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Acoustic spin transport by superconducting quasiparticles
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We theoretically study the generation of spin current due to a surface acoustic wave (SAW) in a superconduc-
tor. We model an s-wave superconductor as the mean-field Hamiltonian and calculate spin current generated via
spin-vorticity coupling based on quantum kinetic theory. The results suggest that the spin current can be driven in
a single-superconductor layer, and our estimation suggests that the detectable magnitude of the spin current can
be generated in aluminum. Our proposal may contribute to the advancement of spin transport in superconductors
from application and fundamental physics aspects.
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I. INTRODUCTION

Spin-related phenomena in hybrid systems comprised of
superconductors and ferromagnetic metals have been stud-
ied for several decades [1–13]. The relation between spin
transport and phenomena specific to superconductors, such
as the proximity effect and Andreev reflection, has primarily
been investigated since the superconducting coherent length
scale is the same as the spin relaxation length scale [14–20].
Tunneling resistance of the superconducting point contact
provides the spin polarization of a ferromagnetic metal [21].
An oscillatory superconducting transition temperature which
depends on the magnetization and thickness of the adjacent
ferromagnetic metal layer has also observed [22–31]. Crossed
Andreev reflection and quasiparticle tunneling transport has
been investigated in trilayer systems comprised of ferromag-
netic metal/superconductor/ferromagnetic metal [14–20,32].
An extremely long quasiparticle spin transport in aluminum
(Al) thin films embedded in a magnesium oxide (MgO) in-
sulating layer has also been observed [33]. Injecting a pure
spin current into a superconductor with nonlocal spin valve
systems allows for studying spin-related phenomena without
the influence of charge transport [34–41]. Characteristic spin
pumping in a bilayer system composed of a superconduc-
tor and ferromagnetic insulator is typically studied based on
microscopic theory [42–45]. In a recent related study, the neg-
ative resistance state in niobium diselenide (NbSe2) induced
surface acoustic waves (SAWs) was reported [46] and the su-
perconducting diode effect in a [Nb/V/Ta]n superlattice with
broken spatial inversion symmetry was observed [47–49].
A system combining a superconductor and a ferromagnetic
metal is a good probe for investigating spin transport in super-
conductors.
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Here, we propose spin-current generation by a SAW in
a single-superconductor layer (Fig. 1). In the conventional
method of spin transport in a superconductor, spin injection
from an adjacent ferromagnetic material is necessary. One
reason for this is that the manipulation of spin current by both
external electric and magnetic fields is difficult in a super-
conductor. On the other hand, mechanical means can be used
to drive the spin current in a superconductor, without such
restrictions, since the vorticity associated with the mechani-
cal motion is coupled to the spin angular momentum of the
electrons, not the magnetic moment. Mechanical spin-current
generation in a superconductor remains an open problem re-
quiring study.

Mechanical spin-current generation based on the conver-
sion of angular momentum from mechanical rotation into
an electron spin has attracted much attention in spintron-
ics. The underlying origin is proposed to be spin-vorticity
coupling (SVC), the coupling between electron spin and the
effective field associated with mechanical rotation. The SVC-
mediated mechanism has been experimentally confirmed. It

FIG. 1. Schematic illustration of SAW-driven quasiparticle spin
current in an s-wave superconductor.
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has been presented that spin current is generated by the vor-
ticity of liquid metal laminar flow and spin Hall voltages
were observed [50–54]. It was also reported that spin current
generated by local lattice rotation associated with a SAW was
observed through spin-wave resonance [55–57]. According to
this result, a spin current is successfully generated in copper
(Cu) with weak spin-orbit interaction, which is essential in
conventional spin-current generation. SVC can broaden the
range of materials capable of spin-current generation because
of its universal effect.

In this paper, we study the generation of spin current by
a SAW in an s-wave superconductor. As a model, we con-
sider the s-wave superconductor to which a SAW is applied
and calculate the spin current generated via SVC based on
quantum kinetic theory up to the first order in vorticity. We
demonstrate spin current generated by a Rayleigh-type SAW
in a single-superconducting layer and estimate the driven spin
current. We expect that our proposal will contribute to the
development of spin transport in superconductors.

II. MODEL

We consider an s-wave superconductor in the presence of
normal and spin-orbit impurities. The total Hamiltonian is
given by

H = Hsc + Himp + Hso. (1)

The first term in Eq. (1) is the mean-field Hamiltonian which
describes the s-wave superconductor and is given by

Hsc = 1

2

∑
k

�
†
k

(
ξk �iσy

−�iσy −ξk

)
�k, (2)

where �k = (ck↑, ck↓, c†
−k↑, c†

−k↓) is the four-component

Nambu spinor with c†
kσ

(ckσ ) being the creation (annihilation)
operator of the spin σ electrons, ξk = h̄2k2/2m − μ is the
energy of conduction electrons measured from the chemical
potential μ, and σy is the y component of the Pauli matrix.
� is the superconducting energy gap of Bardeen-Cooper-
Schrieffer (BCS) theory, determined by the gap equation

ln

(
T

Tc

)
� = 2πT

∑
εn

(
�√

ε2
n + �2

− �

εn

)
, (3)

where εn = (2n + 1)πT is the Matsubara frequency and Tc is
the superconducting transition temperature. The phenomeno-
logical temperature dependence of the superconducting en-
ergy gap is assumed to be

�(T ) � 1.76kBTc tanh

(
1.74

√
Tc

T
− 1

)
, (4)

The second and third terms in Eq. (2) describe coupling
to the impurity potential and impurity spin-orbit interaction,
respectively,

Himp = 1

2

∑
kk′

�
†
k′

(
Vk′−k 0

0 −V ∗
k′−k

)
�k, (5)

Hso = iλso

2

∑
kk′

(k′ × k) · �
†
k′

(
Vk′−kσ 0

0 V ∗
k′−kσ

∗

)
�k, (6)

where Vk′−k is the Fourier component of the impurity potential
Vimp(r), λso is the strength of the spin-orbit interaction, and
σ = (σx, σy, σz ) are the Pauli matrices in spin space. In this
paper, we assume a short-range impurity potential, i.e., Vimp =
ui

∑
j δ(r − r j ), where ui is the strength of the impurity po-

tential, and r j is the position of the jth impurity. Assuming
a uniformly random distribution of the impurities, we aver-
age over the impurity positions as 〈VkVk′ 〉imp = niu2

i δk+k′,0 +
n2

i u2
i δk,0δk′,0, where ni is the impurity concentration.
When a SAW with the frequency ω and wave number q is

applied into the s-wave superconductor, the electron spins are
coupled to the lattice rotational motion via SVC. The z axis is
chosen to be parallel to the vorticity associated with the SAW,
and the SVC Hamiltonian is described by

Hsv = − h̄

8

∑
kσ

�
†
k+

(
σz 0
0 −σz

)
�k−�(q, ω)e−iωt , (7)

where k± = k ± q/2 and �(q, ω) is the Fourier components
of the the vorticity of the lattice �(r, t ) = ∂r × ∂t u(r, t ) with
the lattice velocity field u(r, t ).

The z-polarized spin-current operator is given by

js(q) = 1

2

∑
kσ

h̄k
m

�
†
k−

(
σz 0
0 σz

)
�k+ . (8)

Note that the anomalous velocity due to impurity spin-orbit
interaction is negligible because it does not contribute to the
spin-current generation in this setup.

To diagonalize the mean-field Hamiltonian, we perform the
Bogoliubov transformation

(
ck

c†
−k

)
=

(
uk v∗

k iσy

−vkiσy u∗
k

)(
γk

γ
†
−k

)
, (9)

where |uk|2 = (1 + ξk/Ek )/2 and |vk|2 = (1 − ξk/Ek )/2 are
the coherent factors with the quasiparticle energy dispersion
Ek =

√
ξ 2

k + �2 , and γk = (γk↑, γk↓) and γ
†
−k = (γ †

−k↑, γ
†
−k↓)

are the creation and annihilation operators of the quasiparti-
cles, respectively. The mean-field and spin-vorticity coupling
Hamiltonians are expressed as

Hsc =
∑

k

Ekγ
†
k γk, (10)

Hsv = − h̄

4

∑
k,q

γ
†
k+σzγk−�(q, t ), (11)

where γk = (γk↑, γk↓). The spin-current operator is given by

js(q) =
∑

k

vkγ
†
k−σzγk+ , (12)

where vk = ∂Ek/∂ h̄k = (h̄k/m)(ξk/Ek ) is the velocity of the
quasiparticle.
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III. FORMULATION

The expectation value of the spin current is given by

〈 js(r, t )〉 = ie lim
τ→0

∑
kσ,q

eiq·rσvkg<
σ (k+t+; k−t−), (13)

where t± = t ± τ/2 and σ represents the quasiparticle spin
with + for up spin and − for down spin. g<

σ (k+t+; k−t−) is the
lesser component of the nonequilibrium Green’s function for
the spin σ quasiparticle,

gσ (k+t+; k−t−) = −i〈TCγk+σ (t+)γ †
k−σ

(t−)〉, (14)

where γkσ (t ) is the Heisenberg representation of the quasipar-
ticle annihilation operator, TC is the path-ordered operator for
the Keldysh contour, and 〈· · · 〉 = tr(ρ̂ · · · ) is the expectation
value of the density operator ρ̂.

We introduce the Wigner function obtained by Fourier
transforming the lesser component of the nonequilibrium
Green’s function with respect to the relative coordinates and
time ρ and τ , respectively,

φw
kε,σ (r, t ) = −i

∫
d3ρdτe−i(k·ρ−ετ )g<

σ (r+t+; r−t−), (15)

where we define r± = r ± ρ/2 with barycentric time and co-
ordinates t = (t+ + t−)/2 and r = (r+ + r−)/2, respectively.
The spin current can be expressed by the Wigner function,

〈 js(r, t )〉 = −e
∑
kσ

σvk

∫
dε

2π
φw

kε,σ (r, t ). (16)

The Wigner function is governed by the Kadanoff-Baym
equation treating impurity scattering and impurity spin-orbit
scattering in a perturbative manner,(

∂

∂t
+ vk · ∂

∂r
+ σ

h̄

4
(∇x�rt ) · ∇p

)
φw

kε,σ − {
Re �R, φw

kε,σ

}

− {
i�<, Re gR

kε,σ

} = g>
kε,σ�< − �>g<

kε,σ

h̄
, (17)

where ∇x = (∂t , ∂r) and ∇p = h̄−1(−∂ε, ∂k) are the derivative
of the four-vectors, {A, B} = ∇xA · ∇pB − ∇pA · ∇xB is the
Poisson bracket, and � is the self-energy due to impurity
scattering and impurity spin-orbit scattering.

We assume that the spectrum function has a delta-function
peak, and the Wigner function is given by φw

kε,σ (r, t ) =
2π h̄δ(h̄ε − Ekσ ) fkσ (r, t ). Here, fkσ (r, t ) is the distribution
function, defined by

fkσ (r, t ) =
∫

dε

2π
φw

kε,σ (r, t ). (18)

The expectation value of the spin current can be given by

〈 js(r, t )〉 = −e
∑

k

vk[ fk↑(r, t ) − fk↓(r, t )]. (19)

Integrating both sides of the Kadanoff-Baym equation with
respect to ε, we derive the Boltzmann equation, which governs
the distribution function, as

∂ fkσ

∂t
+ vk · ∂ fkσ

∂r
+ Fσ · ∂ fkσ

∂ h̄k
= Ikσ [ f ], (20)

where Fσ is the spin-dependent force due to the SVC,
given by

Fσ = σ
h̄

4

∂�(r, t )

∂r
, (21)

and Ikσ [ f ] is the collision term, given by

Ikσ [ f ] =
∫

dε

2π h̄
(g>

kε,σ�< − �>g<
kε,σ ). (22)

Calculating the self-energy in the second-order Born approxi-
mation, the collision term up to second order in the spin-orbit
interaction is derived as

Ikσ [ f ] = − fkσ − f eq
kσ

τk
− fkσ − f eq

k′−σ

τs,k

∣∣∣∣∣
Ekσ =Ek′−σ

, (23)

where f eq
kσ

is the local equilibrium distribution function for
the quasiparticles, and Ekσ = Ek − σ h̄�/4 is the quasiparticle
energy including the SVC. τk and τs,k are the momentum-
scattering time and spin-flip scattering time, given by

1

τk
= 1

τ

|ξk|
Ek

, (24)

1

τs,k
= λ2

sok4
F

3τk
(1 + cos2 θ ), (25)

where τ−1 = (2π/h̄)niu2
i N (μ)(1 + 2

3λ2
sok4

F ) with kF being the
Fermi wave number and N (μ) = mkF /2π2h̄2 being the den-
sity of states per spin at the Fermi level in the normal state.

IV. CALCULATION

First, let us solve the Boltzmann transport equation. We
assume the temporal and spatial variations of the vorticity
� are much slower than the relaxation time τ and the mean
free path l of the quasiparticles, respectively. The deviation
of the nonequilibrium state fluctuated by the SVC is then
approximately characterized by the local equilibrium distri-
bution function, given by

f eq
kσ

= f0(Ekσ − σδμs), (26)

where δμs = (μ↑ − μ↓)/2 is the spin accumulation with μ↑
(μ↓) being the chemical potentials of up-spin (down-spin)
quasiparticles. The local equilibrium distribution function fkσ

can be expanded as follows,

f eq
kσ

∼ f0(Ekσ ) − σ
∂ f0(Ekσ )

∂Ekσ

δμs, (27)

where the second term represents the nonequilibrium spin
imbalance due to SVC.

It is convenient to introduce the following expansion of the
nonequilibrium distribution function,

fkσ = f eq
kσ

+ f diff
kσ + f drift

kσ . (28)

Assuming that the spin relaxation time is much longer than
the momentum relaxation time, i.e., τk � τs,k , which is well
satisfied in metals, the second and third terms in Eq. (28) are
determined by

vk · ∂ f eq
kσ

∂r
= − f diff

kσ

τk
, (29)
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FIG. 2. Temperature dependence of the factor 2 f0(�).

Fσ · vk
∂ f eq

kσ

∂Ek
= − f drift

kσ

τk
. (30)

These are solved as

f diff
kσ = στkvk · ∂

∂r

[
h̄

4
� + δμs

]
∂ f0(Ek )

∂Ek
, (31)

f drift
kσ = −στk

h̄

4
vk · ∂�

∂r
∂ f0(Ek )

∂Ek
. (32)

As can be seen from the results, the terms depending on the
spatial gradient of the vorticity cancel out. This corresponds
to the cancellation between spin current driven by the spin-
dependent force due to the SVC and the diffusion spin current.
The nonequilibrium distribution function is given by

fkσ = f eq
kσ

+ στkvk · ∂δμs

∂r
∂ f0(Ek )

∂Ek
. (33)

Substituting the nonequilibrium distribution function into
Eq. (19), we derive

〈 js(r, t )〉 = −2
∑

k

τkvkvk · ∂δμs

∂r

(
−∂ f0(Ek )

∂Ek

)
. (34)

Therefore, the spin current is given by

js(r, t ) = −σc

e2
2 f0(�)

∂δμs

∂r
, (35)

where σc = 2e2N (εF )D is the Drude conductivity in the nor-
mal state with D = v2

F τ/3 being the diffusion constant and
vF = h̄kF /m being the Fermi velocity of the electrons. The
temperature dependence of the spin current is determined by
the factor 2 f0(�), which is plotted in Fig. 2. This temperature
dependence indicates that the opening of a superconducting
gap prevents the generation of spin current as the temperature
decreases.

In the superconducting state, the thermally excited quasi-
particles near the Fermi energy contribute to spin transport.
The spin current reduces with the temperature T because
thermal excitation of the quasiparticles is suppressed. Finally,
no spin current flows at T = 0.

The spin accumulation is determined from the spin-
diffusion equation. We substitute the nonequilibrium distri-
bution function in Eq. (33) into the Boltzmann transport
equation, Eq. (20), and integrate the wave number for the
difference between the up-spin and down-spin equations. The
spin-diffusion equation is given by(

∂

∂t
− Ds(T )

∂2

∂r2
+ τ−1

sf (T )

)
δμs = − h̄

4
�̇ − ζ

h̄�

2τsf(T )
,

(36)

where the first term on the right-hand side is the spin-source
term caused by time-dependent Zeeman splitting due to the
effective magnetic field of SVC. In Eq. (36), we introduce a
second term to the right-hand side that is the spin-source
term caused by the transverse fluctuation of vorticity with
renormalization factor ζ which is material dependent [58].
τsf(T ) is the spin relaxation time, given by

1

τsf(T )
= 4

N (μ)χs

∑
k

1

τs,k

(
−∂ f0(Ek )

∂Ek

)
, (37)

= 2 f0(�)

χs

1

τ n
sf

, (38)

where τ n
sf = 9τ/8λ2

sok4
F is the spin relaxation time in the nor-

mal state, and χs is the susceptibility of the quasiparticle spin,

χs = 2
∫ ∞

�

dE
E√

E2 − �2

(
−∂ f0(E )

∂E

)
, (39)

Finally, Ds(T ) is the spin-diffusion constant in the supercon-
ducting state, defined by

Ds(T ) = 2 f0(�)

χs
D. (40)

It is noted that the spin-diffusion length in the superconduct-
ing state λsf = √

τsf(T )Ds(T ) is same as that in the normal
state λsf = √

τ n
sfD. Therefore, the spin-source term due to

SVC arises in the spin-diffusion equation of the superconduc-
tor, which can generate a spin current in the superconductor.

V. DISCUSSION

Let us consider that a Rayleigh-type SAW is applied to an
s-wave superconductor thin film with thickness d , as shown
in Fig. 3. We choose the x axis as the direction of propagation
of the Rayleigh-type SAW and the y axis as the depth direc-
tion. The vorticity associated with the Rayleigh-type SAW
is oriented along the z axis. We assume that the time and
spatial variations of the Rayleigh-type SAW are much slower
than the spin relaxation time and spin-diffusion length in
the s-wave superconductor, respectively. Therefore, the time
and x-directional spatial variation of spin accumulation are
approximately proportional to the vorticity. Additionally, pre-
vious studies have suggested that the second term of the spin
source term on the right-hand side of Eq. (36) mainly con-
tributes to generating spin current by the SVC and that the first
term of the spin-source term is negligible. Hence, we should
solve the following one-dimensional stationary spin-diffusion
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FIG. 3. Schematic illustration of an s-wave superconductor film
with thickness d to which a Rayleigh-type SAW is applied.

equation, (
−λ2

sf
∂2

∂y2
+ 1

)
δμs(y) = −ζ

h̄�

2
. (41)

The boundary conditions require that no spin current flow
across the surfaces, i.e., js(d ) = 0 and js(0) = 0. The lattice
displacement due to the Rayleigh-type SAW with the wave
number q(> 0) and the frequency ω is given by

u(r, t ) = u0ei(qx−ωt )

⎛
⎜⎜⎝

i
(
e−κl y − 2κt κl

κ2
t +q2 e−κt y

)
κl
q

( − e−κl y + 2q2

κ2
t +q2 e−κt y

)
0

⎞
⎟⎟⎠, (42)

where u0 is the amplitude of the Rayleigh-type SAW, and κt =√
q2 − ω2/c2

l and κl =
√

q2 − ω2/c2
t are the decay constants

of transverse and longitudinal waves, respectively, with trans-
verse wave velocity ct and longitudinal wave velocity cl . The
vorticity associated with the Rayleigh-type SAW � = ∇ × u
is oriented along the z axis, and its z component is given by

�(r, t ) = 2r0ω
2

cR
e−κt yei(qx−ωt ), (43)

FIG. 4. Plot of y dependence of the magnitude of the spin ac-
cumulation induced by the Rayleigh-type SAW in Al. The spin
accumulation is normalized by the magnitude of the spin-source term
μ0 = h̄ζ |�(r, t )|y=0/2. The film thickness is assumed to be the same
as the spin-diffusion length, d = λsf.

where cR = ω/q is the velocity of the Rayleigh-type SAW and
r0 is the amplitude along the y direction, given by

r0 = |uy(y = 0)| = −κ2
t + q2

κ2
t + q2

κl

q
u0. (44)

Solving the spin-diffusion equation under the boundary
conditions, the spin accumulation and spin current generated
by the Rayleigh-type SAW are given by

δμs(y, t ) = − h̄ζ |�(r, t )|y=0ei(qx−ωt )

2
(
1 − κ2

t λ2
sf

) {
e−κt y + λsfκt

e−κt d cosh(y/λsf ) − cosh[(d − y)/λsf]

sinh(d/λsf )

}
, (45)

js,y(y, t ) = σc

e2
2 f0(�)

κt h̄ζ |�(r, t )|y=0ei(qx−ωt )

2
(
1 − κ2

t λ2
sf

) {
−e−κt y + e−κt d sinh(y/λsf ) + sinh[(d − y)/λsf]

sinh(d/λsf )

}
, (46)

where |�(r, t )|y=0 is the magnitude of the vorticity at the
surface.

Next, we estimate the spin current generated by an
Rayleigh-type SAW in superconducting Al with a long spin-
diffusion length λsf ∼ 1 µm. We consider that a Rayleigh-type
SAW with frequency ω = 10 GHz is excited on a piezo-
electric LiNbO3 substrate with a longitudinal wave velocity
cl = 6.75 × 103 m/s, transverse wave velocity ct = 4.07 ×
103 m/s, Rayleigh-type SAW velocity cR = 3.99 × 103 m/s,
and transverse wave decay constant κt = 4.88 × 105 m−1.
The magnitude of the vorticity is calculated as |�(r, t )|y=0 ∼
5.0 × 104 s with the amplitude of the lattice displacement
r0 � 10−12 m. Previous work [59] proposed that the renormal-
ization factor can be estimated by ζ � 106. The y dependence
of the spin accumulation normalized by μ0 is plotted in Fig. 4,
and the spin-current profiles are plotted in Fig. 5. According
to the results, the spin accumulation is independent of the

temperature even in a superconducting state. Conversely, the
spin current generated by the Rayleigh-type SAW strongly
depends on the temperature. This suggests that the super-
conducting gap opens as the temperature decreases, and the
generation of spin current is suppressed. Here, the magnitude
of the spin-source term is estimated as μ0 ≡ ζ

2 h̄|�(r, t )|y=0 �
1.65 × 10−5 eV, and the magnitude of the spin current is es-
timated as e js0 ≡ σcμ0/eλsf � 2.8 × 108 A m−2, where σc =
1.7 × 107 �−1 m−1. The detectable spin current can be gener-
ated in a single-superconductor film.

VI. CONCLUSION

We theoretically studied spin-current generation in an s-
wave superconductor by a SAW via SVC. The spin-diffusion
equation, for which the spin accumulation of the quasi-
particle satisfies, has been derived up to the first order in
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FIG. 5. Spin current generated by an Rayleigh-type SAW in su-
perconductor Al. The spin current is normalized by js0 = σcμ0/e2λsf.
Line colors indicate the superconductor temperature.

vorticity based on quantum kinetic theory. Using the results,
we calculated the spin current generated by the SAW in
superconducting Al. The results suggest that spin transport
with quasiparticles can be driven by mechanical means in a
single-superconductor layer. It is found that the generation
of spin current in superconductors is suppressed since the
superconducting gap opens when the temperature is low. Our
estimation suggests that an observable magnitude of spin cur-
rent can be induced. Our prediction may provide support for
the development of spin transport in superconductors.
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