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Electric field tuning of the optical absorbance of topological insulator thin films

Hadi Khanjani and MirFaez Miri *

Department of Physics, University of Tehran, P. O. Box 14395-547, Tehran, Iran

(Received 23 May 2022; revised 8 December 2022; accepted 12 December 2022; published 19 December 2022)

In view of electro-optic modulators and switches operating in the terahertz frequency range, we study the
absorbance of a topological insulator (TI) thin film subjected to a static electric field. Adopting the Hamiltonian
for the three-dimensional Bi2Se3 class of TIs including terms to second order in the electron wave vector and
to first order in the electric field, we present an effective model for a TI thin film. We demonstrate the distinct
influences of in-plane and out-of-plane external electric fields, the in-plane electric field-induced dichroism, and
the electric field and chemical potential tuning of the absorbance edge. Under the influence of an out-of-plane
electric field, a TI film with a thickness of about 2 nm exhibits a considerable absorbance at the absorbance edge.
Of prime practical importance, the absorbance edge can be shifted about 0.3 eV with the application of moderate
electric fields about 0.4 Vnm−1 or with chemical potential variations about 0.3 eV.
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I. INTRODUCTION

Optical modulators are of paramount importance in pho-
tonics and optoelectronics [1,2]. Based on their principle
of operation, optical modulators can be categorized as all-
optical, electro-optic, magneto-optic, or acousto-optic modu-
lators, and so on. Electro-optic modulators can be further clas-
sified as electro-refractive modulators or electro-absorptive
modulators. To realize electro-absorptive modulators, intrigu-
ing effects such as electro-absorption, saturable absorption,
the Franz-Keldysh effect, and the quantum-confined Stark
effect are exploited. The discovery of graphene has opened
a new chapter of optoelectronics [3]. Particularly, graphene
has been recognized as a promising material for optical mod-
ulators [4,5]. Indeed, across the whole infrared to visible
spectral range, a monolayer graphene exhibits an absorbance
παfine ≈ 2.3% [6,7]—expressed in terms of the fine-structure
constant αfine—which is two orders of magnitude larger
than the absorbance of a conventional photodetector mate-
rial Hg1−xCdxTe of the same thickness [8]. Transition-metal
dichalcogenides and black phosphorus have also gained atten-
tion. Thinned to monolayers, transition-metal dichalcogenides
such as MoS2, MoSe2, WS2, and WSe2 exhibit a direct
band gap ranging from 1.57 to 2 eV. Having a band gap
ranging from 0.3 to 1.5 eV, monolayer and few-layer phos-
phorene offer optical properties complementary to graphene
and transition-metal dichalcogenides [4,5]. In this respect,
topological insulator (TI) thin films with an absorbance
π
2 αfine ≈ 1.1% for photon energies below 0.3 eV deserve par-
ticular attention [9].

Three-dimensional TIs, such as bismuth chalcogenide ma-
terials Bi2Se3 and Bi2Te3, are a class of band insulators
characterized by insulating bulk and conducting surface states
robust with respect to perturbations that obey time-reversal
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symmetry [10,11]. Ideally, the surface states can be described
by a two-dimensional Dirac-like Hamiltonian. These bis-
muth chalcogenides are layered materials with van der Waals
bonded quintuple layers (QLs). By means of epitaxial meth-
ods, vapor-solid growth, and mechanical exfoliation, TI thin
films with thicknesses down to 1 QL ≈ 1 nm have been fabri-
cated [12–14]. A surface of a TI film hosts one single gapless
Dirac cone [15–18]. The surface-state decay length into the
bulk ls, is an important characteristic length. Indeed, in TI
thin films, the top and bottom surface states hybridize with
each other when the thickness becomes comparable to ls and,
subsequently, a thickness-dependent energy gap at the Dirac
point appears [19,20]. Using angle-resolved photoemission
spectroscopy, the band structure of molecular beam epitaxy
grown Bi2Se3 film with a thickness from 1 to 50 QL is studied.
The energy gap opening is observed when the thickness is
below 6 QL [19]. The hybridization of surface states is at the
origin of the appealing properties of TI thin films [21–31]. In
particular, electric field tuning of the surface band structure of
TI thin films is experimentally demonstrated [24].

TI thin films are introduced as an excellent platform for
terahertz and infrared detectors [9,29,32,33]. To take into ac-
count the intersurface coupling and the inversion symmetry
breaking via an external electric field perpendicular to the
film, an effective Hamiltonian including terms to first order
in the electron wave vector is adopted [32]. But, according
to this Hamiltonian, the electric field does not influence the
energy band gap. In this framework, only the film thickness
can be altered to roughly tune the detector. A more sophis-
ticated Hamiltonian including quadratic terms in the electron
wave vector is utilized to confirm that the band gap can be
tuned with the application of modest electric fields about
0.3 Vnm−1, in agreement with first-principles calculations
based on the density functional theory [33].

In view of electro-absorptive modulators and switches
operating in the terahertz frequency range, we revisit the ab-
sorbance of the Bi2Se3 class of TI thin films. We follow Shan
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et al. [20] to establish an effective model for a TI thin film,
starting from the electronic model for bulk material. We adopt
the Hamiltonian for the bulk TI, including all symmetry-
allowed terms to second order in the electron wave vector and
to first order in the external electric field, presented by Brems
et al. [34]. To emphasize the significance of the hybridization
phenomenon, we study 6 QL and thinner films. We demon-
strate the frequency dependence of the absorbance, the distinct
influences of in-plane and out-of-plane external electric fields,
the in-plane electric field-induced dichroism, the electric field
and chemical potential tuning of the absorbance edge, and
the impact of the electron-hole asymmetry on the absorbance
edge. The maximum absorbance of a 6 QL film is 1.1%.
Due to the Van Hove singularity in the joint density of states
(JDOS), a 2 QL film subjected to an out-of-plane electric field
exhibits a considerable absorbance at the absorbance edge.
Under the influence of an in-plane external electric field, the
dichroism a 6 QL film ranges from −0.3% to 0.3%, while that
of a 2 QL film ranges from −1% to 0.5%. The absorbance
edge of a 6 QL and a 2 QL film can be shifted about 0.4 and
0.3 eV, respectively, with the application of moderate electric
fields about 0.4 Vnm−1. And, with the chemical potential
variations about 0.1 and 0.3 eV, the absorbance edge of a 6
QL and a 2 QL film can be shifted about 0.25 and 0.4 eV,
respectively.

II. MODEL

We consider a TI thin film, with translational symmetry in
the x − y plane, and two surfaces located at z = ±L/2. We
assume that the TI thin film is under an external static electric
field E = (Ex, Ey, Ez ). We study the optical absorption of the
TI thin film. We consider an electromagnetic wave associated
with the vector potential A(r, t ) = Re(Apêpe−ikp·r+iωpt ). Here,
ωp is the frequency, êp is the polarization vector, and kp is the
wave vector of the incident wave. We assume that kp = kpêz,
i.e., the wave vector is perpendicular to the thin film. More-
over, kpL � 1, i.e., the incident field is almost homogeneous
over the thin film. We consider linearly polarized waves with
polarization vectors êx and êy.

III. THE HAMILTONIAN FOR A TI THIN FILM
UNDER A STATIC ELECTRIC FIELD

We utilize the Hamiltonian for the bulk TI, including terms
to second order in the electron wave vector and to first or-
der in the electric field [34]. Four low-lying states at the �

point—which are derived from the p orbitals of the Bi and Se
atoms—serve as a basis to construct the low-energy effective
Hamiltonian H = HTI + HE for bulk TI. Indeed,

HTI(k) =

⎛⎜⎜⎝
MTI(k) −iA1∂z 0 A2k−
−iA1∂z −MTI(k) A2k− 0

0 A2k+ MTI(k) iA1∂z

A2k+ 0 iA1∂z −MTI(k)

⎞⎟⎟⎠
+ εTI(k)I4×4, (1)

where k± = kx ± iky, k2 = k2
x + k2

y , MTI(k) = M + B1∂
2
z −

B2k2, and εTI(k) = C − D1∂
2
z + D2k2. The model parameters

A1, A2, B1, B2, C, D1, D2, and M can be obtained from

experiments or ab initio calculations. The static electric field
gives rise to the Hamiltonian

HE =

⎛⎜⎜⎝
0 iWzEz 0 iW‖E−

−iWzEz 0 −iW‖E− 0
0 iW‖E+ 0 −iWzEz

−iW‖E+ 0 iWzEz 0

⎞⎟⎟⎠, (2)

where W‖ and Wz are real parameters, and E± = Ex ± iEy.
To obtain an effective Hamiltonian H eff = H eff

TI + H eff
E for

a TI thin film under a static electric field, we project H into the
surface states and exclude the contribution of the bulk states
(see Appendix A). We find that two extra parameters κz and
κ‖ are sufficient to express the effective Hamiltonian,

H eff
E =

⎛⎜⎜⎝
0 −W‖κ‖E− −WzκzEz 0

−W‖κ∗
‖ E+ 0 0 −Wzκ

∗
z Ez

−Wzκ
∗
z Ez 0 0 W‖κ∗

‖ E−
0 −WzκzEz W‖κ‖E+ 0

⎞⎟⎟⎠.

(3)
Now it is apparent that the energies

	x = W‖ |κ‖| Ex, 	y = W‖ |κ‖| Ey, 	z = Wz |κz| Ez (4)

are of great importance. Hereafter, we focus on the case
Ex, Ey, Ez > 0.

We utilize H eff
TI presented in Ref. [20] to write H eff =

H eff
TI + H eff

E . For real κz and κ‖ and imaginary AL ≡ ih̄vF (see
Appendix A), we find

HR
eff (k) =

(
hR

+(k) −	zσ0

−	zσ0 hR
−(k)

)
, (5)

where

hR
τz

(k) = ς (k) + h̄vF(σ × k)z + τzσzϑ (k) − τz�‖ · σ, (6)

and

ς (k) = εL − DLk2, ϑ (k) = �L

2
− BLk2.

For imaginary κz and κ‖ and real AL ≡ h̄vF (see Appendix A),
we find

HD
eff (k) =

(
hD

+(k) −i	zσz

i	zσz hD
−(k)

)
, (7)

where

hD
τz

(k) = ς (k) + τz h̄vFσ · k + τzσzϑ (k) + (� × σ )z. (8)

Remarkably, the external electric field not only appears in the
off-diagonal blocks, but also in the diagonal blocks hR,D

± (k) of
the effective Hamiltonian HR,D

eff (k). The terms h̄vF(σ×k)z and
τz h̄vFσ · k of the effective Hamiltonians HR

eff and HD
eff are rem-

iniscent of Rashba and Dresselhaus spin-orbit interactions,
respectively.

A few remarks are in order. (i) For films as thick as
or thicker than 6 QL, �L = BL = 0 [19]. Note that 1 QL
is about 1 nm. (ii) The model parameters εL, �L, vF, BL,
and DL can be obtained from ab initio calculations or ex-
periments. We adopt εL = −0.47 eV, �L = 0.252 eV, vF =
4.47×105 ms−1, BL = 21.8 eVÅ2, and DL = −14.4 eVÅ2

for a 2 QL film; and εL = −0.324 eV, �L = 0, vF =
4.28×105 ms−1, BL = 0, and DL = −13.0 eVÅ2 for a 6 QL
film [19,20].
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IV. ELECTROABSORPTION OF A TI FILM

The interaction between the photons and the electrons in
the TI thin film can be described by the Hamiltonian Heff (k +
eA
h̄ ) ≡ Heff (k) + H ′

eff (k), where −e < 0 denotes the electron
charge. Ignoring the small terms proportional to A2, we find
H ′

eff (k) = diag[h′
+(k), h′

−(k)], where

h′R
τz

(k) = −2e

h̄
(DL +BLτzσz )k · A + evF(σ×A)z,

h′D
τz

(k) = −2e

h̄
(DL +BLτzσz )k · A + τzevFσ · A. (9)

For a plane wave with A = Apêp cos(ωpt ), we write H ′
eff (k) =

H̃ ′
eff (k)e−iωpt + H̃ ′†

eff (k)eiωpt .
The transition rate for the absorption of a photon is given

by the Fermi’s golden rule. The total upward transition rate per
unit surface area, considering the probability that the initial
state �i is occupied and the final state �f is empty, is

Ri→f =
∑
i,f

2π

h̄S
|〈�f |H̃ ′

eff |�i〉|2δ(εf −εi − h̄ωp) f (εi )

× [1 − f (εf )].

The Fermi-Dirac distribution f (εi ) = 1
1+e(εi−μ)/kBT , where μ is

the chemical potential, kB is the Boltzmann constant, and T is
the temperature. In the limit T = 0, f (εi ) = 1 − �(εi − μ),
where �(x) denotes the step function. The downward transi-
tion rate per unit surface area is

Rf→i =
∑
i,f

2π

h̄S
|〈�f |H̃ ′

eff |�i〉|2δ(εi−εf + h̄ωp) f (εf )

× [1 − f (εi )].

The net upward transition rate per unit surface area,

R(ωp, êp,�) = Ri→f (ωp, êp,�) − Rf→i(ωp, êp,�),

=
∑
i,f

2π

h̄S
|〈�f | H̃ ′

eff |�i〉|2δ(εf − εi − h̄ωp)

× [ f (εi ) − f (εf )], (10)

can be expressed as a product of an average matrix element
and the joint density of states (JDOS),

J (ωp,�) =
∑
i,f

Ji,f (ωp,�)

=
∑
i,f

1

4π2

∫
d2k δ[εf (k) − εi(k) − h̄ωp]. (11)

The JDOS informs on the pairs of occupied and unoccupied
states, such that the photon of energy h̄ωp can excite an elec-
tron between them. Note that the JDOS is, by construction,
independent of the chemical potential. When the chemical
potential lies in the energy gap, the bands below (above) the
chemical potential are fully occupied (unoccupied), and it
follows that the average matrix element does not depend on
the chemical potential. However, when the chemical potential
lies in an energy band, the average matrix element depends on
the chemical potential.

The intensity of the incident plane wave is Ip = 1
2 cε0ω

2
pA2

p,
where ε0 denotes the permittivity of free space. The number

of incident photons per unit area per second is Ip/(h̄ωp). The
absorption coefficient, the fraction of photons absorbed by the
TI film, is

α(ωp, êp,�) = R(ωp, êp,�)

Ip/(h̄ωp)
. (12)

The external electric field breaks the inversion symmetry of
the system. Whether the incident electromagnetic wave is
polarized parallel or perpendicular to the external electric
field has a profound effect on the optical transitions between
electric field-dependent initial and final states [see Eqs. (9)
and (10)]. αD(ωp,�) = α(ωp, êx,�) − α(ωp, êy,�) quanti-
fies the dichroism of the system.

For most thicknesses L, AL is purely imaginary [20]. In the
following discussions, we focus on the Rashba-like effective
Hamiltonian HR

eff .

A. In-plane static electric field

Here we consider the in-plane static electric field E =
Ex êx. The four eigenvectors of HR

eff (k),

�±
τz=+ =

⎛⎜⎜⎝
∓ς1(k, 	x ) − ϑ (k)

ih̄vFk+ + 	x

0
0

⎞⎟⎟⎠
√

2ς2
1 (k, 	x ) ± 2ς1(k, 	x )ϑ (k)

,

�±
τz=− =

⎛⎜⎜⎝
0
0

∓ς2(k, 	x ) + ϑ (k)
ih̄vFk+ − 	x

⎞⎟⎟⎠
√

2ς2
2 (k, 	x ) ∓ 2ς2(k, 	x )ϑ (k)

, (13)

and corresponding eigenenergies,

ε±
τz=+(k, 	x ) = ς (k) ± ς1(k, 	x ),

ε±
τz=−(k, 	x ) = ς (k) ± ς2(k, 	x ), (14)

depend on the external electric field. Here,

ς1(k, 	x ) =
√

ϑ2(k) + (h̄vFkx )2 + (h̄vFky − 	x )2,

ς2(k, 	x ) =
√

ϑ2(k) + (h̄vFkx )2 + (h̄vFky + 	x )2. (15)

It is instructive to first consider the case of no electric field.
For the optical transition �−

τz=+ → �+
τz=+ or �−

τz=− → �+
τz=−,

we find

J (ωp, 0) = 1

4π2

∫
d2k δ[2ς1(k, 0) − h̄ωp]

= h̄ωp�(h̄ωp − �L )

8π

√(
h̄2v2

F − �LBL
)2 + B2

L

(
h̄2ω2

p − �2
L

) . (16)

Here the Heaviside step function states that for photon ener-
gies below the band gap �L, optical transitions do not occur.
JDOS abruptly jumps to �L

8π (h̄2v2
F−�LBL )

at the band edge and,

finally, tends to 1
8πBL

at large photon energies. Among thin
films, the 2 QL film whose JDOS exhibits maximum gap,
maximum jump at the band edge, and minimum asymptotic
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value is of particular interest. Moreover, for both polarization
vectors êp = êx and êp = êy, the optical transitions �−

τz=+ →
�+

τz=+ and �−
τz=− → �+

τz=− lead to

α(ωp, êp, 0) = 2πe2v2
F

[(
2BLk2

J + �L
)2 + h̄2ω2

p

]
2h̄2cε0ω3

p

J (ωp, 0)

× {�[ς (kJ ) + ς1(kJ , 0) − μ]

−�[ς (kJ ) − ς1(kJ , 0) − μ]
}
, (17)

where

k2
J =

�LBL − h̄2v2
F +

√(
h̄2v2

F − �LBL
)2 + B2

L

(
h̄2ω2

p − �2
L

)
2B2

L

.

At large photon energies, α(ωp, êp, 0) ≈ e2v2
F

4cε0BL

1
ωp

. Apparently,
the TI thin film exhibits no dichroism in the absence of the
external static electric field.

For films as thick as or thicker than 6 QL, the surface-state
gap is closed when the electric field is zero. Here, ς1(k, 0) =
h̄vFk is linear in k. For the optical transition �−

τz=+ → �+
τz=+

or �−
τz=− → �+

τz=−, we find

J6QL(ωp, 0) = ωp

8π h̄v2
F

. (18)

In the absence of the static electric field, the absorbance is
π
2 αfine in a chemical potential-dependent frequency window,

α6QL(ωp, êp, 0) = π

2
αfine

{
�[ς (kJ ) + h̄vFkJ − μ]

−�[ς (kJ ) − h̄vFkJ − μ]
}
, (19)

where kJ = ωp

2vF
. Notably, the absorbance π

2 αfine ≈ 1.1% is
half the absorbance of graphene.

The static electric field alters the optical response of TI
thin film. This can be traced back to electric field-dependent
dispersion curves ε±

± (k, 	x ) − ς (k). Figures 1(a1) and 1(b1)
show that as 	x increases, the doubly degenerate gapless
Dirac cone of a 6 QL film evolves into nondegenerate
gapless Dirac hyperbolas split along the ky axis. In other
words, the Dirac points merely shift from (kx = 0, ky = 0)
to (kx = 0, ky = ±	x/h̄vF). It follows that the JDOS of
allowed transitions does not depend on the static electric
field,

J6QL(ωp, 	x ) = ωp

8π h̄v2
F

, (20)

shown in Fig. 1(c1). For films thinner than 6 QL, the story
is rather different. Figures 1(a2) and 1(b2) show that as 	x

increases, the doubly degenerate gapped hyperbola of a TI
film evolves into nondegenerate gapped hyperbolas split along
the ky axis. Nevertheless, the gap �gap strongly depends on the
in-plane static electric field. We find (see Appendix B)

�gap = 2

√(
BLk2

gap − �L

2

)2

+ (h̄vFkgap − 	x )2, (21)

0 0.2 0.4 0.6

h̄ωp (eV)

0

1

2

3

J
D

O
S

(1
/K

eV
Å

2 )

(c1)

0 0.2 0.4 0.6

h̄ωp (eV)

(c2)
Ξx (eV)

0
0.1
0.224
0.3

FIG. 1. ε+
+ − ς (blue), ε−

+ − ς (red), ε+
− − ς (orange), and ε−

− −
ς (green) of a 6 QL film, as a function of kx and ky when (a1) 	x = 0
and (b1) 	x = 0.2 eV. (c1) J as a function of ωp for various 	x .
Similar plots for a 2 QL film are in (a2)–(c2).

where

kgap =
[

h̄vF	x

4B2
L

+

√√√√ h̄2v2
F	

2
x

16B4
L

+
(
h̄2v2

F − �LBL
)3

216B6
L

] 1
3

+
[

h̄vF	x

4B2
L

−

√√√√ h̄2v2
F	

2
x

16B4
L

+
(
h̄2v2

F − �LBL
)3

216B6
L

] 1
3

.

(22)

It follows that two bands ε±
τz=+ touch each other when 	x =

	×
x = h̄vF

√
�L
2BL

. The closing and reopening of the energy gap

at 	x = 	×
x signifies a topological phase transition. Remark-

ably, 	×
x depends on the film thickness L. For a 2 QL film,

	×
x = 0.224 eV. In addition,

�gap ≈
√

�2
L − 4�LBL

h̄2v2
F − �LBL

	2
x (23)

in the limit 	x → 0. As 	x increases, �gap first decreases
from �L, becomes zero at 	×

x , and then increases. Generally,
2ς1(k, 	x ) ≈ �gap +℘x k

2
x +℘y (ky − kgap)2 in the vicinity of

the point (kx = 0, ky = kgap), where

℘x = 4B2
Lk2

gap − 2BL�L + 2h̄2v2
F

�gap
> 0,

℘y = 12B2
Lk2

gap − 2BL�L + 2h̄2v2
F

�gap
> 0. (24)
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FIG. 2. Contour plot of (a1) α6QL when 	x = 0, (a2) α6QL when 	x = 0.2 eV and êp = êx , (a3) α6QL when 	x = 0.2 eV and êp = êy, and
(a4) α6QL,D when 	x = 0.2 eV, for a 6 QL film. Lines cut for μ − εL = −0.07, 0, and 0.07 eV are in (b1)–(b4). Similar plots for a 2 QL film
are in (c1)–(c4) and (d1)–(d4).

It follows that

J (ωp, 	x ) ≈ 1

4π
√

℘x℘y

�(h̄ωp − �gap) (25)

exhibits an abrupt jump when 	x = 	×
x and h̄ωp →�gap.

Figure 1(c2) emphasizes that the static electric field can be
invoked to tailor the JDOS of a 2 QL film: For example, one
can engineer a gapped and decreasing JDOS at 	x = 0, a
gapless and increasing JDOS at 	x = 	×

x = 0.224 eV, and a
gapped and almost linearly increasing JDOS at 	x = 0.3 eV.

The dependence of absorbance on the frequency ωp and
polarization vector êp of the incident wave, and the chemi-
cal potential μ, is illustrated in Fig. 2. The contour plots in
Figs. 2(a1)–2(a4) show that when 	x is zero, a 6 QL film
exhibits a constant absorption coefficient π

2 αfine ≈ 1.1% in
a considerable domain. As one increases 	x to 0.2 eV, this
domain shrinks differently for different polarization vectors,
and the dichroism emerges. Indeed, in a noticeable domain,
α6QL,D is as large as ±0.3%. At a glance, it is clear that the
absorption edge strongly depends on the chemical potential.
For typical μ − εL = −0.07, 0, and 0.07 eV, previous data
are better shown in Figs. 2(b1)–2(b4). Similar plots for a
2 QL film are in Figs. 2(c1)–2(c4) and Figs. 2(d1)–2(d4).
When 	x is zero, absorbance edges greater than 0.252 eV
and absorbances as large as 6% are easily noticeable. The
absorbance behaves much like the JDOS: The absorbance
vanishes below the edge, abruptly rises to its maximum, and
then monotonically decreases. As one increases 	x to 0.2 eV,
absorbance edges as small as 0.018 eV and absorbances be-
low 2%, yet above π

2 αfine ≈ 1.1%, are principal features. Now

the absorbance smoothly rises from zero at the absorbance
edge, rises to its maximum, and then decreases. The dichroism
is also quite considerable: αD ranges from −1% to 0.5%.
The tunability of the absorbance and dichroism spectra—in
particular their edges and maxima—via the static electric field
and the chemical potential is vividly clear.

B. Out-of-plane static electric field

Here we consider the out-of-plane static electric field
E = Ezêz. The four eigenvectors of HR

eff (k),

�±
I =

⎛⎜⎜⎝
ie−iθk (h̄vFk − 	z )
±ζ1(k, 	z ) − ϑ (k)

ie−iθk [±ζ1(k, 	z ) − ϑ (k)]
h̄vFk − 	z

⎞⎟⎟⎠
2
√

ζ 2
1 (k, 	z ) ∓ ζ1(k, 	z )ϑ (k)

,

�±
II =

⎛⎜⎜⎝
ie−iθk (h̄vFk − 	z )
±ζ2(k, 	z ) − ϑ (k)

ie−iθk [±ζ2(k, 	z ) − ϑ (k)]
h̄vFk − 	z

⎞⎟⎟⎠
2
√

ζ 2
2 (k, 	z ) ∓ ζ2(k, 	z )ϑ (k)

, (26)

and corresponding eigenenergies,

ε±
I (k, 	z ) = ς (k) ± ζ1(k, 	z ),

ε±
II (k, 	z ) = ς (k) ± ζ2(k, 	z ), (27)
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FIG. 3. (a1) ε+
I − ς (orange), ε−

I − ς (green), ε+
II − ς (blue), and

ε−
II − ς (red) as a function of kx and ky, (b1) 2ζ1, 2ζ2, and ζ2 ± ζ1 as a

function of k, and (c1) J as a function of ωp for a 6 QL film. Similar
plots for a 2 QL film are in (a2)–(c2). In all plots, 	z = 0.05 eV.

depend on the external electric field. Here, θk = arctan(ky/kx )
and

ζ1(k, 	z ) =
√

ϑ2(k) + (h̄vFk − 	z )2,

ζ2(k, 	z ) =
√

ϑ2(k) + (h̄vFk + 	z )2. (28)

For films as thick as or thicker than 6 QL, �L = BL =
0. It follows that ε±

I,6QL(k, 	z ) = ς (k) ± |h̄vFk − 	z| and
ε±

II,6QL(k, 	z ) = ς (k) ± (h̄vFk + 	z ). Evidently, the influence
of the electric field on the optical response of TI thin film
is rooted in the electric field-dependent dispersion curves.
Exemplary dispersion curves for a 6 QL film when 	z = 0 and
0.05 eV are shown in Figs. 1(a1) and 3(a1), respectively. The
pertinent energy difference between the bands and the total
JDOS for 	z = 0.05 eV is shown in Figs. 3(b1) and 3(c1).
Taking into account all six transitions between four bands
ε±

I,II,6QL, we find

J6QL(ωp, 	z ) = h̄ωp + 2	z + (h̄ωp − 2	z )�(h̄ωp − 2	z )

4π h̄2v2
F

+ k2
c

4π
δ(h̄ωp − 2	z ), (29)

where kc denotes the cutoff wavelength. Note that the slope of
the J6QL abruptly changes at frequency 2	z/h̄ [see the yellow
arrow in Fig. 3(c1)].

Now we focus on thin films. Exemplary dispersion curves
for a 2 QL film when 	z = 0 and 0.05 eV are shown in
Figs. 1(a2) and 3(a2), respectively. The pertinent energy dif-
ference between the bands, i.e., 2ζ1, 2ζ2, and ζ2 ± ζ1, and the
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0.2

0.4

0.6

0.8

Δ
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a
p
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V
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Ξ××
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I

Ψ−
II → Ψ+

II

Ψ+
I → Ψ+

II

Ψ−
II → Ψ−

I

Ψ−
I → Ψ+

II

Ψ−
II → Ψ+

I

FIG. 4. �gap pertaining to various optical transitions in a 2 QL
film, as a function of 	z.

total JDOS for 	z = 0.05 eV is depicted in Figs. 3(b2) and
3(c2). The salient features of JDOS can be inferred from the
behavior of dispersion curves near the point k = 0 and the
critical point kcr. We find the following:

(i) In the vicinity of the critical point,

kcr =
[

h̄vF	z

4B2
L

+

√√√√ h̄2v2
F	

2
z

16B4
L

+
(
h̄2v2

F − �LBL
)3

216B6
L

] 1
3

+
[

h̄vF	z

4B2
L

−

√√√√ h̄2v2
F	

2
z

16B4
L

+
(
h̄2v2

F − �LBL
)3

216B6
L

] 1
3

, (30)

indeed, 2ζ1(k, 	z ) ≈ �gap +℘2 (k − kcr )2, where

�gap = 2

√(
BLk2

cr − �L

2

)2

+ (h̄vFkcr − 	z )2,

℘2 = 12B2
Lk2

cr − 2BL�L + 2h̄2v2
F

�gap
. (31)

As 	z increases, �gap first decreases, becomes zero at 	×
z =

h̄vF

√
�L
2BL

, and then increases (see the blue curve in Fig. 4). For

the optical transition �−
I → �+

I ,

J (ωp, 	z )

≈ 1

4π
√

℘2

�(h̄ωp − �gap)√
h̄ωp − �gap

[
kcr +

√
h̄ωp − �gap

℘2

+
(

kcr −
√

h̄ωp − �gap

℘2

)
�

(
kcr −

√
h̄ωp − �gap

℘2

)]
(32)

exhibits a inverse-square-root singular behavior when h̄ωp →
�gap and no abrupt jump when h̄ωp →�gap +℘2 k2

cr [see the
blue arrow in Fig. 3(c2)].
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(ii) In the vicinity of k = 0, indeed, 2ζ2(k, 	z ) ≈ �gap +
℘1 k, where

�gap = 2

√
�2

L

4
+ 	2

z , ℘1 = 2h̄vF	z√
�2

L
4 + 	2

z

. (33)

Here, �gap monotonically increases from �L as 	z increases
(see the orange curve in Fig. 4). For the optical transition
�−

II → �+
II ,

J (ωp, 	z ) ≈ (h̄ωp − �gap)

2π℘2
1

�(h̄ωp − �gap) (34)

exhibits no abrupt jump when h̄ωp →�gap.
(iii) In the vicinity of the critical point,

kcr =

⎧⎪⎪⎨⎪⎪⎩
√

�L
2BL

, 	z < 	×
z ,√√

16B2
L	2

z +
(

h̄2v2
F−2BL�L

)2
−h̄2v2

F

4B2
L

, 	z > 	×
z ,

(35)

indeed, ζ2 − ζ1 ≈ �gap +℘2 (k − kcr )2, where

�gap =
√(

BLk2
cr − �L

2

)2

+ (h̄vFkcr + 	z )2

−
√(

BLk2
cr − �L

2

)2

+ (h̄vFkcr − 	z )2, (36)

and ℘2 < 0. Notably, �gap monotonically increases from zero
as 	z increases, although with a smaller rate when 	z >	×

z
(see the green curve in Fig. 4). For the optical transitions
�+

I → �+
II and �−

II → �−
I ,

J (ωp, 	z ) ≈ 1

4π
√|℘2 |

�(�gap − h̄ωp)√
�gap − h̄ωp

[
kcr +

√
�gap − h̄ωp

|℘2 |

+
(

kcr −
√

�gap − h̄ωp

|℘2 |
)

�

(
kcr −

√
�gap − h̄ωp

|℘2 |
)]

(37)

exhibits a inverse-square-root singular behavior when h̄ωp →
�gap and no abrupt jump when h̄ωp →�gap − |℘2 |k2

cr [see the
red arrow in Fig. 3(c2)].

(iv) 	××
z = 	×

z

√
1
2 − BL�L

2h̄2v2
F

depends on the film thickness

L. For a 2 QL film, 	××
z ≈ 0.1 eV. If 	z < 	××

z , then ζ2 +
ζ1 ≈ �gap +℘2 k2 in the vicinity of k = 0. Here,

�gap = 2

√
�2

L

4
+ 	2

z , ℘2 = h̄2v2
F − �LBL(�2
L

4 + 	2
z

) 1
2

− h̄2v2
F	

2
z(�2

L
4 + 	2

z

) 3
2

.

(38)

Indeed, �gap monotonically increases from �L as 	z in-
creases towards 	××

z (see the red curve in Fig. 4). For the
optical transitions �−

I → �+
II and �−

II → �+
I ,

J (ωp, 	z ) ≈ 1

4π℘2

�(h̄ωp − �gap) (39)
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FIG. 5. (a1) Contour plot of α6QL. (b1) α6QL vs ωp for various
μ − εL . Similar plots for a 2 QL film are in (a2) and (b2). In all plots,
	z = 0.05 eV.

exhibits an abrupt jump when h̄ωp →�gap [see the green
arrow in Fig. 3(c2)]. If 	××

z < 	z, then ζ2 + ζ1 ≈ �gap +
℘2 (k − kcr )2 in the vicinity of the critical point,

kcr =

⎧⎪⎪⎨⎪⎪⎩
√√

16B2
L	2

z +
(

h̄2v2
F−2BL�L

)2
−h̄2v2

F

4B2
L

, 	××
z < 	z < 	×

z ,√
�L
2BL

, 	z > 	×
z .

(40)
Here,

�gap =
√(

BLk2
cr − �L

2

)2

+ (h̄vFkcr + 	z )2

+
√(

BLk2
cr − �L

2

)2

+ (h̄vFkcr − 	z )2, (41)

and ℘2 > 0. Notably, �gap monotonically increases as 	z in-
creases from 	××

z , although with a larger rate when 	z >

	×
z (see the red curve in Fig. 4). Equation (32) implies

that J (ωp, 	z ) exhibits a inverse-square-root singular behavior
when h̄ωp →�gap and no abrupt jump when h̄ωp →�gap +
℘2 k2

cr.
The absorbance inherits the main features of JDOS,

thus we now pay attention to the tunability of the ab-
sorbance spectrum via the static electric field and the
chemical potential. Considering four allowed optical transi-
tions �−

I → �−
II , �−

I → �+
II , �+

I → �−
II , and �+

I → �+
II ,

the absorbance of a film as thick as or thicker than 6 QL
reads

α6QL(ωp, êp, 	z ) = π

4
αfine

{
�[ς (kJ )+ 	z + h̄vFkJ − μ]

+�[ς (kJ ) − 	z + h̄vFkJ − μ]

−�[ς (kJ ) + 	z − h̄vFkJ − μ]

−�[ς (kJ ) − 	z − h̄vFkJ − μ]
}
, (42)

where kJ = ωp

2vF
and the polarization vector is either êx or êy.

Figures 2(a1) and 5(a1) show absorbance of a 6 QL film as
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a function of ωp and μ, for the cases of 	z = 0 and 0.05 eV,
respectively. When 	z is zero, a 6 QL film exhibits a con-
stant absorption coefficient π

2 αfine ≈ 1.1% in a considerable
domain. As one increases 	z to 0.05 eV, new domains of
constant absorption coefficient π

4 αfine ≈ 0.55% and π
2 αfine ≈

1.1% appear. This is further illustrated in Figs. 2(b1) and 5(b1)
that both the external electric field and the chemical potential
have a strong impact on the absorbance. Figures 2(c1) and
5(a2) show absorbance of a 2 QL film as a function of ωp and
μ, for the cases of 	z = 0 and 0.05 eV, respectively. When
	z is zero, absorbances as large as 6% are achievable. As
one increases 	z to 0.05 eV, quite large absorbances at the
absorbance edges are realizable. For typical μ − εL = 0 and
−0.15 eV, previous data are better shown in Figs 2(d1) and
5(b2).

V. DISCUSSION AND CONCLUSION

A few remarks are in order.
(i) We have assumed that the impurity and phonon scatter-

ing mechanisms are ignorable in a clean sample held at low
temperature. Thus we have not taken into account intraband
transitions which lead to a Drude-like term in the absorbance
of TI thin film. The intraband transitions are notable when the
photon energy h̄ωp is below 0.1 eV.

(ii) Due to the quantum confinement effect, the bulk and
thin films of TI have distinct band structures. In other words,
the bulk states and the so-called quantum-well states have
different energies. Indeed, the energy separation between the
quantum-well states increases as the film thickness L de-
creases. For Bi2Se3, the bulk and quantum-well states exhibit
band gaps about 0.3 eV and 0.7–0.9 eV, respectively (see
Fig. 3 in Ref. [20] and Fig. 1(c) in Ref. [29]). It follows that
transitions between the quantum-well states contribute to the
absorbance of TI thin films when the photon energy h̄ωp is
above 0.7 eV [29]. On the other hand, the overlap between the
surface state and quantum-well state wave functions is quite
small, thus the optical transition between these states is quite
weak.

(iii) The control of the chemical potential in TIs, even
in Bi2Se3, is no longer elusive [13,35,36]. It is reported
that 10-nm-thick Bi2Se3 films grown on SrTiO3 allow
for tunability in carrier density with a back gate [35].
It is also demonstrated that by using the combination of
SiO2/Si bottom gating and the doping of 2,3,5,6-tetrafluoro-
7,7,8,8-tetracyanoquinodimethane (F4TCNQ) molecules on
the top surface, the chemical potential can be well
controlled [36].

(iv) We have assumed that the quantum-well state con-
duction band is not populated. This naturally translates into
a bound on the chemical potential. The energy difference
between the surface state and the quantum-well state con-
duction bands is about 0.1 and 0.2 eV in 6 QL and 2 QL
Bi2Se3 films, respectively (see Fig. 2 in Ref. [19] for films
grown on a double-layer-graphene-terminated 6H-SiC sub-
strate; see, also, Fig. 1 in Ref. [37] for films grown on InP
and Fig. 3 in Ref. [38] for films grown on AlN). Encour-
aged by the ongoing advances in the control of the chemical
potential in Bi2Se3, we have studied the whole interval
|μ − εL| < 0.1–0.2 eV.

(v) A close look at Figs. 2 and 5 reveals that even in the
absence of the electric field [see, also, Eq. (19)],

α6QL(μ) = α6QL(−μ), α(μ) = α(−μ). (43)

This is rooted in the electron-hole asymmetry: First,
ε+
± (k, 0) =−ε−

± (k, 0) unless ς (k) = εL − DLk2 is absent.
Second, according to the Fermi-Dirac distribution, whether an
electronic state of the high [low] band is empty [occupied]
depends on ε+

± (k, 0) − μ [ε−
± (k, 0) − μ] rather than mere

ε+
± (k, 0) [ε−

± (k, 0)]. Note that the electron-hole asymmetry
does not manifest in the JDOS, which portrays the splitting
of high and low bands. Using magneto-infrared spectroscopy,
the intrinsic electron-hole asymmetry of surface states in TI
thin films was recently demonstrated [31].

(vi) As expected, the features of the JDOS are reflected
in the absorbance. This can be confirmed by a comparison
of Figs. 3(c2) and 5(b2) (particularly note the red, blue, and
green arrows).

(vii) The Van Hove singularity in the JDOS differentiates
between a 6 QL and a 2 QL film [see Eqs. (32) and (37)]: The
maximum absorbance of a 6 QL film is 1.1%, while that of a
2 QL film subjected to an out-of-plane external electric field
is considerable at the absorbance edge.

(viii) We have considered high-quality Bi2Se3 thin films
which are available via molecular beam epitaxy and chemical
vapor deposition. We have not considered the influence of
disorder on the absorbance of TI thin films. However, we
intuitively expect the salient features of absorbance due to the
Van Hove singularity to persist despite the presence of weak
nonmagnetic impurities.

(ix) We have studied the absorbance of TI thin films in view
of electro-optic modulators and switches. Thus there is a good
reason to pay attention to the absorbance edge. Indeed, the
absorbance edge strongly depends on both the static electric
field and the chemical potential. For films as thick as or thicker
than 6 QL, an analysis merely based on the conservation of
energy in the optical transition from an occupied state to an
empty state shows that

ωedge =

⎧⎪⎨⎪⎩
2DL	x

h̄vF
−h̄vF+

√
h̄2v2

F−4DL (μ−εL+	x )

−DL/vF
, μ − εL>

−DL	2
x

h̄2v2
F

− 2DL	x
h̄vF

+h̄vF−
√

h̄2v2
F−4DL (μ−εL+	x )

−DL/vF
, μ − εL<

−DL	2
x

h̄2v2
F

,

(44)
when 	x =0. Note that −DL > 0. ωedge is not a function of
only μ − εL + 	x, but a function of both μ − εL and 	x. It
follows that μ − εL and 	x differently influence ωedge. The
above analytical estimate is shown as a black dotted line in
the contour plots in Figs. 2(a1)–2(a4). Naively neglecting the
electron-hole asymmetry, one finds that ωedge = 2|μ|

h̄ , which
implies that the absorbance edge does not depend on the in-
plane static electric field.

(x) We find that the absorbance edge of a 2 QL film is

ωedge =

⎧⎪⎨⎪⎩
+2
(
μ − εL + DLk2

edge

)
, μ − εL > �L

2

�L, −�L
2 < μ − εL < �L

2
−2
(
μ − εL + DLk2

edge

)
, μ − εL < −�L

2 ,

(45)
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when 	x = 0. Here,

k2
edge = −h̄2v2

F + BL�L + 2(μ − εL )DL

2
(
B2

L − D2
L

) +
{
h̄4v4

F + [DL�L + 2(μ − εL )BL]2 − 2h̄2v2
F[BL�L + 2(μ − εL )DL]

} 1
2

2
(
B2

L − D2
L

) .

The above analytical estimate is shown as a black dotted line
in the contour plot in Fig. 2(c1).

(xi) We find that the absorbance edge of 6 QL film is

ωedge =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−h̄vF+
√

h̄2v2
F−4DL (μ−εL−	z )

−DL/vF
, μ − εL > 	z

h̄vF−
√

h̄2v2
F−4DL (μ−εL−	z )
−DL/vF

, 	z > μ − εL >
−DL	2

z

h̄2v2
F

−h̄vF+
√

h̄2v2
F−4DL (μ−εL+	z )

−DL/vF
,

−DL	2
z

h̄2v2
F

> μ − εL > −	z

h̄vF−
√

h̄2v2
F−4DL (μ−εL+	z )
−DL/vF

, −	z > μ − εL, (46)

when 	z =0. Note that the presence of the term μ − εL +
DL	2

z

h̄2v2
F

implies that ωedge is not a function of only μ −
εL ± 	z, but a function of both μ − εL and 	z. It fol-
lows that μ − εL and 	z differently influence ωedge. The
above analytical estimate is shown as a black dotted line
in the contour plot in Fig. 5(a1). Naively neglecting the
intrinsic electron-hole asymmetry, one finds that ωedge =
2|μ−	z |

h̄ �(μ) + 2|μ+	z |
h̄ �(−μ), which implies that the ab-

sorbance edge is an even function of the chemical potential.
(xii) Figure 6 further emphasizes distinct influences of 	x,

	z, and μ − εL on ωedge. Remarkably, ωedge of a 6 QL and a 2
QL film can be shifted about 0.4 and 0.3 eV, respectively, with
the application of moderate electric fields about 0.4 Vnm−1.
Moreover, with the chemical potential variations about 0.1
and 0.3 eV, ωedge of a 6 QL and a 2 QL film can be shifted
about 0.25 and 0.40 eV, respectively. This wide range of

tunability, 0.3 eV, is of prime importance, considering that
TI thin films are expected to be complementary to graphene,
transition-metal dichalcogenides, and phosphorene for photon
energies below 0.3 eV.

In conclusion, we have presented an effective continuous
model for surface states and thin films of TIs subjected to
in-plane and out-of-plane static electric fields. We show that
the static electric field influences the band structure and the
JDOS. Consequently, the absorbance and dichroism spec-
tra strongly depend on both the external electric field and
the chemical potential. Regarding the remarkable technolog-
ical progress in their fabrication [12–14], the experimental
demonstration of the electric field tuning of their surface
band structure [24], and the advances in the control of their
chemical potential [13,35,36], TI thin films are promising
for electro-optic modulators and switches. Furthermore, the
absorbance and dichroism spectra, and particularly the ab-
sorbance edge, can be measured to provide information on
the thickness-dependent band gap of the topological surface
states as a manifestation of the hybridization phenomenon,
the considerable absorbance at the absorbance edge as a sig-
nature of the Van Hove singularity in the JDOS, the intrinsic
electron-hole asymmetry of surface states, and the robustness
against the weak nonmagnetic impurities.
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TABLE I. Four possible combinations of ε0
+ and ε0

−, and corre-
sponding parameters κz and κ‖.

ε0
+ ε0

− κz κ‖

Case A Case A Real Real
Case A Case B Imaginary Imaginary
Case B Case A Imaginary Imaginary
Case B Case B Real Real

APPENDIX A: EFFECTIVE HAMILTONIAN

The Hamiltonian can be written as H =H0 + �H , where

H0 = HTI(k = 0) =
(

h0(A1) 0
0 h0(−A1)

)
(A1)

and

h0(A1) =
(−D−∂2

z + C + M −iA1∂z

−iA1∂z −D+∂2
z + C − M

)
. (A2)

The solutions of h0(A1)�↑ = ε�↑ are �
↑
αβeβλαz, where α =

1, 2, β = +,−, �
↑
αβ = (D+λ2

α − C + M + ε,−iβλαA1)T ,

λα (ε) = [ −F (ε)
2D−D+

+ (−1)α−1
√

G(ε)
2D−D+

]
1/2

, D± = D1±B1, F (ε) =
A2

1 + D+(ε − C − M ) + D−(ε − C + M ), and G(ε) =
F 2(ε) − 4D+D−(ε − C − M )(ε − C + M ). Writing the
general solution as a linear combination of four independent
eigenvectors, �↑ =∑α=1,2

∑
β=± Cαβ�

↑
αβeβλαz, and

imposing the boundary conditions �↑(z = ± L
2 ) = 0 leads to

two transcendental equations for two eigenenergies ε0
+ and

ε0
−. The eigenfunctions corresponding to ε0

+ and ε0
− are

ϕ(A1) = �+
↑ = c+

(−D+η+
1 f +

−
iA1 f +

+

)
,

χ (A1) = �−
↑ = c−

(−D+η−
2 f −

+
iA1 f −

−

)
, (A3)

respectively. c+ and c− are normalization factors, and

f ±
+ (z) = cosh(λ1z)

cosh
(

λ1L
2

) − cosh(λ2z)

cosh
(

λ2L
2

) ∣∣∣∣
ε=ε0±

,

f ±
− (z) = sinh(λ1z)

sinh
(

λ1L
2

) − sinh(λ2z)

sinh
(

λ2L
2

) ∣∣∣∣
ε=ε0±

,

η±
1 = λ2

1 − λ2
2

λ1 cot
(

λ1L
2

)− λ2 cot
(

λ2L
2

) ∣∣∣∣
ε=ε0±

,

η±
2 = λ2

1 − λ2
2

λ1 tan
(

λ1L
2

)− λ2 tan
(

λ2L
2

) ∣∣∣∣
ε=ε0±

. (A4)

The eigenenergies and eigenfunctions of the lower block of H0

can be similarly obtained. The four eigenstates of H0 are �1 =
(ϕ(+A1 )

0 ), �2 = (χ (+A1 )
0 ), �3 = ( 0

ϕ(−A1 )), and �4 = ( 0
χ (−A1 )).

To obtain an effective Hamiltonian for a TI thin film under
a static electric field, we project H into the surface states �1,
�4, �2, and �3, and exclude the contribution of the bulk
states. Indeed, H eff = H eff

TI + H eff
E , where

H eff
TI =

∫ L
2

− L
2

dz[�1,�4,�2,�3]∗HTI[�1,�4,�2,�3],

H eff
E =

∫ L
2

− L
2

dz[�1,�4,�2,�3]∗HE[�1,�4,�2,�3]. (A5)

We find that two parameters,

κz = 〈ϕ(A1)| σy |χ (+A1)〉 , κ‖ = 〈ϕ(A1)| σy |χ (−A1)〉 ,

(A6)

are sufficient to express the effective Hamiltonian H eff
E [see

Eq. (3)]. The parameters εL = (ε0
+ + ε0

−)/2, �L = ε0
+−ε0

−,

BL = B2[〈ϕ(A1)| σz |ϕ(A1)〉 − 〈χ (A1)| σz |χ (A1)〉]/2,

DL = B2[〈ϕ(A1)| σz |ϕ(A1)〉 + 〈χ (A1)| σz |χ (A1)〉]/2 − D2,

are of use to express the effective Hamiltonian H eff
TI [20].

We remind the reader that D+D− <0 for the Bi2Se3 TI.
If G(ε)<0, then λ1(ε) = λ∗

2(ε) and it follows that f ±
± (z)

are imaginary and η±
1,2 are real (case A). If G(ε)>0 and√

G(ε)>F (ε), then λ1(ε) is imaginary and λ2(ε) is real. If
G(ε)>0 and F (ε)>0 but

√
G(ε)<F (ε), then both λ1(ε)

and λ2(ε) are real. It follows that both f ±
± (z) and η±

1,2 are
real (case B). It is clear that according to the values of ε0

+
and ε0

−, four different cases may happen. However, κz and κ‖
are either both real or both imaginary (see Table I). We also
find that 〈ϕ(+A1)| σx |χ (−A1)〉 = iκz, which shows that AL =
A2 〈ϕ(A1)| σx |χ (−A1)〉 = iA2κz is real (imaginary) when κz

and κ‖ are imaginary (real).

APPENDIX B: WAVE VECTOR kgap

To minimize the function ς1(k, 	x ), we encounter a cubic
equation of the type k3

gap + a1kgap + a0 = 0. Here, a2
0/4 +

a3
1/27 > 0, and thus the only real root of the cubic equation is

kgap =
[
−a0/2 +

√
a2

0/4 + a3
1/27

]1/3

+
[
−a0/2 −

√
a2

0/4 + a3
1/27

]1/3
. (B1)
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