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Phonons are an ideal platform for realizing stable spinless two-dimensional (2D) Dirac points because they
have a bosonic nature and hard-to-break time-reversal symmetry. It should be noted that the twofold degenerate
nodal points in the phonon dispersions of almost all reported 2D materials are misclassified as “Dirac points”
owing to a historical issue. The correct name for these twofold degenerate nodal points should be “Weyl” because
2D phononic systems are essentially spinless and because each twofold degenerate point is described by a Weyl
model in two dimensions. To date, reports of fourfold degenerate Dirac point phonons in 2D materials are
lacking. In this paper, we searched through all 80 layer groups (LGs) and discovered that Dirac phonons can be
realized in 7 of the 80 LGs. Moreover, the Dirac points in the phonon dispersions of 2D materials can be divided
into essential and accidental degenerate points, which appear at high-symmetry points and on high-symmetry
lines, respectively. Guided by symmetry analysis, we identified the presence of Dirac phonons in several 2D
material candidates with six LGs. This work offers a method for identifying Dirac phonons in 2D and proposes
2D material candidates for realizing Dirac phonons.
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I. INTRODUCTION

The discovery of topological quantum states [1–4] is one
of the most promising advancements in condensed matter
physics. Currently, the study of topological quantum states
is no longer limited to only electron-related systems [5–20]
but has been widely extended to include bosonic sys-
tems [21–30]. Among the different types of bosonic systems,
phonons [31–39], which are induced by atomic vibrations at
THz frequency, are a perfect platform for realizing topolog-
ical quantum states because of their unique advantages and
possible applications. Notably, unlike that of electronic bands,
the entire frequency range of phonon bands is relevant for
experimental detection because phonons are not constrained
by the Pauli exclusion principle and Fermi surface. Addi-
tionally, topological phonons [31,32,40] play critical roles in
thermal transports, electron-phonon coupling, or multiphonon
processes.

In the past 5 years, various types of symmetry-enforced
topological phonons [40–62], including conventional and
unconventional Weyl point phonons, triple point phonons,
Dirac point phonons, nodal line phonons, and nodal surface
phonons, have been discovered in three-dimensional (3D)
realistic materials. Some of them have also been verified
through experiments. Two-dimensional (2D) materials have
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a lower symmetry than 3D materials. Therefore, 2D mate-
rials with less symmetrical constraints may more intuitively
display the clean characteristics of topological phonons. Un-
fortunately, topological phonons have only been explored in
only a few 2D materials [63–66]. Systematical research into
2D topological phonons and their related material realizations
is highly required. In 2022, Yu et al. [64] discovered the
appearance of 2D twofold degenerate quadratic nodal point
phonons and presented a guideline for studying the quadratic
nodal point in 2D phononic systems via symmetry analysis. In
2020, Li et al. [65] proposed that 2D graphene hosts four types
of Dirac phonons and a nodal ring phonon in its phonon spec-
trum. In 2018, Jin et al. [66] predicted the appearance of Dirac
phonons in 2D hexagonal lattices using first-principles calcu-
lations. Note that the linearly dispersed twofold phonon band
crossing points in 2D graphene and 2D hexagonal lattices are
misclassified as Dirac points because of their historical use in
early graphene research [67,68]. The correct name for these
twofold degenerate nodal points should be “Weyl” because 2D
phononic systems are essentially spinless and because each
twofold degenerate band crossing point at K or K0 in 2D
graphene and 2D hexagonal lattices is characterized by a 2D
Weyl Hamiltonian with a defined chirality.

The study of Dirac phonons in 2D materials is still rather
primitive and needs to be undertaken by researchers. In this
paper, using 2D spinless phononic systems as targets, we
searched through all 80 layer groups (LGs) with time-reversal
symmetry T and identified 7 LG candidates that host Dirac
points based on theoretical analysis (see Table I). Moreover,
the Dirac points in the phonon dispersions of 2D materials
can be divided into essential and accidental degenerate points,
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TABLE I. LG candidates [and their corresponding space groups (SGs)] that can host Dirac points at HSPs or on HSLs in 2D phononic
systems. This table also includes the locations of the Dirac phonons, the correspondence generators and labels associated with the Dirac points,
and the 2D material candidates.

Dirac phonons at HSPs
LG No. LG symbol SG No. SG symbol Generator Location Label Materials

33 pb21a 29 Pca21 C2y,σz, T S T1T1 Ni8As4Si4

43 pbaa 54 Pcca C2x ,C2z,I,T S U1U2 C8H8

45 pbma 57 Pbcm C2x ,C2y,I,T S S1S2 Pb4O4

Dirac phonons on HSLs
LG No. LG symbol SG No. SG symbol Generator Location Label Materials

29 pb21m 26 Pmc21 σz,C2yT Y -S path {B1B1, B2B2} Mo2Br4O4

33 pb21a 29 Pca21 σz,C2yT Y -S path {B1B1, B2B2} Ni8As4Si4

40 pmam 51 Pmma C2y,σz,C2zT X -S path {A1A2, A3A4}
43 pbaa 54 Pcca C2x ,σz,C2zT Y -S path {A1A2, A3A4} C8H8

44 pbam 55 Pbam C2x ,σy,C2yT X -S path {D1D2, D3D4} Nb4Te8Si2

Y -S path
45 pbma 57 Pbcm C2x ,σy,C2yT Y -S path {C1C2,C3C4} Pb4O4

63 p4/mbm 127 P4/mbm C2x ,σy,C2yT X -M path {Y1Y2,Y3Y4} Mg2N4

which appear at high-symmetry points (HSPs) and on high-
symmetry lines (HSLs), respectively. It is well known that
material realization is a prerequisite for studying topological
states. Hence, we propose a series of 2D material candidates
with six LGs based on first-principles calculations. Our work
offers a method for identifying Dirac points in 2D phononic
systems and proposes a series of 2D candidate materials with
Dirac phonons at HSPs and on HSLs.

II. SYMMETRY ANALYSIS

In general, the Dirac points in LGs are caused by the
four-dimensional (4D) corepresentation of little groups in the
Brillouin zone (BZ). Recently, Zhang et al. [69] proposed
the entire corepresentation of 528 magnetic LGs by restrict-
ing specific corepresentations in 3D magnetic space groups.
Herein, we present some necessary conditions for the Dirac
points in LGs. First, the order of the little cogroup of LGs
must be greater than or equal to 4 for Dirac points at HSPs.
This can be understood by using the property of characters of
projective representations as follows,

∑
i

χ2
i (e) = |L|, (1)

where χi(e) is the character of an identity element and is
equal to the dimension of irreducible representation, and L
is the little cogroup. Notably, the dimension of irreducible
representations can be greater than or equal to 2 only for
|L| � 4. Second, antiunitary elements are necessary for
the magnetic little cogroup of HSPs. Antiunitary opera-
tors play an important role in sticking two 2D irreducible
representations together because there is no 4D irreducible
representation in LGs. The Dirac point on HSLs is formed
by two accidentally intersecting bands. Therefore, each band
must be doubly degenerate and belong to different corepre-
sentations. The above symmetry analysis is consistent with
Table I.

III. MATERIAL CANDIDATES WITH DIRAC
PHONONS AT HSPS

Table I shows that LGs 33, 43, and 45 should exhibit Dirac
points, known as fourfold essential degenerate points, at the
S HSP. We supported our symmetry analysis by predicting
a series of 2D materials with LGs 33, 43, and 45 and mul-
tiple Dirac phonons at the S HSP based on first-principles
calculations. The structural models for 2D Ni8As4Si4, 2D
C8H8, and 2D Pb4O4 materials are shown in Figs. 1(a)–1(c),
respectively. Note that the structural models for 2D Ni8As4Si4

and 2D Pb4O4 were screened from the Computational 2D
Materials Database [70] and 2D Materials Encyclopedia [71],
respectively. He et al. [72] proposed the structural model for
2D C8H8 in 2012.

The phonon dispersions of the 2D Ni8As4Si4, 2D C8H8,
and 2D Pb4O4 materials along the �-X -S-Y -�-S high-
symmetry paths [see Fig. 1(d)] are shown in Fig. 2 and
Figs. S1–S4 [see the Supplemental Material (SM) [73]], re-
spectively. More details about the computational methods can
be found in the SM [73]. Notably, multiple Dirac points are
observed at the S HSP in the phonon dispersions of the 2D
Ni8As4Si4, 2D C8H8, and 2D Pb4O4 materials, which agree
well with the above symmetry analysis. Figure 2(a) shows
that there are 12 visible phonon band crossing points with
fourfold degeneracies (marked as red dots) at the S HSP.
Figure 2(b) shows the enlarged figures of these Dirac phonons
(Nos. 1–12), and Fig. S5 shows the 3D plots of these 12 Dirac
phonons (Nos. 1–12) (see SM [73]).

Actually, all phonon bands along the Y -S and X -S high-
symmetry paths in 2D materials with LGs 33, 43, and 45
are twofold degenerate. That is, symmetry-enforced twofold
degenerate Weyl lines (WLs) should appear along the Y -S
and X -S high-symmetry paths in LGs 33, 43, and 45 (see
Table S1). Figure 3(a) shows the enlarged phonon bands
around the Dirac point (No. 1) at about 11.22 THz as a
typical example. The two WLs that form the Dirac point at
the S HSP are highlighted by two colors. We selected some
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FIG. 1. (a)–(c) Different side views of the structural models for 2D Ni8As4Si4, 2D C8H8, and 2D Pb4O4. (d) The 2D BZ and its projection
to the [100] edge.

symmetry paths, such as b-n-b1, c-m-c1, d-p-d1, and e-o-e1

[see Fig. 3(b)], and calculated the phonon dispersion along
them to confirm that all the phononic crossing points of the
two WLs have twofold degeneracies. The m and n were on
the X -S high-symmetry paths, while o and p were on the Y -S
paths. Figures 3(c) and 3(d) show that the twofold degenerate
Weyl points appeared at the o, p, m, and n symmetry points.

In contrast to 3D systems that have a twofold screw rota-
tion and time-reversal symmetry T that must lead to a nodal
surface at the k⊥ = π plane, where it is perpendicular to
the screw rotation axis (S2i), 2D systems have symmetries
(i.e., S2xT and S2yT ) that lack a degree of freedom, resulting
in different degeneracies. That is, the WL only inherits the
degeneracy on one line of the nodal surface because the BZ is
2D.

The twofold degenerate WLs along the Y -S and X -S
high-symmetry paths intersected at the S HSP and formed
a fourfold degenerate point at the S point in LGs 33, 43,
and 45. The phonon dispersions around the Dirac points
(No. 2 and No. 12) at the S point along the a-S-a paths are
shown in Figs. 4(a) and 4(b), respectively, to verify this. The
figures show that the Dirac points have fourfold degeneracies.

Furthermore, we studied the edge states of the Dirac
phonons (with No. 2 and No. 12) along [100] [see Fig. 1(d)].
The results are shown in Figs. 4(c) and 4(d), respectively.
The positions of the Dirac points (No. 2 and No. 12) are
marked by black balls. The edge states noticeably stem from
the projection of the Dirac points. Such clean edge states
will benefit from follow-up experimental detections using

FIG. 2. (a) Phonon dispersions of the 2D Ni8As4Si4 primitive cell along the �-X -S-Y -�-S paths. A supercell of 3 × 3 × 1 is adopted for the
calculation of force constants. The Dirac points (labeled with Nos. 1–12) located at different frequencies are marked by red dots. (b) Enlarged
phonon bands around the 12 Dirac phonons.
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FIG. 3. (a) Enlarged phonon band of the No. 1 Dirac phonon.
Two WLs (red and blue colors) appear along the X -S-Y paths.
(b) The 2D BZ and the b-n-b1, c-m-c1, d-p-d1, and e-o-e1 symmetry
paths. (c) and (d) Calculated phonon dispersions along the above-
mentioned symmetry paths. The Weyl points in (b)–(d) are indicated
by blue dots.

surface-sensitive probes, such as electron energy loss spec-
troscopy and helium scattering.

IV. MATERIAL CANDIDATES WITH DIRAC
PHONONS ON HSLS

Table I shows that LGs 29, 33, 40, 43, 44, 45, and 63
may host Dirac points on HSLs. Note that the Dirac point
along HSLs has an accidental fourfold degeneracy. To support
our symmetry analysis, six 2D material candidates with LGs
29, 33, 43, 44, 45, and 63, including Mo2Br4O4, Ni8As4Si4,
C8H8, Nb4Te8Si2, Pb4O4, and Mg2N4, are presented in this
paper. Figures S6– S18 display the structural models, 2D BZ,

FIG. 4. (a) and (b) Enlarged phonon dispersions around the No.
2 and No. 12 Dirac phonons, respectively. (c) and (d) Edge states of
the No. 2 and No. 12 Dirac phonons, respectively. The black arrows
in (c) and (d) show the edge states originating from the projections
of the No. 2 and No. 12 Dirac points.

FIG. 5. (a) Spinless TB model with LG 40. (b) The 2D BZ and
selected high-symmetry paths. (c) Calculated phonon dispersion for
the spinless lattice model with LG 40. The Dirac point location on the
X -S path is highlighted by a red box. (d) Enlarged phonon dispersion
around the Dirac point (marked by a red dot).

and calculated phonon dispersions for these six materials (see
SM [73]).

The 2D Mo2Br4O4, 2D Ni8As4Si4, 2D C8H8, and 2D
Pb4O4 materials with LGs 29, 33, 43, and 45, respectively,
host Dirac points on the Y -S path [see Figs. S6(d), S8(d),
S10(d), and S15(d) in the SM [73]]. For example, the bands
along the Y -S path in 2D C8H8, which has LG 43, are twofold
degenerate (see Table S1 in the SM [73]), and two WLs
cross each other to form a fourfold degenerate Dirac point
around 24 THz [see Figs. S10(d) and S10(e) in the SM [73]].
Furthermore, the 2D Nb4Te8Si2 material with LG 44 can host
Dirac points on both the X -S and Y -S paths [see Figs. S12(d)–
S12(f) in the SM [73]]. The 2D Mg2N4 material with LG 63
can host Dirac points on the X -M path [see Figs. S17(d) and
S17(e) in the SM [73]].

To better view that the crossing points on HSLs are four-
fold degenerate Dirac points, we also selected some symmetry
paths and calculated the phonon dispersions along the selected
k paths for Mo2Br4O4, Ni8As4Si4, C8H8, Nb4Te8Si2, Pb4O4,
and Mg2N4. The results are shown in Figs. S7, S9, S11, S13
and S14, S16, and S18, respectively, in the SM [73]. From
these figures in the SM [73], one can find the P1 and P3–P8
points on HSLs are fourfold degenerate Dirac points on HSLs.

V. SPINLESS LATTICE MODELS WITH LG 40

Unfortunately, 2D materials with LG 40 were not discov-
ered in this study. We constructed a tight-binding (TB) model
to demonstrate that Dirac points exist on the X -S path in 2D
with LG 40 in order to aid further investigations. We chose
a representation of u = (uAx , uAy , uBx , uBy )T , where A = (0, 0)
and B = ( 1

2 , 0), which correspond to the displacements of the
2a Wyckoff position along the x and z directions. Thereafter,
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the four-band dynamic matrix is satisfied [see Fig. 5(a)],
⎛
⎜⎜⎝

D11 0 D13 0
D22 0 D24

D11 0
† D22

⎞
⎟⎟⎠, (2)

where D11 = e1 + 2t1 cos ky, D13 = 2 cos kx
2 t3, D22 = e2 +

2t2 cos ky, and D24 = 2 cos kx
2 t4. The phonon frequency (ω)

can be solved using D(k)uk = ω2uk . Figure 5(b) depicts the
phonon dispersion of the spinless lattice model [Eq. (2)]
along the �-X -S-Y -� paths. We set t1 = −0.146, t2 = 0.146,
t3 = −0.074, and t4 = −0.07 for the bands in Fig. 5(b).
Figures 5(c) and 5(d) show that a fourfold degenerate Dirac
point appeared on the X -S path and was formed by the cross-
ing of two WLs. This simple spinless model may serve as
a starting point for future research into the Dirac points in
LG 40.

VI. SUMMARY

In conclusion, we studied the symmetry conditions of 80
LGs and discovered that Dirac phonons can appear in 7 of
the 80 LGs. Specifically, Dirac phonons at the S HSP can

only appear in LGs 33, 43, and 45, whereas Dirac phonons
on HSLs can appear in LGs 29, 33, 40, 43, 44, 45, and
63. Thereafter, we predicted several 2D materials that host
fourfold degenerate Dirac phonons at HSPs and on HSLs.
Note that Chen et al. [51] reported the existence of fourfold
degenerate Dirac points on HSLs or at HSPs in 3D phononic
systems in 2021. However, an exploration of the fourfold
degenerate Dirac points in 2D phononic systems has been
lacking. Hence, this work provides a guideline for studying
the fourfold degenerate Dirac points in 2D phononic systems.
More importantly, this work contributes to the material real-
ization of fourfold degenerate Dirac points in 2D phononic
systems. Our work can be viewed as a guide for investigating
not only fourfold degenerate Dirac points in 2D phononic sys-
tems but also other types of emergent particles in 2D phononic
systems.
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