae' v = L ~ 2
foz g(x)e?f(x)dx

T ()

_ 1(3 — 2x*)? (E9)
3 3—x* '’
where
Xt = E(l - ;) (E10)
2\ T aar

min{%,[ %2}

satisfies f'(x*) = 0. Plugging the expression of x* into

Eq. (E9), one recovers Eq. (21).
APPENDIX F: ENTANGLEMENT ENTROPY
OF THE STATES |V ,.)
For the sake of convenience, we introduce the states

1 @ ,
ajptat
Ze €€+

|1//k,q> - (L—k) k!
k
(F1)

|9), with nq

Furthermore, we describe a general relation between the states
[Yk.~) and the states |1//k 4)- By introducing the unitary op-
erator Uq = HL e 2"JA;one can show that the following
relation holds:

0,L0] = 53], (F2)
which in turn implies that
Wig) = ¢ 20, 1) - (F3)

Since the state |y ;) is related to the state [/ ;) by a unitary
transformation, we underline that the states |y ) are eigen-
states of H if and only if the states [Vr.q) are eigenstates of
0,A0].

We start by evaluating the half-chain entanglement en-
tropy for the states |y ). We can distinguish among thza

configurations in which no pair is placed on the sites >

and %+1 and the configurations in which this is instead
the case,

_ =) e
|Yr0) = Ty Z ‘JP[I ,,,,, Ll)’/” bt
_ N-L)2 2(n)
( X ) n=max{0,[ =1} {P[] ..... %l}
ﬂ(ffn) }
i [2+1 ..... L]
mm{f—l LL/z IJ} - (X—pn)
2(n) . '/(d_l_ ) ’
+ Z Z |JP[1 H"J 2 nP[%+2 ,,,,, L]) ’ )
I=max{0,[ Y=E2=1Y) (] {A(”[)l /11}
_(771 -n) |
P[ +2,0L] B

where the symbol e indicates an occupied site and the notation of the form | Jp
hence unnormalized) superposition of all possible distributions of n pairs over the 51tes i=1,...

of Fock configurations on the right half of the chain, the expression of the partial density matrix ,o,i

=(n)

Pl ) denote the equal weight (with unit weight,

L By denoting as F the set
0 {¥k0X Vo)

I\JI

L
2

0 =

-

.....

235147-14



EXACT MANY-BODY SCARS BASED ON PAIRS OR ... PHYSICAL REVIEW B 106, 235147 (2022)

takes then the form

X miIﬂ%i%J}
(3) _ i -
S 2 SR SRR
k J keFr | 1=max{0,[ Y£27) {j(p”[)l L {7’(77") )
Pl b IP.[%+|~--' L]
{lP,[l .A.,%]} {l‘/(gql)
] P.[%+1 ,,,,, L]

..........

min{¥ -1, 2271 ]}

+ Z Z Z ‘721[)1 ..... %4];') <7;(f,1[)1 ..... Loy ®

zzmax{o,r%/z‘lm]‘;f’[’] Lil}{m(%-“) |
A(,.,) ----- 7 p,[%Jrzm.ALJ
{IP[I Lfl]} 7(¥_’l>
M. § 2 }
(5 42,L]
(¥ —1-n) 7(3=1-n)
(3 . Ay
x (k| |j PIL42,..., L]"> (o PI5+2..... L]’ k)

For every configuration k € Fg that results in a nonvanishing scalar product in the above expression, one obtains the unnormal-
ized equal-weight superposition with unit weight of all configurations in the left half of the system that are compatible with it.
After normalizing the latter and counting all configurations k € F that give a nonzero contribution, one obtains

min{ 3,1 42 )} (%*%1)(%—1)
L .5 (L. 5 Ny !
P;Ef)) = Z I >( T ‘ - ry
I=max{0,[ Y=F27) ( y )
min{¥ -1, 221 ) (%—%“)(%‘—1—1)
L_ L_ N i
D D e Ol e (F5)
I=max{0,[ Y2217} ( y )

where |go][l """ Iy denotes the normalized equal-weight superposition of all Fock states with [ pairs distributed over s lattice sites
and |e) indicates the occupation of site % The eigenvalues A of the reduced density matrix p ¢ can be read off directly Eq. (F5)
as the coefficients of each term of the summations in Eq. (F5), and the second Renyi entropy can be computed accordingly as
St 0= —log(3o A7)

We now proceed to show that the half-chain entanglement entropy of the states |y ) defined in Eq. (2) equals the one of
the states |y o) introduced via Eq. (F3), thus showing that the subvolume entanglement scaling law holds for both towers of
states. To this end, we recall the previously defined unitary operator Uy = H?:l ¢'27% . After using Eq. (F3) and noticing that

A i N A N A Lo N - )

Uo factorizes as Uy = Uy 1,140y L 11 1) Where Uy 1y = []7_; €2/ and Uy 1y ) = H?—éﬂ e'2/% | the half-chain reduced
A1, 15+, A1, j= A5+ =L

density matrix for a generic state | ) can then be expressed as

)

) ) STk N yt
P U(),[],%]Tr[%.q.l L][U(),[’Z;H_L](no) |9) (D] (o) UO,[%H,L]] 0.1.L]" (F6)

1
= L—Kk\ UL, 5] 7[5+,
kD> (%)
By making use of the cyclic invariance property of the trace, the reduced density matrix for the states |1 ) is manifestly shown
to be related to the corresponding quantity for the states |1 o) via a similarity transformation implemented by a unitary operator,
ie.,

5 _

Pr UO,[],%]Tr[§+1 L][|1/fk,0>(l/fk,0|]0(;“’%], (F7)

.....

which leaves the entanglement entropy unaffected.
We are now in a position to estimate the large-L scaling of the second Renyi entropy of the states |y ) analytically in the
case k = L/3, designed to ensure that the binomial coefficients in the numerator of the combinatorial coefficient in the first row
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of Eq. (F5) are peaked around the same value of [ = L/6 = O(L). After introducing the rescaled variable x = 6//L, one obtains
by means of the Stirling approximation the asymptotic behaviors,

SO0

L X
T~ ged Y, (F8)
(-
LNy Ly
(&,;,1)(2 1 L
————— ~ h(x)es/ Y, (F9)

where the large L limit has been taken and we have introduced the functions

f)=0+x)log(l+x)+ B —x)log(3 —x) — (2 —x)log(2 — x)

— (2x — 1)log(2x — 1) — xlogx — (3 — 2x)log(3 — 2x) — 4log 2, (F10)
_ |3 (1+x)(3 —x)
= \/NL x(2 —x)(2x — 1)(3 —2x)’ (F11)
(2 —x)(3 —2x)
"= G e ns (F12)

Armed with these expressions, we proceed to evaluate the argument of Eq. (23) by converting the discrete sums over [/ into
continuous integrals over x and applying the saddle-point integration technique,

2 L

min(¥, | 22} (%é%-!—l)(%;l) min{ % —1,[ 221 ) (2‘%—_?:1)(%7[171)
Z L-5 + Z L-5
I=max{0,[ £ 1) ( N ) I=max{0,[ 2217} ( N )

~%(Azdxf(x)g§f<x>+/2 dxhz(x)exfO)) ée?ﬂ**)‘/u]w &G, (F13)

where x* = 1 satisfies f'(x*) = 0 and f”(x*) < 0. After a straightforward substitution of the numerical value of x* in Eq. (F13),
one gets the result \/%, which in turns gives the logarithmic scaling in Eq. (24) once plugged into Eq. (23).

As a final consistency check, we verify that the large L asymptotic behavior of the eigenvalues of the half- chain reduced

L
density matrix p,iir) preserves the normalization condition that they are subject to. Specifically, we evaluate Tr[,ok n] namely,

min{¥, | 42} LNy kg min( ¥ Lt LNy (k-1
LR () e s (TR ()
L-5 + Z L-5
I=max{0,[ X=L27} ( ¥ ) I=max{0, [ X221} ( ¥ )
3 3
L 2 L 2 L ¢ L L * 12
~— dx g(x)es’™ + dx h(x)es/® | ~ Zee/0D —(g(x Y+ h(x") =1, (F14)
6\/s : 6 LIf o)

consistently with the expected result.

APPENDIX G: SOME ADDITIONAL RESULTS ON MULTIMER SCARS

In Sec. 11T we have introduced the Hamiltonian H; as a frustration-free positive Hamiltonian of the form J Y j IZJT.(M )I:EM ). The
explicit expression of I:;M ) reads

M—1 M—1 M—1 M—1
L =TT ajer = [T g = =DYe (]"[n,+z)c,+M+< Y ,+M(1"[ﬁ,+,)e,»=
1=0 =1

=1

I
ST
| o
=
~.

M—1
— [T A1 + MMy — W17, M. (G1)
=0

—
Il
=}
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APPENDIX H: EXPLICIT EXPRESSION OF THE TRIMER CORRELATIONS

The trimer correlation function for 7 < j < L — 5 reads

(=1t [

GV atat At aana [0
<1//k,71 CjCit1€j420302€C |‘/’k,n>— L2k
)
minf[k/2], [(1+[(j—4)/3])/2]}

k=max{L,[(k—[(L—j=2)/3])/21}

while, for 1 < j < 6, it takes the form

D atat AT A aa |0 j+1
(‘/flf,n C;Cj+1cj+2c3c2cl W’k,zz} = (=1

and, for L —4 < j < L —2,itis given by

3) | At At
(wk,n CjCjJrl Jj

min{|(k—1)/2].1(j—4)/6]}

l=max{0, [(k—1=L(L—j=2)/3])/21}

(

AT A A A 3 j —
&l 83608t W) = (=1 (= D!

(50

—4—mm—1O(L—j—2—mk—1—y+1v} D
20— 1 k—1-20+1

—j—2-2(k—1-2I)
k—1-21

()
o (H2)
(")
j—4-2(k—1)
L )
k
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