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Scattering coefficients of superconducting microwave resonators. I. Transfer matrix approach
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We describe a unified classical approach for analyzing the scattering coefficients of superconducting mi-
crowave resonators with a variety of geometries. To fill the gap between experiment and theory, we also consider
the influences of small circuit asymmetry and the finite length of the feedlines, and describe a procedure to correct
their influences in typical experiments. We show that, similar to the transmission coefficient of a hanger-type
resonator, the reflection coefficient of a necklace- or cross-type resonator also contains a so-called reference point
that can be used to characterize the internal quality factor of the resonator. Our results provide a comprehensive
understanding of superconducting microwave resonators from the design concepts to the characterization details.
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I. INTRODUCTION

Superconducting microwave resonators are ubiquitously
used in superconducting quantum circuits [1]. Owing to the
high flexibility of circuit design, the resonators can be made
and coupled to other components, or an external circuitry,
in various ways with different emphases [2]. For example,
a necklace-type resonator, where the feedline(s) and the res-
onator are coupled end to end, is often used to control and
couple different qubits [3–16], while a hanger-type resonator,
where one end of the bare resonator is side coupled to a
feedline, is more common for reading out the quantum in-
formation [17–28]. Depending on the detailed geometry of
the circuit, the scattering coefficients of superconducting mi-
crowave resonators can show vastly different line shapes that
carry the information of different physical processes. How-
ever, in contrast to the well-studied hanger-type λ/4 resonator
[29–38], the existing studies of the necklace-type resonator
are often restricted to its transmission response [39–41]. The
reflection coefficients of the necklace-type resonator are rarely
discussed [42,43] and its importance has fallen into neglect.
As a consequence, it is well known that the transmission co-
efficient is sufficient to characterize a hanger-type resonator,
which contains a reference point that distinguishes the inter-
nal and external quality factors from the line shape [44–48].
However, to date one still has to combine the transmission
measurements with either detailed cable calibration or finite-
element simulations to characterize a necklace-type resonator
[39–41,49–51]. This complexity limits not only the reliability
of the characterization results but also the applicability of the
necklace-type resonators to a complex circuit.
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Here, and also in a parallel paper [52], we study the scat-
tering coefficients of superconducting microwave resonators
in either classical or quantum perspectives. In this work, we
employ the transfer matrix method in microwave engineering
and derive analytically the scattering coefficients of a general
resonator [53]. We observe the existence of reference point
in the reflection coefficient of the necklace- and cross-type
resonators, which can be used to characterize the internal
quality factor. We also explore the physical origin of the line-
shape distortions that are commonly seen in experiments, and
describe a procedure to remove these imperfections step by
step. Finally, we experimentally demonstrate the existence of
the reference point in a necklace-type resonator, and illustrate
the correction procedures for the distorted line shape. These
results provide a systematic study of the scattering coefficients
of superconducting microwave resonators in the classical
perspective.

The rest of this paper is organized as follows: In Sec. II,
we introduce the circuit diagrams of different types of super-
conducting microwave resonators, and review their electrical
properties such as resonant frequency and quality factors.
Next, we outline the transfer-matrix method and derive the
ideal scattering coefficients of different resonators in Sec. III.
We study how the circuit asymmetries and a finite length of
feedline can influence the measurement spectrum in Sec. IV,
and obtain a general description of a practical scattering spec-
trum. We demonstrate these observations in an experiment
in Sec. V, and we conclude this study in Sec. VI. Detailed
derivations of the scattering coefficients for different types of
resonators can be found in Appendixes A–E. A detailed proce-
dure for correcting the distortions in practical measurements
is described in Appendix F. Throughout this study, we assume
that the frequency range of interest is around the resonance
frequency of the fundamental mode by default.
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FIG. 1. Schematics of several different microwave resonators.
(a) In lumped-element circuits, the series (left) and parallel (right)
RLC resonant circuits are the two fundamental types of microwave
resonators. (b) In distributed-element circuits, there are three types of
transmission-line resonators: the short-circuited λ/4 (left), the short-
circuited λ/2 (middle), and the open-circuited λ/2 (right) resonators.
(c) Microwave resonators can be also made by bulky 3D devices,
which can be modeled by a short-circuited λ/2 (left) or a short-
circuited λ/4 (right) transmission-line resonator. In all the panels, red
and green vectors depict the spatial modes of the resonator, which are
determined by the boundary conditions.

II. CIRCUIT DESCRIPTION OF MICROWAVE
RESONATORS

In lumped-element circuits, there are two general types of
circuit diagrams that can be modeled as a zero-dimensional
microwave resonator. As schematically shown in Fig. 1(a), the
first one is called the series RLC resonator with the following
input impedance:

Zs = Rs + jωLs + 1

jωCs
. (1)

Here, Rs, Ls, and Cs are the resistance, inductance, and capac-
itance of the circuit, j is the imaginary unit that follows the
convention of electrical engineering. The resonance occurs
at Im(Zs) = 0, which corresponds to a resonant frequency
ω0 = 1/

√
LsCs and a (internal) quality factor Qi = ω0Ls/Rs =

1/(ω0RsCs) [53]. The second circuit, as shown in Fig. 1(b), is
called the parallel RLC resonator with an input impedance of

Zp =
(

1

Rp
+ 1

jωLp
+ jωCp

)−1

. (2)

Similarly, one can calculate the resonance frequency and
the (internal) quality factor as ω0 = 1/

√
LpCp and Qi =

Rp/(ω0Lp) = ω0RpCp, respectively [53].
In comparison, a finite length of transmission line with

proper boundary conditions can be also described as a mi-
crowave resonator in 1D. Depending on the load impedance
ZL and the length l , the input impedance of a transmission
line can be written as [53]

Z (l ) = Z0
ZL + Z0 tanh γ l

Z0 + ZL tanh γ l
. (3)

Here, γ = α + jβ is the complex propagation constant of the
microwave field, Z0 is the characteristic impedance of the
transmission line. By assuming a small damping rate of the
transmission line, i.e., αl � 1, and confining our discussion

in a small frequency range around the resonant frequency,
i.e., |�| � ω0 with � = ω − ω0, we obtain three types of
microwave resonators as shown in Fig. 1(b). They are (i) the
short-circuited λ/4 resonator with

Zλ/4 = Z0

αl + jπ�/2ω0
and ω0 = πvph

2l
, (4)

(ii) the short-circuited λ/2 resonator with

Z (short)
λ/2 = Z0(αl + jπ�/ω0) and ω0 = πvph

l
, (5)

and (iii) the open-circuited λ/2 resonator with

Z (open)
λ/2 = Z0

αl + jπ�/ω0
and ω0 = πvph

l
. (6)

Here, vph = ω/β is the phase velocity of the propagating
microwave field in the transmission line.

Comparing these results with the two lumped-element res-
onators, we observe that the short-circuited λ/4 resonator
and the open-circuited λ/2 resonator are equivalent to a par-
allel RLC resonator with Rp = Z0/(αl ), Lp = 1/(ω2

0C), and
Cp = π/(4ω0Z0) or Cp = π/(2ω0Z0), respectively. The short-
circuited λ/2 resonator is equivalent to a series RLC resonator
with Rs = Z0αl , Ls = πZ0/(2ω0), and Cs = 1/(ω2

0L). How-
ever, the (internal) quality factor has the same definition for
all the three resonators: Qi = β/(2α), where β ≈ 2π/λ. Here,
the approximation originates from the fact that ω is close but
not exactly the same as ω0 in the frequency range of interest.

The above discussions also apply to three-dimensional
(3D) microwave resonators as shown in Fig. 1(c), which at-
tract an increasing amount of interests during the past decades
for their superior quality factors. The inner surface of a 3D
resonator naturally defines the voltage nodes of the spatial
modes of the electrical field, while the antinodes are located
either at the antinodes of the standing waves inside the cavity
[54–64], or at the top of a λ/4-long waveguide pillar standing
in the inner space [65–68]. If the electrical fields can be fairly
described as one-dimensional (1D) functions of the coordi-
nator, the two types of 3D resonators can be equivalently
described by a shorted-circuited λ/2 or a shorted-circuited
λ/4 transmission-line resonator, respectively. In this regard,
we do not distinguish coplanar waveguide resonators and 3D
resonators in the current discussion. A careful distinction may
be necessary when studying exotic resonator designs, for ex-
ample, the 2D resonators introduced in Refs. [69,70].

III. IDEAL SCATTERING COEFFICIENTS OF
MICROWAVE RESONATORS

To measure the electrical properties of a microwave res-
onator, such as the resonant frequency and the quality factor,
one has to couple it to an external circuitry (i.e., the load) and
measure the scattering coefficients, as schematically shown
in Figs. 2(a)–2(c). However, the coupling also leads to an
inevitable change in the electrical properties to be measured.
By convention, we define the loaded quality factor Ql as a
combination of two terms [53]

1

Ql
= 1

Qi
+ 1

Qe
. (7)
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FIG. 2. Schematics of three typical resonator designs and the
corresponding circuit diagrams. They are (a) the hanger-type λ/4
resonator, (b) the necklace-type λ/2 resonator, and (c) the cross-type
λ/2 resonator. In all the panels, we denote l1 and l2 as the lengths of
the feedlines that are coupled to the resonator, C1 and C2 the coupling
capacitors, and �Z1 and �Z2 the circuit asymmetries. Without loss
of generality, we label the left and right ports by 1 and 2.

Here, Qe is defined as the external quality factor which de-
scribes the power-loss ratio induced by the external circuity,
Qi is the internal quality factor that characterizes the bare
resonator loss. In this section, we study the ideal scattering
coefficients of three types of resonators that are commonly
seen in superconducting quantum circuits. We assume zero-
length transmission feedlines, i.e., l1, l2 = 0, and zero-circuit
asymmetries, �Z1,�Z2 = 0, for now for simplicity.

A. Hanger-type λ/4 resonator

The hanger-type λ/4 resonator is a short-circuited trans-
mission line with one end shorted to ground and the other
side coupled to a 1D waveguide. The schematic of this type of
resonator is shown in Fig. 2(a), where we define the coupling
capacitance as C1, and label the left and right ports as port
1 and 2, respectively. Following the standard transfer matrix
method in microwave engineering [53], the elements of the
transfer matrix can be obtained as A = D = 1, B = 0, and
C = 1/Z with Z = 1/ jωC1 + Zλ/4. Here, the convention is
chosen such that

V1 = AV2 + BI2, (8)

I1 = CV2 + DI2, (9)

where V1, I1 and V2, I2 are the voltage and current at port 1
and 2, respectively. We note that the positive direction of the
currents is pointing from port 1 to 2. Following the standard
procedure, the scattering coefficients can be readily calculated
with the following recipe [53]:

S11 = A + B/Z0 − CZ0 − D

A + B/Z0 + CZ0 + D
, (10)

S12 = 2(AD − BC)

A + B/Z0 + CZ0 + D
, (11)

S21 = 2

A + B/Z0 + CZ0 + D
, (12)

S22 = −A + B/Z0 − CZ0 + D

A + B/Z0 + CZ0 + D
. (13)

To simplify the expressions, let us consider first a lossless
resonator. Knowing that the resonance occurs at Im(Z ) = 0,
we can calculate the resonant frequency as

ωr ≈ ω0 − 2Z0C1ω
2
0

π
. (14)

This result still holds for lossy resonators as long as Qi �√
Qe, where

Qe = π

2ω2
r Z2

0C2
1

. (15)

This requirement can be seen by inserting ωr into Eq. (4)
while requesting that αl is negligibly small compared to
jπ�/(2ω0). It is valid for typical experimental situations in
superconducting quantum circuits. In this regard, we rewrite
the input impedance of the vertical branch close to the res-
onant frequency as Z ≈ Z0Qe[1/(2Qi ) + jδ] with δ = (ω −
ωr )/ωr . Inserting this result into Eqs. (10)–(13), we obtain an
analytical form of the scattering coefficients

S11 = S22 ≈ − Ql/Qe

1 + j2Qlδ
, (16)

S21 = S12 ≈1 − Ql/Qe

1 + j2Qlδ
. (17)

The physical meaning of the parameter Qe can be
understood in the perspective of the Norton’s equivalent
lumped-element circuit [71–75]. Assuming that ω0C1Z0 � 1,
the loaded quality factor can be written as

Ql = ωrCp

(
1

Rp
+ ω2

r Z0C2
1

2

)−1

. (18)

For λ/4 resonators, we have ωrCp ≈ π/4Z0, such that the
external quality factor is Qe = π/(2Z2

0 ω2
rC2

1 ). Thus, the pa-
rameter Qe defined in Eq. (15) can be interpreted as the
external quality factor of a hanger-type λ/4 resonator, as is
indicated in the notation.

The above discussion can be also generalized to a hanger-
type λ/2 resonator. If one neglects the coupling between the
open end of the resonator and the ground plane, the scattering
coefficients of a hanger-type λ/2 resonator are exactly the
same with those of a hanger-type λ/4 resonator, as shown
in Eqs. (16) and (17). However, the resonant frequency ωr ≈
ω0 − Z0C1ω

2
0/π is defined differently from those of an λ/4

resonator. Because adding a coupling capacitor C1 to the bare
resonator does not change the total inductance of the system,
we have

(Cp + C1)ω2
r = Cpω

2
0 = 1/Lp. (19)

It indicates that ωr = [1 + C1/(2Cp)]ω0 for C1 � Cp. Consid-
ering the length difference between a λ/4 and a λ/2 resonator,
the total capacitance of the latter is two times larger than the
former and causes a smaller frequency shift. Similarly, one
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FIG. 3. Simulated scattering coefficients of the three types of mi-
crowave resonators shown in Fig. 2. They are (a) the hanger-type λ/4
resonator, (b) the necklace-type λ/2 resonator, and (c) the cross-type
λ/2 resonator. In all the panels, the black dashed curves represent
the analytical results. They fit closely to the red and green curves,
which are the numerical results calculated by using the transfer
matrices. The shift between the dashed and solid curves is around
2π × 1 MHz, which is due to the approximation error of the resonant
frequency ωr . This shift can be removed by calculating ωr in an
iterative manner. In these examples, one extra iteration decreases the
shift to 2π × 4 kHz.

can verify that the external quality factor of a λ/2 resonator is
Qe = π/(ω2

r Z2
0C2

1 ) by considering a two-times larger total ca-
pacitance in the Norton’s equivalent lumped-element circuit.

As a crosscheck of the above results, we compare in
Fig. 3(a) the analytical formulas with the numerically simu-
lated scattering coefficients of a hanger-type λ/4 resonator.
The numerical simulation is performed by multiplying the
transfer matrices of different circuit components at differ-
ent frequencies. The parameters are chosen as α = 5.0 ×
10−3 m−1, vph = 1.35 × 108 m/s, l = 5.0 × 10−3 m, and
Z0 = 50 
, which give ω0 = 2π × 6.75 GHz, Qi = 31 416
for a bare λ/4 resonator. In the presence of the coupling
capacitance, C1 = 1.0 × 10−14 F, the analytical formulas in
Eqs. (16) and (17) predict the resonant frequency ωr = 2π ×
6.659 GHz, and the quality factors Qe = 3589, Ql = 3221.
These values exhibit an excellent fit to the numerical simu-
lation results.

B. Necklace-type λ/2 resonator

The necklace-type resonator, as schematically shown in
Fig. 2(b), consists of an open-circuited transmission line
which is capacitively coupled to two feedlines through the
capacitors C1 and C2 at the two ends, respectively. The ele-
ments of the transfer matrix for the coupling capacitors read
as A = D = 1, B = 1/ jωC1 or B = 1/ jωC2, and C = 0. They
are A = D = cosh γ l , B = Z0 sinh γ l , and C = (1/Z0) sinh γ l
for a bare open-circuited λ/2 resonator. Following a similar
treatment as for the hanger-type resonators, we obtain the
scattering coefficients as (see Appendix A for details)

S11 ≈ 1 − 2Ql/Qe,1

1 + j2Qlδ
, (20)

S21 = S12 ≈ 2Ql/
√

Qe,1Qe,2

1 + j2Qlδ
, (21)

S22 ≈ 1 − 2Ql/Qe,2

1 + j2Qlδ
. (22)

Here, 1/Qe = 1/Qe,1 + 1/Qe,2 with

Qe,k = π

2ω2
r Z2

0C2
k

, k = 1, 2. (23)

The resonant frequency is

ωr = ω0 − Z0(C1 + C2)ω2
0

π
. (24)

The physical meaning of the parameter Qe can be also un-
derstood in the perspective of the Norton’s equivalent lumped-
element circuit [76,77]. Assuming that ω0C1Z0, ω0C2Z0 � 1,
the loaded quality factor reads as

Ql = ωrCp

(
1

Rp
+ ω2

r Z0C
2
1 + ω2

r Z0C
2
2

)−1

, (25)

where ωrCp = π/2Z0 for a λ/2 resonator. In this regard, the
external quality factor can be written as

1

Qe
= 2ω2

r Z2
0C2

1

π
+ 2ω2

r Z2
0C2

2

π
, (26)

which is exactly the sum of the two parameters 1/Qe,1 and
1/Qe,2 defined in Eq. (23).

We note that the transmission coefficient S21 in Eq. (21)
is consistent with the results reported in the literature
[39–41]. However, the reflection coefficients S11 and S22 in
Eqs. (20) and (22) are rarely discussed in the literature except
Refs. [42,43]. They have an important feature: The complex
scattering coefficients form a circle which intersects with the
real axis at a fixed point (1 + j0) for δ → ∞. The circle
radius rc equals to Ql/(2Qe ) for C1 = C2. When C1 �= C2,
the circle radii should be Ql/Qe,1 and Ql/Qe,2 for S11 and
S22, respectively. These results are similar to the transmission
coefficients of a hanger-type resonator. For simplicity, we
assume a symmetric resonator geometry, with Qe,1 = Qe,2 =
2Qe, by default until further notice. The above discussion can
be also generalized to a necklace-type λ/4 resonator, which
is a single-port device with only the reflection coefficient
shown in Eq. (20). The same formula can be traced back to
Ref. [42], which is the cornerstone of the characterization
experiments performed in Refs. [67,68] (see also Ref. [48] for
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a summary of λ/4 resonators). Here, the resonant frequency
and the external quality factor are ωr ≈ ω0 − 2Z0C1ω

2
0/π and

Qe = π/(4ω2
r Z2

0C2
1 ), respectively.

We also compare the analytical formulas with the numeri-
cally simulated scattering coefficients of a necklace-type λ/2
resonator, as shown in Fig. 3(b). Similarly, the numerical sim-
ulation is performed by multiplying the transfer matrices of
different circuit components at different frequencies, and the
parameters are set identical to Fig. 3(a) except that the length
of the transmission line is doubled, l = 1.0 × 10−2 m, and
a second coupling capacitor, C2 = 1.0 × 10−14 F, is added.
The bare resonator properties, benchmarked by ω0 and Qi,
are exactly the same as before. However, with the coupling to
the external circuitry the analytical formulas in Eqs. (20)–(22)
predict the resonant frequency ωr = 2π × 6.659 GHz, and
the quality factors Qe = 1795 and Ql = 1698. These values
are in excellent agreement with those obtained by the nu-
merical simulation. We note that if we couple the same λ/2
resonator to a 1D waveguide in a hanger geometry, we obtain
much larger quality factors as Qe = 7082 and Ql = 5779. This
is mainly due to the fact that a necklace-type resonator is
coupled to the outside circuitry via two coupling capacitors
C1 and C2, which double the energy dissipation rate.

C. Cross-type λ/2 resonator

There is a third type of superconducting microwave res-
onator which is rare in coplanar waveguide designs but
common in 3D structures. The schematic is shown in
Fig. 2(c), where the two ends of the feedlines are cou-
pled to the voltage antinodes of the bare resonator. Here,
we restrict our discussion to the fundamental mode of a
shorted-circuited λ/2 resonator, and figuratively name it a
cross-type λ/2 resonator. The circuit diagram is a combi-
nation of the hanger- and necklace-type resonators, which
consists of two coupling capacitors, C1 and C2, and also
two parallel short-circuited λ/4 resonators in the vertical
branch. The elements of the transfer matrix read as A = 1 +
2/( jωC1Zλ/4), B = −[ jω(C1 + C2)Zλ/4 + 2]/(ω2C1C2Zλ/4),
C = 2/Zλ/4, and D = 1 + 2/( jωC2Zλ/4). The scattering co-
efficients can be readily obtained by following the standard
procedure (see Appendix B for details)

S11 ≈ 1 − 2Ql/Qe,1

1 + j2Qlδ
, (27)

S21 = S12 ≈ −2Ql/
√

Qe,1Qe,2

1 + j2Qlδ
, (28)

S22 ≈ 1 − 2Ql/Qe,2

1 + j2Qlδ
, (29)

where 1/Qe = 1/Qe,1 + 1/Qe,2 with

Qe,k = π

2ω2
r Z2

0C2
k

, k = 1, 2. (30)

The resonance occurs at

ωr = ω0 − Z0ω
2
0(C1 + C2)

π
. (31)

Comparing with Eqs. (20)–(22), the scattering coefficients
of a cross-type resonator have an almost identical form as a
necklace-type resonator except for a π -phase difference in

the transmission coefficients S12 and S21. To show this dif-
ference, we also numerically calculate scattering coefficients
of a cross-type λ/2 resonator and compare them with the an-
alytical formulas, as shown in Fig. 3(c). Here, the parameters
are set identical to Fig. 3(b), such that all the bare-resonator
properties are the same. When considering also the coupling,
the analytical formulas in Eqs. (27) and (28) predict the reso-
nant frequency ωr = 2π × 6.659 GHz, and the quality factors
Qe = 1795, Ql = 1698. These values are identical to those of
a necklace-type λ/2 resonator.

IV. PRACTICAL DISTORTIONS IN SCATTERING
COEFFICIENTS

A. Influence of small circuit asymmetry

In contrast to the ideal cases described above, asymmetries
often exist in real circuits in the form of mutual inductance
[45], impedance mismatch [46], etc. In this section, we keep
the zero-length feedline assumption but study the influence of
a small circuit asymmetry on the scattering coefficients.

1. Hanger-type resonators

As schematically shown in Fig. 2(a), we consider small
circuit asymmetries �Z1,�Z2 � Z0 on both sides of the ideal
system. The elements of the transfer matrix with asymme-
try can be written as A = 1 + �Z1/Z , B = �Z1 + �Z2 +
�Z1�Z2/Z , C = 1/Z , D = 1 + �Z2/Z . Following the deriva-
tion in Appendix C, we obtain the scattering coefficients as

S11 ≈ − Q′
l/Q′

e

1 + j2Qlδ
, (32)

S21 = S12 ≈ 1 − Q′
l/Q′

e

1 + j2Q′
lδ

, (33)

S22 ≈ − Q′
l/Q′

e

1 + j2Qlδ
. (34)

Because of the asymmetry, the loaded quality factor
becomes 1/Q′

l = 1/Qi + 1/Q′
e, where Q′

e = QeZ0(1/Z1 +
1/Z2)/2 with Z1 = Z0 + �Z1 and Z2 = Z0 + �Z2. In this re-
gard, both Q′

l and Q′
e can take complex values which indicate

a loss mechanism different from a simple exponential en-
ergy decay. However, for small circuit asymmetries the real
parts of Z1 and Z2 should still be dominant. We follow the
convention and redefine the loaded quality factor as 1/Q′

l =
1/Qi + Re(1/Q′

e ) [45,46]. The information of the imaginary
part, Im(1/Q′

e ), is interpreted as a small phase factor φ =
− arctan[Im(Q′

e )/Re(Q′
e )], which rotates the ideal circle by

e jφ . With this definition, we rewrite the scattering coefficients
as

S11 ≈ −e jφQ′
l/|Q′

e|
1 + j2Q′

lδ
, (35)

S21 = S12 ≈ 1 − e jφQ′
l/|Q′

e|
1 + j2Q′

lδ
, (36)

S22 ≈ −e jφQ′
l/|Q′

e|
1 + j2Q′

lδ
. (37)

In what follows, we denote the expression of Q′
l and

1/Re(1/Q′
e ) as the formal definition of the loaded and external

quality factor.

214505-5



QI-MING CHEN et al. PHYSICAL REVIEW B 106, 214505 (2022)

2. Necklace- and cross-type resonators

For the necklace-type resonator shown in Fig. 2(b), the ele-
ments of the transfer matrix with asymmetry can be written as

A = A0 + sinh γ l

(
�Z1

Z0

)
,

B = B0 + sinh γ l

(
�Z1�Z2

Z0
+ �Z1

jωC2Z0
+ �Z2

jωC1Z0

)
+ cosh γ l (�Z1 + �Z2),

C = C0,

D = D0 + sinh γ l

(
�Z2

Z0

)
,

where we denote the transfer matrix elements of the
symmetric necklace-type resonator as A0, B0, C0, and
D0. Following the derivation in Appendix D and using the
conventional definition 1/Q′

l = 1/Qi + Re(1/Q′
e ), we obtain

the scattering coefficients as

S11 ≈ 1 − e jφ1 2Q′
l/|Q′

e,1|
1 + j2Q′

lδ
, (38)

S21 = S12 ≈
e jφ2Q′

l/
√

|Q′
e,1||Q′

e,2|
1 + j2Q′

lδ
, (39)

S22 ≈ 1 − e jφ2 2Q′
l/|Q′

e,2|
1 + j2Q′

lδ
. (40)

Here, the external quality factor is defined as
1/Q′

e = 1/Q′
e,1 + 1/Q′

e,2 with Q′
e,1 = Qe,1Z0/Z1 and

Q′
e,2 = Qe,2Z0/Z2. The corresponding phases are

φ = (φ1 + φ2)/2, φ1 = − arctan[Im(Q′
e,1)/Re(Q′

e,1)], and
φ2 = − arctan[Im(Q′

e,2)/Re(Q′
e,2)].

The above results apply also to a cross-type resonator,
as shown in Fig. 2(c), but with a π -phase difference in the
transmission coefficients. The scattering coefficients read as
(see Appendix E for details)

S11 ≈ 1 − e jφ1 2Q′
l/|Q′

e,1|
1 + j2Q′

lδ
, (41)

S21 = S12 ≈ −
e jφ2Q′

l/
√

|Q′
e,1||Q′

e,2|
1 + j2Q′

lδ
, (42)

S22 ≈ 1 − e jφ2 2Q′
l/|Q′

e,2|
1 + j2Q′

lδ
. (43)

In these regards, we conclude that a small circuit asymme-
try leads to a small rotation of the ideal scattering-response
circle in the complex plane. For the transmission coefficients
of a hanger-type resonator or the reflection coefficients of a
necklace- or cross-type resonator, this rotation is centered at
the reference point (1 + j0) with an angle φ. This property
can be used to correct the distortions caused by the circuit
asymmetry in a measured scattering spectrum. We note that
the assumption of small asymmetry, �Z1,�Z2 � Z0, is re-
quired to guarantee φ � π , and thus to justify the assumption
Im(1/Q′

e ) � Re(1/Q′
e ) when defining the external quality

factor of an asymmetric circuit. The equations described
above may also apply to a general circuit with a relatively
large impedance mismatch as long as φ � π . For example,
it is reported in Ref. [45] that a ±10-
 impedance mismatch
on the two sides of a necklace-type λ/2 resonator leads to

φ ≈ 0.06π , which justifies the general applicability of the
understanding that circuit asymmetry causes a rotation around
the reference point.

B. Influence of the finite-length feedlines

Aside from circuit asymmetry, a finite length of the mi-
crowave feedlines can also influence the measurement result,
as shown in Figs. 2(a)–2(c). We recall the expression of the in-
cident and reflected voltages at the position z of a transmission
line as [53]

V ±(z) = V ±
0 e∓γ z, (44)

where the ± sign distinguishes the incident and reflected wave
propagations, and V ±

0 are the corresponding voltage ampli-
tudes at z = 0. For finite values of l1 and l2, the incident and
reflected voltages transferred through the feedlines V ±

1
′ and

V ±
2

′ can be described as

V ±
1

′ = e±γ l1V ±
1 , V ±

2
′ = e±γ l2V ±

2 . (45)

Here, we denote V ±
1 and V ±

2 as the voltage amplitudes at the
sample input and output. The scattering coefficients measured
through the feedlines are thus

S′
11 = e−2γ1l1 S11, (46)

S′
21 = e−(γ1l1+γ2l2 )S21, (47)

S′
12 = e−(γ1l1+γ2l2 )S12, (48)

S′
22 = e−2γ2l2 S22, (49)

where we have assumed a perfect impedance match between
the feedlines and the sample. A mismatched feedline causes a
circuit asymmetry, which contributes to a small local rotation
e jφ , as discussed in the previous section.

Under the high-frequency and low-loss approximation of
the transmission feedlines, α is a small constant and β =
ω/vph [53]. This reveals that the finite-length feedlines can
cause a damping coefficient A and a frequency-dependent
phase factor e− jωτ in the scattering coefficients. Here, τ is a
constant. In addition, there may also exist a constant phase
delay e− jϕ because of the imperfect calibration of the cable
delay. It can be also attributed to the circuit asymmetry, where
a global phase factor was neglected in the previous section un-
der the small asymmetry assumption.

In total, we obtain a general model that describes the trans-
mission coefficient of a hanger-type resonator or the reflection
coefficient of a necklace- or cross-type resonator

S(ω) ≈ Ae− j(ωτ+ϕ)

(
1 − e jφQl/Qe

1 + 2 jQl (ω/ωr − 1)

)
. (50)

This formula describes the scattering coefficients of a single
resonator to be measured in real experiments. Similar expres-
sions have been widely used in the literature for characterizing
the hanger-type resonators [44–48]. Here, the global factor
Ae− j(ωτ+ϕ) originates from the finite length of the feedlines,
while the local phase e jφ from the circuit asymmetry. In the
complex plane, the former rotates the circle of the ideal scat-
tering coefficients around the original point (0 + j0), which
is accompanied with a shrink of the circle radius. The latter

214505-6



SCATTERING COEFFICIENTS OF SUPERCONDUCTING … PHYSICAL REVIEW B 106, 214505 (2022)

FIG. 4. (a) Sketch of the experimental setup. Here, a necklace-type transmission-line resonator is coupled to the feedlines with two
mechanically tunable coupling capacitors. (b)–(g) The step-by-step correction procedure for the measured reflection coefficient S11 for the
third harmonic mode. In specifics, (b) and (c) show the raw data. The blue dots represent the whole data set, from which the green dots are
selected for characterization. The latter is chosen within ±2 times of the FWHM around the resonant frequency. (d), (f), (g) Show the data after
removing the frequency-dependent phase shift, the global constant phase shift and attenuation, and the local constant phase shift, respectively.
(e) Shows the procedure to identify the resonance point, which is shown as the open red dot in (d)–(g). Detail of the correction procedure can
be found in Appendix F.

causes a rotation around the reference point (1 + j0) with a
second but slight shrink of the circle radius.

We emphasize that Eq. (50) applies to a general necklace-
type resonator even with unequal coupling capacitances C1

and C2. Knowing the existence of the reference point, one can
eliminate the prefactors Ae− j(ωτ+ϕ) and e jφ in Eq. (50) and
recover the ideal reflection responses given by Eqs. (20) and
(22). Here, the loaded quality factor Ql can be conveniently
extracted from the full width at half-maximum (FWHM) of
the line shapes and should be independent of the measure-
ments S11 and S22. In the complex plane, the measurement
data form two independent circles with radii Ql/Qe,1 and
Ql/Qe,2, respectively. One therefore obtains the total exter-
nal quality factor from the simple equation 1/Qe = 1/Qe,1 +
1/Qe,2, and consequently the internal quality factor 1/Qi =
1/Ql − 1/Qe (see Appendix F for a concrete example).

V. EXPERIMENTAL RESULTS

With the understandings of distortion in a general scat-
tering spectrum, we perform a prototypical experiment to
characterize a necklace-type resonator by measuring only the
reflection coefficient. The experimental setup is schematically
shown in Fig. 4(a). Here, the resonator consists of a commer-
cial NbTi transmission line with length l � 81 mm, which is
capacitively coupled to two feedlines through the small gaps
with a customizable distance d . In our experiment, we focus
on the third harmonic mode of the resonator, and measure the
reflection coefficient S11 with a fixed gap size d � 1.5 mm.
The raw data, i.e., the amplitude, phase, and complex value
of S11(ω), are shown in Figs. 4(b) and 4(c), respectively.

Following the recipe described in Appendix F, we correct
the influence of the finite feedlines and the circuit asymmetry
sequentially and retrieve the ideal scattering coefficients, as
shown in Figs. 4(d)–4(g). We obtain the resonant frequency
and the loaded, internal, and external quality factors as ω3r =
2π × 4.195 GHz, Q3l = 133 856, Q3i = 154 454, and Q3e =
1 003 690. Here, the quality factors Q3l, Q3i, Q3e are defined
for the third harmonic mode, which are different from those of
the fundamental mode. The loaded quality factor for the nth
mode is defined as 1/Qnl = 1/Qni + 1/Qne, with the internal
and external quality factors being, ideally,

Qni = nπ

2αl
= nQi, (51)

Qne = nπ

2ω2
nrZ

2
0

(
C2

1 + C2
2

) = Qe

n
. (52)

This result is consistent with that obtained by the conventional
method, which requires both the transmission and reflection
measurements. We note that this method is also used in
another experiment, which characterizes the internal quality
factors of two coupled necklace-type resonators with only
reflection measurements [78].

VI. CONCLUSIONS AND OUTLOOK

In conclusion, we provide a comprehensive study of the
scattering coefficients of superconducting microwave res-
onators in the classical perspective. By using the transfer
matrix method, we derive the analytical expressions of the
scattering coefficients with different circuit geometries, such
as hanger, necklace, and cross type. We also discuss the phys-
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ical origin of the distortions that are commonly seen in a
measurement spectrum, which include the circuit asymmetry
and the finite length of the feedlines. These understandings
open a door to correct the experimental imperfections step by
step, resume the ideal spectrum, and characterize the electrical
properties of a general microwave resonator. It is shown that,
similar to the transmission coefficient of a hanger-type res-
onator, the reflection coefficient of a necklace- or cross-type
resonator also contains a reference point that can be used to
characterize the internal quality factor of the resonator. We
demonstrate this observation in experiment and observe an ex-
cellent fit among the analytical, numerical, and experimental
results.

The experimental data and the Python codes for generating
and analyzing the data of this study are available online [79].
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APPENDIX A: SCATTERING COEFFICIENTS OF A
NECKLACE-TYPE λ/2 RESONATOR

As introduced in Sec. III B, the transfer matrix of a
necklace-type λ/2 resonator reads as

A = cosh γ l + sinh γ l

jωC1Z0
,

B = sinh γ l

(
Z0 − 1

ω2C1C2Z0

)
+ cosh γ l

(
1

jωC1
+ 1

jωC2

)
,

(A1)

C = sinh γ l

Z0
, D = cosh γ l + sinh γ l

jωC2Z0
. (A2)

Correspondingly, we obtain the scattering coefficients as

S11 = (2 jωZ0C2 + 1)eγ l + (2 jωZ0C1 − 1)e−γ l

(2 jωZ0C1 + 1)(2 jωZ0C2 + 1)eγ l − e−γ l
, (A3)

S21 = −4ω2Z2
0C1C2

(2 jωZ0C1 + 1)(2 jωZ0C2 + 1)eγ l − e−γ l
, (A4)

S22 = (2 jωZ0C1 + 1)eγ l + (2 jωZ0C2 − 1)e−γ l

(2 jωZ0C1 + 1)(2 jωZ0C2 + 1)eγ l − e−γ l
, (A5)

where S12 = S21. For open-circuited λ/2 resonators, we define
βl = π + π�/ω0 and αl = π/(2Qi ), and assume that the
frequency of interest, i.e., ω, is very close to the bare resonant
frequency ω0. Thus, the above equations can be simplified as

S11 ≈
(

1
Qi

− 2ωZ0(C2−C1 )�
ω0

) + j
( 2ωZ0(C1+C2 )

π
+ 2�

ω0

)
(

1
Qi

− 4ω2Z2
0C1C2

π
− 2ωZ0(C1+C2 )�

ω0

) + j
( 2ωZ0(C1 +C2 )

π
+ 2�

ω0

) , (A6)

S21 ≈
4ω2Z2

0C1C2

π(
1
Qi

− 4ω2Z2
0C1C2

π
− 2ωZ0(C1+C2 )�

ω0

)+ j
( 2ωZ0(C1 +C2 )

π
+ 2�

ω0

) , (A7)

S22 ≈
(

1
Qi

− 2ωZ0(C1−C2 )�
ω0

) + j
( 2ωZ0(C1+C2 )

π
+ 2�

ω0

)
(

1
Qi

− 4ω2Z2
0C1C2

π
− 2ωZ0(C1+C2 )�

ω0

) + j
( 2ωZ0(C1+C2 )

π
+ 2�

ω0

) . (A8)

Similar to the analysis in the hanger-type resonator, the
coupled resonant frequency ωr is obtained by setting the imag-
inary part of the denominator to zero. This gives

ωr ≈ ω0 − ω2
0Z0(C1 + C2)/π, (A9)

where we have assumed that ωr ≈ ω0. A more precise form is

ωr ≈ ω0 − ω0ωrZ0(C1 + C2)/π, (A10)

where ωr can be solved iteratively. Inserting this relation into
the above equations, we obtain

S11 ≈
1
Qi

+ 2ω2Z2
0 (C2

2 −C2
1 )

π
+ j2δ(

1
Qi

+ 2ω2Z2
0 (C2

1 +C2
2 )

π

) + j2δ
,

S21 ≈ 4ω2Z2
0C1C2(

1
Qi

+ 2ω2Z2
0 (C2

1 +C2
2 )

π

) + j2δ
,

S22 ≈
1
Qi

+ 2ω2Z2
0 (C2

1 −C2
2 )

π
+ j2δ(

1
Qi

+ 2ω2Z2
0 (C2

1 +C2
2 )

π

) + j2δ
. (A11)

Here, we have used the assumption that ω ≈ ωr. Using again
the assumption that ω, ω0, and ωr are close to each other, and
replacing ω in the numerator by ω0, we obtain Eqs. (20)–(22)
in the main text.

APPENDIX B: SCATTERING COEFFICIENTS OF A
CROSS-TYPE λ/2 RESONATOR

As introduced in Sec. III C, the transfer matrix of a cross-
type λ/2 resonator reads as

A = 1 + 2(αλ/4 + jπ�/2ω0)

jωC1Z0
,

B = −2(αλ/4 + jπ�/2ω0)

ω2C1C2Z0
+

(
1

jωC1
+ 1

jωC2

)
, (B1)

C = 2(αλ/4 + jπ�/2ω0)

Z0
,

D = 1 + 2(αλ/4 + jπ�/2ω0)

jωC2Z0
. (B2)
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Correspondingly, we write the scattering coefficients as

S11 = jω(C1 + C2)Z0 + 2(αλ/4 + jπ�/2ω0)
[
1 + jω(C2 − C1)Z0 + ω2C1C2Z2

0

]
[−2ω2C1C2Z2

0 + jω(C1 + C2)Z0] + 2(αλ/4 + jπ�/2ω0)[1 + jω(C1 + C2)Z0 − ω2C1C2Z2
0 ]

, (B3)

S21 = −2ω2C1C2Z2
0[ − 2ω2C1C2Z2

0 + jω(C1 + C2)Z0
] + 2(αλ/4 + jπ�/2ω0)

[
1 + jω(C1 + C2)Z0 − ω2C1C2Z2

0

] , (B4)

S22 = jω(C1 + C2)Z0 + 2(αλ/4 + jπ�/2ω0)
[
1 + jω(C1 − C2)Z0 + ω2C1C2Z2

0

]
[ − 2ω2C1C2Z2

0 + jω(C1 + C2)Z0
] + 2(αλ/4 + jπ�/2ω0)[1 + jω(C1 + C2)Z0 − ω2C1C2Z2

0 ]
. (B5)

Following a similar procedure in Appendix A, we omit the intermediate steps and obtain the following scattering coefficients:

S11 ≈
1
Qi

+ 2ω(C2
2 −C2

1 )Z0

π[
1
Qi

+ ω2
0 (C2

1 +C2
2 )Z2

0
π

] + j2δ
, S21 ≈

−4ω2C1C2Z2
0

π[
1
Qi

+ ω2
0 (C2

1 +C2
2 )Z2

0
π

] + j2δ
, S22 ≈

1
Qi

+ 2ω(C2
1 −C2

2 )Z0

π[
1
Qi

+ ω2
0 (C2

1 +C2
2 )Z2

0
π

] + j2δ
. (B6)

Here, the resonance frequency is

ωr = ω0 − Z0ω
2
0(C1 + C2)/π, (B7)

which can be also calculated iteratively.

APPENDIX C: ASYMMETRY IN HANGER-TYPE λ/4
RESONATOR

With circuit asymmetries �Z1 and �Z2, we write the scat-
tering coefficients as

S11 = (�z1 + �z2)z3 + (�z1 − 1)z2

(z1 + z2)z3 + z1z2
,

S21 = S12 = 2z3

(z1 + z2)z3 + z1z2
,

S22 = (�z1 + �z2)z3 + (�z2 − 1)z1

(z1 + z2)z3 + z1z2
. (C1)

Here, �z1 = �Z1/Z0, �Z2 = �Z2/Z0. By defining the exter-
nal quality factor as Q′

e = Qe[1/(2z1) + 1/(2z2)], we simplify
the above relations as

S11 ≈
(

1 − 2

z1 + z2

)
− 2z2

(z1 + z2)z1

Q′
l/Q′

e

1 + 2Q′
lδ

, (C2)

S21 = S12 ≈ 2

z1 + z2

(
1 − Q′

l/Q′
e

1 + 2Q′
lδ

)
, (C3)

S22 ≈
(

1 − 2

z1 + z2

)
− 2z1

(z1 + z2)z2

Q′
l/Q′

e

1 + 2Q′
lδ

, (C4)

where z1 = 1 + �z1, z2 = 1 + �z2. For small asymmetries
z1 ≈ z2 ≈ 1, we obtain the final form of the scattering coef-
ficients described in Eqs. (35)–(37).

APPENDIX D: ASYMMETRY IN NECKLACE-TYPE λ/2 RESONATOR

With circuit asymmetries �Z1 and �Z2, we write the scattering coefficients as

S11 ≈ [−ω2c1c2(z1 + z2 − 2) + jω(c1 + c2)] + (αl + jβl )[−ω2c1c2z1z2 + jω(c1z1 + c2z2) + 1 − 2ω2c1c2(1 − z2) − 2 jωc1]

[−(z1 + z2)ω2c1c2 + jω(c1 + c2)] + (αl + jβl )[−z1z2ω2c1c2 + jω(z1c1 + z2c2) + 1 − ω2c1c2]
,

(D1)

S21 = S12 ≈ 2ω2c1c2

[−(z1 + z2)ω2c1c2 + jω(c1 + c2)] + (αl + jβl )[−z1z2ω2c1c2 + jω(z1c1 + z2c2) + 1 − ω2c1c2]
, (D2)

S22 ≈ [−ω2c1c2(z1 + z2 − 2) + jω(c1 + c2)] + (αl + jβl )[−ω2c1c2z1z2 + jω(c1z1 + c2z2) + 1 − 2ω2c1c2(1 − z1) − 2 jωc2]

[−(z1 + z2)ω2c1c2 + jω(c1 + c2)] + (αl + jβl )[−z1z2ω2c1c2 + jω(z1c1 + z2c2) + 1 − ω2c1c2]
.

(D3)

Here, we have replaced cosh γ l and sinh γ l by −1 and −(αl + jβl ), respectively, under the assumption of small loss, and we
have defined c1 = Z0C1, c2 = Z0C2. For small asymmetries z1 ≈ z2 ≈ 1 and small coupling capacitances jωZ0C1, ωZ0C2 � 1,
we simplify the expression as

S11 ≈
π

2Qi
+ ω2

(
z2c2

2 + c2
1(z1 − 2)

) + jπδ[
π

2Qi
+ ω2

(
z1c2

1 + z2c2
2

)] + jπδ
, (D4)

S21 = S12 ≈ 2ω2c1c2[
π

2Qi
+ ω2

(
z1c2

1 + z2c2
2

)] + jπδ
, (D5)

S22 ≈
π

2Qi
+ ω2

(
z1c2

1 + c2
2(z2 − 2)

) + jπδ[
π

2Qi
+ ω2

(
z1c2

1 + z2c2
2

)] + jπδ
. (D6)
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To proceed, we define 1/Q′
e = 1/Q′

e,1 + 1/Q′
e,2 with Q′

e,1 = π/2ω2c2
1z1, Q′

e,2 = π/2ω2c2
2z2. The above expression can be

simplified as

S11 ≈ 1 − 1

z1

2Q′
l/Q′

e,1

1 + j2Q′
lδ

, S21 = S12 ≈ 1√
z1z2

2Q′
l/

√
Q′

e,1Q′
e,2

1 + j2Q′
lδ

, S22 ≈ 1 − 1

z2

2Q′
l/Q′

e,2

1 + j2Q′
lδ

. (D7)

For small asymmetries, we omit the phase contributions of 1/z1 and 1/z2, and obtain the final form of the scattering coefficients
described in Eqs. (38)–(40).

APPENDIX E: ASYMMETRY IN CROSS-TYPE λ/2 RESONATOR

With circuit asymmetries �Z1 and �Z2, we write the scattering coefficients as

S11 = [ jω(c1 + c2) − ω2c1c2(z1 + z2 − 2)] + 2(αl + jπ�/2ω0)[1 + jω(c1z1 + c2z2) − ω2c1c2z1z2 + 2ω2c1c2z2 − 2 jωc1]

[ jω(c1 + c2) − ω2c1c2(z1 + z2)] + 2(αl + jπ�/2ω0)[1 + jω(c1z1 + c2z2) − ω2c1c2z1z2]
,

(E1)

S21 = S12 = −2ω2c1c2

[ jω(c1 + c2) − ω2c1c2(z1 + z2)] + 2(αl + jπ�/2ω0)[1 + jω(c1z1 + c2z2) − ω2c1c2z1z2]
, (E2)

S22 = [ jω(c1 + c2) − ω2c1c2(z1 + z2 − 2)] + 2(αl + jπ�/2ω0)[1 + jω(c1z1 + c2z2) − ω2c1c2z1z2 + 2ω2c1c2z1 − 2 jωc2]

[ jω(c1 + c2) − ω2c1c2(z1 + z2)] + 2(αl + jπ�/2ω0)[1 + jω(c1z1 + c2z2) − ω2c1c2z1z2]
.

(E3)

For small coupling capacitances jωZ0C1, ωZ0C2 � 1, the above formulas are equivalent to those for a necklace-type λ/2
resonator, except the π -phase difference in the transmission coefficient. In this regard, the scattering coefficients with small
circuit asymmetries are also similar. The complete results are shown in Eqs. (41)–(43) in the main text.

APPENDIX F: CORRECTION OF EXPERIMENTAL
IMPERFECTIONS

We now take the necklace-type resonator, shown in
Fig. 2(c), as an example and describe a circle-fitting pro-
cedure that corrects the experimental imperfections in a
practical scattering spectrum. Here, the test data are gen-
erated by using a distributed-element circuit model, i.e,
ABCD matrices, where the parameters can be fully con-
trolled as a crosscheck of our results. We choose α =
5.0 × 10−3 m−1, vph = 1.35 × 108 m/s, C1 = 1.0 × 10−14 F,
C2 = 1.5 × 10−14 F, l = 1.0 × 10−2 m, and Z0 = 50 
 for a
necklace-type λ/2 resonator, which is the same as Fig. 3(b).
The resonant frequency is estimated to be ωr = 2π ×
6.636 GHz, and the loaded, internal, and external quality fac-
tors are Ql = 1074, Qi = 31 416, and Qe = 1112 with Qe,1 =
3614 and Qe,2 = 1606, respectively. Moreover, we consider a
small circuit asymmetry on the one side, �Z1 = jωL1 with
L1 = 1.0 × 10−9 H, and two finite-length feedlines with l1 =
l2 = 1.2 m with a 50-
 impedance match. The simulated
reflection coefficient S11 is shown in Figs. 5(a) and 5(b). Our
correction procedure consists of three major steps.

1. Correction of frequency-dependent phase shift

In the first step, we eliminate the frequency-dependent
phase shift e− j(ωτ+ϕ1 ) with ϕ1 being an arbitrary phase offset.
This phase shift can be directly seen in Fig. 5(b), where an
expected circle of the scattering coefficient is distorted into
a knot in the complex plane. We perform the elimination
process as follows:

First, we use a linear function to fit τ and ϕ1, which serve
as an initial guess for a more precise fitting procedure in later

steps. The objective function is

J1 = {−(ωτ + ϕ1) − arg [S(ω)]}2, (F1)

where arg[S(ω)] is the unwrapped phase of the complex sig-
nal. The fitting result for S11 is shown as the red dashed line
in Fig. 5(a), where τ = 109 and 214 rad/Hz for S11 and S22,
respectively.

Next, we use a Lorentzian function to estimate the FWHM,
denoted as �3dB, of the line shape, which is used to select data
that are close to the resonant frequency. The objective function
we use is [44]

J2 =
⎛
⎝√

A1 + A2

1 + 4
(

ω−ωr
�3dB

)2 − |S(ω)|
⎞
⎠

2

, (F2)

where A1, A2, ωr, and �3dB are fitting parameters. The fitting
result of S11 is shown as the red dashed line in Fig. 5(b),
where ωr = 2π × 6.637 GHz and �3dB = 2π × 6.24 MHz.
The results for S22 are ωr = 2π × 6.637 GHz and �3dB =
2π × 6.24 MHz, which are consistent with S11. The reason
to select the data is that the scattering coefficient within the
FWHM around the resonant frequency can already form a
half-circle in the ideal case, while all the other data form the
second half. There exists a huge imbalance in the data volume
that influences the fitting result, while we are mostly interested
in the data close to the resonant frequency. Moreover, it is
preferable to restrict the analysis in a small frequency window
in order to minimize the contribution of an uneven background
signal. In these regards, we keep only the data within four
times of the FWHM, i.e., |ω − ωr| � 2�3dB, for the following
steps. We note that these fitted values are rough estimations of
the corresponding parameters of a resonator. A more precise
characterization will be performed in later steps.
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FIG. 5. The step-by-step procedure for removing distortions and characterizing a necklace-type microwave resonator (shown are S11 only).
(a) Rough phase correction with linear fit and data selection with Lorentzian fit, where the green dots are within ±2 times of FWHM around the
estimated resonant frequency. (b) The raw data (blue) and the selected data (green) shown in the complex plane. (c) Fine phase correction with
circle fit. (d) Resonant frequency determination with phase versus frequency fit. (e) Correction of cable attenuation and frequency-independent
phase. (f) Correction of asymmetry. In all the plots, the fitting results are colored in red. The open and filled red dots represent the scattering
coefficients at |ω − ωr| → 0 or |ω − ωr| → ∞, respectively. The small red dot represents the center of the fitted circle.

Having obtained the initial guess of the parameter τ and
removed the far off-resonant data points beyond ωr ± 2�3dB,
we correct the frequency-dependent phase shift by using the
circle-fit technique reported in [47]. On the one hand, we
use an algebraic method to fit a circle to the phase-corrected
scattering coefficients [80], and determine the circle center
Sc and the radius rc. On the other hand, we optimize the
parameter τ with the following objective function

J3 = (rc − |e jωτ S(ω) − Sc1|)2 (F3)

to make the phase-corrected data S1(ω) = e jωτ S(ω) more
likely to be a circle. Here, the previously fitted value of τ

is used as the initial guess to guarantee the convergence of
the optimization algorithm. The corrected data S1(ω) and the
fitted circle are shown in Fig. 5(c), where τ = 111 rad/Hz
and Sc1 = −0.448 − j0.520. The results for S22 are τ =
113 rad/Hz and Sc1 = 0.334 + j0.036.

2. Correction of attenuation and frequency-independent phase
shift

After correcting the frequency-dependent phase shift
e− j(ωτ+ϕ1 ), the next step is to eliminate the attenuation and the
frequency-independent phase shift Ae− jϕ2 with ϕ2 = ϕ − ϕ1.
We recall the fact that, without the influence of the finite
feedline, the reflection coefficient of a necklace-type resonator

interacts with the real axis at the reference point (1 + j0) at a
far-detuned probe frequency ω → ∞. We use this property to
correct the attenuation and frequency-independent phase shift.

First, we determine the resonant frequency ωr by using a
phase-versus-frequency fit, which is proven to be the most
precise and robust fitting method for calibrating a microwave
resonator [44]. The objective function is

J4 =
{
ϕ2 + 2 arctan

[
2Ql

(
1 − ω

ωr

)]
− arg [S1(ω)]

}2

,

(F4)
where ϕ2, ωr, and Ql are fitting parameters. Here, the previ-
ously fitted value of ωr is used as the initial guess to guarantee
the convergence of the optimization algorithm. The fitting
result of S11 is shown in Fig. 5(d), from which we determine
the resonant frequency ωr = 2π × 6.637 GHz and the loaded
quality factor Ql = 1073. The results for S22 are ωr = 2π ×
6.637 GHz and the loaded quality factor Ql = 1052. These are
consistent with the expectation that the loaded quality factor
Ql should not depend on the measurements S11 and S22. We
determine its value by taking the average Ql = 1063.

Knowing the value of ωr, one can locate the resonant
data point in the fitted circle at Son = −0.252 − j0.292.
Correspondingly, the far off-resonant point Soff = −0.644 −
j0.748 is determined according to the symmetry of a cir-
cle, i.e., Soff = Sc1 + (Sc1 − Son). For S22, we have Son =
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−0.317 − j0.0354 and Soff = 0.984 + j0.108. Then, one can
correct the attenuation and the frequency-independent phase
shift by using the knowledge of the reference point, that is

S2(ω) = S1(ω)/Soff . (F5)

The corrected data for S11, which is denoted as S2(ω) in the
above equation, are shown in Fig. 5(e), where Son = 0.391 −
j0.001, Soff = 1.000 + j0.000, Sc2 = Sc1/Soff = −0.696 +
j0.000, rc2 = rc1/|Soff | = 0.304. For S22, we have Son =
−0.322 − j0.001, Soff = 1.000 + j0.000, Sc2 = Sc1/Soff =
−0.339 + j0.000, rc2 = rc1/|Soff | = 0.661.

3. Correction of circuit asymmetry

After the first two steps, we have removed the influence of
the finite feedlines. The last step is to correct the circuit asym-
metry. Here, we use the property that the circle center should
be located on the real axis in an ideal scattering coefficient.

We identify φ by the relation

φ = arg (Sc2 − Soff ) − π, (F6)

and rotate the circle by −φ around the reference point (1 +
j0). In the meantime, we also rescale the circle radius by a
factor of | cos φ| to account for the difference between 1/|Qe|
and Re(1/Qe ) [45]. In total, the transformation is described
by

S3(ω) = cos φ[S2(ω) − 1]e− jφ + 1. (F7)

The corrected reflection coefficient for S11, which is denoted
as S3(ω) in the above equation, is shown in Fig. 5(f). In
this example, we determine φ = 0.001 rad and thus Sc3 =
0.696 + j0.000, rc3 = 0.304. For S22, we have φ = 0.001 rad
and thus Sc3 = 0.339 + j0.000, rc3 = 0.661. We therefore
obtain the two partial external quality factors as, Qe,1 =
Ql/rc3 = 3513 and Qe,2 = Ql/rc3 = 1600, respectively. The
total external quality factor is thus Qe = 1099, and the internal
quality factor can be calculated as Qi = 33 070. Comparing
the fitted quality factors Ql, Qe, and Qi with the estimated
values, we obtain the relative errors of the calibration results
to be 0.9%, 2.3%, and 5.0%, respectively.
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