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The ground states encode the information of the topological phases of a 2-dimensional system, which makes
them crucial in determining the associated topological quantum field theory (TQFT). Most numerical methods
for detecting the TQFT relied on the use of minimum entanglement states (MESs), extracting the anyon mutual
statistics and self statistics via overlaps and/or the entanglement spectra. The MESs are the eigenstates of the
Wilson loop operators, and are labeled by the anyons corresponding to their eigenvalues. Here we revisit the
definition of the Wilson loop operators and MESs. We derive the modular transformation of the ground states
purely from the Wilson loop algebra, and as a result, the modular S and 7 matrices naturally show up in the
overlap of MESs. Importantly, we show that due to the phase degree of freedom of the Wilson loop operators,
the MES-anyon assignment is not unique. This ambiguity obstructs our attempt to detect the topological order,
that is, there exist different TQFTs that cannot be distinguished solely by the overlap of MESs. In this paper, we
provide the upper limit of the information one may obtain from the overlap of MESs without other additional
structure. Finally, we show that if the phase is enriched by rotational symmetry, there may be additional TQFT
information that can be extracted from overlap of MESs.
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I. INTRODUCTION

After the discovery of the integer quantum Hall effect and
the fractional quantum Hall effect, more and more bizarre
phases of matter that cannot be described by the Landau-
Ginzburg symmetry breaking paradigm were found. Instead
of normal order parameters, these phases are depicted by
nonlocal topological orders [1]. The point excitations of these
phases bears the nontrivial braiding statistics, i.e., the ex-
change of positions of two anyon results in a phase factor (that
is neither £1) or, for non-Abelian anyons, a transformation of
the wave function. These excitations are called anyons, and
can only exist in 2-dimensional space. In a topological phase,
their classes of excitation, fusion relations, and braiding statis-
tics are robust to small deformations to the Hamiltonian,
which makes non-Abelian anyon a potential candidate for the
fault-tolerant quantum computation [2—4].

While there are multiple exact solvable microscopic
Hamiltonians that realize the nontrivial topological phase
[2,5-9], the inverse problem—i.e., determining the topolog-
ical phase from the microscopic Hamiltonian—is extremely
challenging. It is believed that the ground state alone encodes
all the information regarding the topological order, i.e., it is
possible to determine properties of the excitation spectrum
such as anyon content, braiding statistics from the lowest
eigenstate of the system [10]. A well-known example is that
on a torus, the ground-state degeneracy equals to the number
of anyons of the system. Recently, more progress have been
made in determining the topological data from the ground
states. For example, numerical methods such as exact di-
agonalization and the density-matrix renormalization group
(DMRG) gives the ground state, from which we can extract
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the quantum dimensions [11,12], edge excitation spectrum
[13], fractional charges, chiral central charge [14], topological
spin [15,16], etc.

A crucial characterization of a topological order are the
T and S matrices, which encode the topological spin and
mutual-statistics (braiding phase) respectively. Remarkably,
the modular transformations of ground states on a torus gen-
erate these matrices [1]. Although the S and T matrices do
not constitute a complete description of a topological order in
general, there are many simple anyon models that are uniquely
determined by the S and 7" matrices [17]. (In fact, all models
with no more than 5 anyons are uniquely determined by their
S and T matrices [18,19].) The S and T matrices appear
when taking the overlap of ground states in the minimum
entanglement states (MESs) bases with the proper labeling
[20,21]. The MESs—natural byproducts of tensor-network
numerical algorithms such as DMRG—are the ground states
with the local minimum bipartite entanglement entropy along
a certain cut [22,23]. However, it may not be possible a priori
to determine the proper labeling of the MES—i.e., the corre-
spondence between anyons and MESs—which in turn means
that the MES overlaps alone are not enough to get the modular
data [21]. In this paper, we carefully reexamine these ideas.
We ask, why the S and 7" matrices appear in modular transfor-
mations of MESs? To what extent the modular matrices can
be extracted from the grounds states alone?

The aim of this paper is twofold: (1) to revisit the funda-
mental relations between the modular transformations and the
MESs on the torus, and (2) to explore the information we may
obtain from the overlap of MESs.

Obtaining the modular data from the overlap of ground-
state wave functions first appeared in physics literature in
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Wen'’s paper [1]. He derived results for quantum Hall models
by computing the Berry phase from adiabatically changing
the torus geometry, taking advantage of the conformal block
structure of the model wave functions. However, his argument
relies on a continuous deformation in the moduli space (i.e.,
torus geometry) and is rather impractical to implement in a
lattice system.

Reference [20] by Zhang et al., directly connects the
modular transformation of the ground states (s and ¢ transfor-
mations) to the modular data of an MTC (S and 7' matrices).
While this result is very influential and widely applicable,
their logic relied on Wen’s moduli-space construction, which
does not explicitly eliminate effects such as the geometric
phases [24]. In fact Ref. [15] performed a Dehn twist (defor-
mation of torus) on a lattice system and found, in addition
to the expected topological contribution (7 matrix), a much
larger nonuniversal microscopic-dependent piece.

The first portion of our paper addresses these issues by
constructing operators associated with the physical process
explicitly and carefully keeping track of the geometric phases
associated with physical/lattice systems. We reexamine the
definition of the Wilson loop operators and MESs. By con-
sistently arranging the phases along every simple loop on the
torus, we successfully justify the aforementioned results on a
lattice.

We also reexamine the one-to-one correspondence between
MESs on torus to the anyons of the topological theory. The
anyon-MES correspondence is often the clutch, which allows
topological phases to be identified from numerical data of
ground states. For example, variational Monte Carlo studies
[25-27] typically generate an MES for each anyon of the
model, and relies on their overlaps to identify the topological
order. However, we show this correspondence is not unique
due to the relative phases between MESs. This ambiguity
means that it may not be possible to obtain all the modular
data (T matrix) from the overlap of MESs. For example, we
show that it is always possible to extract 72, but not always the
T matrix. This means that there exists distinct TQFT models
that cannot be distinguished by the overlap of MESs solely.
Detailed algorithms are provided in Sec. IV B to extract the
topological order given the ground states on a torus.

In our paper, we also determine in what cases all topolog-
ical data can/cannot be extracted from overlaps. The precise
technical statement (see Sec. IV) is as follows. Given the
MESs along different cuts, we show that—absent of symme-
try or entanglement spectra—their overlaps can only provide
the fusion rules N7, , the triplet spins 6,6, /0. for N7, > 0, and
quantities that can be derived from them.

Systems with the global rotational symmetries are also
considered in our paper. The introduction of rotational sym-
metry reduces the complexity of the algorithm, which makes
the MESs easier to be found. Moreover, the symmetry en-
riches the topological phase, i.e., in the presence of global
symmetry, two equivalent topological phases without symme-
try would be distinct. One of the signatures of the symmetry
enriched topological phases is that their excitations may
change the species under the rotation [28,29]. We find that
this feature is detectable from the overlap of MESs, and if
the nontrivial permutation of anyon exists, it can be used in
determining the previous equivalent phases.

This paper is organized as follows. Section II gives a
brief introduction to topological theory and establishes the
notation used in the paper. Section III revisits the relations
between MESs and modular transformation, providing a for-
mal argument via Wilson loop operators. Section IV provides
algorithms to obtain the topological data from overlaps of
MESs, and explores what models can/cannot be distinguished
by these overlaps. Section V considers rotational symmetry-
enriched topological phases with three-, four-, or sixfold
rotational symmetries. In addition to modular data, we find
that the permutation of anyons under the rotation is also de-
tectable from the overlaps.

We note that Sec. III may be skipped on the first reading;
the reader should find Secs. IV and V comprehensible without
the details of Sec. III.

II. BRIEF REVIEW OF TENSOR CATEGORY AND TORUS
A. Modular tensor category

In this section we briefly review some definitions of mod-
ular tensor category. For more details we refer the reader to
Appendix A, or Refs. [6,28]

A TQFT model—also known as a modular tensor
category—C consists of a set of anyon {a, b, c, ...}, fusion
rules among the anyons, and other data associated with braid-
ing and manipulations of the anyons.

The fusion rules for anyons are described by

axb=EPNye, (1)
ceC
where NY, are non-negative integers, which called the fusion
symbols. Several important modular data for a TQFT model,
such as quantum dimensions d,, topological spin 6,, total
quantum dimension D, the modular matrices S and 7', are all
defined in Table I.
The S matrix gives all the 1-dimensional representation of
the fusion algebra, i.e., for the 7 (a) € C such that

m(ayr(b) =Y Nm(c), @)
ceC
then there is an anyon e € C so that 7 (a) = S, 4/S.,0. These
1-dimensional representation are also called fusion character.
In particular, the quantum dimension d,, is the fusion character
that corresponds to the trivial anyon d, = So.4/S0.0-
We call A(a) € U(1) a fusion phase if it satisfies

Ma)h(b) = A(c), if N, > 0. A3)

Then, for an arbitrary fusion character 7 (a) we can get an-
other fusion character 7 (a)’ by attaching the fusion phase,
7 (a) = Ma)rw(a). We show that all the fusion phases are
given by the Abelian subcategory A C C,

S
ra) = 5 2 where r € A. 4)

0,a
This fact can be easily checked because A(a)d, is a fu-
sion character, while all the fusion characters are given by
Se.a/S0.a- Because for the non-Abelian anyon e, there exists
the anyon a € C such that d,S. ,/So., & U(1). Therefore, the
fusion phase can only be written as A(a) = S,.,/So,4, for the

re A

235115-2



DETECTING TOPOLOGICAL ORDER FROM MODULAR ...

PHYSICAL REVIEW B 106, 235115 (2022)

TABLE I. Here we list some notations that we will use in this paper.

Notation Definition

C A unitary modular tensor category (TQFT model), contains a set of anyons, the fusion and braiding rules.
A The Abelian subcategory of C.

a,b,c,--- The anyons in C, they obey the commutative, associative fusion rule. We use 0 to denote the trivial anyon.
N, The fusion symbols, indicating the number of ways a and b fuse to anyon c.

d, The quantum dimension of the anyon a, d, = Q a,

D Total quantum dimension of the TQFT model, D £ ./ D ucc d?.

2

The topological spin of anyon a.

a

T The modular 7 matrix: a diagonal matrix with elements 7} & Sa.pba, Where 6, = %
. . L def 1 e 5 0a0p 1 a b
S The modular S matrix: a symmetric matrix with elements S, , = — Z NS, d, == .
D ” 6. D

® © is a phase related to the central charge. ® o 5 D uec d26a.
[Lm,... Simple loops on the torus i.e. the loops without self-intersection. We use the winding number to classify the loops on the torus

suchas | = (p1, q1), p1, q1 € Z.

[xm The intersection number between loop [ and m.
(Lm),--- A coordinate basis for the torus. Two simple loops form a basis if and only if they intersect once, i.e., | x m = —1.
T The Dehn twist about the simple loop [ on the torus.
Wi(a) The Wilson loop operator of anyon a along the simple loop [.
The detailed definition for the Wilson loop operator can be find in Sec. III A.
Dy The Dehn twist operator about the simple loop [.
DY LY dOWi(a)
lal) The standard basis of the ground states in the coordinate system of (I, m) with the label a.
A(a) The phase such that A(a)A(b) = A(c) for NS, > 0.

B. Topology of the torus

Let us start with a general oriented closed 2-dimensional
manifold M. The mapping class group of M is defined to be
the group of self-homeomorphisms of M modulo homotopy.
The Dehn-Lickorish theorem claims that the mapping class
group of a general surface can be generated by a finite number
of Dehn twists.

Let m be a simple loop, i.e., the loop without the self-
intersection. A Dehn twist 7, is a homeomorphism of the
surface given by the construction (see Fig. 1): first we cut
the surface along loop m, twist one side of the incision 360°
and glue them back. Rigorously, the Dehn twist is defined
as follows. Let A = S' x [0, 1], there is a homeomorphism ¢
from a neighborhood N of m (region enclosed by the dash line

FIG. 1. | and m are two simple loops on torus, 7, is the Dehn
twist about loop m. The orientation of the surface is defined to be
[xm = —1.

in Fig. 1) to A. The map 7, is given by

T (x) = {i”owl(x)’ ToN )
where t is the twist map of the annulus
T:A— A,
@,t)—~ (0 4+ 2nt,t). 6)

In the case of torus, the mapping class group is the special
linear group SL(2, Z), which is also called the modular group
[30]. The modular group can be generated by two matrices

u=<_11 ?), t=((1) }) @)

We can analyze the Dehn twist transformation by its action
on the homotopy classes of the torus. The loops on the torus
are classified by their winding numbers (p, ¢). A homotopy
class [[] = (p, q) is called simple if the loops in this class are
simple, i.e., the greatest common divisor of p and g is 1. Let
m and [ be two arbitrary loops with homotopy class [m] =
(P15, q1), [l = (p2, g2), the intersection number m x | between
them is given by

P14
V2 Y]

mx|[ = det

. ®)

The Dehn twist about a simple loop defines a nature way
to generate a new loop [t ([)] from two existing loops
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[m] = (p1, 1) and [[] = (p2, g2) (Fig. 1): the homotopy class
of Dehn twist loop 7, ([) is given by

p

_ 1 q1
[Tm(D] = [m] det I + 1. )

Due to the linearity of the determinant, the Dehn twist 7y, is
linear in the argument [t ([} + ©)] = [T (I)] + [T ()]

If [ x m = —1, then we denote (I, m) as the basis of the
torus. In particular, if [ and m only intersect once, we have
[tm(D] = (£p1 + p2, g1 + q2). The actions of the Dehn
twists on these basis are given by

[ [ [ [
'{[]H[] . .{[]Hum]. w0

ml e [l m] [m] — [m]

We noticed that these two transformations are exactly the
generators of the modular group. Therefore, if [ and m only
intersect once, all the simple loop classes can be generated
from two classes [[] and [m] by using the Dehn twist transfor-
mations t; and Ty,.

III. WILSON LOOP OPERATORS
AND THE GROUND STATES

In this section, we give a microscopic definition of the
Wilson loop operators, we derive the Wilson loop algebra
and define the minimum entanglement states (MES) from the
Wilson loops. Here we assume that we know all the TQFT
data, and derive relations between Wilson loops and ground
states.

Here is a brief summary of the results in this section.

We define the Wilson loop operators Wi(a) from the pro-
cess of creating a particle-antiparticle pair (a, a), moving the
particle a along a loop [, and then annihilating the particles
back into the vacuum. Generically such processes are affected
by various geometric phases arising from microscopic details
of the model. We show that there exist a choice of phase and
normalization, such that the Wilson loop operators satisfy the
relations

Wi(@)Wi(b) = Y NGWi(c), (1)
ceC

W/ (a) = Wi(@), (12)

W_i(a) = Wi(@), (13)

for each loop [. From now on, the summation symbol always
runs through all anyons unless specified otherwise.

There are an infinite number of simple loops on a torus
characterized by their winding number (p, ¢), and associated
with each loop is a set of Wilson loop operators. We show that
the Wilson loop operators along an arbitrary loop on a torus
can be constructed from the Wilson loop operators along a
coordinate basis (I, m): Wi(a) and Wy, (a). We accomplish this
by introducing the Dehn twist operators Dy,, given by

1 *
Do = XX:GX d Wi (x). (14)

The operator transform Wilson loops along [ to those along
7(m),

We. (@) = Dy Wi(a)DL,. (15)

Figure 1 also demonstrates how the Dehn twist operator Dy,
act on the Wilson loop operators. As a result, we only need
to define the Wilson loop operators along a single coordinate
basis on the torus—e.g., (I, m)—to fully define all Wilson loop
operators.

For every coordinate basis (I, m), we define the basis of the
ground states |b. ) from the Wilson loop operators, which we
referred to as the “standard basis”. States within the standard
basis are labeled by anyons in a € C, with the property that
|bfn) are each MES along the m-cut, and

Win(@)| L) = i—iw;), (16)
Wi@|bly) = D Noylew)- (17)

Here we define an MES to have a local minimum in its
bipartite entanglement entropy (as opposed to the original
definition in Ref. [20], which stipulated a global minimum of
entropy). Equation (16) says that the MES are simultaneous
eigenstates of the Wilson loop operators; this is always possi-
ble as the Wilson loop operators along the same path commute
with each other. Equation (17) relates the different eigenstates
to one another; doing so fixes the relative phrases between
the different MESs. For each coordinate basis, the standard
basis is uniquely defined (up to an overall phase) from these
relations. The eigenstates of the Wilson loop operators are
also called the minimum entanglement states (MES), because
they have the local minimum bipartite entanglement entropy
along a certain direction. Here our definition of the basis is
slightly different from the previous definition of MESs: we
use another direction (I in our case) to fix the relative phases
of among the MESs.

Our definition of the standard basis is such that the overlaps
between the different bases give us the modular matrices,

lay™) =K1 D Sap|byy)- (18)
b

|ay™) = k2a|ay,), (19)

m

where k| and «; are two overall phases only depend on [ and
m. This means the Hilbert space spanned by the ground states
and the transformation of coordinate bases form a projective
representation of the modular group.

The Wilson loop operators obeying Egs. (11) and (12) are
not unique. In particular, we can apply a gauge transformation
Wi(a) = A(a)W(a), where A(a) is a fusion phase. We prove
that the number of fusion phase is equal to the number of the
Abelian anyons |.A|. Because there are two independent di-
rections, there are |A|? gauge transformations in total, which
are compatible with the Wilson loop algebra. Once we fix the
gauge of the basis, we can determine the phase for any other
directions by using Eq. (15). The detailed discussion of this
gauge transformation of the Wilson loop operators can be find
in Appendix E.

A gauge transformation of Wilson loop operators will have
two effects on the standard basis. First, it may induce a
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Time T

1 aa
PaAYPa

FIG. 2. Left: Definition of Wilson loop operator along an arbi-
trary path [ in a world line diagram. Right: The definition of the paths
in Eq. (20). The geometric phases of p, and p, cancel each other,
therefore, the total geometric phase is independent from the position
where we create the particle-antiparticle pair but only depend on the
loop [.

rearrangement of the states within the standard basis, i.e.,
permute the anyon labeling of the ground states |b£n). Second,
it can change relative phase among states within the basis. In
total, there are | A|?> rearrangements/phases of MESs, which
is same with the number of gauge transformation of Wilson
loop operators. The explicit formula of the rearrangement of
the basis can be find in Appendix F.

While we only focus on the torus in this paper, the Wilson
loop algebra and many conclusions here can be easily gener-
alized to the higher genus manifolds.

A. Microscopic construction of the Wilson loop operators

The Wilson loop operators are the nonlocal topological
invariant line operators. After creating a particle-antiparticle
pair (a, a) from a ground state, dragging a alone a closed path
[ adiabatically, and then annihilating with a, we get another
ground state (Fig. 2). In general, any microscopic process that
involve moving excitations may have dynamical (time/energy
dependent) and geometric (path dependent) components in-
volved. Here we want to define the Wilson loop operators
independent of the dynamic and geometric phase of this pro-
cess, such that only the topological phase remains.

Following Ref. [31], we decompose the Wilson loop oper-
ator into three pieces: creation, movement and annihilation

Wi(a) = ai(a) P2, M,, (@) M((a) M, (a) §7, (20)

where %@ and @9, = ®%" are the creation and annihila-
tion operators respectively, and here we choose the isotopy
normalization for the creation and annihilation operators
CIDSa Cbg‘_’ =d,1y. M((a) is the movement operator, which
move the anyon a along the path [. Path [ and p, are defined
in Fig. 2.

Here we deliberately create the pair not along the path [ so
that the phases of M[“)ﬂ and M;ﬁ cancel each other, as do the
phases of ®4 and .. Therefore, the phase a(a) is designed
to only fix the phase of M(a). It also indicates that the Wilson
loop operators do not depend on the location where we create
the particle pair and the point where the particle enter the loop.

There exists a consistent way to choose «(a) for every
simple loop [ and every anyon a, such that the Wilson loop
operators defined in this way satisfy the algebra,

Wi(@Wi(b) = ) NgWie), @1
W/ (a) = Wi(a), (22)
W/ (a) = Wi(@), (23)

where a, b, ¢ are anyons. Notice that the existence of such

phase assignment is not completely trivial, since Eq. (21) con-
sists of O(|C|?) equations but there are only |C| — 1 phases.

Here we outline the argument for why a((a) exists. To sim-
plify the notation, we denote M((a) = M, (a)M(a)Mp, (a).
Then the Wilson loop operator becomes

Wi(a) = ai(a) %M (a) D% (24)

The key point is to show the “fusion rules” of the movement
operators,

dc cDub
dadb e

(M (b)arr(@)My(a) = Y (M),
(N7

(25)
where @ and ®0) = (<1>‘C’f’ﬂ)T are the fusion and splitting
operators respectively. Here u is the fusion channel. This
identity shows that the following two processes are equivalent:
(1) moving two anyons a and b around the handle of a torus
separately and (2) fusing a and b, and moving the resulting
anyon around the handle of a torus and then splitting the anyon
back into a and b. The Wilson loop algebra (21)—(23) follows
from the fusion rules of the movement operators (25) with fur-
ther manipulation of the anyons. The technical details can be
found in Appendix B. Here, we briefly describe how to prove
the fusion rule (25). We first cut an annular neighborhood of [,
then close one of the punctures to get a disk with an anyon d at
the center. By doing this, the movement operators around the
handle of the torus become the movement operators around
the anyon d. We argue that moving an anyon around d is
equivalent to moving d around that anyon, up to quantifiable
geometric phases. By canceling these phases, we can get a set
of solution to Eq. (25). This then implies that there exists a
phase assignment such that the Wilson loop operators defined
in (20) satisfy the Wilson loop algebra (21)—(23).

Closing the puncture of the annulus into an anyon d is
a key step in our approach for solving for ;. However, the
identification of d is not unique, but is ambiguous by fusion
with an Abelian anyon. As such, the choice of phases for the
Wilson loop operators are also not unique. In Appendix E we
show that the number of different sets of «((a) equals to the
number of Abelian anyon in the system |.4]|, and different
choices of «(a) correspond to the gauge transformations of
the Wilson loop operators.

B. Dehn twists and Wilson loop algebra

Recall that the Dehn twists generate all the simple loop
classes on a torus from two classes [[] and [m]. Let us con-
sider the Dehn twist acts on a close loop. Suppose [ and m
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Tm (0

FIG. 3. m and [ are two simple loops intersect at point p. x, y,
and a are anyons on the torus. The Wilson loop operator Wy, (x) and
Wi(a) are showed in the first and second diagram respectively. b is
the anyon such that N7 > 0, and f; is the path that connects b with
the point p. The Dehn tw1st path 7,4 (1) is showed in the last diagram.

be two simple loops that only intersect once at p (such that
[xm = —1), the Dehn twist loop 7,([) is given by: starting
at p, traverse [ once returning to p, and then traverse m.
With slight abuse of notation, we denote this combination as
[ + m. Thus the movement operators for 7,,([) comprise of
the movement operators for [ and m. Perhaps unsurprisingly,
the Wilson loop operators along 7, ([) can also be constructed
from those along [ and m—although this is a nontrivial task
(at least for non-Abelian theories). Here we only consider
the case where [xm = =1; if [, m intersect more than once,
the Dehn twist path becomes more complex but remains a
combination of [ and m. For the purposes of this paper, it is
sufficient to only consider the single intersection loops.

In this subsection, we will show that this Dehn twist oper-
ator Dy, defined by

1
Do = ;dxejwmu), (26)

satisfies the relation

Wr,, (@) = Dy Wi(a)D],. 27)

(Recall that D =/, d? is the total quantum dimension and
6, is the topological spin of anyon x.) Formula (27) applies for
any anyon. If a is Abelian, then the equation simplifies to

Witm(a) = 0.Wi(@)Wn(a). (fora e A) (28)

Figure 3 shows the path taken by the anyons in the Wilson
loops operators Wy,, Wy, and W;_ ;). Importantly, in our con-
struction, the Dehn twist loop 7, () is the combination of the
loop m and [, thus, we do not need to consider the geometric
phase caused by combining the two loops.

The form of Dehn twist operator Dy is motivated from the
diagram (@ is defined in Table I)

ol
a ‘ T

This identity gives us a way to twist the world line and also
proves that the Dehn twist operators we define are unitary.
The right-hand side (RHS) of Eq. (27) contains a product
of 3-Wilson loop terms Wy, (x)Wi(a)Wy, (v). Figure 4 gives a
summary of how we manipulate the 3-loop process. We first
fuse x and y along m into a small segment b, we then move the
fusion vertex around the torus along m to give the threading

‘*.—»‘

FIG. 4. Since [ and m only intersect once, we can merge two W,
and move the junction around the torus. The orange loop represent
the anyon y, the red loop is anyon x, the blue loop is anyon a and the
green loop line is anyon b.

diagram on the right. We will show a more rigorous way to get
this threading diagram based on the microscopic definition of
the Wilson loop operator in Appendix C.

Then, back to the equation (27), on the RHS we need sum
over all possible x, y € C with the coefficients d,d,6;0, /D>,
In terms of the interlocked diagram we have get the following
diagrams:

n

1
ﬁzs/drdydbeyé); ANE

Ty,

A,

= 7 x;: /dpdydy 0,07 %a\ F)N

:Zm

z,Y,

L (RY), (R, I: y

-
b a
Jb
:D2TZV’/d 20, dbe 9 9 S #a d
Yok, b/

1
=7 > dydy 05,
Yy

a b
:Ggéab%a
L.

= 50,17 a a

b,

(30)

Figure 5 demonstrates that if we put this result back to
the torus (Fig. 4, right), the movement operator along the [
direction becomes the movement operator along the [+ m
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Time 4

|<_ 1 14_

FIG. 5. Here we draw the world line diagram of the result of
Eq. (30). The dash line indicate the periodic boundary condition
in [ direction. We can see that the threading diagram transform the
Wilson loop operator Wi(a) into a movement operator M (a). It

seems we get an extra Schur indicator, but this indicator is canceled
by the phase attached to the Wilson loop operator.

direction. Thus we obtain the Wilson loop operators along
[ 4+ m direction, which proves Eq. (27). [Equations (26) and
(27) are also applicable to higher genus manifolds.]

More generally, for an arbitrary loops s, u that may have
any number of intersections,

'Wu(a)D = W(sxu)5+u(a) = rg(u)(a) (€28)

although we will not show this explicitly. Equation (31)
demonstrates that the operator Dy, is indeed the Dehn twist
operator on the torus.

So far, we established the Dehn twist actions on the Wilson
loop operators. Since the Wilson loop operators only depend
on the homotopy class of the loop, we have thus shown that
every Wilson loop operator on a torus can be generated from
2 sets of Wilson loop operators Wi(a) and Wy, (a) for a coordi-
nate basis (I, m), along with the knowledge of the topological
spins 6,.

C. Basis of Ground States

In this subsection, we will define the “standard basis” of
ground states |bfn). For an arbitrary coordinate basis ([, m), we
will explicitly construct these wave functions such that they
obey the relations

S*
uaxanb;):zszzw;y (32)

Wi@lbl) = S NG |el) (33)

The first equation shows that the basis are defined to be the
eigenstates of the Wilson loop operators Wy, (a). These eigen-
states are also called the minimum entanglement state (MES),
because their bipartite entanglement for a pair of cuts parallel
to m is a local minimum. The second equation fixed the
relative phase between the MESs. We see that the [ direction
is important in fixing the phase. For example, the set |afn) is
different from the set |[a™*"), although both are MESs along
an m-cut.

Now we will show that there exists such states, and these
states are unique up to an overall phase. Because the Wilson
loop operators along the same direction commute with each

other, they can be diagonalized at the same time. Let |[X) be a
common eigenstate of {Wy,(a)}. Then we have

W (@)W (D)IX) = p(a)p(b)IX)
= ZN;,,W (©IX)

= Z (NG, IX), (34)

where a, b, ¢ are anyons and ¢(a), ¢(b), ¢(c) are the eigen-
values for the corresponding Wilson loop operators. So the
eigenvalues form a fusion character

p(a)p(b) = Z 9(0). (35)

Therefore, the eigenvalues of state |X) can be obtained from
the modular S matrix

*

Sax (36)
SO,x ’

p(a) =

where x is an anyon. Let |0,,) be the special state whose
eigenvalues for all the Wilson loop operators are positive

Win(@)|0m) = da|Orm). (37

For a given set of Wilson loop operators, the state |0y) is
unique up to a phase. We then define

|bL,) = Wi(5)|0w,). (38)

We will now show that Ibfn) is also an eigenstate of Wy, (a)
that satisfies Egs. (32) and (33).

To show the first point, we need to compute the term
Wm(a)|bfn) = Wi (@)W(b)|0). In order to use use the same
trick in Fig. 4, we rewrite |0y,) = # > Wa(c)d,|0n). Then
the term with three Wilson loop operators can be evaluated by
the following threading equation:

c,u Kb

\Q |

SOb

d ‘ b
(39

Plug this result back into Fig. 4 we get

%
a,b

S
<2 D WibWan(d)da. (40)
0,b P

3 W @Wilb)Win (0, =

Now, we can apply both sides on the state |0,,). The left-hand
side (LHS) equals to
3 W (@Wi(D)Wan (0)de|0%) = W @WiB)0w). (41

While the RHS becomes

S*
S D VbW (d)da[0F) = w42
’ d
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So Wi(b)|0L) = |b',) is an eigenstate of Wy, (a) with eigen-
value S7,/So»- And from the Wilson loop algebra we have

Wi(a)|bL,) = Wi@Wi(b)|0%,)
=2 W@0n) =) ) @3)

Therefore, |b£n) form a basis of ground states and satisfy
Egs. (32) and (33).

D. Modular transformation

Now we will consider the relationship between the basis
in different coordinates. It is believed that overlaps between
the different standard bases give us the modular S and T
matrix, which together form a projective representation of the
modular group [1,20]. Here, we prove this with the Wilson
loop algebra established earlier.

There are two contexts for which the modular group
appears. The first point of view (i.e., the “passive transfor-
mation” approach) is to consider the possible transformations
of the coordinate basis (I, m) — (', m’), and the relations be-
tween the ground state bases. Alternately, the operator algebra
between Dehn twists in various directions results in a projec-
tive representation of the modular group. For [xm = —1, their
Dehn twists Dy and Dy,, corresponds to # = sts~' and ¢ of the
modular group; their actions on (in some specific) ground state
basis will give us the modular matrices.

We first take the first point of view; studying passive
transformation on the ground-state space. Consider the pos-
sible transformation of the coordinate basis. Recall that a
pair of loops (I, m) forms a basis if [xm = —1, i.e., they
only intersect once. Therefore, an admissible transformation
of the coordinate basis (I, m) to (I', m’) can be characterized
by a 2x2 matrices with integer coefficients and determinant
1. (The determinant needs to be positive because we only
consider the transformation preserve the orientation.) Hence
they form the special linear group SL(2, Z), isomorphic to
the modular group.

More precisely, let P be an arbitrary element in the modular
group represented by the matrix in SL(2, Z). Its action on a
coordinate basis is

pP= (‘CZ 2) © (Lm) > (al +bm, cl+dm),  (44)
with ad — bc = 1. We noticed that the passive transformation
of the ground states is directly related to the modular transfor-
mation in conformal field theory,

p:(g 3);

The overlap matrix for the transformation is defined as
(xt[n|yif[[if1’$). As the modular group is generate'd by two
elements, it suffices to compute the overlap matrices corre-

sponding to the s and ¢ transformations,
(0

=l

(1

—\0

at +b
[ .
ct+d

(45)

_01> S(Lm) > (—m, ),

i) (m) e~ ([+m,m). (46)

In the remainder of this section, we will show that their
overlap matrices are indeed the same as the modular matrices
defined from TQFT,

ablor™) o Sus, (a6 o T = sb | 47)

The states |b; ™) are the eigenstates of Wi(a), and their rel-
ative phases are fixed by W_, (a). These states can be obtained
by repeating the calculation in Sec. III C. We modify Eq. (39)
by choosing the blue line to be the —m direction and green
line to be the [ direction (the orientation of the torus does not
change). Then we have

S*
D Wi@W-_ (b)Wi(e)d, = o Y WonBWi(c)d.. (48)

If we apply both sides on the state |0, ), then the LHS becomes
D W@Won W) [0,) = Wi(@) ) deWon (B)] ey )-
(49)
And the RHS is

“b ZW w(OWi(c)d,|0L) = “b Zd W_m(®)|ck). (50

So, ZC dCW,m(b)|cm) is the eigenstate of W((a) with eigen-

value §7,/Sop. It is easy to check that the relative phases
between these states are fixed by W_., (a),

d. d.
Wom(@) Y SWom®en) = NGy Wom(@ey,)

- ZN;b|e;m). (51)

Thus, we can write

d,
™) =1 ) W ®)el) = w1 Y Spelen). | (52)

where « is an overall phase Therefore, the generator s give
us the modular S matrix (a by ™ = k1Sup-

For the generator 7, we need to define the state |bf;r my,
Notice that this state is also the eigenstate of W,,(a), so it dif-
fers from the state |b£“) by a phase factor |b£;r ™ = ei¢(b)|b£,1).
The phase factor here can be determined by comparing the
Wilson loop operators Wi, (a) to Wi(a). From Sec. III B, we
have Wi n(a) = DmW[(a)D;Ll and Wy, (a) = Dme(a)D;ll,
that is, the set of operators (Wi m, W) can be written as a
similarity transformation of (W, W,,,). Hence the set of states
Dm|b£n) form a basis for the coordinate system (I, m). There-
fore, we can denote |bf:[ my = K2Dm|bfn) for some phase «;.
Finally we have

=) el

—KzZ
07 St
- 22 5 Sﬂ’;\z;‘

= k,0%0,|bL,), (53)

)
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where the last step is from the identity (29). So the generator
T give us the modular 7 matrix (afn|b][:{ ™Y = Supk20,.

In the second viewpoint, we consider the Dehn twist op-
erators as active transformations in the ground-state space.
In contrast to the first viewpoint, we analysis the Dehn twist
operators as an algebra. In Sec. III B we have constructed two
generators of Dehn twist operators,

07d, 0rd,
Di=) = W), Dn=3 Wl . (54

X X
Their actions on the coordinate basis are given by
Di:l— 1, Dy:

mem-—|

[~ [+m,

m— m. (55)

This is a linear representation with

1 0 1 1
Du—)u:(_l 1>, D, —t :(O 1). (56)

Together u and ¢ form the modular group with presentation
utu = tut and (tu)® = 1.

The actions of these two generators on the ground-state
space is similar, but with additional phases. In particular, the
matrix elements in the standard basis |afn) are

0'd
{am Dibh) = {an| 3 =

Dol
0rd.N°
= fat | 3 Bt

= (a| D 5..6,6 |ex)

= 0752 67, (57)

(@t | D |bLy) = ©*0pSap. (58)

To derive the first equation we used the identity Eq. (A13),

S, = %ZC Ngb%. Here we see that the actions of the

(D[DmD[)T and D,, give us the modular § and 7 matrices
respectively.
The Dehn twist operator thus satisfies

D..DD, =DD.D;, D.D)° =071 (59

We find that the algebra of Dehn twist operators from a
projective representation of the modular group. (This algebra
remains valid for a general oriented manifold.)

For an arbitrary modular transformation of the torus, the
two points of view give the same overlap matrices although
their calculations differ in details. For example, let us consider
the threefold rotation of the torus R. Let [ and m be 120° apart
with equal length. The coordinate basis transform under the
rotation R in the following way:

R:(Im)— (=[—m,1). (60)

Here we assume that the standard basis transforms in the same
way (without phases factors or label permutation), R|b! ) =
|b[’["“). Then from the passive point of view, the overlap

between the basis is given by

fag by ™) =D lamer™ e ™16y ™)

c

= SucTy = (ST )ap- (61)

The active point of view, this transition is associated with a
element in the modular group,

—1
R—><? j):(? _01>((1) }) —s ' (62)

We again find the overlap is also given by
{ara | R|bra) = ST*)ap. (63)

In Sec V A, we will reexamine the threefold rotation in greater
details relaxing the phase/permutation assumption made here.

IV. DIAGNOSING TOPOLOGICAL ORDER FROM
MINIMUM ENTANGLED STATES

We have so far shown that, given the TQFT of a model
on the torus, we can construct the Wilson loop operators and
write down the bases of the ground states consistent with the
modular data of the TQFT. Here in this section we tackle the
opposite question: How can we detect the topological order
given only the ground states, and are there TQFTs cannot be
distinguished from the overlap of the ground states alone?

We begin this section with the labeling of general ground
states. Let C be a TQFT model on the torus, ([, m) be an arbi-
trary coordinate basis, |1y, ) be the ground states with the local
minimum bipartite entanglement entropy along the m-cut, and
0 < n < |C| — 1 some arbitrary ordering of the states. These
ground states are related to the standard basis |afn) (consistent
with C) defined in Secs. III C and III D via

Inw) = yala(n)y,), (64)

where a(n) is an anyon in C and y, are arbitrary phases
dependent on [ and m. We demand that |0,,) corresponds
to an Abelian anyon (i.e., have global minimum topological
entanglement). Then we can always choose the first state
corresponding to the trivial anyon, i.e., a(0) = 0, with an
appropriate gauge transformation. The challenge to detecting
the topological order from theses states arises because we do
not have a priori knowledge the labeling/phases of the ground
states a(n) in absence of modular data. Because of this, we
cannot obtain all the information about a TQFT model only
from the overlap. We will show that the information of a
TQFT model that can be extract from the overlap of MESs
is the following modular data:

(i) fusionrules N,

(ii) triplet spins 6,6,/6. for N5, > 0,
where a, b, c € C. These two constitute a complete set of
information in the sense that any information about C from
the overlaps (such as S and T?) are combinations of the data
listed above. Conversely, if two models have the same fusion
rule and the triplet spins, they cannot be distinguished by the
overlap of their MESs alone.

This section is organized as follow: In Secs. IV A and IVB
we present the criterion for when a pair of models cannot
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be distinguished by the overlap of MESs. In the Sec. IV B,
We also restate the algorithm form [22], which give us the
maximum data from the overlap we mentioned in last para-
graph. Section IV C states several equivalent conditions to the
indistinguishable models, which gives us a complete set of
information that can be obtained from the overlap of ground
states. We also discuss the indistinguishable models from the
Wilson loop algebra point of view in Sec. IV D.

A. Indistinguishable models

In this section we show that if two modular categories C
and C have the same S matrix and their 7 matrices differ by a
fusion phase,

S=S8, 0= -0, 65
S (65)

where r € C is a self-dual Abelian anyon, then we cannot tell
the difference between these two models from the overlap
of MESs. This criteria defines an equivalence class of TQFT
models.

Let |nr[n> be the standard basis of the ground states, which
are consistent with the Wilson loop algebra of C. We have
previously established that for any coordinate basis (s, u),

(i2]7te) o< Sije (il Aa™) o< T (66)

Then, we can define an alternative set of basis vectors

*

) = War)Wan)[ng) = g lrml) - (67)
whose overlap matrices are consistent with C,
(17 = (W oW W W) 5

X Si,j = S‘l‘,]‘, (68)
(™) = )

oc i3 Wa(r)]j54) = &9,-5,-,. (©9)
S0,i

The new states (67) also have minimum bipartite entangle-
ment entropy in the direction u. However, these states are not
a standard basis for C because they do not satisfy the modular
transformation we define in Sec. III D. [Notice that a valid
gauge transformation of basis (F6) does not depend on the
direction.] However, without the modular data, spegiﬁcally
the topological spin, we cannot determine whether {|n, )} are
consistent bases of ground state.

Imagine the situation that we want to determine whether a
physical model P is described by a TQFT model C or C. If we
only have a collection of ground states, the previous argument
states that we can always find two sets of basis of P such that
one of them gives the S and T matrices for C and another one
gives the S and T matrices for C. Without further information,
we cannot tell whether P belongs to C or C. Conversely, if
we have two physical models P; and P, described by C and C
respectively, we can always find a basis for P; and a basis for
P> such that their overlap are the same for the same modular
transformation. So that P; and P, are indistinguishable to the
overlap.

W, (W] (rw,

The key point of the indistinguishable models is the exis-
tence of a self-dual Abelian anyon r. The topological spin of r
can only be 1, &i because 9;2 =7DS,, ==£1.When6, =1,
C and C describe the same TQFT, related by relabelling the
anyons. For other three situations, C is distinct from C, and
can be constructed by using the anyon condensation in Ap-
pendix G.

Here we give an example of a pair of indistinguishable
models. Let Cgerm, Csemr be the semion and anti-semion models
respectively. They have the same fusion rules

oxo=0. (70)

Oxo=0x0=o0,

Their S matrices are the same and the 7" matrices are
1 /1 1
Ssem = Sgem = ﬁ(l _1)’ (71)

1 0 1 0
Tsem = (0 l>’ TS@T = (O —l> (72)

Let [Om), [ 1), |04), |1,) be the ground states of the semion
model with minimum bipartite entanglement in the respective
directions. The overlap of these states are given by

(fm|ju) = D Seay Tomdt -+ - S2k T2 T, (73)

sem = sem sem = sem

where n;, m; depend on the modular transformation between
the states, 'y, 'y, are two diagonal matrix. The nonzero ele-
ments of ['y,, 'y, are arbitrary phase in the labeling (64).

LetP = (_0] (l)), with the property

PSemP ™" = Seem,  PTeemP ™" = Teem. (74)

We can define the alternative states as
0m) = 1lm), 1) = —[0m).
100) = 1), [1u) = —104). (75)

Then, the overlap between the new states are given by the
modular matrices of Csrr,
Pr, S8 TH .

sem ~ sem

— F Snl my S'lk

sem sem

oS T Pl

sem = sem

i o (76)

sem sem u

(il ) =

Therefore, the overlap of MESs alone cannot distinguish the
semion and anti-semion model. However, they can be distin-
guished from each other with the aid of other methods, such
as the entanglement spectrum [23].

In this subsection we have established an “upper bound” to
the information that can be obtained from MES overlap data.
Specifically (in the presence of a self-dual Abelian anyon r),
it is impossible to get all the topological spins precisely; 6,
will always have an ambiguity of the form Eq. (65). Later in
Sec. IV C, we will establish that two models with the same
fusion rule and the triplet spins are always indistinguishable.
Therefore, for a physical model, we can only obtain at most
the fusion rule and the triplet spins from the overlap of MESs.

B. Modular data from MESs

In this section, we present an algorithm to determine the
modular data from overlap of MESs, which is a slightly mod-
ified version of the algorithm from Ref. [22]. We also show
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that this algorithm gives all maximum information, i.e., the
fusion rules and the triplet spins, we list in the beginning of
this section.

Let |ny), |1y}, |nm_1) be the MESs of a TQFT model C in
the respective directions, where ([, m) is a coordinate basis.
We demand that the first states |0y,), |0(), |Om—;) in three di-
rections are associated with an Abelian anyon, i.e., they have
the global minimum bipartite entanglement.

In practice, the MESs may have numerical errors due to
numerical artifacts, finite size effects, etc. The steps below are
still be applicable and will give reasonable approximations to
the true modular matrices.

Step 1. Let |nm) = e ®@|n,) such that (0(|m) > 0 for
all n.

We fix the relative phase of |n,) by using the fact that the
first row of S matrix is always positive, so we have the labeling

tm) = |a(n)},), (7

and the S transformation |0;) =), Soxfm). Here a(n) is
an (arbitrary) assignment of numbers O, ..., |C| — 1 to anyon
labels [with the requirement that a(0) is the trivial anyon]. The
overlaps will give the quantum dimensions (O(|7iy) = d,/D.

In this step we actually choose the gauge such that
[Om), |0) correspond to the trivial anyon. Once the gauge has
been chosen, the state |0,,—() automatically associate to an
Abelian anyon v.

Step 2. Let |m) = €®ing) and |ig_1) = € |nm_y)
such that the overlaps (O, |721), (O(|7im—() are positive.

This step fixes the relative phases of |n(), |[n,—() by using
the fact that the first column of S and ST are always positive.
So we have the labeling

Im) = |Pi(a(n);™),

|mey) = |UP2(a(”))1[n—[>'

(78a)
(78b)

P; and P, are two permutations that leave the vacuum anyon
invariant because of the degree of freedom in labeling the
states in different directions. v is an Abelian anyon we men-
tioned in step 1. We will find that the anyon v cannot be
detected from the overlap of ground states, and this is why we
cannot get all the modular data of the system from the overlap
of these three sets of MESs. In the rest of the section, we omit
the anyon assignment a(-), and use the integer » to represent
the anyon.
Step 3. Let K, Q, R be the overlap matrices

Rij = (it| jm=1), (79)

Kij = (imlJj1), Qij = (im | Jjm=1),

and define the auxiliary matrices

i - Gdi K
T D2 KoKy
1 ]
~ did; Qi
0= _J_J’ 80
D2 Qi0Qo; (80)
R= didj _Rij
D2 RiRo;

The overlap matrices are related to the modular matrices
via

Kij o< (SP1)ij,
Qij X (T*S*T*NUPZ)I_]7 (81)
Ri; o< (P 'TS*N,Py);;.

Here (V,);j = Nl’)'_ i is the fusion matrix, and P, P> are the
matrix representation of the permutation, (P);; = J; p,(j), etc.
This form is directly from the labeling (78). The three auxil-
iary matrices are given by setting the first column and row to
be positive, therefore they can be written as the combination
of the S matrix and the permutation,

K=SP, O0=SP, R=P'S*P. (82)
Step 4. Solving for the S and permutation matrices,
S=Q0'KR, P =0R"', P,=KR. (83)

The S matrix and the permutation Py, P, are given by the
overlap matrices directly. (If there were numerical errors in
the MESs, the S matrix might not be symmetric or unitary.
The symmetricity and unitarity of the S matrix can be used
as an indicator of simulation error.) The fusion rules can be
obtained from the S matrix through the Verlinde formula.

Step 5. Denote V = P|RP; !, For any Abelian anyon a such
that V5, = V;, for all i, we have a possible set of solution to the
topological spins

6; = ViD/d. (84)

This expression is straightforward from writing V =
TS*N, [Eq. (81)]. The columns of V can be written as V;, =
0;S;av- When a is an Abelian anyon, V;, equals to the topo-
logical spin times a fusion phase. Together with the restriction
for the topological spin 6; = &, we find all possible solutions.
And from the expression of the matrix V, we know that each
pair of possible solutions are differ by a fusion phase.

Step 6. Taking ratios of the topological spins Eq. (84)
gives the triplet spins 0;0; /6, « V;,Vj./Via, an expression that
always gives the same result whenever a is Abelian. So the
formula for the triplet spins can be expressed simply

0:0;  Ddy VioVjo

O did; Vio
In this subsection, we give an explicit prescription to com-
pute the S matrix and all the possible 7 matrices. We also
showed that all possible solutions are related by a fusion phase

as Eq. (65). This establishes that information “upper bound”
from the overlap can indeed be achieved.

for N, > 0. (85)

C. Equivalent conditions of the indistinguishable model

Due to the existence of the indistinguishable models, we
cannot obtain all the modular data of an anyon model from
the overlap of MESs. We can get the upper limit of the data
from the following equivalence. Let (C, S, T) and (C,8,T)be
two fusion categories, the following claims are equivalent:

(@) S=3,0, =0,5,4/0.q» where r is a self-dual Abelian
anyon.

(b) S =S5, 52 =02, and for the anyons in the same class
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(c) C and C have the same fusion rule N{,,and f(a, b, c) =

0,8
0”: %% — f(a, b, c) for N, > 0.

Here in condltlon (b), a ~ b means for anyon Abelian
S . gof

If C is Abelian, then we have an additional equivalent
condition.

d s=3.

We first show the Abelian case.

(a) = (d) is obvious.

(d) = (a). Let C, C be two Abelian fusion categories with
the same S matrix, then

b _ B )

DSua = =S4qa = 0, = 10,. (86)
' 0.0, 6,0,

Let 6, = ¢*@g,, then we have ¢(a) = ¢(a). Since the S ma-
trix for these two model are the same, we have

16,6, 18,8, 1 v@ev®gg,

Spp=—22 b __° ° Ak 87
" D6y, Db, D evad g, ®7)

Therefore, the phase factor obey the fusion rule €@ =
e @ei*®) guch that €@ = £1 is a self-dual fusion phase.
So if two Abelian models have the same S matrix, then their T
matrices only differ by a fusion phase. Therefore, two Abelian
models are indistinguishable if and only if they share the same
S matrix.

Then we will show the rest three claims (for general cate-
gories) are equivalent.

(a) = (b). S =38 is obvious. Because r is a self-dual
Abelian anyon, we have S7, = d;/D* = 57, and thus

~ 52
62 = 928’“ =62, (88)
0,a

For the anyon in the same equivalence class a ~ b, we have

b0 _ % Sna (S”’)_l _y (89)
O, b So0.a \So.p Op

(b) = (c). Since C and C have the same § matrix, they
I~1ave the same fusion rule. Because 902 = 93, we can de~note
6, = A(a)b,, where A(a) € {£1}. For any anyon a, b € C we
have

d, 6,8, _ d. 0,65 Ma)A(b)
“"Z abD F ZNabEC; e e

(90)

Because if two anyon cy, ¢, such that N, N7 # 0, then we
have ¢; ~ ¢3. So A(c1) = A(c;). Therefore we have

¢ de 0a6p M(a)A (D)
Sﬂ,b = ZNOb5 9(7 )\,(C)

c

_ Ma)r(b) . ﬁ@,ﬂb _ Ma)r(b)
=0 LNep e = T Ser ©OD
Thus
Marb) .
o 1, forany Ny, # 0, (92)

which implies

0.0, 6.0
b = 2% for any N¢, # 0. (93)

(¢) = (a). From the fusion rule we can get the quantum
dimension for all the anyons. Therefore, C and C have the
same S matrix

DS:ZNbdQQb

For any anyon a, b, ¢ € C such that N, > 0 we have
0.0p
= fabey="2, (95
Oc b
so the ratio 6,/6, forms a fusion phase. Thus we have 0, =
04Sr.a/S0.q for a self-dual Abelian anyon r.

These equivalences demonstrate that the indeed the fusion
rules and triplet spins is in fact the maximum amount of
information that one may obtain from the overlap of the MESs
solely.

8,6 ~
=Y NS ; b—DS. (94

c

fla,b,c)=

D. Discussions

In previous subsections, we demonstrated the existence
of indistinguishable models, which cannot be told apart by
the overlaps of ground states alone. In this subsection, we
approach the indistinguishable models from the Wilson loop
algebra point of view. The main point of this subsection is to
prove the following two claims:

(1) Given (i) the fusion rules Nf” for a TQFT model C,
together with (ii) any self-dual solution &(a) = £(a) € U(1)
to

E@E®D) _ 00
§0) 6

one can construct a collection of |C| x |C| matrices VT/E (a),
parameterized by anyons a and loops s on the torus, with
the property that these matrices agree with the ground-state
matrix elements of the Wilson loop operators W,(a) up to
phase (which depends on s and a),

Ws(@))i; = (il |¢(a, s We(@)] L) (97)

(2) Given (i) the fusion rules Ncab, (ii) solution &(a) to
Eq. (96) and (iii) any collection of |C| x |C| matrices Ws(a)
constructed from previous claim, there exists a collection of
bases {|afn)} of C such that the overlap of them can be calcu-
lated from (i), (ii), and (iii).

The first claim states that from the fusion rule N, and a
set of phases &(a), we can construct a collection of |C| x |C|
matrices, which are almost the matrix representation of the
Wilson loop operators (differ by a phase depended on anyon
species and loop). Here we will first construct these matrices
explicitly, and then show that they obey the Wilson loop
algebra.

Step 1. First, we know that the self-dual solution & (a) =
& (a) always exists because & (a) = 6, is a set of solution. Then
we can define two sets of |C| x |C| matrices.

, forN;, >0, (96)

~ S*.
Wn(a))i; = ﬁ(sij* (98)

0,i

(W[(a))lj = tlj’
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The first matrix is directly from the fusion rules, while the
second matrix comes form the following identity:

£@EG)
Ek)

Here, the quantum dimension d; for k € C is easily obtained
since it is the 1-dimensional positive representation of the
fusion rule. Notice that this two sets of matrices are exactly
the matrix representation of the Wilson loop operators W(a)
and Wiy (a) in the basis of |b, ).

Step 2. Define the “modified” Dehn twist operators,

DS;j =Y Nidy 99)
k

B, — Zw, (100)
D, = Z w_ (101)

Step 3. Similar to the case in Sec. III B, we can construct
the matrix W;(a) for an arbitrary loop s from the basis Wi(a)
and W, (a) by using the modified Dehn twist operators,

Weo(v(@) = D Wi(@)D,. (102)

In particular, if we choose & (a) = 6,, this procedure will
produce the matrix representation of the Wilson loop opera-
tors in the basis of |b!, ). But we are more interested in the case
when & (a) # 6,. We notice that all the solution to Eq. (96), are
given by the topological spin and the fusion phase because

EWEQ) _ @)
6, 6, 6,

, if Njy > 0. (103)
Thus, we can denote &(x) = 6,S,,/Sox for some self-dual
Abelian anyon r. Then, if we replace 6,, 6, with &(x), £(y)
in calculation (30), we will get an extra phase S, /Sy in the
finial result. And that leads to

Sr.a d.d, &y
5, irm(@) = > wwmmwf(a)wm(y).
,a X,y

(104)

Therefore, by repeating the modified Dehn twist equa-
tion above it is easy to check these matrices satisfy following
algebra:

Wi(@)Wi(b) = Y " NS, Wi(c), (105)
W, (@) = DuWi(@)D}, (106)
W/ (a) = Wi(@) = Wi(a). (107)

Therefore, we find the matrices we constructed are differ
from the standard matrix representation of the Wilson loop
operators by a phase,

- S, . ptg—1
Wpitgm(x) = ( S’ ) Wpitgm (X)), (108)

0,x
where W,,[+qm (x) is the matrix representation of W, 4m(x)
in the basis of |b1[n). So far, we construct a collection of
matrices and show that they equal to the matrix representation
of the Wilson loop operators up to a phase. Additionally, these
matrices satisfy a similar algebra to the Wilson loop operators.

Let |a;) be the standard basis we defined in Sec. III C. Then
the basis

i) = 22 )

|a5) = We(r)We(r)

(109)

is the basis we want in the second claim. The overlap of these
states are generated by

([7177) = 81, o D:DLD), (110)
| St Sri ~
(iz] i) = SO7'9i8ij o¢ (D )ij- (111)

These states are exactly the basis we defined in Sec. IV A.
In fact, the Wilson loop point of view is equivalent to our
former argument. As the discussion in Appendix E, the phase
factors attached to the Wilson loop operators will induce the
rearrangements of the ground states. Thus, to construct a set of
matrices W is equivalent to have all the ground states without
knowing the label. If two system have the same fusion rule
and triplet spins, we can construct the same sets of matrices
W, which leads to the same overlap in certain basis. This
consistent with our conclusion from Secs. IV A and IV C that
the overlaps between the ground states cannot tell them apart.

We can also show that if a collection of matrices W equal
to the matrix representation of the Wilson loop operators up
to a phase and satisfy restriction (106), then the coefficients
&(x) in Eq. (1006) is a solution to Eq. (96) . This statement is
the Wilson loop version of Sec. IV B.

At the end of this section, we categorize the TQFT models
with rank no larger than 5 into the indistinguishable classes up
to isomorphism (Tables II and III). This classification is based
on [18,19]. We noticed that if we can further determine the
O, then the S and T matrices are uniquely determined by the
overlap (up to an anyon relabeling).

V. ROTATIONAL SYMMETRY

The global symmetry enriches the structure of the TQFT
model. The possible symmetry enriched states are classified
by the symmetry actions including anyon permutations, the
symmetry fractionalization class and the defectification class
[28,29]. In this paper we only consider the action of unitary
rotational symmetry R on the anyons.

The rotation R act on the anyon change its species, which
is denoted as a — R(a). And the rotation of the movement
operators of anyon will not only switch the directions [+
R(I) but also induce phases attached to them. Because the S
and T matrices remains fixed,

SR@,R®) = Saps  OR@) = bas (112)

the possible transformations on the basis of the Wilson loop
operators are given by

Sr a
RWi(@)R' = 222Dy (R(a)),
S0.R(a)
SS a
RWa(@R' = 22Dy o (R(@)), (113)
S0,R(a)

where r, s are two Abelian anyon. The transformation of an
arbitrary Wilson loop operator W;(a) can be obtained from the

235115-13



ZHUAN LI AND ROGER S. K. MONG PHYSICAL REVIEW B 106, 235115 (2022)

TABLE II. This table classifies the TQFT model with rank less than 5. Each cell represent a set of indistinguishable models. In this table,
we omit the indistinguishable pairs that corresponding to the anyon relabeling.

Rank Fusion rule Quantum dimensions Central charge (mod 8) Topological spins
1 trivial (D 0 (1) trivial model
1 (1, i) semion model
5 Z a1y —1 (1, —i) anti-semion model
. . 1445 14/5 (1, ;52) Fibonacci model
SU(2)s/Z (Fibonacei) (1,553 ~14/5 (T, £, %) anti-Fibonacci model
1/2 (1, =1, ¢) Ising model
9/2 (,—1,¢7)
3/2 (1,—1,;‘,36)
11/2 1, =14
- 5/2 (1, —1,¢5)
3 SUQ), (Ising) (1.1,v2) 132 (1.8
7/2 (1, -1, ¢/
15/2 (1, -1,¢%
2 (1,8,8)
z L1 e
: S ) (.¢.5)
(1,d,d” —1), -8/7 (1,87, ¢7)
SUQ)s/2Zx where d = 2 cos(%) 8/7 NN
2 (1,i,i,—1) sem. x sem.
-2 (1, —i, —i, —1) anti-sem. X anti-sem.
7y x 7 (1, 1,1,1) 0 (1,i,—i, 1) dO}lble semion
0 (1,1, 1, —1) toric code model
4 (1, —1,—=1, —1) 3-fermion model
19/5 (1,1, §52,i§52) Fib. x sem.
ROV N .
SU2)- (Fib. x Z 1,1, 105 1445 9/5 (1, =i, &5, —its) Fib. x anti-sem.
4 @ ( 2) ( 22 ) —9/5 (1.4, 2. 2, i¢3 %) anti-Fib. x sem.
—19/5 (1, —i, ¢5%, —i¢s?) anti-Fib. x anti-sem.
—12/5 (1,2, ¢2, ¢4 Fib.x Fib.
Fib. x Fib. (1, 155 1445 3445 12/5 (1,¢%,¢2%, ¢ anti-Fib. x anti-Fib,
0 (1,¢2,¢5°, 1) double Fibonacci
1 (1,—1,531,531)1
-1 (L, =1,84".85)
7 1,1,1,1
: ( ) 3 (L —LG. &)
i -3 a. -1, cgj, cf)
(I,d,d* = 1,d + 1), 10/3 (1,895,869 89 ")
SU®),/Z 02 29 29
20/ 22 where d = 2cos(%) ~10/3 (1,672,652

TABLE III. This table classifies the TQFT model with rank 5. All these models are distinguishable from each other.

Rank Fusion rule Quantum dimensions Central charge (mod 8) Topological spins

1 pd o4 41
7, THRREY ; T

2 (1,44, 23,8, 1
5 a,e2,8, 88,1

2 (l,cg,cg‘i D

2 (1, -1,%,1, 1

S 3

SUQ), (1,+/3,2,4/3,1) ) (,¢d, 02,63, 1)

) (Lg. ¢g5.¢0. D

) (1,85, 88.¢4, 1)

) (1,-1,¢7,1,1)

(1.4d* =1, 7555, 8d° — 4d. 2d) 16/11 (.80, 80 6 60)
SUQ)o/Z, where d = cos = —16/11 (L7 & 617 )
(1,2a+2b, 4a + 2b, 1 +2a, 2a + 2b) —18/7 (4 8. 6. 6)

SUQB)s/Zs3 where a = cos %, b= sin 18/7 (1.57.57.67.49)
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FIG. 6. In this section, we consider the threefold, sixfold, and
fourfold rotation. Topologically, we can also treat the torus as the
lattice on complex plane C with two basis vectors 1 and 7. Here
T is a complex number, which is called the modular parameter of
the torus. For the three- and sixfold rotation we choose the modular
parameter of the torus to be T = —% + ?i, while for the fourfold
rotation, the modular parameter is T = i.

transformation of this basis. Let |a,[n) be a basis of the ground
states, there are three effects of rotation acting on this basis:
the modular transformation (I, m) — (R(I), R(m)), the per-
mutation of anyon a — R(a) and the rearrangement caused
by the phase attached to the Wilson loop operator. Therefore,
from on set of basis |a1[“) and the rotation R, we automatically
get another set of basis

Rlay,) = WR(I)(S)WR(s)(”)|R(a)gi,[1)1)>,

where Wr()(r) and Wrm)(s) are the rearrangement of the
basis caused by the phase of the Wilson loop operator.

In this section, we will consider the system bear the the
three-, six- or fourfold rotational symmetry (Fig. 6).

The system may also possess time-reversal symmetry or
a mirror reflection symmetry [32]. Such symmetries induce
strong restrictions for the model, i.e., Sk r@) =S, and
Or() = 0. Infact, for the TQFT models with rank less than 6,
only the trivial TQFT, double semion, double Fibonacci, and
toric code may coexist with time-reversal or mirror symme-
tries (models with O chiral central charge) [33]. These these
models are already distinguishable, so we need not consider
these symmetries in this paper.

(114)

A. Threefold rotation

Given a set of basis of MESs along a single cut and
threefold rotation, we automatically get three sets of bases
along three different directions (Fig. 6). As we discussed in
Sec. IV D, this guarantees that all the information about a
TQFT model mentioned in last section can be obtained from
the overlap. Moreover, the permutation of anyon induced by
the rotation is also detectable from the overlap of MESs. The
nontrivial permutation, if exists, can be used to determine the
TQFT models, which are indistinguishable without symmetry.

Here we consider the torus in the coordinate basis (I, m)
with modular parameter v = —% +1i ‘/; The transformation

of the standard basis under the threefold rotation R is given
by

Rlag) = %pn(m;‘—m). (115)

Thus the matrix representation of the threefold rotation is

(an|RIbL) = DS: Srasr1)0R 1) - (116)

If there were no phases attached to the Wilson loop operators
nor permutations of anyon during the rotation, this formula
reduces to (afn|72|bfn) = S»07, as in Eq. (63).

In this section, we provide the algorithm to calculate the
modular data and the permutation of anyon from the MESs
with the threefold rotation R. Let |n,) be the ground states
with the minimum bipartite entanglement entropy alone m-
cut, and the state |0,,) is chosen to have the global minimum
bipartite entanglement entropy.

Step 1. Calculate the matrix representation of the rotation,

IRl
Rij _ (iR jm) . (117)
(Om|R|Om)
Step 2. Define the auxiliary matrix,
= 44 Ry (118)
Y7 D RpRo;’

Here the topological dimension are given by the magnitude
of the first row of matrix R. Here the matrix R is obtained by
set the first row and column of R to be positive, so R is the §
matrix with an anyon permutation,

Rij = Sirj)- (119)
Step 3. The S matrix is given by
Sij =R (120)

Here we use the fact that R3(a) =« and S* = 1. The
fusion rules be extract from the S matrix by the Verlinde
formula.

Step 4. The permutation of anyon is given by

SirG) = (S*R);j. (121)
Step 5. Define another auxiliary matrix
Qij = RoR'y (122)

For each Abelian anyon i, we have a set of possible solution
to the topological spin,

6= 0, (123)
provided Q;; = Q;; for all anyon j € C.
Step 6. This addition step gives the spin triplets,
0:6;
09; _ Qo g N > 0. (124)
Ok 00iQo;

Here, we obtain all the information described in Sec. IV
from the overlap matrix, in addition to the permutation matrix
84, =R The permutation information may be used to distin-
guish models, which previously indistinguishable from just
the overlaps. For example, the toric code Cioic = {0, e, m, f}
and 3-fermion model Cs_germion = {0, €, m, f} have the same §
matrix and their 7 matrices are differ from a phase

1 1 1 1
1|1 1 -1 -1

Storic = SS-fermion = E 1 -1 1 1) (125)
1 -1 -1 1

Tioric = diag(1, 1, 1, —1), (126)

T3 fermion = diag(l, -1, —-1,-1). (127)
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Without symmetry, we cannot distinguish them with the over-
lap matrices. However, notice that a threefold symmetry with
nontrivial permutation of anyon

R:e—>m— f—e

(128)

can only exists in the 3-fermion model. Therefore, if we ob-
serve a nontrivial permutation of anyon under the threefold
rotation, we can determine the topological order is described
by 3-fermion model.

B. Sixfold rotation

Notice that if R is a sixfold rotation, then R% is a threefold
rotation. So, by using the algorithm in the previous subsection,
we can obtain all the information we mentioned in Sec. IV C,
i.e., the S matrix and the 7" matrix up to a fusion phase.

In this section, we calculate the permutation of anyons
from the MESs with the sixfold rotation R¢. We again con-
sider the torus in the coordinate basis ([, m) with modular
parameter T = —% + i “/; Similar to threefold rotation, the
transformation of the basis under the sixfold rotation is given
by

Sr,T(’, a _
Relal,) = T:Hmﬁ(a)[:;). (129)
And the matrix representation of the sixfold rotation is
(an | Relbp) = DOSE Srasrott)- (130)

We notice that the expression (116) and (130) are similar,
which indicates the threefold and sixfold rotation give the
same information.

Starting from a set of MESs |n,,,) along the m-cut with |0y,)
chosen to have the global minimum bipartite entanglement
entropy, the steps are as follows.

Step 1. Calculate the matrix representation of the rotation,

(im |R6|]m>
{Om|R610m)
Step 2. Define the auxiliary matrix,
didj — (Re)ij

D (Re)io(Re)oj

(Re)ij = (131)

(Ro)ij = (132

such that

(Ro)ij = SiRe(j)- (133)

Step 3. The permutation of the anyons can be obtained from
the S matrix and the auxiliary matrix,

8i ety = (S*Re)ij- (134)

C. Fourfold rotation

Let R4 be a fourfold rotation on the torus with the modular
parameter T = i. We have

Sr, a _
Ralal) = 224D Ry (@) ™) (135)
0,a
And the matrix representation of the fourfold rotation is
(at,|RalbL) = DS’ (Srasrv)- (136)

This matrix representation does not contain the topological
spins, so that we cannot get any information about the T
matrix (that is not already contained in S) from the fourfold
rotation of a single set of MESs. Another way to interpret
it is that the fourfold rotation only involve two directions,
according to the discussion IV D, to obtain the maximum
information from the overlap, we need at least three direc-
tions. In fact, if we only have the ground states along one cut
with the fourfold rotation, we cannot even get the S matrix
generally.

However, if we obtain the S matrix by using the algo-
rithm IV B, we can obtain the permutation of anyon under
the fourfold rotation. This would be identical to the steps
Egs. (131)—(134), but with R replaced by R4.

The fourfold rotation can distinguish the double semion
model from the semion square and anti-semion square model.
We notice that the semion square and anti-semion square
model can have a nontrivial twofold anyon permutation while
double semion model cannot.
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APPENDIX A: BRIEF REVIEW OF SYMBOLS
AND DIAGRAMS IN TQFT

In this section, we go through the definition of the symbols
we used in the main text. This section is merely a quick review
of the symbols we will use in this paper rather than a compre-
hensive introduction to modular tensor category theory. For
more detailed reviews, we recommend Refs. [6,28,34].

A modular tensor category (MTC) describes the mathemat-
ical structure of anyons and their relations. Each topological
phase has an associated MTC C, which describes what anyons
are present, how they interact, etc. The key components of a
modular tensor category are fusion and splitting, F symbols,
and R symbols.

The fusion (and splitting) for anyons are described by

axb= EBN;,,C,

ceC

(AD)

where N{, are non-negative integers, which are called the
fusion symbols. The anyons, together with the fusion rules
forms a commutative, associative algebra,
ab = Npa> ZNachced = ZNchtfd- (A2)
Cc c
Fusion and splitting of anyons can be represented by follow-
ing diagrams:
C

a b

# (fusion), u (splitting). (A3)

a b c
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In the diagrammatic language, we define the time flows
upward and omit the line representing the trivial anyon (vac-
uum). Latin letters a, b, ¢, --- represent anyons in C, and
Greek letters w, --- label fusion channels. The number of
linearly-independent fusion channels for ab — c is given by
Ng,. (When N, = 1, we often omit the fusion channel index
in the diagrams.)

We use F symbols to describe the associativity relations
between different fusion orders,

a

b c a b c
b NN
Y FEP)Vpallewn  we = la . (A
d

e, 1,V d

We use the R symbols to describe the braiding,

a b a\ b
S (R Vo= Ve, (AS)
;
SR, e o= Y (A6)
;

C c

The fusions symbols, F symbols, R symbols uniquely de-
termine a modular tensor category. These symbols are not
independent; for example, there are consistency relations
(such as the pentagon, hexagon identities), which imposes
restrictions among these symbols. There are also some useful
data such as quantum dimension, S matrix, 7 matrix (topo-
logical spin), and central charge, which can be derived from
these symbols.

The quantum dimension d, of anyon a is define to be the
largest eigenvalue of the fusion matrix N, whose elements
are (Ng)pe = N,. Diagrammatically, the quantum dimension

is denote as
d, = Qa.

This diagram represent the following process: Create an a-a
pair from vacuum (vacuum line is omitted), then fuse a-a
back to vacuum. The quantum dimension d, forms an 1-
dimensional real representation of the fusion algebra, namely,

dudy =Y Niyde.

Then, the total quantum dimension of C is defined to be

DE Y a.
acC

There are two important braiding statistics of the MTC
model, self-statistics 6, (topological spin), and mutual statis-
tics S, ». The topological spin of anyon a is defined to be

def 1 dC aa
) C, )

(A10)

(A7)

(A8)

(A9)

This diagram corresponds to following process: First, create
two pairs of (a, a) from vacuum. Then, exchange the positions
of a’s. Finally, fuse both pairs of (a, a) and project back to
vacuum state. The “ribbon relation” relates the R symbols and
the topological spins,

a a 00
Y (R, (R, = a0,

v

(Al1)

We let ® denote a phase in the modular tensor category theory
that relate to the chiral central charge c_,

1
0= > d2, =¥ (A12)
aeC
The S matrix is defined to be
def 1 1 s eaeb
Sop & = a b =—=N" N¢&d, 2t
v =5 @ > ; wde=g= (A1)

We also list some useful equations here that are frequently
used in evaluating diagrams: the first equation is a resolution
of identity, and the second tells us how to “remove a bubble”,

Sy L
e dadb I
a b

e (Al4)
nw
dod,
¢ e = 5ab5;w d
a Y a

Modular S and T matrices obey the modular equations

STSTST = ©§*, §*=1. (A15)
The Verlinde formula relate the fusion rule with the S matrix,
Sa be xS*
N¢ = —— X Al6
= S (A16)
xeC ’

Modular S and 7 matrices are particularly useful in the
topological phase of matters. Crucial topological data (fusion
rules, quantum dimension, central charge, etc.) are encoded
in these two matrices. While in general the modular matrices
do not completely specify a unique MTC, for systems with
a small number of anyons, the S and 7 matrices do uniquely
determine the topological order [18].

APPENDIX B: FUSION OF THE MOVEMENT OPERATORS

This section serves as a supplementary of Sec. III A. We
will prove the fusion rules for the movement operators and
derive the Wilson loop algebra (21)—(23). The key idea is
to transform the topology of the system from a torus to a
disk (with a superposition of anyons at the center). Then,
we are able to move the handle of the torus (equivalent to a
superposition of anyons) around the anyon a. By doing so, the
geometric phase of this process can be evaluated and canceled.

Before diving into our proof, we need to make some as-
sumptions:
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(1) In between every step, the anyons are separated from
one another by a distance that is much larger than the correla-
tion length of the ground state.

(2) For any anyon and any pair of points x and x’, there ex-
ist a local unitary movement operator M, ,-(a), which moves
the anyon a from x to x’. The “local” means that the opera-
tor M, v (a) is supported in the neighborhood of the interval
containing x and x’.

(3) The movement operators for the trivial anyon 0 along
arbitrary path is the identity 1.

(4) The composition of the movement operators
M¢(a)Mg(a) is the movement operator of the composition
path My .(a). Especially, the movement operator of the
reverse path is the complex conjugate of the movement
operator Mz(a) = M }}(a)

(5) For 3-tuple (a, b, ¢) such that N7, > 0 and two well
separated position x; and x;, there ex1st a local splitting op-
erator ®%°, which take an anyon c at position x as input and
output a and b at position x| and x, respectively. Here x lies in
the neighborhood of the interval containing x; and x;.

(6) It is always possible to close a puncture [35] to get
a superposition of single anyon remaining on the expanded
manifold.

Let us first prove the fusion rule of the movement opera-
tors,

a1 (b)M(b)ori(a)M(a) = Z ad — @ (M) D)
(B1)

with the splitting and fusion operators with the normalization
condition

Z y db o O = L, (B2)
dC ¢, gab
id Do DU =5, 1. (B3)
a

Let V,, V. denote the vector space spanned by all the topo-
logically degenerate states with anyons a, b, and ¢ at position
X4, Xp, and x, respectively. Then the fusion operator CI>ab is
the homomorphism from V,,, to V., while the splitting operator
@ is the homomorphism from V. to V.

Dlagrammatlcally, we want to show the two processes in
Fig. 7 are equivalent.

To prove Eq. (B1), we isolate the neighborhood of the
torus near [, which is topologically an annulus. We first cut an
annular neighborhood of [, we then close one of the punctures
to get a disk with an anyon d at the center. We wish to show
that moving a and b around d is equivalent to the steps: fusion
a x b — ¢, moving ¢ around d, and then splitting c — a x b.
The key construction in our argument is that in the disk geom-
etry, movement of anyon a and b around d is compensated
by the movement of d around a and b. Therefore, back to
the torus geometry, moving two anyon a and b separately
equivalent to moving the fused anyon c¢. Our method can be
easily generalized to higher genus manifolds as long as our
assumptions still hold.

1\711(0)

FIG. 7. The two rows illustrates two different processes on
left/right-hand side of Eq. (B1). On the first row, we move anyon
a and b along the path [ separately. On the second row, we first fuse
a and b to anyon ¢, and move ¢ along the path [, and then split ¢ back
to a and b. The main objective of this subsection is show that the two
processes are in fact equivalent.

Figure 8 shows the geometry on the disk, with anyon d
located at where the puncture used to be. Here, M(a) moves
anyon a from x, to the beginning of [, then around the anyon d
along the path [ clockwise, and finally returns a to its original
position at x,. Operators M(b) and M(c) are defined in the
similar way. Let K(a) moves anyon d around the anyon a
along the path [, clockwise and then returns d to its original
position. Operator K(b) moves anyon d around the anyon a
along the path [, and K(c) moves anyon d around the anyon
c along the path [, + I,. We choose the paths so that [, + [,
enclose the anyon c.

The movement operator M(a) is equivalent to the operator
K(a) up to a phase since

(B4)

where «((a) is the geometric phase attached to M(a) while
ki,(d) is the geometric phase attached to K(a)T Crucially,
the topological contributions of M and K cancels. Hence the

; iy K(b) L

. () c a, /¢ « ¢
["_. ) b b b
d M(a) d_ M) a Kb)K(a)

(a) (b) (©) (d)

FIG. 8. Definition of the movement operators. a and b are two
well separated anyons on the plane. d is the charge carried by the
puncture. M(a) moves anyon a around the anyon d along the path [
clockwise, IZ(a) moves anyon d around the anyon a along the path /,
clockwise. I, + I, is defined to enclose the anyon c.
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c c ¢

d a b [d a b |4 a b

FIG. 9. The effects of movement operators Iz(b)lz(a) and Iz(c)
can be divided into two pieces, the geometric part depends on the
homotopy class of loop while the topological part depends on the
planer diagram. This diagram shows that d>abK(b)K(a) K(c)(DL
because, (a) K(b)K(a) and K(c) move the anyon d along the same
path so the geometric contribution is the same, (b) the topological
contribution is the same since the planer diagram is isotopic invariant
under such deformation.

operators are equal up to a phase: K/I(a) = k(a)ky, (d)Iz(a)
(and similarly for b and c).

Therefore, the movement operators commute with the fu-
sion and splitting operators,

DS/ M(b)M(a) = ki(a)ki(b), (d )k, (d) D5 K (DK (a)
= ki(@)ki(b)k, ()i, (d)K ()05

_ k@b, (d)Kz,,(d)M( o
Kki(O)ki,+1,(d)
b
_ k@ )M( Yoo,
Kki(c)
where the second step is from Fig. 9. Here « k), = ki 44,
because the geometric phase only depends on the loop and
species of anyon.
Then from the normalization condition (B2), we have

(B5)

M(B)M(a) =) T <o O M(bYM(a)
c,u
_ b k(a)k(b) ~
Z ddh Yoo M(c)®S).  (B6)

Let a((a) = K[(a)*, then we get the fusion rule for the move-
ment operator (B1). Then for the Wilson loop operators we
have

((@)Wi(D)
= oz[(a)a[(b)GDSaf/[[(a)dDSadDgBM[(b)d)gB

= @, q>°b2 G Pl OO of o

d.
— Z d d q)() @0 q>ah q)ah Ol[(C)M[(C)q)L Mq)e Vq)hh@aa

c,e, L,

=Y NGOl ()M (c)
c

In the third step, we insert the identity

2 ool = 1, (B8)

and then use the fact

dqd,
V@ 0,0, =\ [T A Pl (BO)

where A, ,, is a phase dependent on a, b, c.

For Egs. (22) and (23), since the Wilson loop operators are
independent from the location where the particle-antiparticle
pair is created, we only need to prove

af(a)l\N/[I(a) = ot-[(a)l\N/[-[(a), (B10)

o (@M](a) = o ((@)My(@), (B11)

The first equation can be easily obtained since
a(@M(@ai(@Mi(@) = k(@) ig(@)* M@Mi(@) = L.
(B12)

To show the second equation, we use result (B5) that the
fusion operators commute with the movement operators

ai(@a (@) P, M(a)M(@) = a(0M;(0)®°..  (BI3)

Because the movement operators for the trivial anyon 0 are
just the identity, we have

ai(@a(@M(@)M(@) = 144 (B14)

APPENDIX C: DERIVING THE THREADING DIAGRAM

In this section, we will derive the threading diagram from
the microscopic definition of the Wilson loop operators. Here,
the Wilson loop operators Wy, (x), Wi (y) and Wi(a) are de-
fined based on the paths in Fig. 10,
LM, iy 7 ()P,

Win(x) = (ChH

0 -
Wm (Y) = q)y)‘va:v-f-]n-}—f; (y)fbf)y-

Here we implicitly include the phase factors o within the
movement operators, so they will not be explicitly written out.

The geometry is shown in Fig. 10. Let ‘-I-ff;" be the fusion
operators, which take anyon x at point ¢; and anyon y at point
q> as input and output anyon b at point p. Let be'y“ be the
fusion operators that take anyon x at point X and anyon y at
point ¥ as input and output anyon b at point B.

The RHS of Eq. (27) can be described by the two equiva-
lent processes in Fig. 11. In the first row, we move the anyon
x and y separately, while in the second row, we first fuse x
and y, and then move the outcome anyon b along the loop m.
The first two diagrams in both rows describe the equivalent
process because

(623

My, (COMy, m 4m, () = Z Z dxbw My, (D)2,

(C3)
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X A /4] Xf fym m Xb@) fa
....... L I NG TS NN A
p ml '

Poom
my a y a
b -------- *b

Tm (1)

FIG. 10. Initially x and y are anyons locate at point X and Y
respectively. Let p be the intersection of the loops [ and m. The two
points ¢, and g, are on the path m in the neighborhood of point p.
b is an anyon at point B that satisfy ny > 0. f; is the path from the
point B to p. Path f, connects the point X with the point g, path f,
links the point Y with the point ¢,. Loop m is divided into three paths
my, my, and ms. @ is an anyon at point A. Path f, is from point A to
point p. CDﬁ_;!‘ and \Ilf)z" are two fusion operators in different locations,
so they may different from a arbitrary phase factor. 7, ([) = [+ m is
the loop after the Dehn twist about loop m.

where k;, are arbitrary phases (which also depends on x and
y). From Sec. III A, we have the following identity (25):

M ()M (v) = Z CUIMa (oW (CH)

dd,

And by reversing all paths in (C3) we have

M7z OMz gy m, O0) = Z kg g Mﬂ(d)wjé E

d d d d v
(C5)

Combining these equations we have

Wi COWi(@) Wi ()
= (DO Mf Fmaf (X)CDMWI(G)CD Mf +m4fy ()’)CDW
= <I)° d> Mz COM 54, ()M ()M (V) Wi(a)My, (x)

X Mf)-+m1 +m; (Y)CD'V’V (Dxx

db dd 0 d,y
id /d ) By @9, @%" kM7 ()M (d)
bduu v,V

x WS W)Wy My, (b)B, CD’E’M/ o

_y b
2\ad

OUM,, ; (D) VL Wi(@) W) My, (b)Y

Xy

(Co)

Here the third line is obtained from identities (C3)—(C5), and
the pivoting identity

D), dY @ ZBV v @9, Cfo)” , (CT)

where B, is a unitary matrix (dependent on x, y, d). The con-
traction

v 4%y dxdv
OO, = b ha | 21 (e
’ b

enforces b = d and u = v, which allows simplification in the
last line. (Recall that during the entire process, the anyons X,
7 and b do not move once they are created. Also, during this
process, we carefully choose the path for anyon x and y along
the loop m, so that they do not collide during the movement.)

Now we get the term lIJb HFWi(a)W yﬂ, which is the inter-
locked loops in Fig. 4, and also represented by the diagrams
(2)—(4) in the second row of Fig. 11. Since the splitting and
fusion operator are defined at the same point, there are no
geometric phases caused by the movement operators [red line
and orange line in the calculation (30)].

Then, by plugging the result from Eq. (30), i.e.,

1
> D7/ dxdy 00, AW (@)W, =Mi(@)a,  (C9)
X,

into the interlocked Eq. (C6), we will have

dd, 076
2

x.y

Wan )Wi(@)Win (y)

= 3 BUM,,, (BML(@)3My, (D) DY

b
= Witm(a). (C10)
Therefore, we have the Dehn twist equation
Do Wi(@)D], = Winxim+1(a) = W, p(@.  (C11)

APPENDIX D: THE EIGENSTATES OF WILSON
LOOP OPERATORS ARE MESs

The nth Renyi bipartite entanglement entropy for a ground
states |P) = ), c,'|i1[n) along the cut m are given by [20,36]

Su(|1®)) = oL — v, (D1)

where |ifn) are the standard basis of the ground states [and they
are eigenstates of Wy, (a)], «,, is the nonuniversal boundary law
term, L is the length of the boundary and y, is the topological
entanglement entropy

1
y, =2In(D) +
n_

1 In (Z |c,»|2”d,.2(“">). (D2)

When n = 1 we get the von Neumman entropy

Y —21n(D>+Z|c,| In (' i )

We can show that for all n, the eigenstates of Wy, (a) are the
states that have the local minimum of bipartite entanglement
entropy Sj,.

(D3)
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y :a a a a a y a
I S S | N | R | PN | P
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by ! T,y
?_”_C_y_.,a . a L a . a L a bvioa
(L gy '-. b, '-. ~ib
“">\.: ------- o \\:!:I-E_’zl."_ Y oouannn. :\,YI.’.le?lJ Vel ﬁ-\\ _______
""""" . R A I e ) et R ¢GRS | Rt
: xTY x x 7Y b:
) 0) 3) @ ®) ©6)

FIG. 11. Both rows describe the same process W (x)W,, (@)W, (y). In the first row, we move the anyon x and y separately, while in the second
row, we first fuse x and y, and then move the outcome anyon b alone the loop [. Here we omit the antiparticle X, y, a, and b.

Without loss of generality, we show the state |cfn) has the
local minimum of S,. We have

Su(|ct)) = oL — 21n(D) + 21n (d.). (D4)

So we only need to show that ' —2In(D) = —21In(d,) is
the local maximum. Consider the perturbation state |®) =
1 (|cfn) + Alp)), where |¢) is the state orthogonal to

JI1HAR

lct.), |A] < 1. Forn > 1 we have

1 d2(17n)
"—2In(D) = 1 <
12 n(D) —In (1+|A|2)"+§

1 d2(1—n) |A|2nd2(l—n)
< hl( C max )
n—1 A +]AP (L4 ]AP)"
2n )
= ~2In(d,) — ——|AF < ~2In(d,). (D5)
n—

Here dp,x is the maximal quantum dimension and we only
keep the the first order of |A|2. For n < 1 we have

. 1 d2(l—n)
—2In(D) = ] c
Vo= 2In(D) = ln 1+|A|2+§
1 d2(l—n) |A|2nd2(1—”)
< ln< < 0 )
n—1 A+ AP AP+ AP
1
= —21In(d,) + . In(1 + |A|*n)
n—
L S O .
n —
n—1 |A|2”d62(1_")
< —21n(d,). (D6)

When n = 1 we have

' _21n(D) L L1 +y
— n — n _ PN
" T+1aP " \1+1apaz) " <

1 11
< In —
1+ |AP2 1+ A2 d2

n |AJ? ln( |AJ? )
L+ A2 \1+]AR
= —2In(d,) + |A(In(|A*) +1n (d2) — 1)
< —21In(d,). (D7)

Here we only keep the first order of |A|?. Therefore, the
eigenstates of Wy, (a) have the minimal bipartite entanglement
entropy along the m-cuts.

Thus for any n > 0, the eigenstates of Wy, (a) have the local
minimal bipartite entanglement entropy to the cut parallel to
the loop m. In particular, the states associated with the Abelian
anyon have the global minimum bipartite entanglement en-
tropy.

Let |®) has the minimum entanglement entropy in
the m direction. Then for arbitrary Wilson loop operators
Wi (a), Wi (b) the connected correlation function is 0, i.e.,

(PWin (@)W ()| @) = (Wi (a)| D) (P|Win (b)| D).  (D8)

From Eq. (21) we have

(P[Win ()W (D)| @) = ZN;};<CD|Wm(C)|(D)~ D9)

Let B(a) be the expectation value of Wilson loop operator
Wa(a), B(a) = (P|Wy(a)|P), then {B(a)} forms a fusion
character

B@B(b) =Y Ni,B(c). (D10)

Since all the fusion characters are given by the eigenstate of
Wilson loop operators, |®) is the eigenstate of the Wilson loop
operators.
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APPENDIX E: WILSON LOOP GAUGE
TRANSFORMATIONS

The Wilson loop operators defined in Sec. IIT A are not
unique, there are alternate phase factors that can be attached
to the movement/Wilson loop operators that still yields a con-
sistent Wilson loop algebra.

Assume Wi(a) is a set of Wilson loop operators, which
satisfies Egs. (11)—(13). Let

W (a) = r(a)Wi(a). (ED)

Here A((a) is the fusion phase attached to the Wilson loop
operators in the [ direction. Then W/ (a) is also a set of Wilson
loop operators that remains compatible with Eqgs. (11). We
will refer to Eq. (E1) as “gauge transformations”. Recall from
Sec. II, the fusion phase take the form A(a) = %, where
r € Ais an Abelian anyon. A

To get a set of compatible Wilson loop operators among
different loops on the torus, there are additional restrictions of
factor A((a). Let Wi(a) and W, (a) be the basis of the Wilson
loop operators, and then we attached

A E2
a) = So ) Am(a) = So - (E2)
to these operators respectively. Then we have
Ai(a) = (@) = M(a), (E3)
Apm(a) = Ai(a)hm(a). (E4)

The first one is directly from the the Wilson loop algebra
Egs. (13) and (12). The last one is from the Dehn twist equa-
tion (27),

dd99
W (@) = ZZ ——E W (OW (@)W, ()

dyd,0;0,S; 4
= Ma)ZZ T W W@ Wi (v)

= )\[(d))\.m(a)WH-m (a)

= Arpm(@Wim(a). (ES)
Here we use the identities S, , = > . NS d. 9;?”, and
DSk,
Wa(a)Wi(b) = d; W)W (a). (E6)

The second identity holds if a or b is Abelian.

From Sec. III B, we know that all the Wilson loop opera-
tors are generated by two sets of Wilson loop operators that
defined along the coordinate basis ([, m). Therefore, to get
the gauge transformation of all the Wilson loop operators, we
only need to determine the phase attached to these two set of
Wilson loop operators. Then, from restriction (E3) and (E4),
the phase attached to an arbitrary simple loop s = pl 4 gm is
given by
_ )Lp ( q _ Sr"s",a
= M (@il (a) = S (E7)
This equation assigns each loop on the torus with an Abelian
anyon r”s?, therefore it is a function that maps the set of close

As(a)

loops on the manifold to the Abelian group .A. More generally,
the gauge transformations on a manifold M is isomorphic to
the cohomology group H' (M, A).

There are |A| different fusion phases in C, so that there
are |A|? different ways to assign phases to the Wilson loop
operators. Therefore, we have |.A|* different gauge transfor-
mations of the Wilson loop operators in total. And the Wilson
loop operators generated by these gauge transformations au-
tomatically satisfy the Wilson loop algebra: both Wi(a) and
W/ (a) are valid solutions to Egs. (11) and (12) and the Dehn
twist operator (27). So none of them are special, and that is
why we call these transformations the gauge transformations
of the Wilson loop operators.

APPENDIX F: REARRANGEMENT OF GROUND
STATES LABELING

The basis of the ground states are labeled with the anyons
in C by their eigenvalues (16). The transformation defined in
last section (F2) changes the eigenvalues of the Wilson loop
operators, so that it will also change the labels of the basis.
Furthermore, since the relative phases are fixed by the Wilson
loop operators (16), the gauge transformation also attaches
a phase factor to the basis. The explicit form of the gauge
transformation can be easily obtained from the definition of
the basis.

Let us consider the gauge transformation

Wm(a)/ = An(@Wn(a) =

(F1)

Wi(a) = A(a)Wi(a) =

ra
: (F2)
SO,a
where r, s € C are Abelian anyons. As it turns out, it is possi-
ble to write

Wn(a) = GWa(a)G',  Wi(a) = GWi(a)G", (F3)
with
G = Wi(s)W (7). (F4)

Because Wi(a) and W, (a) are the generators of the Wilson
loop operators, for an arbitrary direction s we have

Ws(a) = GWs(a)G' = rs(a)Ws(a). (F5)

Then let |b]) be a set of standard basis for the coordinate
(s, u), the gauge transformation G generates another set of
standard basis,

[B3) = Gl3) = Wi Wan ()] 53). (F0)

In particular, for the coordinate ([, m) we have
— Syp
Bh) = st )
So,5

Notice that the gauge transformation of {W,,} permutes the
label of basis |b£n) while the gauge transformation of {W}
changes the relative phases, which is equivalent to a permu-
tation of basis [b; ™). Indeed, the two transformations are
independent from each other.
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It is straightforward to check that this ground-states rear-
rangement is compatible with the modular transformation we
define in Sec. III D,

(@hlar™) = (a6 Gl ™) = lab ™) = S (F9)

(af|aw™) = @ |G Glag™) = (anlay™) = T (F9)
From Appendix E we know that there are | A|> gauge trans-
formations in total, therefore, there are |.A|2 different ways to
rearrange the MESs. Since the gauge transformation permutes
the label of the basis, if the system contains an Abelian anyon
besides the vacuum, then there the assignment of anyons to
ground states (compatible with the Wilson loop algebra) is not
unique.
For example, the semion model contains two Abelian
anyon 0 and o, which obey the fusion relation

Oxo=0x0=0, oxo0=0. (F10)
Then we have four gauge transformations
G =id, Wn(0), Wio), Wio)Wn(o). (Fl1)

Under the gauge transformations, the overlap matrices are
invariant, so there are four ways to rearrange the basis of the
ground states.

APPENDIX G: CONSTRUCTION OF
INDISTINGUISHABLE PAIRS OF TQFTs

Let C be a modular tensor category with a self-dual Abelian
anyon r. Here we will show how to construct the indistin-
guishable pair (C, C) from C and r.

The topological spin of  can only be 1, i because

)
0 41,

DS,, = — =
" 6,6,

(GD

And the anyon in C can be divided into two sets A =
{alSa.r/Sa0 = 1} and B = {b|Sp ,/Spo = —1}. The anyons in
A have the same topological spin in two fusion categories
while the anyons in B have the opposite topological spin,

0,=0, foraec A, 6,=80, forbeB. (G2)
If 6, = 1, we have
Sor _ O _ g — g (G3)
Spo  Opbr e

Then, the model C are constructed by rename the anyon in C,

a—>a, forae A, b—br, forbeb.

(G4)

It is easy to check these two model have the same S matrix,

Sij=8i, ifi,jeA
- NN r .
ij=M=Sij’ lfIGB,]EA, (GS)
) SO,I ’
S Si ‘SriSr 'Srr e e
= L — s ifd, j e B
So0,i80, j

If 6, = —1, consider the three-fermion model C3y =
{0, e,m, f},
1 1 1 1
L1 I -1 -1
S*fzz 1 -1 1 -1
I -1 -1 1
1 0 0 0
0 -1 0 0
Lr=lo o -1 o0 (Go)
0 0 0 -1

It is easy to check that after the anyon condensation of boson
(1, f), the anyons in C x C3y that not confined are

(a,0), (a, f) foracA, (G7)
(b,e), (b,m) forbeB. (G8)

Define ¢ = {[(a, 0)], [(b, e)]} as the fusion category after the
condensation of (r, f). We have

0.0y =6,  Oe) = —0Op. (GY9)
It is easy to check that C and C have the same S matrix.
If 6, = —i, consider the semion square model Crsery =
{0, e,m, f},
1 1 1 1
If1r -1 1 -1
SZSem = z ] ] _] _] )
1 -1 -1 1
1 0 0 0
0 i O 0
Dsem = 0 0 i 0 (G10)
0o 0 0 -1

After the anyon condensation of boson (7, e), the anyons in
C X Cpsem that not confined are

(a,0), (a,m) foraceA, (G11)

(b,e), (b, f) forbeb. (G12)

Define C = {[(a, 0)], [(b, f)]} as the fusion category after the
condensation of (7, ¢). We have

0,00 = Oas O p) = —Op. (G13)

It is easy to check that C and C have the same fusion rule.
If 6, =i, consider the anti-semion square model G5 =
{0,e,m, f},

11 11
1fr -1 1 -1
Sen=301 1 -1 1)
1 -1 -1 1
1 0 0 0
0 —i 0 0
Gaw=|o o —i o (G14)
0 0 0 -1
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After the anyon condensation of boson (7, e), the anyons in

C x (5, that not confined are

(a,0),(a,m) forace A, (G15)

(b,e), (b, f) forbe B. (Gl6)

Define € = {[(a, 0)], [(b, )]} as the fusion category after the
condensation of (r, ¢). We have

0,00 =04, Ow,p) = —0b. (G17)

It is easy to check that C and C have the same fusion rule.
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