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The unconventional Weyl point with nonlinear dispersion features higher topological charge |C| > 1 and
multiple topologically protected Fermi arc states at its boundary. As a novel topological state, it has been
attracting widespread attention. However, the unconventional Weyl point with |C| = 3 has not yet been reported
in realistic materials, even though it has been theoretically proposed for more than a decade. In this work, based
on first-principles calculations and theoretical analysis, we predict the existing material «-LilO; as the first
realistic example with this unconventional Weyl point. Specifically, in the phonon spectra of a-LilO3, two Weyl
points with C = —3, connected by time-reversal symmetry, appear at the neck crossing point of an hourglass-type
band, leading to two hourglass charge-3 Weyl phonons. The symmetry protection and the associated novel triple-
and sextuple-helicoid surface arc states of the hourglass charge-3 Weyl phonons are revealed. Our results uncover
a hidden topological character of a-LilO; and also show that the phonon spectra are a great platform for exploring

unconventional topological states.
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I. INTRODUCTION

In the past decades, one of the most important findings
in condensed matter physics is the prediction of the topo-
logical Weyl semimetal [1,2], which shows that elementary
particles such as the Weyl fermion can emerge as low-energy
excitations in topological semimetal materials, opening the
door for simulating interesting phenomena in astrophysics and
general relativity on laboratory tables [3]. The conventional
Weyl point (WP) exhibits relativistic linear dispersion along
any direction in momentum space and carries unit topolog-
ical charge (Chern number) |C| =1 [1]. Particularly, it is
topologically protected and can exist in three-dimensional
(3D) crystals without any space group symmetry (except
translation symmetry). Many realistic materials have been
predicted as topological Weyl semimetals with conventional
WP [4-16], and some of them have been experimentally con-
firmed [17-21].

In 2012, Fang et al. [23] demonstrated that with rotation
symmetry, two (three) conventional WPs can merge together,
leading to unconventional WP, which exhibits higher topolog-
ical charge |C| = 2 (|C| = 3) and quadratic (cubic) dispersion
in the plane normal to the rotation axis. This pioneering work
led to a series of subsequent studies, such as the predic-
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tion of the corresponding material candidates [24-31], the
demonstration of the novel phenomena of these unconven-
tional WPs [32-36], and the search for other types of un-
conventional emergent particles [37—41]. Recently, one other
species of the unconventional WP, exhibiting topological
charge |C| = 4, has been predicted in spinless nonmagnetic
systems [42—45] and spinful magnetic systems [46]. The WP
with topological charge |C| = n (n = 1, 2, 3, 4) also is termed
as the charge-n (C-n) WP [42].

However, up to now, only a few materials were predicted
to host the unconventional WPs. Particularly, the C-3 WP has
not yet been reported in realistic material. In the beginning,
the topological Weyl semimetals were predicted in the mate-
rials with strong spin-orbit coupling (SOC) [1,4,47,48]. Later,
it was shown that spinless systems also can host WPs due
to the pseudo-SOC effect [42], which significantly expands
the material candidates database of topological Weyl states.
Recently, the search for WPs has shifted toward the phonon
spectra of crystals [49-56]. In contrast to the electronic bands,
all the phonon bands are relevant for experimental detec-
tion, as the phonons are free of the constraint of the Pauli
exclusion principle and Fermi surface. Additionally, the topo-
logical phonons may lead to novel phenomena in heat transfer,
phonon scattering, and electron-phonon interaction [57-60].

In this work, based on theoretical analysis and first-
principles calculations, we predict the existing material
a-LilOj as the first realistic example hosting the C-3 WPs
in its phonon spectra. We first show that for spinless systems
(such as phonon spectra) with time-reversal symmetry 7, the
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TABLE 1. The candidate SGs that can host (hourglass and normal) C-3 WP in spinless systems. “Irreps” denotes the irreducible
(co-)representation of the little group associated with the (hourglass and normal) C-3 WP. The symbols of the irreps are adopted from Ref. [22].

SG No. SG symbol Generators Location Irreps Species

168 P6 {Cs.1000}, T I'-A path {R1, R4}, {R2, Rs}, {R3, Re} Normal C-3 WP
169 P61 {C(,z|00l}, T r'-A path {Rl, R4}, {Rz, RS}, {R3, R6} Normal C-3 WP
170 P6s {cﬁz|003}, T I'-A path {R1, R4}, {R2, Rs}, {Rs, R¢} Normal C-3 WP
171 P62 {C61|00*}, T r-A path {R| s R4}, {Rz, R5}, {Rg, R@} Normal C-3 WP
172 P64 {C61|00§}, T Ir'-A path {Rl s R4}, {Rz, Rs}, {R3, R6} Normal C-3 WP
173 P63 {CﬁzIOO%}, T I'-A path {R3, R¢} Normal C-3 WP

{R1, R4}, {R>, Rs} Hourglass C-3 WP

177 P622 {Ce.1000}, {C5,1000}, T ['-A path {R1, R4}, {R2, Rs}, {R3, R} Normal C-3 WP
178 P6,22 {Ce1001}, {C}, 1000}, T I'-A path {R1, Ry}, {R2, Rs}, {R3, R¢} Normal C-3 WP
179 P6522 {Ce.1002}, {C5,1000}, T I'-A path {R1, R4}, {R2, Rs}, {R3, R¢} Normal C-3 WP
180 P6,22 {C65|ooi}, {C},1000}, T I'-A path {R1, R4}, {R2, Rs}, {R3, Re} Normal C-3 WP
181 P6,422 {C62|00%}, {C},1000}, T I'-A path {R1, Ry}, {R2, Rs}, {R3, R¢} Normal C-3 WP
182 P6522 {C(,Z|00%}, {C}, 1000}, T I'-A path {R3, R}, Normal C-3 WP

{R1, R4}, {R>, Rs} Hourglass C-3 WP

C-3 WP only appears at the sixfold rotation axis belonging to
chiral space groups (SGs). Hence, this unconventional WP can
be realized in 12 of the 230 SGs, as listed in Table I. Moreover,
the C-3 WP can be further divided into two categories: normal
C-3 WP and hourglass C-3 WP, which respectively appear in
the SGs without and with sixfold screw rotation symmetry
{Ce. |OO%}. This means that the hourglass C-3 WP only appears
in SGs 173 and 182. Guided by the symmetry analysis, we
identify the existence of the hourglass C-3 Weyl phonons in
several realistic material candidates, including «-LilO3. More
material candidates can be found in the Supplemental Mate-
rial (SM) [61]. Remarkably, the hourglass-type band and the
hourglass C-3 WPs in «-LilO3 are well separated from other
phonon bands. Furthermore, we find that due to the presence
of T symmetry, the hourglass C-3 WPs must come in pairs
with the same chirality, leading to a novel sextuple-helicoid
surface arc state on the boundary normal to the sixfold screw
rotation axis. Our results not only predict the first material
candidate hosting C-3 Weyl phonons, but also show that the
phonon spectra are a great platform for exploring unconven-
tional topological states.

II. HOURGLASS C-3 WP

As shown in previous works [23,42], for spinless systems
with time-reversal symmetry 7, the C-3 WP only occurs on
the sixfold rotation axis of chiral SGs. Moreover, it cannot
reside at the time-reversal-invariant momentum, as the topo-
logical charge of the WP at such momentum must be even
[62]. Hence, the C-3 WP should be a crossing that appears on
the I'-A high-symmetry path and is formed by two bands with
different eigenvalues of the sixfold rotation operator.

Consider a 3D system with 7 and sixfold rotation symme-
try along the z direction Cs,, = {Cs:100%} (=10, 1,...,5);
then the Bloch states on the axis can be chosen as the eigen-
states of Ce;.,, denoted as |(m, n)), for which the eigenvalue
of Cg. ,, is ?"7/6ek/6 (m =0, 1, ..., 5). While each pair of
the bands with different (m, n) can cross and form a WP, the
C-3 WP is only formed by the two bands with |(m, n)) and

[(m + 3 mod 6, n)) [23], as the ratio of their eigenvalue of
C6z,n is —1.

Since 72 =1, at the T (000) and A (007) points,
the state |(m, n)) and its time-reversal partner 7 |(m, n)) =
|(=m, —n)) will be linearly independent when ¢?>"7/6¢ikn/6
e~ 2mn/6p=ikn/6 " and must be degenerate at the same energy.
Interestingly, for n = 3, i.e., Cs. 3 = {C6Z|00%}, the two states
[(1,3)) and |(5, 3)) [|(2,3)) and |(4, 3))] are degenerate at
' point, while |(1,3)) and |(2,3)) [|(4,3)) and |(5, 3))]
are degenerate at the A point, leading to an hourglass-type
band dispersion, as illustrated in Fig. 1. Particularly, the neck
crossing point of the hourglass is formed by the states either
[(2,3)) and |(5, 3)) [see Fig. 1(a)] or |(1, 3)) and |(4, 3)) [see
Fig. 1(b)], indicating that the neck crossing point here must be
a C-3 WP. We term such crossing point as the hourglass C-3
WP. Since only two chiral SGs (SG 173 and SG 182) exhibit
{C62|00%} (see Table I), the hourglass C-3 WP would be very
rare.

Before closing this section, we would like to point out that
since proposed in the large-gap insulators KHgX (X = As, Sb,
Bi) [63], the hourglass Weyl fermion has attracted widespread
interest, as the neck crossing point of an hourglass-type band
is a new kind of essential degeneracy that cannot be directly
inferred from the irreducible co-representations of the corre-
sponding little group [64]. Subsequently, many counterparts
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FIG. 1. Formation mechanism of hourglass C-3 WP in spinless
systems. (a) and (b) show two possible modes of the hourglass-type
bands along I'-A path.
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FIG. 2. (a) Crystal structure of a-LilO;. (b) Bulk BZ of «-LilO;.

with hourglass-like band topology, such as the hourglass Dirac
chain [65,66], hourglass Dirac loop [67], and hourglass Weyl
loops [68], are proposed in theory and some of them have
been experimentally confirmed. In this work, we report a new
kind of hourglass quasiparticle: hourglass C-3 WPs in spin-
less systems. Our work can be viewed as a guide for further
investigating hourglass C-3 WPs in phonon spectra and other
boson systems, and would also attract widespread interest.

III. MATERIAL CANDIDATE: «-LilO;

Based on first-principles calculations, we confirm our idea
by predicting the existing material «-LilO3 with SG 173 (P63)
as the first material candidate with (hourglass) C-3 Weyl
phonons. «-LilO; can be prepared by neutralizing stoichio-
metric quantities of Li,CO3; and HIO; in distilled water, i.e.,
Li,CO3 + 2HIO; — 2LilO3; + H,0 + CO,. The solution can
be evaporated at 313 K to obtain the «-LilOj crystallites
[69]. In our calculation, the structure of «-LilOjs is relaxed,
and the optimized crystal structure is shown in Fig. 2(a).
The determined lattice constants (¢ = b = 5.396 A and ¢ =
5.048 A) are in a good agreement with the experimental
values [69]. The Li, I, and O atoms of «-LilO; locate at
2a, 2b, and 6¢ Wyckoff positions, respectively. More de-
tails about the computational methods can be found in the
SM [61].

According to Table I, SG 173 may exhibit an hourglass
C-3 WP on the I'-A path. In Fig. 3(a), we plot the phonon
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band structure of «-LilO3 along high-symmetry paths in the
Brillouin zone (BZ), where multiple hourglass-type bands
indeed are observed on the I'-A path, consistent with the
above symmetry analysis. Here, we focus on the hourglass-
type bands around 20 THz, for which the enlarged plot is
shown in Fig. 3(b). The hourglass-type bands are formed
by the four phonon branches (Nos. 25-28). Moreover, one
observes that these hourglass-type bands are well separated
from other bands [see Fig. 3(b)], which would be beneficial
for experimental detections.

We then study the neck crossing point of the hourglass
in Fig. 3(b), which should be a C-3 WP according to our
symmetry analysis. It locates at K = (0, 0, 0.061) in the unit
of reciprocal lattice vectors. The k - p effective Hamiltonian
of the neck crossing point expanded up to leading order reads

[42]
}, ey
’;

Holg) = Z q:(ciy + cing: + cizq + ciaq’)oi.  (2)
i=0

0

gy + g’
alq +oiq

Hcea(g) = Holg) + [ 0

with

Here, the energy and momentum ¢ are measured from the
neck crossing point K. o; (i =0, 1, 2,3) is the Pauli ma-
trix, g+ = g, £ iqy, g =
complex and real parameters depending on material details,
respectively. According to Eq. (1), the band splitting around
the neck crossing point is linear along the g, direction and cu-
bic in the g, —qy plane, which is confirmed by our calculations
[see Fig. 3(d)]. The inset of Fig. 3(b) also plots the Wilson
loop of a sphere enclosing the neck crossing point, and shows
its topological charge is C = —3. These results undoubtedly
demonstrate that the neck crossing point of the hourglass is a
C-3 WP.

Since the «-LilO; has 7 symmetry, another C-3 WP
with C = —3 will appear at the —K point. Due to the
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FIG. 3. (a) Calculated phonon spectrum of «-LilO5 along high-symmetry paths. The inset in (a) shows the positions of the two C-3 WPs
and the six C-1 WPs appearing around 20 THz. (b) and (c) respectively show the enlarged phonon dispersions of R1 and R2 regions in (a). The
hourglass C-3 WP (conventional C-1 WP) can be clearly observed in (b) [(c)]. The inset in (b) [(c)] shows the obtained Wilson loop of the WP
in R1 (R2). (d) plots the cubic dispersion around the hourglass C-3 WP in the plane perpendicular to I'-A path. (e) presents the 3D plot of the
phonon spectrum at k, = O plane. The red and blue circles in (a)—(e) show the positions of C-3 and C-1 WPs, respectively.
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FIG. 4. (a) and (d) show the (1010) and (001) surface BZs, along with the schematics of surface modes. The projections of the C-3 and
C-1 WPs are marked by red and blue circles, respectively. Projected spectrum on the (b) (1010) and (e) (001) surfaces of a-LilO;. (c) and (f)
show the constant energy slices at 20.43 THz for the (1010) and (001) surfaces, respectively.

Nielsen-Ninomiya no-go theorem, the net topological charge
of the system would be zero. Therefore, there must exist other
WPs formed by the phonon branches No. 26 and No. 27. After
a careful scanning, we do find six C-1 WPs at the k, =0
plane, connected by 6’61,3, as shown in Figs. 3(c) and 3(e). The
position for one of the C-1 WPs is (—0.040, 0.310, 0.000),
and the topological charge for each of the six C-1 WPs is
obtained as C = 1 [see Fig. 3(c)]. Detailed information on the
two hourglass C-3 WPs and the six C-1 WPs can be found
in the SM [61]. Hence, the two hourglass C-3 WPs and the
six C-1 WPs together constitute a Weyl complex, for which
the net topological charge vanishes. Notice that the Weyl
complex here is different from the triangular Weyl complex
proposed by Wang et al. in the phonon spectra of «-SiO,
[55]. There, the Weyl complex is composed of one C-2 WP
and two C-1 WPs. Since the six C-1 WPs locate at generic
positions of the BZ, they do not have 7 and any crystalline
symmetry. Then, the Hamiltonian for each of the C-1 WPs
reads

3

Hea(@) =) _(ci1gx + €ingy + €i3q:)0%, 3
i=0

with ¢’s the real parameters. Again, the energy and momentum
in Eq. (3) are measured from the corresponding C-1 WP.

IV. TRIPLE- AND SEXTUPLE-HELICOID SURFACE
ARC STATES

In the following, we come to examine the novel surface
states associated with the hourglass C-3 WP in «-LilO3;. We
first consider the (1010) surface [see Fig. 4(a)]. For this sur-
face, the two bulk hourglass C-3 WPs will be projected into
the T'-A path in the surface BZ, while the six bulk C-1 WPs
are projected into the I'-M path, as illustrated in Fig. 4(a).
Since the two C-3 WPs are projected to different positions
in the surface BZ, one can expect that the three surface arc
states of each C-3 WP around the projected point on the

boundary would form a triple helicoid, similar to the other
nodal points with nonzero Chern number [50,70,71]. Besides,
because the two C-3 WPs have the same chirality, there in
total exist six surface arcs on the (1010) surface. These sur-
face arcs emerge from the surface projection of the two C-3
WPs and end at the surface projections of the six C-1 WPs.
Due to the presence of 7 symmetry, the surface mode may
form the pattern in Fig. 4(a). This analysis on the surface
mode is confirmed by our calculation results in Figs. 4(b) and
4(c), which respectively show the projected spectrum and the
isofrequency surface contour at 20.43 THz of «-LilO3 on the
(1010) surface.

In contrast, the surface mode on the (001) surface
shows completely different features. The projected spectrum
for a-LilO; on the (001) surface along the surface paths
M-T-M;-K-M is plotted in Fig. 4(e), and the isofrequency
surface contour at 20.43 THz is shown in Fig. 4(f). For the
(001) surface, the two bulk hourglass C-3 WPs are projected
to the same position, namely, the I point on the (001) sur-
face BZ. Thus, there must exist six surface arcs connected
to the T' point, leading to a sextuple helicoid instead of a
triple helicoid, as schematically shown in Fig. 4(d). This
novel surface mode also is confirmed by our calculation in

Fig. 4().

V. CONCLUSIONS

In summary, using symmetry analysis, we show that the
C-3 WP only appears at the sixfold rotation axis and can be
further classified as normal C-3 WP and hourglass C-3 WP.
For the former, it can be realized in 12 out of 230 SGs, while
the latter only occurs in two SGs. We then predict several
realistic materials that host hourglass C-3 Weyl phonons. As
a representative material candidate, a-LilO3 exhibits one pair
of C-3 WPs and six C-1 WPs at a certain frequency range
in phonon spectra, leading to a novel Weyl complex. More-
over, the triple- and sextuple-helicoid surface arc states can
be clearly found in the (1010) surface and (001) surface of
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a-LilOs, respectively. Thus, our work uncovers a new type
of Weyl phonon, offers a method to search for (hourglass)
C-3 Weyl phonons in 230 SGs, and proposes realistic ma-
terials to realize the ideal hourglass C-3 Weyl phonons and
clean sextuple-helicoid phonon surface states. Furthermore,
our results are not limited to phonon spectra but can also be
applied to other boson systems, such as photon or magnon
systems.

Note added. Recently, we became aware of Ref. [72],
which has some overlaps with our work.
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