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Large-scale atomistic simulation of quantum effects in SrTiO3 from first principles
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Quantum effects of lattice vibration play a major role in many physical properties of condensed-matter
systems, including thermal properties, such as specific heat, structural phase transition, as well as phenomena,
such as quantum crystal and quantum paraelectricity that are closely related to zero-point fluctuations. However,
realizing atomistic simulations for realistic materials with a fully quantum-mechanical description remains a
great challenge. Here, we propose a first-principles strategy for large-scale molecular dynamics simulation,
where a high-accuracy force field obtained by deep-potential (DP) is combined with quantum thermal bath
(QTB) method to account for quantum effects. We demonstrate the power of this DP+QTB method using the
archetypal example SrTiO3, which exhibits several phenomena induced by quantum fluctuations, such as the
suppressed structure phase-transition temperature, the quantum paraelectric ground state at low temperatures and
the quantum critical behavior 1/T 2 law of dielectric constant. Our DP+QTB strategy is efficient in simulating
large-scale system and is first principles. More importantly, quantum effects of other systems could also be
investigated as long as the corresponding DP model is trained. This strategy would greatly enrich our vision and
means to study quantum behavior of condensed-matter physics.
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I. INTRODUCTION

Atomic nuclei can be simply treated as classical parti-
cles with certain position and velocity, but considering the
quantum-mechanical nature of the atomic nuclei, their quan-
tum effects need to be considered in some cases [1]. Based
on the hypothesis of energy quantization and Bose-Einstein
statistics, collective excitation of atoms can be viewed as
the phonon. Based on theory of the phonon, we can calcu-
late thermal conductivity, electrical conductivity, and specific
heat of solid. Particularly, at the ground state, the uncertainty
principle induces zero-point energy and zero-point fluctua-
tions of atomic position. The zero-point fluctuation is crucial
for an accurate description of phenomena, such as quantum
crystal, high pressure superconductivity, quantum nature of
hydrogen/water, and quantum paraelectricity [2–7]. Although
the phonon language has success in describing low temper-
ature, harmonic, and simple systems in q space for many
problems that urgently require the atomistic position informa-
tion in real space and time, such as point effects, dislocations,
grain boundary, and the free surface, it is highly desirable
to introduce quantum effects in the atomistic simulation of
large-scale systems.
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The widely accepted method to incorporate quantum me-
chanics in atomistic simulation is path integral molecular
dynamics (PIMD) [8,9]. In PIMD, the nuclei part is mapped to
a system composed of several virtual particles connected by a
harmonic potential, and its effective Hamiltonian is derived
from the Feynman path integral. The PIMD methods have
two limitations in practice. The first is the lack of accurate
force field. Without an accurate force field, the major part
of the calculation is not reliable, and even adding the quan-
tum correction will not give realistic results [10]. Second,
extremely expensive calculation costs hinder the practical use
of PIMD. PIMD is very time consuming and, consequently,
the data applicability(e.g., space scale of the simulation cell,
timescale, and time step of simulation) is usually reduced in
related work [11]. When it comes to statistics related issues,
such as thermodynamic properties, phase diagrams, etc., the
results of PIMD are difficult to achieve statistical equilibrium
due to scale constraints. Therefore, it is necessary to develop
a feasible and ab initio numerical scheme to describe the
quantum effects in large-scale atomistic simulation.

We propose a deep-potential (DP)+quantum thermal bath
(QTB) strategy which can provide quantum correction and yet
is capable of large-scale atomistic dynamic simulation with
density-functional-theory (DFT) precision. DP is a machine-
learning method which can produce accurate force fields of
molecular dynamics (MD) by sampling the results of the
DFT [12,13]. Some early works in this field have showcased
that DP is capable of describing large systems with high
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FIG. 1. Schematic of the temperature-dependent structure of
SrTiO3 (a) the response of the Ti atom to the electric field at zero
temperature, the linear response corresponds to the classical case,
and multiple transparent atomic trajectories correspond to the quan-
tum zero-point fluctuation. (b) Tetragonal phase, where a and c are
the short and long axes, θ is the rotation angle of the TiO6 octahedrain
each unit cell. (c) Cubic phase where all lattice constants are equal,
and θ is zero.

accuracy [14,15]. QTB is a method that preserves the features
of quantum statistics in MD [16]. Its core idea is rewriting the
fundamental Newtonian equations in MD into Langevin-like
equations with colored noise that incorporate quantum statis-
tics. DP+QTB requires a computation cost slightly higher
than that of classical MD, so, in principle, can provide results
with large space and timescale from which we can obtain
sufficient and intuitive physical information.

To demonstrate the power of DP+QTB, we focus on
the strontium titanate (SrTiO3). SrTiO3 as a representative
ABO3 perovskite has been reported to exhibit rich physical
properties, such as high-mobility electron gas [17], flexoelec-
tricity [18], optically strained metastable ferroelectricity [19],
superconducting dome [20], and multiple structural instabil-
ities [21]. What makes it a suitable candidate for testing the
DP+QTB method is that its atomic structure has several in-
teresting properties. At low temperatures, the quantum atomic
fluctuation stabilizes a paraelectric phase with a high dielec-
tric constant instead of the ferroelectric phase in the classical
case [Fig. 1(a)], a phenomenon known as the quantum para-
electricity [6,7,22,23]. With increasing temperatures, SrTiO3

also shows a tetragonal to cubic structural phase transition at
about 105 K [Figs. 1(b) and 1(c)].

In this paper, we carried out massive DP+QTB simulations
of SrTiO3 up to 135 000 atoms per simulation cell. Compared
with classical simulation, DP+QTB shows several qualitative
improvements. First, zero-point expansion of the SrTiO3 is
observed, which compensates the underestimation of lattice
constants in most classical calculations [24]. Second, the
tetragonal-to-cubic phase-transition temperature of SrTiO3,
which is vastly overestimated in classical simulations, is now
much closer to the real transition temperature. Finally, in the
quantum critical region at low temperatures, the 1/T 2 law of
the dielectric constant ε(T ) is observed, in agreement with
the experimental results and the analytical phenomenological
model [6,7].

II. COMPUTATIONAL METHODS

A. Deep potential of SrTiO3

DP is a machine-learning-based method that aims to
provide highly applicable and high-accuracy interatomic in-

teraction potentials [12]. The core idea of the DP model is to
fit the energy and force of different configurations of certain
material through a deep neural network, and its learning sam-
ples are a large number of structural configurations (usually
these configurations have no more than 50 atoms) and corre-
sponding high-precision DFT reults (energy and force). For
a well-trained model, given any corresponding configuration
(include those not in the training data and supercells with a
large number of atoms), and its total energy, and the force of
each atom can be solved with minimal computational cost and
at DFT-level accuracy. Thus, the DP model can be applied as
a force field in MD simulations.

To obtain the DP model of SrTiO3 we used in this paper,
∼2000 candidate configurations which contain information of
SrTiO3 were selected for the training dataset. The accuracy
of the DP model of SrTiO3 is confirmed in our previous
work [15], please refer to the Supplemental Material for the
validation of our model (discussion S1 and Tables S1–S3)
[25]. The DP predicted energy difference of the tetragonal
and cubic phases is 1.008 meV/atom, which is close to the
DFT result of ∼1.1 meV/atom. Such a subtle variation is
crucial for the tetragonal-to-cubic phase transition in SrTiO3.
Other properties, such as lattice constant, polarization, elastic
constants, and phonon dispersion are tested, and all agree with
DFT calculations. For more information about the DP and
generation of the dataset, please refer to the Supplemental
Material (discussion S1 and Fig. S1) [25].

B. Quantum thermal bath

MD simulations are based on Newtonian mechanics equa-
tions and classical statistical theory, therefore, only produce
results that conform to classical behavior [26]. QTB is based
on the quantum-mechanical fluctuation-dissipation theorem.
Instead of treating the atomic nuclei as independent pointlike
classical particles, it introduces an associated random force
and friction term into the equation, constituting a quantum
thermal bath [16]. The equation of motion is modified to the
Langevin-like equation,

mir̈iα = fiα + Riα − miγ ṙiα, (1)

where mi is the mass of the ith atom, riα and fiα are the α

(1, 2, or 3) components of the position and the interatomic
force exerted by all the other atoms. Riα is the Gaussian
random force, and γ is the effective frictional coefficient. The
random force spectrum is a colored noise, and its power spec-
tral density I (ω) is related to γ by the quantum-mechanical
fluctuation-dissipation theorem [27],

IRiαRjβ (ω) = 2miγ δi jδαβθ (|ω|, T ), (2)

where

θ (ω, T ) = h̄ω

[
1

2
+ 1

exp
(

h̄ω
kBT

) − 1

]
(3)

is the power spectrum of the random force, δi j and δαβ are the
Kronecker symbols, and kB is the Boltzmann constant. Please
refer to the Supplemental Material (discussion S2 and Fig. S2)
for details of atomic forces in MD without and with QTB
[25]. It is crucial to emphasize that in Eq. (3), the first term
1
2 h̄ω, namely, the zero-point energy, has no analog in classical
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FIG. 2. Comparison of thermodynamic properties between classical and quantum simulations. (a) Average energy per atom in SrTiO3 as a
function of temperature. (b) Debye-Waller factor, or average mean-square displacement in SrTiO3 as a function of temperature.

theories. Furthermore, the numerical techniques related to
QTB were improved based on simple harmonic oscillators
[28], and QTB can be easily manipulated in practice and
is independent of the studied system. Previous works have
demonstrated that QTB + MD can produce results in good
agreement with experiments or PIMD results [16,28,29] with
computation complexity comparable to classical MD.

C. Dielectric constant calculation

By adding the effective electric field along the axis of
SrTiO3 in MD simulations, we can obtain the dielectric con-
stant via linear-response P = εε0E. The local pseudocubic
cell polarization P can be calculated by atomic displacements
with respect to the referenced cubic phase multiplied by the
Born effective charges,

P =
∑

Z∗
i ui. (4)

The components of Born effective charge tensors along the
out-of-plane direction were obtained by DFT calculations:
Z∗

Sr= 2.54, Z∗
Ti= 7.12, Z∗

O1= −5.66, Z∗
O2= −2.00, where O1

denotes the oxygen atom in the SrO layer, and O2 denotes the
oxygen atom in the TiO2 layer.

III. RESULTS AND DISCUSSIONS

A. Thermodynamic properties of SrTiO3

The thermodynamic properties are affected by the quan-
tum effects of lattice. By comparing the classical, quantum
theoretical, and simulation results, we can, on one hand, test
the validity of the DP+QTB method, and, on the other hand,
characterize the strength of the quantum effect at any temper-
ature. We first compute the evolution of energy as a function
of temperature and show it in the form of E

3NkB
for a more

intuitive display. As shown in Fig. 2(a), the black line and dots
represent classical harmonic-oscillator theory and classical
MD simulation results, respectively. The energy of SrTiO3 in
the classical case are equal to 3NkBT at any temperature as
dictated by the equipartition theorem of classical Boltzmann
statistics.

The DP+QTB simulation results are shown by red dots
in Fig. 2(a). At 0 K, the energy of system is not 0, which
is the zero-point energy. At finite temperature, the increase
in energy with the temperature rise in the quantum case is
not as high as that in the classical case, which is due to the
energy-level gap of quantum excitation, and only part of the
phonons contribute to the excitation. At room temperature
(300 K), the difference between the classical and the quantum
results is still about 70 K in Fig. 2(a), which indicates that even
at room temperature, which was previously recognized as a
classical scenario, SrTiO3 is still far from the classical limit.
The lattice constants and elastic constants of SrTiO3 under
classical and quantum conditions to measure the strength of
quantum effects as shawn in Table I. Compared to classical
MD 0 K or according to the definition of the DP model, it
essentially represents the zero-temperature result predicted by
DFT, quantum effects are mapped to expansion of lattice con-
stants and reduction of rotation angle θ of TiO6 octahedrain.
As for the elastic constants, quantum effects only slightly
affect them.

Based on the theory of the quantum harmonic oscillator,
the temperature-dependent energy per atom is given by

E (T ) =
∫ ∞

0
g(ω)θ (ω, T )dω, (5)

TABLE I. Lattice constants and elastic constants of SrTiO3 sim-
luated by classical MD and DP+QTB.

0 K 300 K

Classical QTB Classical QTB

a/Å 3.888 3.904 3.913 3.915
c/Å 3.910 3.914 3.913 3.915
θ/◦ 5.49 4.75 0 0
C11/GPa 363.18 349.78 340.45 335.45
C12/GPa 106.85 100.33 84.84 80.41
C44/GPa 100.89 101.55 90.34 88.79
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TABLE II. Tzero of some typical materials (K).

Metal Covalent Others

Al 148.0 B 507.9 Al2O3 351.4
Be 346.0 C (diamond) 697.8 LaH10 818.5
Ca 81.6 C (graphene) 666.8 MgO 272.3
Cu 122.4 GaAs 122.6 MoS2 208.0
Fe 168.2 Si (diamond) 234.6 Na2SiO3 288.1
Ta 86.7 SiO2 398.5 NaCl 102.9
Zr 90.5 SrTiO3 227.5 ZrW2O8 270.3

where g(ω) is the normalized phonon density of states of
SrTiO3 as drawn by the red line in Fig. 2(a). The QTB results
are able to recover the quantum harmonic approximation and
show convergence to the classical limit at high temperatures.

To measure the strength of the quantum effect, we define
zero-point temperature Tzero = 1

kB

∫ ∞
0 g(ω) 1

2 h̄ω dω, it repre-
sents the average energy per atom of zero-point fluctuation
in the form of temperature. Tzero is about 230 K which is
contributed by the zero-point energy of SrTiO3, such a large
difference from the classical results suggests that contribution
of quantum effects is substantial. We can also determine Tzero

in other materials to calibrate the strength of quantum effects
in the material, Tzero of some typical materials are shown in
Table II. According to the simple harmonic approximation
ω =

√
K
M , where ω and K are the effective frequency and the

spring constant, M is the mass of atom, we can qualitatively
analyze Tzero. For metals with weak bonding interactions, their
effective spring constant K is weaker, and their ω is smaller,
so their Tzero is generally smaller. On the contrary, in covalent
materials, their K is larger, so their Tzero is generally larger,
which indicates that quantum effects are also strong in these
materials. In some special materials, such as LaH10 high-
pressure hydrogen-rich superconducting material, its effective
spring coefficient will be very high because of the special
environment under high pressure, and hydrogen is a light
element, so the Tzero of LaH10 is abnormally high. It can be
seen from Tzero that it is not limited to low temperature and
light elements, the quantum effects of many systems are very
significant, which also shows the necessity of the quantum
effect of MD simulation.

Similar results can also be obtained from the Debye-Waller
factor, or the average mean-square displacements of the atom.
As shown in Fig. 2(b), the position fluctuations of the atom
in the classical case are only contributed by thermal fluctua-
tion, which changes linearly with the temperature and atoms
freeze at 0 K. In the quantum case, quantum fluctuation of
the atomic position appears at 0 K, suggesting that quan-
tum effects bring about the zero-point motion of 0.0076 Å2,
which is contrary to our common sense. The amplitude of the
zero-point motion are comparable to thermal fluctuations at
about 150 K. And it also returns to the classical limit at high
temperatures.

Since the quantum effects have such great influence on
the lattice constants and atomic displacement, it naturally
affects structural phase transition. SrTiO3 has a structural
phase transition from tetragonal to cubic [Figs. 1(b) and 1(c)]
when the temperature goes up, both the tetragonal distortion

FIG. 3. Average lattice constants and rotation angle of the TiO6

octahedra around [001] (θ ) for SrTiO3 as a function of temperature
determined from DP+QTB simulations.

(c/a) and the rotation angle θ of TiO6 octahedra around [001]
decreases with the temperature increase. In our previous work
[15], we have already applied the DP model of SrTiO3 and
the classical MD to simulate the phase transition of SrTiO3.
The classical MD results show that rotation angle θ near 0 K
is 5.48◦ which is larger than experimental result [30]. And
the phase-transition temperature is about 200 K, which is
also much higher than experimental result 105 K [30]. The
temperature-dependent lattice constants and rotation angle
simulated by DP+QTB are shown in Fig. 3. θ decreases to
0 at about 160 K, the lattice constants become consistent also
around 160 K. It is clear that DP+QTB successfully intro-
duces quantum effects of lattice vibration and, to some extent,
more reasonably predicts the phase-transition temperature of
SrTiO3.

Although Tzero of SrTiO3 is 227.4 K which is higher than
transition temperature simulated by classical MD 200 K, re-
sults near 0 K (c/a �= 1 and θ �= 0) indicate that the tetragonal
phase is still stable. This means that if the zero-point en-
ergy is viewed as the classical temperature, then, it is not
simply an increase in temperature, in other words, it is not
simply to shift the corresponding temperature. The lattice
constants of two short axes (a and b) have a similar behav-
ior to the Debye-Waller factor near 0 K. So the reason for
the decrease in the phase-transition temperature compared to
classical result is that the quantum fluctuations which exist
at finite temperature is remapped, leading to the increase of
average displacements and average kinetic energy of atoms,
making it easier for atoms to cross the potential barrier to un-
dergo structural transition around 160 K. Although DP+QTB
still overestimates the transition temperature compared to
the experimental results. This discrepancy might arise the
from the accuracy of DFT, the energy difference between
two phases is about 1 meV/atom, which varies between
different functionals. And since this energy difference is crit-
ical to determine the transition temperature, the DP model
based on the DFT results will also misestimate the transition
temperature.
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FIG. 4. Dielectric constant simulated by classical and QTB
simulations.

B. Dielectric constant of SrTiO3

Another property correlated to quantum effects of lattice
vibration in SrTiO3 is the quantum behavior of its dielectric
constant at low temperature. According to the phase diagram
based on the φ4-quantum field model [schematic phase in
Fig. 5(a)] and experimental results [6,7], SrTiO3 exhibits
classical behavior at high temperature, the dielectric constant
ε(T ) obeys the 1

T law. Whereas at finite temperature, the di-
electric constant ε(T ) exhibit the nonclassical 1

T 2 dependence
over a wide range of finite temperatures [6,7,31]. In order to
fairly show the dielectric constant of SrTiO3 calculated by
DP+QTB, we first performed the calculation with classical
MD as drawn in black in Fig. 4. Over the entire temperature
range, the ε(T ) calculated by classical MD exhibits the 1

T
law (the inset of Fig. 4), which also means that the dielectric
constant at zero temperature will diverge.

As for the ε(T ) simulated by DP+QTB (for more accu-
rate results, the number of atoms in the cell of DP+QTB
simulations is 135 000. For a detailed discussion, see Sup-
plemental Material S3 and Fig. S3 [25]) as drawn in red in
Fig. 4, it is dramatically different from the classical MD.
First, it does not diverge near 0 K but converges to a con-
stant value. Second, its 1/T dependence occurs only above
300 K. The possible reason for such a huge difference is that
the contribution of thermal fluctuations near 0 K is almost
negligible in classical MD, so the highly collective displace-
ment of atoms brought by the electric field is not suppressed,
showing extremely strong electrical polarization. And QTB
can successfully introduce quantum fluctuations into MD cal-
culations, this fluctuation will be reflected in the position of
the atom, so after the time average it can suppress the collec-
tive displacement of the atomic affected by the electric field.
However, the magnitude of the dielectric constant calculated
by QTB in the Fig. 4 is still different from other results
[6,7,23,31], and the T 2 law is difficult to characterize. As
we mentioned, although SrTiO3 is naturally located near the
quantum critical point of the displacive ferroelectrics [Pc in
Fig. 5(a)] due to the accuracy of the DFT exchange-correlation
function, the lattice constants calculated by DFT are different

(b)

FIG. 5. (a) Schematic phase of displacive ferroelectrics based on
φ4-quantum field theory (Ref. [7]). (b) DP+QTB simulations calcu-
lated dielectric constant near the quantum critical point of pressure
as a function of temperature.

to experimental results, so the DFT simulation result [DFT P0

in Fig. 5(a)] is far away from quantum critical point Pc. For
this problem, we will give a detailed discussion later.

So in order to further explore the dielectric constant of
SrTiO3 near the quantum critical point, we apply different
sets of hydrostatic pressure in the DP+QTB simulation to
make the pressure close to the quantum critical point [Pc is
∼− 4.5 GPa]as shown in Fig. 5(b). According to the phase
diagram of SrTiO3 [Fig. 5(a)] [7], the applied hydrostatic
pressure can be divided into three categories: Pc − 
P, Pc,
and Pc + 
P. At Pc, as the temperature increases from 0 K,
the SrTiO3 undergoes the crossover of two phase regions:
the quantum critical region-classical region. Pc − 
P and
Pc + 
P will undergo the ferroelectric region and the quan-
tum paraelectric region first, respectively. When a negative
hydrostatic pressure is applied relative to the critical pressure
Pc as shown in the inset of Fig. 5(b), 1/ε(T ) exhibit the non-
classical 1

T 2 law over a wide range below 100 K. This again
proves that quantum effect of the lattice vibration is not the
only matter at 0 K, but also matters in finite temperature, thus,
it cannot be overlooked in simulations. Then, we bring out
Fig. 6 to illustrate the phase transition at Pc, different types of
function fitting are performed for different ranges of data. At
a wide range of 0 to 150 K, ε(T ) exhibits the 1

T 2 law, beyond
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FIG. 6. DP+QTB simulations calculated the dielectric constant
at the quantum critical point of pressure as a function of temperature.

150 K ε(T ) returns classical behavior and exhibits the 1
T law.

It can be concluded that the quantum fluctuations brought by
DP+QTB can effectively decay at high temperatures, which
indicates that DP+QTB does not bring unphysical results at
the classical limit. As for Pc − 
P, spontaneous ferroelectric
polarization occurs at low temperatures, its dielectric constant
cannot be represented by the method zone defined in our
method. As for Pc + 
P, a dielectric constant platform occurs
at low temperatures. For the above two categories as the tem-
perature increases, the corresponding 1

T 2 and 1
T laws will also

appear. At last, we also applied negative pressure to SrTiO3 in
classical MD (see the Supplemental Material S4 and Fig. S4
in Ref. [25]), and only the 1

T law of the dielectric constant
at all temperatures will occur, which shows that classical MD
cannot describe the quantum effect.

C. Discussions

Now we discuss the influence of anharmonic effect on our
conclusion. Our simulation is carried out by MD simulation
at low temperatures and need not involve anharmonic effects.
Although the spectral density form of the QTB resembles
a simple harmonic approximation [Eq. (3)], it is actually a
general result derived from linear-response theory [27]. The
results of the QTB using the harmonic potential can strictly
conform to the quantum theory of the harmonic oscillator,
but this does not mean that the application of the anhar-
monic potential in the QTB is impossible. The results of the
combination of anharmonic potential and QTB are also in
good agreement with the theoretically and PIMD results [29],
suggesting that the QTB is capable of handling anharmonic
effects, so it is expected to describe the situation of high
temperatures.

Another question need to be addressed is the discrep-
ancy between rhe DP and the experimental results in the
structure phase-transition temperature and DP critical pres-
sure of SrTiO3. First, we have mentioned before that it
could originate from the exchange-correlation functionals of

DFT. Since the energy difference between the two phases
in SrTiO3 is extremely small (∼1 meV), it is extremely dif-
ficult for DFT to describe such a subtle energy difference,
so there will be a discrepancy in the study of problems
related to this energy difference. Second, these widely ac-
cepted exchange-correlation functionals, such as the local
density approximation, the Perdew-Burke-Ernzerhof (PBE),
and PBEsol, they either overestimate or underestimate the
experimentally measured lattice constants [32]. Naively, one
would expect the ones that predict values closest to the ex-
perimental results to be the most accurate functional for the
studied material. However, such a point of view should be
reexamined as a proper DFT functional intrinsically fails to
take into account the zero-point fluctuation, and a “precise”
functional should result in a systematic underestimation of
lattice constants.

Long-range electrostatic interactions play an important
role in studying ferroelectricity, it should be considered in
simulation of ferroelectrics in the future. The latest method
proves that DP is capable of describing long-range elec-
trostatic interactions [33]. Thus, DP has the potential in
simulating other perovskites ferroelectrics.

IV. CONCLUSIONS

We proposed a first-principles method DP+QTB which
can deal with large-scale atomistic systems and quantum ef-
fects of lattice vibration. DP+QTB is capable of performing
efficient large-scale (in both space and time) simulations with
DFT accuracy and, thereby, solves an outstanding problem in
traditional dynamic simulations, which either adopt a classical
description that fully ignores quantum effects, or use methods,
such as path-integral molecular dynamics whose application
is limited to small systems. DP+QTB can better predict the
phase-transition temperature of SrTiO3, and can describe the
1

T 2 and 1
T laws of the SrTiO3 dielectric constant in different

temperature ranges where either the quantum or the thermal
effects dominate. We define Tzero to measure the strength of
the quantum effect of the lattice vibration of a material, and
we find that the quantum effect of many systems is far from
negligible, which suggest that the corresponding research may
expand beyond light elements and extremely low tempera-
tures.
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