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The ground state of a free-fermionic chain with inhomogeneous hoppings at half-filling can be mapped into the
Dirac vacuum on a static curved space-time, which presents exactly homogeneous occupations due to particle-
hole symmetry. Yet, far from half-filling, we observe density modulations and depletion effects. The system
can be described by a 1D Schrodinger equation on a different static space-time, with an effective potential,
which accounts for the depleted regions. We provide a semiclassical expression for the single-particle modes
and the density profiles associated to different hopping patterns and filling fractions. Moreover, we show that the
depletion effects can be compensated for all filling fractions by adding a chemical potential proportional to the
hoppings. Interestingly, we can obtain exactly the same density profiles on a homogeneous chain if we introduce
a chemical potential, which is inverse to the hopping intensities, even though the ground state is different from

the original one.
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I. INTRODUCTION

Free fermionic chains are one of the most relevant basic
models of quantum many-body physics. Beyond its relevance
in condensed matter physics, they constitute one of the basic
structures behind quantum simulators [1,2], which promise to
help understand many interesting phenomena. For example,
fermionic chains have been put forward to simulate the Dirac
vacuum in curved space-times, which would lead us to per-
form experiments on the Unruh effect or Casimir forces on a
background gravitational field [3-5]. Such quantum simula-
tors can be built using ultracold fermionic atoms on an optical
lattice, employing modulated laser beams to provide inhomo-
geneous hopping amplitudes between neighboring cells [6].
The key insight is that an inhomogeneity in the hoppings will
give rise to an effective space-time metric in the thermody-
namic limit, under some mild conditions.

In the aforementioned examples the Dirac vacuum is ob-
tained as the ground state (GS) of the lattice Hamiltonian
at half-filling. Interestingly, when the underlying lattice is
bipartite the system presents particle-hole symmetry and the
occupation numbers become exactly homogeneous. More-
over, its large scale physical properties can be accounted for
using conformal invariance arguments on the appropriately
deformed metric [7-11]. Yet, as the filling fraction is lowered
(or raised) the density will vary from point to point. Moreover,
it may become negligible in the region containing the lowest
hopping amplitudes, a phenomenon, which we have termed
depletion. This result can be readily understood in the strong
inhomogeneity regime, employing a strong-disorder renor-
malization group (SDRG) scheme [12], because the orbitals
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with the lowest energies are localized upon the lowest hopping
amplitudes, which may correspond sometimes to effective
long-distance renormalized bonds. An illustration of this situ-
ation can be seen in Fig. 1. Yet, in the weak inhomogeneity
limit the mathematical description of the depletion effects
faces some technical challenges: Second-order derivatives of
the fields must be considered in the gradient expansion of the
Hamiltonian, thus breaking explicitly the conformal symme-
try, which characterizes the half-filling case.

This depletion has already been observed by other au-
thors. For example, it has been reported that the entanglement
entropies of inhomogeneous fermionic chains away from half-
filling can be interpreted as those corresponding to an effective
shorter chain, corresponding to the nondepleted region [13].
Moreover, the effect of a finite density fermion field in en-
tanglement has been studied both in the relativistic [14] and
nonrelativistic frameworks [15].

This paper addresses the emergence of depletion in inho-
mogeneous pure-hopping free fermionic chains away from
half-filling, and it is divided as follows. In Sec. II we describe
our physical model, while Sec. III describes the depletion
phenomenon in the strong disorder limit. Section I'V describes
our continuum approximation for all filling fractions, and
the effective Schrodinger equation on a different space-time
metric. Section V describes our theoretical approach to the
density profiles and the depleted areas. The question of the
effective potential is addressed in Sec. VI, showing that it can
be either proportional to the hopping amplitudes or inversely
proportional to them, depending on our precise definition.
Finally, Sec. VII summarizes our findings and discusses our
suggestions for further work.

©2022 American Physical Society
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II. MODEL

Let us consider an open fermionic chain with N (even)
sites, whose Hilbert space is spanned by creation operators
cj, ie{l,---,N} following standard anticommutation rela-
tions, {ciT, c¢j} = 4; j. We define an inhomogeneous hopping
Hamiltonian,

N-1
H()y =~ Jic/ci +He, M

i=1

where J = {.Ii}?’= _1' are the hopping amplitudes, J; € R* refer-
ring to the link between sites i and i 4+ 1. The eigenstates of
(1) can be obtained easily diagonalizing the hopping matrix J,
Jij = Ji(8i j4+1 + 8i j—1). So we can write J = UeU", where &
is a diagonal matrix whose ith entry is &;, the single-body en-
ergy associated to the orbital given by the ith column of matrix
U. We perform a canonical transformation, ka = Zi Uk,-c;,
such that

N
HJ) =) ebjby. (@)
k=1

where ¢, are arranged in ascending order, and we can write a
basis of eigenstates of H(J) by fixing the occupation numbers
of the b, modes. Let us consider the minimum energy eigen-
state with a fixed number of particles m, which is obtained by
filling up the lowest m single-particle modes,

W) =[] 5410), 3)
k=1

where |0) is the Fock vacuum. The filling fraction is defined
asv =m/N.

In all cases, we will assume that the sequence of hop-
ping amplitudes presents a proper thermodynamic limit. Let
Iy = {J,-,N}?]: _11 be a family of hopping amplitudes for all
possible chain lengths N. Then, we assume that there exists a
continuous function J : [0, 1] = R such that J; y = J(i/N).
For concreteness, let us consider three different examples.
The Rindler metric is the spacetime structure perceived by an
observer moving with constant acceleration in a Minkowski
metric, described by

J(x) = Jox. )
Another natural choice is the sine metric,
J(x) = Jop + Ji cos(2mx), (®))

or the rainbow metric [9-11,16-22], given by

1
> ) (©6)

X — —

J(x) :Joexp<—h

for h > 0, with & = 0 corresponding to the Minkowski case.
This metric presents a constant negative curvature except at
the center [9,18], x = 1/2, thus resembling an anti-de Sitter
(adS) space [11], and has been extensively discussed because
it presents a maximal apparent violation of the area law of the
entanglement entropy. Notice that the Jy parameter is irrele-
vant in all cases, since it just fixes the global energy scale, and
we will take it as one.
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FIG. 1. Depletion in free-fermionic chains with inhomogeneous
hoppings, explained using the SDRG for different values of the filling
fraction v. In (a) we have a rainbow chain whose single-particle
orbitals are bonds between symmetrically placed sites. For v = 1/2,
all the bonds get single occupation (light red) and the density is
exactly homogeneous. For v = 1/4 we only occupy the two strongest
bonds, leaving a depleted area near the borders. For v = 3/4 the
weakest bonds get double occupation (bright red), while the strongest
remain with single occupation. In (b) we have a dimerized chain
such that the energy associated to each bond grows rightwards. For
v = 1/2 we obtain the same homogeneous density. For v = 1/4
only the rightmost bonds are occupied, and the left half is depleted.
For v = 3/4 the leftmost bonds obtain double occupation, and the
rightmost ones still get one particle.

A. Density and particle-hole symmetry

The correlation matrix can be easily computed for the GS
of Hamiltonian (1),

Cij = (Ymlefcjl¥m) = > Uli;. ™
k=1

and, concretely, the local occupation or density is found as
(n;) = Cj;;. Since our system is bipartite, let us define an
operator P acting on the single-particle wavefunctions that
flips the sign of all components within one of the sublattices.
It is easy to prove that JP = —PJ. In other terms, if Uy is an
eigenstate of J with energy &, then PU; will be another eigen-
state of J with energy —¢;. Every negative energy orbital has
a positive energy partner related through a P operation, thus
proving the particle-hole symmetry of the spectrum. Since
U is a unitary matrix, ZkN:l |Uwil? = 1, for all i. We may
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decompose the sum into two,

N/2 N

L= U+ Y Ul ®)
k=1

k=N/2+1
but the second sum must be exactly the same as the first,
because |Uy ;|* = |Uyy1-k.:|>. Therefore, each sum must add
up to 1/2, thus proving that the eigenstate |y,>) at half-filling
must have homogeneous occupation, n; = 1/2 for all sites.

III. DEPLETION AT STRONG INHOMOGENEITY

Let us consider the strong inhomogeneity regime, in which
the values of the hopping amplitudes differ largely between
different links. In this situation, the strong-disorder renor-
malization group (SDRG) approach developed by Dasgupta
and Ma describes the low-energy states very effectively [12,
23-26]. Indeed, the SDRG algorithm instructs us to select the
most energetic link J; and to establish a bonding or antibond-
ing orbital over the corresponding couple of sites, depending
on the hopping sign, which are afterwards removed from the
system. Let us stress that the particle occupying such a bond
has the same probability of being found on each site. The
neighboring sites to this new bond are then linked among
themselves by an effective hopping amplitude, which is ob-
tained via second-order perturbation theory,

JrJr

I ©))
where J;, and Jg are the left- and right-neighboring hopping
amplitudes, and the minus sign is due to the fermionic nature
of the particles. Notice that this new effective link can be
selected in the next iteration, if it happens to be the strongest
one, thus yielding a long-distance bond. Some interesting
synthetic states, such as the rainbow state, are built in such
a way that all bonds (except the first one) are long distance
[16,17].

When the SDRG algorithm is performed at half-filling we
fill up m = N/2 bonds, each of which delocalizes a particle
between a different pair of (perhaps not neighboring) sites.
Thus, each site has an occupation probability of 1/2, in accor-
dance with the theorem of Sec. I A. Yet, if we place m < N/2
particles, they will always occupy the region with highest hop-
ping amplitudes, even if the renormalization procedure yields
long-distance bonds. Figure 2 shows indeed that, in the strong
inhomogeneity regime, we can observe two different density
regions for m < N/2: half-occupied and empty. For m > N/2,
due to particle-hole symmetry, we occupy the same bonds but
in reversed order. Each site within a doubly occupied bond
gets maximal occupation, (n;) = 1. Therefore, as we increase
the filling fraction above v = 1/2 we fill up completely the
regions with the lowest hopping amplitudes, mirroring the
previous process.

This filling sequence is illustrated in Fig. 1(a) for a rainbow
chain and in 1(b) for a dimerized chain for filling fractions
v=1/2,v < 1/2,and v > 1/2 with a small size. In Fig. 2,
on the other hand, we can see the actual densities numerically
obtained for a larger chain, with N = 400, using v = 1/4 and
v =3/4, as a function of the parameter s, which controls
the level of inhomogeneity. As h grows, we move from a
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FIG. 2. Density profiles for the rainbow chain with N = 400
sites and two filling fractions, v = 1/4 and v = 3/4, for different
values of the inhomogeneity parameter 4. Notice that for low inho-
mogeneities we always have a nearly flat profile, which gets more
modulated as the inhomogeneity increases, converging towards the
SDRG prediction as the inhomogeneity becomes large. As predicted
by particle-hole symmetry, the v = 1/4 and v = 3/4 cases present
mirror symmetry for all the values of the inhomogeneity.

nearly uniform density profile towards the square profile of
the SDRG prediction, which differs in the cases of v = 1/4
and v = 3/4. Indeed, in both cases we have (n;) = 1/2 at the
central half of the chain, while the lateral regions are depleted
for v = 1/4 or full for v = 3/4.

IV. DEPLETION AT WEAK INHOMOGENEITY

In this section we establish a continuum approximation
to Hamiltonian (1) for all possible filling fractions obtained
through a gradient expansion. At half-filling our model is
known to map into the Dirac Hamiltonian in the continuum
limit,

Py (x) =0, (10)

where D, is the covariant derivative on a given space-time
metric given by the hopping function J(x) [9,18]. In this paper
we will consider the situation away from half-filling, showing
that the gradient expansion should be taken to second order
in the derivatives of the field, giving rise to a continuum
approximation based on the Schrodinger equation on a curved
background metric,

—VIY @) + VY () = EY(x), an
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where V2 stands for the Laplace-Beltrami operator on a differ-
ent manifold [27], whose metric is also given by the hopping
function J(x).

A. Dirac Hamiltonian

Let us assume that the local creation and annihilation op-
erators can be approximated in terms of two slowly varying

J

fermionic fields, v, (x) and ¥z (x), which makes reference to
the right and left parts of the wavefunction,

em = Va(e™ Y (x) + e M Yp(x)),
e = Nal(e MY () + YR 0), (12)

where a is the lattice spacing and kr the Fermi momentum,
giving rise to the Hamiltonian

N
Hx) = - /0 dx T[] (6 + L) + MY+ anpn(x)

_efikpaefﬁkpxl//z'(x +a)1//R(X) + eikpanikpxl//;(x +a)1//L(-x)j|7 (13)

with N' = Na.

We should remark that the crossed terms, such as WZ (x + a)yg(x), have strongly oscillating prefactors e~2*** and thus their
integral becomes negligible. As an initial approach, we may expand the fields to first order in a, ¥ (x + a) & ¥ (x) 4+ ad ¥ (x),

thus yielding the effective Hamiltonian

N / /
Hx)= — /0 de(x)[(Z cos(krpa) — aeikf"%)WZ(x)I//L(x) + (2 cos(krpa) — aeikF“%>¢;(x)wR(x)
+ 2ai sin(kpa) () ()3, 9L (x) — w;(x)amm)]. (14)
Let us perform a generic coordinate transformation, x — ¥, such that
< _ e (15)
dx )

so that 9, = G(¥)d;, 32 = G(X)G'(¥)d; + Gz(fc)@% and ¥ (x) = ¥ (X)G'2(%). We will choose G(%) so as to make the coefficient
of the first derivative homogeneous. Therefore, G(X¥) = J(X) and Eq. (14) can be written as

N . . - . . JEON -+ . -
H®)=— /0 di[Zai sin(kra)(Yr () 99, (%) — Y(X)3: 9 (¥)+ COS(kFa)(N(fC) —a j((;:)))(wL'()?)lﬁL()?)-Flﬂ]g(i)wR(i))},
(16)
which in the case of half-filling, i.e., kra — 7 /2, reduces to
N
Hi(3) = — /0 4% 2ai (P — 0% YRED). a7)

Yet, we observe that for kra < 7 /2 the Dirac equation acquires a potential term, which may seem at first sight to be responsible
for the depletion effect, but is not. Indeed, the eigenstates of (16) can be obtained in a closed form (equivalently for 1/¢) by just

solving the respective equations of motion,

_ —i . J (%
JL(®) = exp {m |:a)x _ / cos(kpa)<2J()”c) —a j((;))>dx} } (18)

where w is an integration constant. In other words, the wavefunctions are modulated plane waves in % and they will not decay

exponentially.

B. Second-order approximation

In order to reproduce the observed depletion effects we should expand the fields to second order in the lattice parameter a,

2
Y+ a) ~ P + ad(x) + %a,%w(x>, (19)
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thus yielding a Hamiltonian of the form
J/(x) az ikra ]//( )
J(x) 2 J(x)
J'() e,kFaJ”( x)
J(x) J(x)

N
H(x)= — / dx](x)[(Z cos(kpa) — ae~kre )m(x)m(x)
0

+ <2COS(kFa) — aere——" )I/fR( YWr(x) + 2ai sin(kra)(Yr] ()9 (x) — Y Pr(x))

+ a?etre J(( )) YO Wr(x) + aPe e J(( )) Y ()W (x) + @ cos(kpa) (W) ()32 (x) + x/fR<x)asz<x>>}
(20)
which gives rise to the following equations of motion:
Ew(x)R/L — _J(x)|:<2 COS(kFa) — ae ilkFaJJ/((x)) a eilkpll‘{]//(( )))w(x)R/L
T 2ai sin(kr )3y (Vg + a2 J(( ))a VL + @ cos(kra)d? w(xm}, @1

where the R/L notation makes reference to the right and left parts of the wavefunction, and the corresponding sign should be
chosen in each case. We would like to notice that a second-order discrete version of Eq. (21) with lattice spacing a yields our
original single-body Hamiltonian (1), thus proving the direct equivalence between both systems.

In the rest of the section we will transform this equation into a Schrédinger equation, making use of two transformations:
(a) a coordinate transformation following Eq. (15), which is equivalent to embedding our system in a nontrivial space-time
metric, and (b) a gauge transformation in order to get rid of the first derivative term.

Our next purpose is then to make the coefficient of the second derivative homogeneous through a suitable change of variable
X. Maklng a shght abuse of notation, we let J(¥)G?(X) = 1 - G(¥) = J~!/2(%). Notice the difference with Eq. (14), in which
we had G(¥) = J(¥) once the appropriate transformation of coordlnates was performed in order to obtain a homogeneous first-
derivative term. The equation of motion in these new transformed coordinates reads

2J®)

EY (F)rjr = — a* cos(kpa)dz ¥ (X)gyr, £ 2i sin(kpa)< J2(x) — 5 J( )

)3 V(X)L

e T 1R 2T
_ Zcos(kpa)<J(x) — f—‘le)(;) 3%J~2_(;‘) > i x) )I/I(X)R/L
exikra T (%) JP®) L T®)
- (e R T ) P 22

This equation can be rewritten so as to make the single-body operator manifestly Hermitian,

J( ) 1/2 N(,X') 1/2
EI//(X)R/L = —a COS(kFa)a 1//(x)R/L +2i Sln(kpa)<ajl/4(x)8 (‘]1/4(x)1ﬁ(x)R/L) — (J( O ) a);(%) 1/;(55)R/L>

2costra)(T) - 420 L0 C IO 5 23)
— 2 cos(kra X)) — == - —= —— X)R/L-

F 2712Gx) RIPE 8 J®E) ke
In order to transform our equation of motion into a Schrédinger equation, our next task is to get rid of the first-derivative term
using a gauge-like transformation,

V(O = POV (R)g L, 24)
which implies that
8)?1/7(2)R/L — i,B;Q/L()?)eiﬁR/L(i)\i’(x)R/L + eiﬂR/L(i)aiq/(x)R/L’

R (D)rj = iBgy ()P OW(R)py — By ()P OV (%) 20 ()P D0 ()gyr, + P V0T RNy, (25)
The condition that we have to impose so that the first-derivative terms cancel out is
g J& 1.,
; tan(k gV 26
Bry (%) = F tan( Fa)<2 & a () ). (26)

Equation (24) is analogous to a gauge transformation where the coefficient of the first derivative term in Eq. (22) plays
the role of a gauge potential A(X), up to a multiplicative factor. In this case, the change in the phase would be expressed by

exp(q f(f A(u)du), where g is a constant. Therefore, /(%) = A(X).
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Applying this transformation we obtain

< 1 +cos?(kra) » _ -~ _ 1
EG(R)r = — Tkﬂ;m)w(mm +a
F

cos(kpa) J1/2(%)

4 \ cos(kpa) J2(X) 4

Equation (27) has the form of a Schrodinger equation in
X with a mass M = 2/ cos(kra) that tends to zero as kra —
/2, thus rendering the approximation invalid in that limit.
The effective potential, to zero order in a, becomes

1 + cos?(kra) -

VE) ~ — J). (28)

cos(kra)

Notice that, for kra < 1 we have to a very good approxima-
tion V(¥) &~ —2J(%) or, equivalently, V (x) = —2J(x), while
for larger values of kpa the different modes of our system
correspond to different Schrodinger equations. The reason is
that the prefactors of Eq. (27) present explicit dependence
on kpa. The next corrections, corresponding to higher orders
in a, can be shown to be small or constant for the hopping
amplitudes employed in this paper. We would also like to
stress that our system is now embedded on a manifold with
metric ds? = dr? — d#2, and all geometrical measurements
should be transformed back before further comparisons with
our original discrete model.

Let us discuss the numerical validity of Eq. (27), which is
familiar to us due to its Schrodinger form. For highly excited
states we are allowed to perform a Wentzel-Kramers-Brillouin
(WKB) approximation, which leads to a form

. 1 o
U@L ~ —mm e PN, (29)
v P(X)
in the new coordinate X, where p(¥) is the momentum of a
particle in that position according to classical mechanics, i.e.,

p(x) = £V2M(E —V (x)),

2
ﬁ(i)=\/ 1 (1+Cos (kpa)j(jHE)’ 0

cos’(kpa) \  cos(kra)

Yet, we should transform this solution back to our original
coordinate system in order to check its numerical validity,
making use of the change of coordinates for a probability
distribution, | W (#)|?dx = |W(x)|*dx, which leads to

[V (X)r/Ll N 1 1
JHE VPR IVAE)
We have checked the validity of Eq. (31) in Fig. 3. In panel
(a) we have chosen a Rindler system with J(x) = }1 + x with
N = 400 and shown the modes m = 50, 100, and 175. The
continuous red curve in each case corresponds to the approx-
imation (31), suitably normalized. We can see that the decay
is nearly perfect. Panel (b) shows the same situation for the
rainbow chain, using 7 = 4, N = 400, with the modes m = 40
and m = 150. We can see that the decay is nearly perfect in all
the cases.
We should stress that our continuum approximation,
Eq. (33) cannot be employed to obtain a continuum limit of

[W()r/Ll = €1

a® (sin’(kpa) J*(%)  cos(kra) J2 (%)
J2(%)

7 G) U (X)r/r

T (~

+ cos(kra)

— ))\P(X)R/L — d® cos(krpa)d?W (R)gs.  (27)
J(X)

(

our original model. Indeed, for a — 0, all terms containing
derivatives of the field v (x) vanish, thus rendering the equa-
tion useless. In order to make sense of Eq. (33) we must keep
a finite and this implies that we should preserve all derivatives
of the gradient expansion. Alternatively, we may define a new
physical variable # = x/a, in such a way that any derivative
with respect to x multiplied by a becomes a derivative with
respect to u, 9, = ady.

V. DENSITY PROFILES

Our next aim will be to provide a continuum approximation
to the density profiles observed for free-fermionic chains with
inhomogeneous hopping amplitudes away from half-filling,
based on the validity of the Schrodinger equation on a dif-
ferent manifold, Eq. (27), using a certain effective potential
V (x). If we fill all orbitals up to a certain energy E, we we will
observe depletion in the classically forbidden regions, defined
by V(x) > E, and bounded by the turning points, defined by
V(x,) = E. To order zero in a, from (28), we may estimate
these turning points as

1 + cos®(kra)
cos(kra)

E = J(xy). (32)
This result can also be obtained in a heuristic way, starting
from a simplified version of Eq. (21),

EY(x)rjr = —J (x)(2 cos(kpa)y (X)r/L
F 2aisin(kpa)d Y (X)r/L
+a* cos(kra)dZy (x)r/L)- (33)

Now, we suppose that the wavefunction is locally a plane
wave with a certain position dependent momentum g(x), i.e.,
Y (X)r/L ~ eT1a0x Then,

E = —J(x)(2cos(kra) + 2a sin(kra)q(x)
— a* cos(kra)q(x)?), (34)

and we can then obtain g(x) solving a quadratic equation.
If g(x) is not real, then x belongs to the classically forbid-
den region. Thus, by making the discriminant zero we reach
Eq. (32).

We can obtain an approximation to the local density p(x)
of a Schrodinger equation by considering a particle with en-
ergy E traveling through a small segment of size Ax around
position x, where the potential energy is V (x). Its momentum
will be given by

q(x) = /2m(E — V(x)). (35)

Within a semiclassical approximation we may estimate the
number of orbitals with presence on that segment assuming
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FIG. 3. Comparing the modes obtained from Hamiltonian (1),
Y, using N = 400 for Rindler and rainbow chains with the WKB ap-
proximation given in Eq. (31), considering different filling fractions
v. The continuous red line represents the semiclassical approxima-
tion Eq. (31) to the continuous approximation given in Eq. (27).
(a) Rindler chain, from top to bottom, m = 50, 100, and 175.
(b) Rainbow chain, top to bottom m = 40 and m = 150.

that the momenta are discretized as g(x) =~ nw /N = 7w p(x).
Thus, we have

plx) ~ 2m(E — V(x)). (36)

In our case, for low values of kra we also build the density by
filling up the modes of a Schrodinger equation, and thus we
may write

p (% 2 E —2J(x 37
P~ — = (E —20 (). (37)

Yet, this expression is designed for the transformed coordinate
X. We should express it in our original coordinate in order
to make useful predictions, using p(¥)dX = p(x)dx, we have
p(x) = p(®)J~1/%(%), and therefore

E
x)a~A -2,

p(x) ) (38)
where A is a normalization constant. Indeed, p(x)a can be
interpreted as the local occupation, which can be directly
compared to (c;fci) for i = x/a. Interestingly, the density is
directly related to the inverse of the hopping function J(x).
Notice that Eq. (38) is not necessarily valid for larger values of
kra, since the modes that we are filling up do not correspond
to the same Schrodinger equation.

We have computed numerically the fermionic density for
different hopping functions, and observed depletion in all
the considered cases, except for the Minkowski spacetime,
as we can see in Fig. 4. As expected, the depleted regions
decrease their size as the filling fraction grows. Moreover,
Eq. (38) predicts very well the density profiles for all v < 1/4.
Surprisingly, for all values of the filling fraction the functional

form
1
px)a=A| ]_(x) - B, (39)

fits extremely well the numerical density profiles, as we can
check in Fig. 4.

VI. COMPENSATING AND MIMICKING POTENTIALS

As we have discussed above, our continuum approxima-
tion led to an effective Schrodinger equation with a potential
whose classically forbidden areas correspond to the depletion
regions of the particle density.

Let us extend our original model, Eq. (1), introducing an
inhomogeneous chemical potential p = { ,ui}i.\': 1

N-1
HA, ww = = ) _Ji(cfeim +He) +Zu,c ci. (40)

i=1 i=1

We may introduce a compensating potential, defined by
wi = podi, 41

where we implicitly assume that the chemical potential at
site 7 is given by the average of its two neighboring hopping
constants. With such choice, the GS of Hamiltonian (40) al-
ways presents a flat density profile, for all filling fractions,
whenever (1o = 2 cos(kpa), as it can be checked in Fig. 5. In
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FIG. 4. Fermionic density for a chain of N =400 sites with
different filling fractions 1/2, 1/4, 1/8, and 1/16 and four different
inhomogeneities: (a) Minkowski, (b) Rindler, J(x) = x, (c) rainbow,
J(x) = exp(—h|x — 1/2]) with h = 0.01, and (d) Sine, J(x) =1+
0.5 cos(2mx). The black curves correspond to the theoretical curves,
given by Eq. (38).

mathematical terms, the reason is that the added chemical po-
tential cancels out the potential energy term in Eq. (21). In this
case the Hamiltonian does not present any terms, which are in-
dependent of the lattice spacing a, and thus we are allowed to

Minkowski Rainbow Rindler

v=1/2+ v=1/2 v=1/2=n
v=1/4%X v=1/4 v=1/4-«
v=1/8% v=1/8 v=1/8«

50 100 150

FIG. 5. Density profile for the GS of Hamiltonian (40) with
a compensating potential, using three types of hopping functions:
Minkowski, Rindler, and rainbow, and different filling fractions,
v=1/2,1/4,and 1/8.

renormalize the hopping function, J(x) — 0o, a — 0, while
J(x)a — J(x), thus yielding a proper continuum limit.

The physical meaning of this compensating effect is also
interesting. Let us start out with the GS of Hamiltonian (40)
using J; =1 and p; =0, filled up with vN fermions. We
notice that the energy cost of introducing a new particle does
not decay to zero as the system size increases, and instead is
bounded by —2 cos(kra), with kra = wv. Thus, the system
can not be conformally invariant. We can change that by
introducing a chemical potential u; = 2 cos(kra). In that case,
the energy cost of introducing extra particles becomes zero.
This new system can be set in any different static 141D metric
by introducing an appropriate Weyl factor, thus yielding the
compensating potential system [9,22].

Now we may ask a complementary question. Let us keep
a flat hopping function, J(x) =1, i.e., J; = 1. Can we find
a chemical potential {x;}, which mimics the density profiles
obtained from the inhomogeneous hopping function without
chemical potential, for the same filling fraction? Interestingly,
the answer is yes.

Let us consider the bulk equations to obtain the eigenstates
of the original hopping matrix. Let (¥ - - - ¥v)" be the eigen-
vector of the hopping matrix with eigenvalue E. Then,

Jn71Wn71 +-]an+1 = Elpn» (42)
which can be rewritten for very smooth J as
-,n(wn—l + wnﬂ) ~ EWH- (43)

Now we can take the hopping amplitude to the right-hand side,
assuming that it is nonzero,

E
1;ﬁn—l + 1;ﬁn-ﬁ-l - <J_ - E)I,lfn ~ Elﬁn, (44)
which can be read as a homogeneous hopping Hamiltonian
with a chemical potential u,, of the form

/‘Ln:E<Jl_l)v (45)

i.e., the chemical potential depends on the energy itself, and
thus the secular equation becomes nonlinear. This reasoning
motivates the following mimicking chemical potential

=t
g

In Fig. 6 we plot the density profiles associated to the
ground states of Eq. (40) with the above chemical potential
Eq. (46), along with the original density profiles obtained
for inhomogeneous hoppings and without chemical potential.
The coincidence between them both is extremely remarkable,
given that Eq. (46) only ensures the similarity between the
highest energy filled mode in both cases.

Thus, we are led to ask whether the two GS are the same
or not. Figure 7 provides a negative answer to that ques-
tion. In it we have shown the entanglement entropies (EE)
of blocks A =11, ---,£] as a function of £ for both states
in the rainbow case, defined as S(£) = —Tra(pa log pa) with
pa = Trz|W)(¥|. As it was shown in [13], the EE of our
states is approximately equal to the EE of blocks of a shorter
system bounded by the turning points at half-filling [9,22].

(46)

i
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FIG. 6. Density profiles of the GS of Hamiltonian (40) using
homogeneous hoppings, J; = 1, and the corresponding mimicking
potential, Eq. (46), for (a) a rainbow chain with N = 400 and & = 4
and (b) a Rindler system with J(x) = x, using the filling fractions
shown in the key, along with the original density profiles using
inhomogeneous hoppings and without chemical potential.

Yet, the EE of the GS of the mimicking system are differ-
ent, presenting strong similarities to the EE of homogeneous
chains [28,29].

VII. CONCLUSIONS AND FURTHER WORK

A free-fermionic chain without chemical potential and with
inhomogeneous hoppings at half-filling will present an ex-
actly homogeneous density profile. In the continuum limit,
this system represents a Dirac fermion on a static curved
background, with the lapse function of the metric given by the
hopping amplitudes. Yet, if we move away from half-filling
we will notice that the particles concentrate at the regions with
higher hopping amplitudes, and leave the regions with lower
hopping amplitudes empty, a phenomenon that we have called
depletion.

In the strong inhomogeneity regime, the Dasgupta-Ma
renormalization scheme allows to prove that this should be
the case, since the particles will establish bonds on top of

1.6

1.4

1.2

0.8 |f

S
0
0.6 |
0.4
1
1
0.2 1
0 LS 1 /\ 1 : =
0 50 100 150 200 250 300 350 400
14

FIG. 7. Entanglement entropy S(£) of blocks of the form
[1,---, £] of the mimicking GS (points) and the original GS (lines),
with the same filling fractions for rainbow chains with 2 =4 and
N = 400.

the larger hoppings, either original or renormalized. Thus, the
depletion is exact.

In the weak inhomogeneity regime, we have shown that
the associated single-particle problem is equivalent to a
Schrodinger equation on a different static curved manifold,
with the lapse function given by the square root of the hop-
ping amplitudes, and a potential determined by the hopping
amplitudes and the filling fraction. Notice that this shows
that the effective system does not show conformal invariance.
Naturally, the Laplacian operator must be substituted with
the Laplace-Beltrami operator corresponding to the associated
metric, and the depleted regions correspond to the classically
forbidden areas of this Schrodinger equation. The wavefunc-
tions and the density profiles can be accurately obtained using
a semiclassical approximation.

It is interesting to ask how this model breaks the con-
formal symmetry, which is known to hold at half-filling.
Indeed, a second-order expansion of the fields is required
to find a continuum approximation to our lattice model,
instead of the first-order expansion at half-filling. The
second-order derivative term, which maps into a Lapla-
cian, breaks explicitly the conformal invariance introducing
a length scale, which is inversely proportional to the effective
mass.

We may introduce a compensating potential in our sys-
tem, through a chemical potential proportional to the hopping
amplitudes, which exactly cancels the depletion effect and
provides exactly homogeneous density profiles. In this case,
the continuous approximation allows us to conjecture that the
system recovers its full conformal invariance.

We have also introduced a mimicking potential, which pro-
vides exactly the same density profiles away from half filling
on a fermionic chain with homogeneous hoppings. Interest-
ingly, this mimicking potential is inversely proportional to the
hopping amplitudes. Yet, the associated ground state is not the
same as in the original case, as we have been able to show
checking the entanglement entropies of lateral blocks. The
ground states of the compensating and mimicking systems

224204-9



BEGONA MULA et al.

PHYSICAL REVIEW B 106, 224204 (2022)

present interesting challenges, which should be considered in
further work.
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