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Revealing Berry curvature of the unoccupied band in high harmonic generation
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Experimental determinations of the net Berry curvature have been made for the occupied band because they
are basically available on the basis of electronic and magnetic responses of carriers occupying the band, for
instance, through the measurement of the anomalous Hall effect or the magneto-optical Kerr effect. Here, we

investigate the circular dichroism of the high-order harmonic generation (HHG) in undoped monolayer MoS,.
Breaking the threefold rotational symmetry of the pristine monolayer MoS, by applying uniaxial strain and
an external bias field, we find that the third-order HHG signals deliver nonvanishing dichroic signatures. These
signatures are essentially identical as the net Berry curvatures obtained from the electron-doped monolayer MoS,

with the aforementioned symmetry broken. This finding implies an experimental challenge to observe the net
Berry curvature of the unoccupied empty band, which should open another stage toward the advancement of

valleytronics.

DOI: 10.1103/PhysRevB.106.205422

I. INTRODUCTION

Since the discovery of graphene and other two-dimensional
crystalline materials, there have been numerous attempts to
utilize the nontrivial geometrical property from the topolog-
ical entanglement of the electronic band structures, i.e., the
Berry curvature [1]. The Berry curvature enables versatile
control of valley pseudospins and fundamentally determines
anomalous electron motion [2-4], which should be a key
concept to go beyond the silicon-based electronics. The valley
magnetoelectric effect to induce a real-space valley magne-
tization, i.e., a real-space net Berry curvature, is observed in
uniaxially strained electron-doped monolayer MoS; in a static
electric field environment [5]. The valley magnetization is
further developed to the valley magnetic domain, whose mov-
ing manipulates the anomalous transverse current feasible for
device applications [6]. In the studies, the net Berry curvature
is determined for the occupied band through electronic and
magnetic responses of carriers occupying the band [2-6].

High harmonic spectroscopy is a powerful tool to inves-
tigate the electronic structure, optical response, and other
physical properties of atoms, molecules, and condensed
phases exploiting high-order harmonic generation (HHG) [7].
HHG is a nonlinear process of emitting high harmonic lights
in targeted matters under an intense light field, such as
molecules and solids, in particular, including topological insu-
lators and two-dimensional materials [8—20], the frequencies
of which are enumerated as n times (n =1, 2, 3, ---) the
incident light frequency wy. It was about a decade ago that
HHG was first observed in a bulk solid of ZnO [10]. Recently,
the seventh harmonic of HHG of graphene was studied in
detail using terawatt-intensity elliptically polarized light [11].
Thereafter, electrically tuned HHG was demonstrated with
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respect to intraband and interband dynamics in a single-wall
carbon nanotube [12]. Furthermore, it has been an interesting
finding that there is a change of helicity of HHG between
topologically trivial and nontrivial phases on the basis of the
Haldane model [13]. More recently, the dependence on the
pulse frequency or the carrier-envelope phase of HHG in
the topological insulator was studied [16]. Meanwhile, the
magneto-HHG was examined for Fe(100) and Fe(001) [17],
signals of which have been affected by spin polarization and
the spin-orbit coupling (SOC). Since the valley magnetization
indicates the orbital magnetic moment, it would be possible
to study HHG of the valley magnetic materials just like fer-
romagnetic materials. In particular, under circularly polarized
light, the HHG signal would depend on the light helicity so
that more abundant physics could be available.

In this paper, we consider pristine (undoped) monolayer
MoS; and calculate the nonlinear electron transports of high-
order harmonics under the intense optical field employing the
quantum master equation [21], which corresponds to high-
order harmonic emission light, i.e., HHG. We propose the
dichroic high-order harmonic generation ({HHG) as the dif-
ference in the third-order HHG spectra between the right
circularly polarized (RCP) and the left circularly polarized
(LCP) incident optical pulses. When applying the uniaxial
strain along the armchair direction and the static electric field
along the zigzag direction to the undoped monolayer MoS,,
we find the nonvanishing and substantial dHHG signals in
the third-order harmonic spectra regardless of the emission
direction. The dHHG spectra obtained in the two-dimensional
domain of the external uniaxial strain and the bias electric
field are found to be essentially the same as the net Berry cur-
vature through the valley magnetoelectric effect (VME) in the
same two-dimensional domain of the electron-doped mono-
layer MoS,, which is calculated by the first-principles density
functional theory. This finding delivers a message that one can
observe the net Berry curvature of the unoccupied band in
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terms of dHHG spectroscopy without pursuing electronic and
magnetic responses of carriers of the occupied band, for in-
stance, the anomalous Hall effect or the magneto-optical Kerr
effect. Furthermore, it suggests an alternative direction for
exploring geometric prospects as well as electronic structures
of valleytronic or topological materials, such as, in particular,
two-dimensional transition metal dichalcogenides and gapped
graphenes.

The paper is organized as follows. In Sec. II, we intro-
duce the model Hamiltonian and theoretical formulation. In
Sec. III, solving the quantum master equation, we provide
dHHG spectra of the undoped monolayer MoS, with three-
fold rotational symmetry broken due to the external strain
and the bias field and compare them with the first-principles
calculations of the net Berry curvature of the electron-doped
monolayer MoS, in the aforementioned symmetry breaking.
Physical insights between them are discussed. In Sec. IV, we
summarize the results and give a conclusion.

II. MODEL AND THEORETICAL FORMULATION

We consider the model Hamiltonian H (k) for monolayer
MoS, extended to include the spin-orbit coupling on the basis
of the three-band tight-binding Hamiltonian H™™ (k), gener-
ally valid for group-VIB transition metal dichalcogenides,
which is constructed accounting for three Mo d orbitals
(d2, dyy, and d>_2) and Mo-Mo hoppings up to the third
nearest neighbors based on the symmetry of the monolayer
[22,23]. In the pristine monolayer MoS,, the nonlinear current
J(7) driven by the incident optical field A(t) will be calcu-
lated by the quantum master equation [21],

d .
d__[/)k(f) = —i[H[k + A(7)], px(0)]1+ Dlpk(T)], (1)

J(o) =

) Jdk Tr[Jxpi ()], @

where pg(7) is the density matrix operator, ﬁ[pk(r)]
the dephasing term, and Jx the current operator
—dH[Kk 4+ A(t)]/0k. The Fourier transform of J(t) would
then result as a sum of harmonics of the incident optical field,
which would eventually emerge as the HHG spectrum I(w),
re, I(w) ~ a)zlJ(a))|2. The Hamiltonian H (K) to include
SOC on the basis of the tight-binding Hamiltonian H™® (k)
(see Appendix A) is written as

H™(k) + 2L, 0
H(k)z[ ST gy %L,]'

A is the strength of SOC and L, (z component of the orbital
angular momentum) is

0 0 0
L=(0 0 2i],
0 —-2i O
where the same bases as in H'B(k), ie.,
d», dy, and dp_p, are adopted in L, Now
the dephasing term is written as D[,o{f"(r)] =

=" (O = ) /o= (T) — S ae)18mn/T1, Where m
and n are the band indices; 77 and 7, are the dephasing times

taken to be 100 and 20 fs, respectively; and f," is the Fermi-
Dirac distribution function of the mth band. In the calculation
of HHG, we adopt the circularly polarized pulse for the
incident optical field ARCP(LCP)(T)’ ie., ARCP(LCP)(T) =
(1/wo)(Eg cos wotX % Ey sin wyt§)cos*(mt/T), where “4”
and “—” mean RCP and LCP pulses, respectively. We take the
pulse frequency wp to be 0.26 eV, the average electric field
strength Ej to be 4.6 MV/cm, and the pulse envelope period
T to be 200 fs.

Employing the quantum master equation with H(k), one
may calculate HHG for the pristine monolayer MoS, under
the incident RCP or LCP pulse. In particular, the dichroic
signal of HHG (i.e., dHHG) would be interesting because
the circular dichroism is generally sensitive to the angular
momentum states and, furthermore, the geometric properties
of the wave function in the parameter space, for instance,
the Berry curvature. We extract the dHHG signal from the
difference in the HHG spectra between RCP and LCP optical
pulses as shown later. In Fig. 1(a), we give a schematic of
the experimental geometry for HHG of the monolayer MoS;
under the RCP pulse possibly together with the uniaxial strain
€, and the bias electric field Epi,s. For an application of the
bias electric field, its vector potential is given as follows, to
avoid a sudden change,

73 0.57*

Abias(f) = { blas(l.b_m Toias
—Epias (T — 0.5Tpias) T 2> Toias

)O<t<fbias

where Tyias is 50 fs and Epjs is 1.0 x 10° V/m. When the
current due to the bias field is fully converged at T >> Tpiss,
the circularly polarized pulse is irradiated. Then the resulting
vector potential is given by a summation of Api,s(7) and
Arcpcp)(t) in Eq. (1). The inset of Fig. 1(a) shows the valley
selective HHG, which would be attributed to the conduction
band entirely near the —K valley. In Fig. 1(b), HHG spectra
for both RCP and LCP pulses are provided at ¢, =0 and
Evins = 0, where no numerical difference results between the
two HHG spectra. In addition, according to the high harmonic
selection rule, in the figure, there would be found no 3mth
(m=1, 2, 3, ---) order harmonic feature for the pristine
monolayer MoS, with threefold rotational symmetry. Gener-
ally, for a system with n-fold rotational symmetry, (n x m)-th
order harmonic features are missing in HHG [8,9]. This is
sharply contrasted to Fig. 1(c), where 3mth order features are
shown to be obvious since the threefold rotational symmetry is
broken due to the applied uniaxial strain €, = 0.3%, although
the two HHG spectra for RCP and LCP pulses at Epj,s = O are
still hardly different numerically from each other.

III. RESULTS AND DISCUSSION

The dHHG signal would be extracted from the differences
in HHG spectra between RCP and LCP pulses, which should
be directly proportional to the net Berry curvature of the sys-
tem. Under the circularly polarized pulse, the electrons would
be excited to the conduction band and also accelerated by the
anomalous Hall effect. In the semiclassical model, the velocity
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FIG. 1. Assumed geometry and calculation of HHG. (a) Geometry assumed for the HHG experiment for the monolayer MoS, with the
tensile strain along the § (armchair) direction and the bias electric field along the X (zigzag) direction. Inset shows the electron or hole
dynamics associating HHG under the RCP pulse pumping. (b,c) Calculation of HHG under RCP and LCP pulse pumpings (b) at Epjps = 0 V/m

and €, = 0% and (c) at Eyjps = 0 V/m and €, = 0.3%.

of the electron can be written as

1(1) = Vielk + Arcpacp) ()] + eErcpacp)(T)
x L[k + Arcprcp) (7)1, 3)

where ¢(k) and (k) are the conduction band and its Berry
curvature, respectively. HHG spectra are evaluated by the
Fourier transform of J(7), which is given by

J(@) ~ [E)pk)d’k. @)

The electron density selectively excited depending on the
pulse helicity would be simply approximated by the Dirac
delta function, i.e., p(k) ~ §(k £ K + &k, ), where the upper
(lower) sign indicates a case of the RCP (LCP) pulse and
ok, a possible shift of the electron pocket due to the external
bias field along the X direction. The HHG spectrum /(w) is
obtained, i.e., I(w) ~ w?|J(w)|*, and the difference spectrum
D(w) given by Ixcp(w) — I cp(w) at w = 3mwy is, from Ap-
pendix B,

DBmawy) ~ [AQ—K — 5k,) + AQ(K — 5k,)]
x [AQ(—K — 8k,) — AQ(K — 8k,)]
~ Qe X [AQ(-K =8k, ) — AQ(K — &k, )],
%)

where AQ(K) is the Berry curvature change due to the applied
strain, i.e., AQ(k) = Q(k) — Qo(k), and (k) and (k)
are the Berry curvatures of the strained monolayer and the
pristine monolayer MoS,, respectively. D(3may) is found to

be directly proportional to the net Berry curvature (2),., of
the conduction band and successfully captures the geometric
properties of the electron wave function, and in this sense will
be regarded as the dHHG signal. On the other hand, D(w)
at w = 3m £ 1wy gives a totally mixed signal, where the
dichroic signal cannot be isolated (see Appendix B). There-
fore, we hereafter focus on D(3mwy) for the dHHG spectrum.

Unlike Figs. 1(b) and 1(c), we now obtain nonvanishing
differences in HHG spectra between RCP and LCP pulses
by turning on the bias electric field Epiys, 1.€., Epias = 1.0 X
10° V/m, as shown in Figs. 2(a)-2(d). Under the assumed ge-
ometry of Fig. 1(a), the difference spectra at harmonic orders
would be considered for each HHG emission along the zigzag
direction and the armchair direction of the monolayer MoS,.
In Figs. 2(a) and 2(b), comparisons of HHG spectra along the
zigzag direction between RCP and LCP pulses are illustrated
at e, = 0 and €, = 0.3% and in Figs. 2(c) and 2(d); similarly,
those along the armchair direction between the RCP and LCP
pulses are provided at €, = 0 and €, = 0.3%. It is found that
the dHHG signals of D(3mwy) are substantial, especially at
the third harmonic order, i.e., m = 1.

Employing the first-principles density functional theory
[24], one can calculate the Berry curvature of the conduction
band of the electron-doped monolayer MoS; in Fig. 3(a). The
Berry curvature is expressed as

(nk|p.|n'K) (W'k|py|nk)
[Ey(K) — E,(K)]?

Z.

Q,k) = Q,(k)z = — Z 2 Im
n'#n
(6)
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FIG. 2. HHG spectra under RCP and LCP pulse pumpings. (a,b) HHG spectra along the zigzag direction for RCP (red line) and LCP (blue
line) pumpings (a) at €, = 0% and (b) at €, = 0.3% for a fixed bias field Epj,s = 10% V/m. (c,d) HHG spectra along the armchair direction
for RCP (red line) and LCP (blue line) pulses (c) at €, = 0% and (d) at €, = 0.3%. Black arrows indicate the energy position of the third

harmonics.

E,(k) denotes the energy eigenvalue (band energy) of the
Bloch state |nk) (n: band index) and p,, the momentum opera-
tor along the fi direction. One could then obtain the net Berry
curvature (€2),., of the conduction band of the doped MoS, by
multiplying the electron density p(k) and the Berry curvature
of the conduction band R(k), i.e., (), = >, p(K)2(K).
The solid (dashed) line circle in Fig. 3(a) means an area of
the electron pocket whose radius is /2w n,./s before (after)
applying the bias field with Eyjys = 1.0 x 10° V/m, where
the n, is 0.05 electron per unit cell and s is the unit cell
area. A shift of the electron pocket due to the bias field is
given by 5k = Ey;a5Trel, Where the carrier relaxation time 7y is
0.5 ps [25]. Based on the generalized gradient approximation
(GGA), we consider the electron pockets at the K or —K val-
ley by assuming a suitable doping and its asymmetric shift due
to the bias field [inset of Fig. 3(a)] and, further, a change of the
Berry curvature due to the external uniaxial strain €,, which
enables us to achieve the nonzero net Berry curvature (£2),.
from the momentum summation over the first Brillouin zone.
We take into account the spin-orbit coupling in 201 x 201

k-point grids. In Fig. 3(b), the net Berry curvature of the
conduction band, which is much larger than that of the valence
band, is delivered with respect to the external strain and the
bias field. This should be compared with dHHG signals of
D(Bwy) of Figs. 3(c) and 3(d) for the HHG emission along
the zigzag and armchair directions, respectively. It is con-
firmed that, as predicted from Eq. (5), Figs. 3(c) and 3(d) give
two-dimensional profiles almost indistinguishable from the
first-principles calculation of Fig. 3(b). Here we emphasize
that, unlike the anomalous Hall effect or the magneto-optical
Kerr effect based on electronic and magnetic responses of
band carriers, the present dHHG spectral intensity can capture
the Berry curvature of the unoccupied empty band.

Next, the phase differences in HHG spectra between RCP
and LCP pulses are also interesting. The phase difference,
which should be due to the difference in the electron kinemat-
ical momenta, would come out in the anomalous current and
be eventually realized as the difference in the HHG emission
timing between RCP and LCP pulses. We obtain the time-
dependent harmonic spectra using the Gabor transformation
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FIG. 3. Net Berry curvature and dHHG signals. (a) First-principles calculation of the Berry curvature of the conduction band of the
monolayer MoS,. Inset shows shifts of the electron pockets by the bias field at a given electron doping. (b) Two-dimensional plot of the
first-principles calculation of the net Berry curvature (£2),,, of the conduction band of the monolayer MoS, with respect to Ey,s and €. (c,d)
Two-dimensional plot of the third-order dHHG spectral intensity D(3w,) with respect to Ey;,s and €, (c) along the zigzag direction and (d)
along the armchair direction. (e,f) Two-dimensional plot of the third-order harmonic emission delay At,_3 (e) along the zigzag direction and

(f) along the armchair direction.

written as [26,27]

I
Glw,t)=fdt' J(the ¥ e @7,

where the time window 7 is 1.2 fs in the calculation. Then we
determine the average time Tgcpq cpy Of the nth-order HHG
emission under the RCP (LCP) pulse,

[ G(nwy, )T dT

T = 5
RCPLCP) S G(nwy, ) dt

and evaluate the nth-order harmonic emission delay At, from
|tRep—Ticpl- In Figs. 3(e) and 3(f), the delay At,—3 from
the difference in third-order HHG emission timings between
RCP and LCP pulses is provided for each emission along the
zigzag direction and the armchair direction. This suggests the
time-domain quantification of the nonzero net Berry curvature
involved in the dHHG signals.

In Figs. 4(a) and 4(b), the HHG spectra under RCP and
LCP pulses adopting pulse energies and field strengths dif-
ferent from those of Fig. 2 or Fig. 3 are provided for a
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FIG. 4. HHG spectra and dHHG signal strengths at various optical conditions. (a,b) HHG spectra along the zigzag direction for RCP (red
line) and LCP (blue line) pulses (a) at Ey = 4.6 MV/cm and wy = 0.35 eV and (b) at Ey = 6.9 MV/cm and w, = 0.26 eV. (c) The third-order
dHHG signal intensities along the zigzag (cyan) and armchair (magenta) direction with respect to €,. Yellow triangles show the net Berry
curvature calculated by the first-principles calculation. (d) The third-order dHHG signal intensities along the zigzag direction with respect to

wy (black) and E, (green). Note that the pulse frequency wy ~ 0.5 eV leading to a rapid increase of the intensity satisfies 3wy

fixed uniaxial strain €, = 0.3%. This readily implies the same
behavioral indication of dHHG with respect to the exter-
nal manipulation parameters as Figs. 3(c)-3(f). In Fig. 4(c),
strengths of the dHHG signal are compared between the
HHG emission directions and, in Fig. 4(d), those strengths are
illustrated with respect to additional optical conditions. Inter-
estingly, the signal strength of Fig. 4(d) is found to abruptly
increase around wy = 0.5 eV, which would signify an opening
of the interband channel through 3wg 2 Egyp. Egap amounts to
1.58 eV in our model. Hence, the conclusion that dHHG could
describe developments of the net Berry curvature is confirmed
again and found to be robust.

IV. SUMMARY AND CONCLUSION

We investigate HHG and its circular dichroism in undoped
monolayer MoS; with a quantum master equation. Here we

~ Egp.

find that the dichroism of HHG (i.e., dHHG) given by the
difference in 3mth-order HHG spectra between RCP and
LCP pulses, especially with m = 1, captures the nonzero net
Berry curvature of the monolayer MoS, when its threefold
rotational symmetry is broken by the external strain and
the bias electric field. This is found to be essentially the same
as the first-principles calculation of the net Berry curvature
of the symmetry broken n-doped MoS,. Finally, we note
that hitherto known experimental determinations of the net
Berry curvature are for the occupied band on the basis of the
electronic and magnetic responses of carriers occupying the
band. In contrast, the current finding proposes an experimental
challenge to reveal the net Berry curvature of the unoccu-
pied empty band, which suggests a robust insight for the
high-intensity field exploration of valleytronic or topological
materials.

205422-6



REVEALING BERRY CURVATURE OF THE UNOCCUPIED ...

PHYSICAL REVIEW B 106, 205422 (2022)

ACKNOWLEDGMENTS

This work was supported by the Basic Science Research
Program (Grant No. 2022R1A2B5B01001582) through the
National Research Foundation of Korea (NRF) and also by the
DGIST R&D program (Grant No. 22-CoE-NT-01), funded by
the Ministry of Science and ICT.

APPENDIX A: UNIAXIAL STRAIN IN
TIGHT-BINDING MODEL

In the monolayer MoS,, Mo d orbitals
(d2, d,y, and d,._p) are important in constituting the
valence and conduction bands. One can make the 3 x 3
Hamiltonian using these three d orbitals. The matrix elements
of the Hamiltonian are then written as

Hij(k) = e*RE;(R),
R

E;;(R) = (¢:(r)|H|¢;(r — R)),

where E;;j(R) and ¢;(r) are the hopping integral and the
atomic orbital. The monolayer MoS, takes into account
Mo-Mo hoppings up to the third nearest neighbors whose
distances are Ry, Ry, ..., Ri+ Ry, ...,2Ry,..., 2Rg
(see Supplemental Material [28]). Now the Hamiltonian is

Vi Vi Vi3
Vi Vi Vs
For example, V|| can be written as

Vit = €1 + 2t11(2cos o cos B + cos 2a)
+ 2r11(2cos3acos B + cos2p)
4+ 2u;1(2cos2a cos 28 + cosda),

where the parameters are defined as o = %kxa, B = ?k},a,
th =E(Ry), rip = E;1(Ry), and uy; = E11(2Ry). € is the
on-site energy of the atomic orbital |¢), a the lattice con-
stant, and R; = R, + R,. More details of the matrix elements
are given in Ref. [22]. In the strained monolayer MoS,, the
distances are changed according to the applied strain and the
related hopping parameters are also changed. Necessary mod-
ifications in the matrix elements are obtained by introducing
the strain parameter p, i.e., B — pp for the uniaxial strain
along the § direction (i.e., €,) and the adjusting parameter s
for the hopping parameters associating the strain direction,
i.e., tj] — styy, ri; — sryy, and u;; — suj; for the hoppings
directly incorporating the uniaxial strain in the lowest-order
approximation (see Supplemental Material [28]). We con-
firm such a parametrization with p and s by comparing the
band structure of the model calculation with that of the first-
principles calculation. For instance, we can fit parameters
from an observation that an application of the strain of +0.1%
(p = 1.001) changes the hopping by —0.25% (s = 0.9975).

APPENDIX B: DICHROIC HIGH HARMONIC
GENERATION

We can write the harmonic current by inserting Eq. (3) into
Eq. (4),

Jrepacp)(t) ~ Vie[FK — 8K, + Arcpacp)(T)]
+ eErcpacp)(t) x Q[FK — 5k,
+ Arcpcp) (7))

e(k) and (k) are the band structure and the Berry curva-
ture under the applied strain. The electron density selectively
excited by the pulse helicity can be approximated by p(k) ~
d(k = K + §k,). Sk, is a shift of the electron pocket due to the

bias electric field. Now we rewrite Jrepa.cpy(T), by keeping
the lowest-order terms,

Jrepaep)(7)
~ Vk&o[FK + Arcprcp)(7)]
+ Vi(Ae[FK — 8Kk, + Arcpcp)(T)])
+ eErcpcp)(7) X £o[FK + Arcprcp)(7)]
+ eErcpacp)(t) x AQ[FK — ks + Arcprce) (7)1,

where gp(k) and (k) are the band structure and the Berry
curvature of the pristine monolayer MoS,. Instead, Ae(k) and
AR(K) are given by e(k) — go(k) and 2(k) — (k). In order
to obtain Jrcpcpy(w), we take the Fourier transformation of
each term as

fo, rcpacp) (@) = F (Vo [FK + Arcrce) (7)),
Afrcpcp) (@) = FIVk(Ae[FK — 8Ky + Arcpce)(T)D],
g0, repcp) (@) = F(eErcpacp)(T)

x Ro[FK + Arcprep)(7)]),
Agrepcp)(@) = F(eErcpacp)(T)

x AR[FK — 6Ky + Arcpace)(T)D)-

Here F[£(7)] denotes the Fourier transformation to the
frequency space. It should be noted that the 3mth-order
HHG emissions of the pristine monolayer MoS, are miss-
ing as shown in Fig 1(b) [8,9]; that is, fo rcpacp)(w)+
80, repLcp) (@) vanishes at w = 3mwy. In the lowest-order
approximation [via the Taylor expansion keeping the lowest-
order term of Arcpcpy(7)], the harmonic generation /(w),
ie., [(w) ~ a)2|J(a))|2, at w = 3mw, along the X (zigzag)
and § (armchair) directions is now

I repcpy, » (@) ~ @?| A frepacpy, +(@)EiAgreprcpy. (@),

2 2
Ircpacp), y (@) ~ @*|Agrepace); y(@)|”.

Then, the difference spectrum D, (w) = Ircp; u(0w) —
Licp; u(@) at w = 3mawy along the fi direction is

Du(®) o [Agrep: u(@)]* — [AgLce: u(@)]
= [Agrep; (@) + Agrcp; p(w)]
x [Agrep; (@) — Agrep; w(w)]
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for both ft =X [Afrep: x(@) = Aficp. x(w) should be

noted] and @ =¥. This clearly delivers a message
that the 3mth-order difference spectra D, (3mwy)
directly capture the net Berry curvature (2),, i.e.,

[Agrep; u (@) + Agrep, ,(w)], and deserve the true dHHG

signal. On the other hand, for the (3m £ 1)-th order
HHG emission, £y rcpecpy(@)+ 8o, repacpy(w)  does
not vanish so that the difference spectra give a totally
mixed signal. One cannot isolate the dichroic signal any
further.
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