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Unconventional Weyl phonons with higher topological charges in crystalline solids have attracted increasing
attention. By symmetry analysis and a low-energy k - p effective Hamiltonian, we propose the symmetry-
enforced triple hourglass Weyl phonons (THWPs) with Chern number C = %3 protected by 6; screw rotation
symmetry in chiral space groups 173 (P63) and 182 (P6322). We take LilO3 with space group 173 as a candidate
and confirm that it possesses THWP with linear and quadratic dispersions along the &, direction and in the
k.-k, plane, respectively. Due to the constraints of crystal symmetry and topological charge conservation, six
equivalent single Weyl phonons (SWPs) emerge and lie in the k, = 0 plane. Therefore, the unique phonon surface
arcs connect the projections of two THWPs and six SWPs, leading to nontrivial sextuple-helicoid surface arcs
on the (001) surface Brillouin zone. Our work proposes a class of topological phonons and realizes it in realistic
materials, providing a perfect platform for experimental observation of THWPs. We expect our work to provide

a new idea for detection of unconventional quasiparticles.
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In recent years, various topological quasiparticles in
three-dimensional (3D) crystalline solids, such as Weyl
points [1-3], triple points [4—6], Dirac points [7-11], nodal
lines [12-15], and nodal surfaces [16—18], have attracted
widespread attention because of their unique physical prop-
erties and potential applications. Among them, Weyl-type
excitations are of particular importance, which are peculiar
quasiparticle excitations featuring a nontrivial isolated point
touching two band branches. Weyl fermions were first pre-
dicted theoretically in the magnetic pyrochlore iridates [19].
However, due to the limitation of magnetic domains of these
magnetic materials, some typical physical properties of Weyl
points are difficult to observe experimentally [20-22]. Fortu-
nately, nonmagnetic materials with well-defined surface states
and Fermi arcs were later proposed and observed experimen-
tally [23-27].

Motivated by these works, more works on Weyl-type exci-
tations have been reported. According to the band dispersion
around crossing points which can lead to exotic topological
properties, the Weyl-type points exhibit a variety of classi-
fication. For example, according to degree of the tilt of the
local dispersion around the crossing, Weyl points are divided
into type-I [3,19,23-28], type-II [29-34], and type-III Weyl
points [35-37]. The latter two break the Lorentz symmetry,
resulting in unique transport properties different from type-I
Weyl points with normal pointlike Fermi surfaces [29-34].
In addition, the Weyl points, which act as a “source” or
“sink” of Berry curvature [38], are topologically protected
by the discrete translational symmetry of the lattice and no
further symmetries are needed for their existence. Therefore,
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the topology of Weyl point can be defined by a quantized
topological charge (i.e., the Chern number C = +1), which
is the flux of the Berry curvature passing through a closed
surface in momentum space. However, considering an ad-
ditional symmetry, there will exist some Weyl points with
higher Chern number C [39-48]. For example, a fourfold or
sixfold rotation symmetry can protect Weyl points with C =
+2 [5,39-42], a sixfold rotation symmetry can protect Weyl
points with C = £3 [2,43], and Weyl points with C = +4
[45-48] can be realized when the cubic symmetry is included
in the presence of threefold screw rotational symmetry. Under
this convention, Weyl points are divided into single Weyl,
quadratic Weyl, triple Weyl, and charge-four Weyl points with
C = %1, £2, £3, and 4, respectively.

Phonons can be a perfect platform for realization of these
unconventional Weyl points due to their particular device
applications and the unique advantages of whole frequency
range observation. For example, quadratic Weyl phonons
(QWPs) can exist with two equal single Weyl phonons
(SWPs) in «-SiO, [41]. Unlike paired SWPs with opposite
chiral charges, the projection of the QWP connects two SWPs
by two surface arcs. More importantly, such a combination
does not violate the no-go theorem [49,50] and satisfies topo-
logical charge conservation. The charge-four Weyl (CFW)
point was proposed only in the spinless system [45—-47], and
the quadruple-helicoid surface states are available. However,
the studies focusing on topological nontrivial triple Weyl
phonons (TWPs) are still in their infancy, and the TWPs with
clearly visible surface states have so far not been realized
in realistic materials. As shown in Fig. 1(a), we propose
the existence of the TWP with exotic triple-helicoid sur-
face states, which connect the projections of the TWP and
three SWPs. Interestingly, sextuple-helicoid surface states in
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FIG. 1. (a) The schematics of a triple Weyl point with triple-
helicoid surface arcs. (b) The schematic of a pair of triple Weyl
points connected by time-reversal symmetry with sextuple-helicoid
surface arcs. (c) The schematic of the hourglass band dispersion on a
63-invariant screw axis.

Fig. 1(b) can be expected when two TWPs are connected
by time-reversal symmetry 7. However, the TWPs originate
from the accidental degeneracies on a Cg-invariant line, and
therefore we cannot explicitly distinguish it from SWPs and
QWPs on the same path. Then a questions arises: Is there
some kind of constraint that guarantees the existence of TWPs
on high-symmetry lines (HSLs)? The hourglass-shaped band
structures, which may result in symmetry-enforced intersec-
tion, such as hourglass nodal points and nodal lines [51-55],
would be a good choice to realize the TWPs. Therefore, a class
of exotic topological phase, i.e., the triple hourglass Weyl
phonons (THWPs), can be expected.

Through k - p effective model analysis, we identified all
candidate space groups (SGs) capable of possessing TWPs,
which are listed in Table S1 of the Supplemental Material
(SM) [56]. On this basis, by analyzing the evolution of the
irreducible representations (IRs) on Cg-invariant HSLs, we
find that SGs 173 and 182 can host the THWPs with C = +3
in our candidate SGs, which originate from the different screw
rotation degrees of the Cy. Therefore, we divide the triple Weyl
phonons into general TWPs and THWPs. Taking LilO; as
an example, we confirm the nontrivial topological properties
of THWPs and find they possess unique sextuple-helicoid
surface arcs on the (001) surface, which is consistent with our
prediction. It should be stressed that the THWP is enforced
to appear by symmetry, and its hourglass band characteristics
makes it easier to be observed and detected.

To understand the properties of TWPs, the crossings of
two phonon branches can be described by a two-band k - p
effective Hamiltonian, namely,

Hk) = dk)oy + d*(k)o_ + f(k)oy, (1)
where oy, . are Pauli matrices, o1 = (0, *i0,)/2, d(Kk)
represents a complex function, and f(k) represents a real
function. As an illustration, we consider a generic point k
on the Cg-invariant axis [[" — Z(0, 0, w)] of hexagonal crys-
tal system. Since [Cg,, H(k)] = 0, the band eigenstates at
k can be simultaneously chosen as Cg, eigenstates. The lit-
tle group can be generated by the screw rotation symmetry
C6Z = {Cs;|00%}, changing the coordinates of the lattice as

1 f V3
6&:(x»y71)_> (E-x_ 2 2x+2y’z+6> (2)

where u = 0, 1, 2, 3, 4, 5. Consider a general point located at
the k, axis (0, 0, w). Then we can get the relation

Co. = Toou = €. (3)
Hence, the eigenvalues of Esz can be expressed as
E, = {"/%™" 3 n=0,2,4,6,8, 10}, @)

where E, can be used to indicate each phonon branch. When
two phonon branches with different eigenvalues cross on this
Cg,-invariant path, the matrix representation of Cg, can be
written as

D(Ce) = (E E, ) 5)

where n /n; represents different n in Eq. (4). According to the
invariant theory, the Hamiltonian of this crossing point can be
expressed under the constraint of Cg,-invariant symmetry as

D(Co.)Hefr (YD~ (Cs,) = Heps(Ro:K), (6)

where Rg, is a 3x3 rotation matrix of E(,Z. There exist three
possibilities, leading to three types of Weyl points:

E, JE, = ¢ ™3, C=+1, (7
E, |E,, = ™3 C =42, ®)
E, /E, =—1, C=43. )

Under the constraint of Egs. (6) and (9), the crossing point
would be a triple Weyl point, and the corresponding Hamilto-

nian can be expressed as
fk&)  dk)

Herr(k) = , 10

(k) ( —f(k)) (10)

d*(k)

where f(k) = al(kf + kyz) + ark,, d(k) = Ollk:?_ + Ct’zki, an
are real parameters, o> are complex parameters, and ky =
ky £ iky. In this low-energy effective Hamiltonian, the topo-
logical charge of the crossing point is characterized by the
leading order of the chiral term (i.e., the antidiagonal term).
Besides, the in-plane cubic dispersion originating from the the
chiral term is suppressed by the in-plane quadratic dispersion
of the nonchiral term (i.e., diagonal term), so the triple Weyl
point possesses the in-plane (k.-k,) quadratic dispersion in a
spinless system.

Based on the symmetry analysis above, we list the op-
eration eigenvalues of the Cg screw rotation operation at
high-symmetry points (HSPs) I' and A in Table I. Under
the action of time-reversal symmetry, two one-dimensional
(1D) IRs can form a two-dimensional (2D) IR. For example,
when u =0 atI', Ry 6 = R, @ Rg. In Table I, we list all 2D
IRs at high-symmetry I" and A points, respectively. Then we
consider the evolution of two sets of 2D IRs along the HSL
I"-A. The two sets of 2D IRs will split into four 1D IRs along
I'-A. When the screw rotation 63 (i.e., C()Z with u = 3) is
presented, interesting things happen. As shown in Fig. 1(c),
two sets of 2D IRs R, ¢ and Rz 5 at I" split into four 1D IRs
Ry, Re, R3, and Rs along I'-A, then form two 2D IRs R, 3 and
Rs ¢ at A. According to the compatibility relations, there must
be a crossing with C = +3 between R; and Rg¢. In contrast
to the general triple Weyl phonon, this crossing is enforced
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TABLE I. IRs of C¢ with different screw rotation degrees at high-symmetry points (HSPs) I and A, where u represents screw rotation
degree. Ry, R, R3, R4, Rs, and Rg represent different IRs corresponding to n = 0, 2, 4, 6, 8, and 10 in Eq. (4), respectively.

Degree HSP R, R, R; R, Rs R¢ 2D IRs Triple Weyl on I'-A

u=0 r 1 e /3 e /3 -1 e /3 e ™3 Ra6, R35 RiRy/RyRs /R3Re
A 1 eirr/3 eZirr/3 -1 e*Zin/S e*in/S R2,67 R3,5

u=1 r 1 en/3 e /3 -1 —2in/3 e /3 Ry6, R3 5 R\R4/RyRs5/R3Rs
A o/ i o5i/6 =5 /6 —i e~ /0 Ri6, Ras, R34

u="2 r 1 ein/3 eZin/3 -1 e—Zin/S e—in/S R2,6, R3,5 RIRA/RZRS/R3R6
A eirr/3 62[71/3 -1 e—Ziﬂ/3 e—[rr/3 1 Rl,S’ R214

u=3 r 1 e/’ e /3 -1 e /3 e~ m/3 Ra6. R35 RiRy/RyRs /R3Re
A i eSirr/G e—Sin/6 —i e—irr/ﬁ eirr/6 R1,4, R2’3, R5.6

u=4 r 1 ein/3 62[71/3 -1 e—Zin/3 e—in/3 R2,67 R315 R1R4/R2R5/R3R6
A eZirr/S -1 e—Zirr/S e—in/3 1 eirr/3 Rl,?n R4,6

u=>5 r 1 ein/3 eZin/3 -1 e—Zin/f& e—in/S R2,6, R3,5 R1R4/R2R5/R3R6
A eSirr/G e—Sin/G —i e—in/ﬁ ein/6 i R1.2, R},f» R4,5

by 63 screw rotation symmetry and has an hourglass-type
band dispersion structure, which is the THWP. Interestingly,
the topological charge of the THWP can be obtained explic-
itly from the band dispersion without further calculations. In
addition, we find that only SGs 173 and 182 satisfy such a
symmetry requirement.

Lithium carbonate («-LilO3) is an ideal candidate to re-
alize the symmetry-enforced THWPs, which is synthesized
by reagent grade iodic acid and lithium carbonate dissolved
in water [57]. As shown in Fig. 2(a), the SG of «-LilO; is
173 (P63), in which a primitive cell contains two Li, two I,
and six O atoms. The bulk Brillouin zone (BZ), the projected
(001) surface BZ of «-LilO3, and the corresponding HSPs
are shown in Fig. 2(b). As shown in Fig. 2(c), we plot the
phonon band structure with nonanalytic term correction for
a-LilO3. We focus on the nontrivial hourglass crossing on
the Cg-invariant axis, which corresponds to the THWP. We
find that the hourglass crossing contributed from the phonon
branches 25 to 28 is an ideal selection. As shown in Fig. 2(d),
the THWP has a typical linear dispersion characteristic along
the k, direction. We also plot the corresponding 3D represen-
tation of the crossing branches in the k,-k, plane. It is clear
that the crossing point possesses quadratic in-plane dispersion
in Fig. 2(e), which is consistent with our model analysis.

We also find six SWPs contributed from 26 and 27 phonon
branches at the k;, = 0 plane, and the schematic diagram of
the momentum positions of two THWPs and six SWPs in
the first BZ is shown in Fig. 3(a). Under the rotation of the
Ce symmetry operator, these six SWPs are equivalent, and
first-principles calculations show that their Chern number is
+1. According to the no-go theorem, we can also infer that
the Chern numbers of the two THWPs along the k, axis are
—3. The momentum positions and more detailed information
about these nodes are presented in Table S2 of the SM.

Furthermore, in order to explicitly obtain the chirality
of THWP, we study the phase difference [i.e., (3/m) %
arg(E,, /E,,)] evolution of the C¢ eigenvalues of two phonon
branches in Fig. 3(b). We find that there exists a phase change
at the k point, confirming the existence of a THWP with
C = —3. We next examine the distribution of Berry curvature
contributed by the 26th and 27th phonon branches in the k-k,
plane. As shown in Fig. 3(c), the Berry curvature near topo-

logical nontrivial points shows convergent and divergent field
morphologies, which correspond to the chirality of THWPs
and SWPs, respectively.
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FIG. 2. The crystal structure and phonon band of LilOs. (a) The
primitive cell. (b) The bulk BZ and the corresponding (001) surface
BZ. (c) Phonon spectrum. (d) Phonon dispersions along I'-A con-
tributed from phonon branches 25 to 28, which correspond to the
red box in (c). (e) Three-dimensional representation of the phonon
dispersion on the k,-k, plane of the crossing point in (d).
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FIG. 3. (a) The distribution of the THWP (red dots) and SWPs
(blue dots) in momentum space. (b) The phase difference evolution
of Cs rotation operation eigenvalues contributed by two phonon
branches 26 and 27 along I'-A. (c) The distribution of Berry cur-
vature in the k,-k, plane. T — M — V represents a (001) surface path
through the projections of THWPs and SWPs.

To illustrate the exotic topological features of THWPs,
we calculate the phonon local density of states (LDOS) and
projected isofrequency surface contours on the (001) surface.
The phonon surface states, which start at the projection of
the THWPs at T and end at the projection of SWPs locating
at T-V, are clearly visible in Fig. 4(a). Moreover, the (001)
surface states further display quadratic dispersions of the
THWPs, showing consistency with the 3D phonon dispersion
in Fig. 2(e). As shown in Fig. 4(b), two THWPs located at
I'-A are projected onto the center of the surface BZ (denoted
by W;), forming a terminal point with total C = —6, while
the other six SWPs are projected onto the internal general
point of the surface BZ (denoted by W) with C = +1. We can
further determine that the six nontrivial terminal points corre-
spond to six SWPs in the isofrequency surface contours with
w = 21.37 THz in Fig. 4(b). And we can see that six branches
of surface arcs start at W;, and finally converge at W;. These
long surface arcs that connect W; and W, exhibit a sextuple-
helicoid nature. Unlike the QWPs that usually accompanies
the double-helicoid surface state, each THWP induces the
simultaneous appearance of three other SWPs, forming the
triple-helicoid surface arc structure. The THWPs can only
appear on the Cg-invariant axis, and its (001) projection is a
superposition of two THWPs. Therefore, we can see sextuple-
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FIG. 4. (a) The phonon LDOS projected on the (001) surface BZ
along V-T'-M-V. (b) The isofrequency contours of (001) surface and
(c) its corresponding enlarged view of the middle part at 21.37 THz,
where W, and W, represent the projection of THWPs and SWPs,
respectively. (d) The phonon LDOS projected on the semi-infinite

(001) surface BZ along the loop C;.

helicoid surface states, which is in perfect agreement with
our theoretical prediction. To visualize the helicoidal surface
states, we calculate the surface LDOS along one clockwise
loop C; [see Fig. 4(c)] in Fig. 4(d). For the loop Cj, the six
left-moving chiral edge modes are consistent with the chirality
of Wy, further confirming our results.

In summary, we present a class of symmetry-enforced
THWP with unique topological properties, which is protected
by 63 screw rotation symmetry in chiral SGs 173 and 182.
Our work uncovers all THWPs in the spinless system and pro-
poses that their nontrivial surface states connect a THWP with
C = #£3 and three SWPs with C = F1. In addition, we provide
an ideal candidate which possesses two THWPs located at the
Ce-invariant line and six SWPs located at the k, = 0 plane,
leading to sextuple-helicoid surface arcs. The multiple surface
arcs can provide one-way phonon propagation channels, sug-
gesting potential applications in topological phonon devices.
Our work not only proposes a class of quasiparticles but also
provides an idea for detection of unconventional quasiparti-
cles in realistic materials.

Note added. Recently, we became aware of a similar work
by Wang et al. [58].
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