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Friction, mobility, and thermophoresis of carbon nanoparticles on a graphene sheet
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It is shown using the method of molecular dynamics that the motion of carbon nanoparticles (rectangular
graphene flakes, spherical fullerenes of size L < 10 nm) on the surface of a thermalized graphene sheet lying
on a flat substrate can be described as the motion of particles in a viscous medium with a constant coefficient of
friction, the value of which depends on the temperature and particle size. It has been shown that there are two
types of effective friction: diffusion and ballistic. In the ballistic regime of motion (at velocities v > 200 m/s),
deceleration occurs due to the interaction of moving nanoparticles with thermal out-of-plane bending vibrations
of a graphene sheet. Because of this, with the increasing temperature, the coefficient of friction monotonically
increases. In the diffusion regime of motion (at v < 20 m/s), friction arises due to the need for the particle
to overcome local energy barriers, therefore it decreases with increasing temperature. The difference between
ballistic and diffusion friction is most pronounced at low temperatures, since the mobility of nanoparticles in the
ballistic regime of motion decreases with increasing temperature, while in the diffusion regime it monotonously
increases. Thermophoresis modeling shows that at large values of the temperature gradient along the substrate, a
ballistic mode of motion of nanoparticles is realized. In this mode, the mobility of nanoparticles does not depend
on their shape and size, but is determined only by the value of the temperature gradient. It is shown that the
presence of a normal force pressing the nanoparticle to the substrate leads to an increase in its friction with the
substrate.

DOI: 10.1103/PhysRevB.106.205410

I. INTRODUCTION

Two-dimensional layered materials such as graphene
(G), hexagonal boron nitride (hBN), molybdenum disulfide
(MoS2), and tungsten disulfide (WS2) are of great interest
because of their unique electronic [1–3] and mechanical [4–7]
properties. Due to the very low friction of the layers, these
materials can be used as highly efficient dry lubricants [8–14].
Recently, increased attention has been paid to heterogeneous
layered materials that can exhibit various new physical prop-
erties compared to their homogeneous analogues [15–17].
Thus it was shown that the use of G/h-BN heterostructures
makes it possible to obtain the necessary electronic properties
[18,19], as well as significantly reduce the friction between the
layers [20].

An important task for nano- and micrometer-sized me-
chanical devices is to reduce friction as much as possible
[21]. Standard lubrication schemes stop working at such sizes,
so it is necessary here to switch from liquid to dry lubri-
cant, associated with the sliding of flat molecular layers.
This approach, first theoretically proposed several decades
ago [22], allowed to achieve extremely low coefficients of
friction [23–25]. The use of two-dimensional materials, such
as graphene and hexagonal boron nitride h-BN [26], makes it
possible to achieve extremely low friction. Layered structures
made of these materials can have super-slip layers [15,20,27].
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During the past decade friction in atomically thin sheets
consisting of multiple layers of two-dimensional material was
investigated in atomic force microscope (AFM) experiments
[28,29]. Many unusual properties of friction in such systems
can be explained using a simple phenomenological model
[30,31] in which the forced slow movement of the tip of
the force microscope along sheet with 2D periodic potential
landscape is simulated. This paper studies another situation.
The focus lies on the braking of free high-speed (ballistic) mo-
tion of small graphene flakes and fullerene molecules along
graphene sheet. The aim of the work is to explain the mech-
anisms of braking of such ballistic motion of nanoparticles
at the molecular level. With this movement, the nanoparticle
changes its orientation so as to reduce the effects associated
with commensurability, and the high speed of movement en-
sures its over-barrier regime of motion.

The use of 2D layered structures requires a fundamental
understanding of the mechanisms of the appearance of the
friction force at the atomic level. To date, this mechanism
has been well studied only for slow “diffusion” motion of
layers (at velocities v < 10 m/s) [20,27,32–34]. Modeling
of the motion of nanoparticles (clusters Au459 [35], fullerene
molecules C60 [36]) on the surface of a graphene sheet showed
that at velocities v > 100 m/s there is another “ballistic”
regime of friction.

The goal of this paper is to explain the mechanisms
of the occurrence of friction forces in the ballistic regime
of nanoparticles motion. For this purpose, the motion of
carbon nanoparticles (rectangular graphene flakes and spher-
ical fullerene molecules) along a thermalized graphene
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nanoribbon lying on a flat substrate will be simulated. It will
be shown that at high velocities of motion, friction has a
“wave” origin. Here, the deceleration of motion occurs due to
the interaction of the moving nanoparticle with thermal out-
of-plane bending vibrations of a graphene sheet (the greater
are the vibrations, the higher is the friction). Therefore, in
ballistic motion, unlike standard friction scenarios [33], the
coefficient of friction monotonically increases with increasing
temperature.

Thermophoresis is the directional movement of particles
caused by the presence of a thermal gradient. Recently,
thermophoresis has become a new method of manipulating
nanoscale particles [37–39]. The modeling of the Au459 clus-
ter motion on a graphene sheet under the action of the heat flux
[40] has shown that the cluster has a ballistic mode of direc-
tional motion, which is caused by the interaction of the cluster
with bending (transverse) phonons of a graphene sheet. The
temperature gradient also plays a key role in the evolution of
the movement of nanoplates on a graphene sheet [41]. It will
be shown that the existence of two friction mechanisms causes
two modes of thermophoresis of carbon nanoparticles (diffu-
sion and ballistic) when they move along a graphene sheet.
At large values of the temperature gradient, thermophore-
sis always leads to ballistic movement of nanoparticles, the
speed of which does not depend on the shape and type of
nanoparticle.

The paper is structured as follows: Sec. II describes the
full-atomic model, which is further used to simulate the mo-
tion of carbon nanoparticles on a thermalized graphene sheet
lying on a flat substrate. In Sec. III, the deceleration of the
free motion of nanoparticles as a result of their interaction
with the sheet are simulated. The coefficient of effective fric-
tion is determined and the mechanism of its occurrence is
analyzed. In Sec. IV, the motion of nanoparticles under the
action of a constant force directed parallel to the substrate
surface is modeled. The mobility of nanoparticles in diffusion
and ballistic regimes of motion is analyzed. In Sec. V, we
study the thermophoresis of nanoparticles on graphene sheet.
In Sec. VI, the empirical Amonton-Coulomb law is verified
for nanoparticles. The influence of the normal load (of the
force pressing the nanoparticle to the substrate) on the value
of friction is simulated. The analysis of the results and con-
cluding remarks are given in Sec. VII.

II. MODEL

Let us simulate the movement of rectangular graphene
flakes (RGF) and spherical fullerenes (SF) along a
graphene sheet lying on a flat substrate—see Fig. 1. As a
graphene sheet, we will use graphene nanoribbon (GNR) of
size 103.0 × 19.0 nm2 lying in the xy plane (the x axis is
directed along the zigzag direction) and consisting of N1 =
75 598 carbon atoms. In realistic cases, the edges of the
graphene nanoribbon and rectangular flakes are always chem-
ically modified. For simplicity, we assume that the hydrogen
atoms are attached to each edge carbon atom. In our numerical
simulations, we take this into account by a change of the mass
of the edge atoms. We assume that the edge carbon atoms have
the mass M1 = 13mp, while all other internal carbon atoms
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y

FIG. 1. Simulation of the motion of (a) a rectangular graphene
flake (RGF) of size 7.245 × 6.665 nm2, consisting of N2 = 1918
carbon atoms, and (b) spherical fullerene (SF) C240 (N2 = 240, di-
ameter 1.366 nm), along a graphene nanoribbon of width 19.001 nm
located along the x axis in the xy plane (the zigzag direction of
the nanoribbon coincides with the x axis, the armchair direction
coincides with the y axis). The gray color marks the surface of the
flat substrate at z = 0 on which the graphene nanoribbon lies.

have the mass M0 = 12mp, where mp = 1.6601 × 10−27 kg is
the proton mass.

Hamiltonian of the RGF(SF)/GNR molecular system con-
sisting of N = N1 + N2 carbon atoms [N2 is the number of
atoms of RGF (SF)] can be presented in the form

H =
N∑

n=1

[
1

2
Mn(u̇n, u̇n) + Pn + W (un)

]
+

N1∑
n=1

N∑
k=N1+1

V (rnk ),

(1)

where n is the number of carbon atom, Mn is the mass of
the nth atom (for internal atoms Mn = 12mp and Mn = 13mp

for the edge atoms), un = (xn(t ), yn(t ), zn(t )) is the three-
dimensional vector describing the position of nth atom at
the time t , distance rnk = |un − uk|. The term Pn describes
the interaction of the carbon atom with the index n with the
neighboring atoms. The potential depends on variations in
bond length, bond angles, and dihedral angles between the
planes formed by three neighboring carbon atoms and it can
be written in the form

P =
∑
�1

U1 +
∑
�2

U2 +
∑
�3

U3 +
∑
�4

U4 +
∑
�5

U5, (2)

where �i, with i = 1, 2, 3, 4, 5, are the sets of configurations
including all interactions of neighbors. These sets only need to
contain configurations of the atoms shown in Fig. 2, including
their rotated and mirrored versions.
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FIG. 2. Configurations containing up to ith type of nearestneigh-
bor interactions for (a) i = 1, (b) 2, (c) 3, (d) 4, and (e) 5.

Potential U1(un, um) describes the deformation energy due
to a direct interaction between pairs of atoms with the indexes
n and m, as shown in Fig. 2(a). The potential U2(un, um, uk )
describes the deformation energy of the angle between the
valence bonds unum, and umuk , see Fig. 2(b). Potentials
Ui(un, um, uk, ul ), i = 3, 4, and 5, describe the deformation
energy associated with a change in the angle between the
planes unumuk and umunul , as shown in Figs. 2(c)–2(e).

We use the potentials employed in the modeling of the
dynamics of large polymer macromolecules [42,43] for the
valence bond coupling,

U1(u1, u2)=ε1{exp[−α0(ρ − ρ0)] − 1}2, ρ =|u2 − u1|,
(3)

where ε1 = 4.9632 eV is the energy of the valence bond
and ρ0 = 1.418Å is the equilibrium length of the bond; the
potential of the valence angle

U2(u1, u2, u3) = ε2(cos ϕ − cos ϕ0)2, (4)

cos ϕ = (u3 − u2, u1 − u2)/(|u3 − u2| · |u2 − u1|),
so that the equilibrium value of the angle is defined as
cos ϕ0 = cos(2π/3) = −1/2; the potential of the torsion
angle

Ui(u1, u2, u3, u4) = εi(1 + zi cos φ),

cos φ = (v1, v2)/(|v1| · |v2|),
v1 = (u2 − u1) × (u3 − u2),

v2 = (u3 − u2) × (u3 − u4), (5)

where the sign zi = 1 for the indices i = 3, 4 (equilibrium
value of the torsional angle φ0 = π ) and zi = −1 for the index
i = 5 (φ0 = 0).

The specific values of the parameters are α0 = 1.7889 Å−1,
ε2 = 1.3143 eV, and ε3 = 0.499 eV, they are found from the
frequency spectrum of small-amplitude oscillations of a sheet
of graphite [44]. According to previous study [45], the energy
ε4 is close to the energy ε3, whereas ε5 � ε4 (|ε5/ε4| < 1/20).
Therefore, in what follows, we use the values ε4 = ε3 =
0.499 eV and assume ε5 = 0, the latter means that we omit
the last term in the sum (2). More detailed discussion and
motivation of our choice of the interaction potentials (3)–(5)
can be found in earlier publication [46].

The van der Waals interactions of the carbon atoms
of the graphene sheet, flake and fullerene macromolecule
with flat substrate are described by the Lennard-Jones (LJ)
potential (m, l )

W (z) = εz[m(z0/z)l − n(z0/z)m]/(l − m), (6)

where z is the distance from carbon atom to the outer surface
of the substrate, which is the plane z = 0. Potential W (z) in

Eq. (6) is the interaction energy of a carbon atom as a func-
tion of the distance to the substrate. This energy was found
numerically for different substrates [47,48]. The calculations
showed that interaction energy with substrate W (z) can be
described with a high accuracy by LJ potential (6) with power
l > m. Potential (6) has the minimum W (z0) = −εz (εz is the
binding energy of the atom with substrate). For the surface
of the α-graphite crystal, εz = 0.052 eV, z0 = 3.37Å, l = 10,
and m = 3.75. Note that experiments on thermal desorption
of polyaromatic hydrocarbons show a binding energy εz =
0.0525 eV [49].

Nonvalence interactions of the carbon atoms of the
nanoribbon and rectangular flake (fullerene macromolecule)
are described by the (6,12) LJ potential

V (r) = εc{[(rc/r)6 − 1]2 − 1}, (7)

where εc = 0.002757 eV and rc = 3.807 [50].

III. DECELERATION OF NANOPARTICLES IN THE
BALLISTIC REGIME OF MOTION

It was shown in the papers [35,36] that nanoparticles
(cluster Au459, buckminsterfullerene C60) moving at high
speeds on the surface of a graphene sheet have a new regime of
“ballistic” friction, which differs from the well-studied “dif-
fusion” friction arising from the drift of nanoparticles at low
speeds. In these regimes, friction is provided by various types
of interaction of nanoparticles with the substrate. To explain
the mechanism of “ballistic” friction, we will simulate the
free motion of carbon nanoparticles (of RGF and SF) along
the graphene nanoribbon (GNR) of size 103.0 × 19.0 nm2

(number of carbon atoms N1 = 75 598) lying on a flat sub-
strate.

Let the substrate on which the nanoribbon lies coin-
cide with the plane z = 0 (nanoribbon plane coincides with
the plane z = z0) and let the nanoribbon lie along the axis x.
We place a carbon nanoparticle (RGF or SF) on the center
line at the left edge of the nanoribbon—see Fig. 1. To obtain
a thermalized state of the molecular system RGF(SF)/GNR,
we will place it in a Langevin thermostat. To do this, we will
fix the coordinates x, y of the carbon atoms from the lower
left and upper right corners of the nanoribbon (we put the
velocities ẋn ≡ 0, ẏn ≡ 0 for n = 1, N1). In order to avoid
nanoparticle motion during the thermalization of the system,
we will also fix these coordinates for two opposite angular
atoms of RGF and for one atom of SF. Next, we numerically
integrate the Langevin system of equations

Mnün = − ∂H

∂un
− 
Mnu̇n + �n, n = 1, . . . , N, (8)

where damping coefficient 
 = 1/tr (time tr = 0.4 ps) and
�n = {ξn,i}3

i=1 is a three-dimensional vector of normally dis-
tributed random forces (white noise) normalized by conditions

〈ξn,i(t1)ξm, j (t2)〉 = 2Mn
kBT δnmδi jδ(t2 − t1) (9)

(T is thermostat’s temperature and kB is the Boltzmann con-
stant).

The value of the relaxation time tr characterizes the in-
tensity of the exchange of the molecular system with the
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thermostat. To achieve the equilibrium of the system with the
thermostat, it is enough to integrate the system of equations of
motion during the time t = 10tr . The thermalized state itself
does not depend on the specific value of tr (when modeling
the dynamics of molecular systems, we can take any value
of tr � 0.1 ps). Therefore the results of further integration of
system equation of motion without interaction with Langevin
thermostat will not depend on a specific time value tr .

Let us take the initial conditions which correspond
to the ground stationary state of the molecular system
“nanoparticle/nanoribbon” and numerically integrate the
Langevin system of equations (8) during the time t0 = 20tr .
For this time, the system will come into full equilibrium with
the thermostat, and we will have its thermalized state

{wn = un(t0), vn = u̇n(t0)}N
n=1.

To simulate the free motion of a nanoparticle along a ther-
malized infinite graphene nanoribbon, we leave the interaction
with the thermostat only for the nanoribbon atoms located at
a distance less than 1 nm from its left or right edge. Let us
remove all the fixation conditions for the nanoparticle atoms
and give them the additional initial velocity v0 = 500 m/s
directed along the x axis. To do this, we will numerically
integrate the system of equations of motion

Mnün = − ∂H

∂un
− 
Mnu̇n + �n, (10)

1 � n � Nt , N1 − Nt < n � N1,

Mnün = − ∂H

∂un
, (11)

Nt < n � N1 − Nt , N1 < n � N

with initial conditions

un(0) = wn, u̇n(0) = vn, n = 1, . . . , N1,

un(0) = wn, u̇n(0) = vn + v0ex, n = N1 + 1, . . . , N, (12)

where the number of edge atoms of the nanoribbon interacting
with the thermostat is Nt = 900, the vector is ex = (1, 0, 0).

Let us follow the movement of the center of gravity of the
nanoparticle along the nanoribbon

xc = 1

N2

∑
n>N1

xn, yc = 1

N2

∑
n>N1

yn.

The typical character of the nanoparticle motion is shown in
Fig. 3. As can be seen in the figure, the type of trajectory
xc(t ) depends on the realization of the initial thermalized state
of the system, but interaction with the substrate (with GNR)
always leads to a deceleration of the directional movement of
the nanoparticle. If the trajectory is averaged over all indepen-
dent realizations of the thermalized state of the system (if we
take the average value x̄c(t ) = 〈xc(t )〉), the dynamics can be
described with high accuracy as the motion of a particle in a
viscous medium:

x̄c(t ) = x̄c(0) + v0[1 − exp(−γ t )]/γ , (13)

with the coefficient of viscous “friction” γ > 0 (the inverse
value γ −1 corresponds to the time during which the initial
velocity of the nanoparticle decreases e times). So for RGF
of size 3.56 × 3.26 nm2 at a temperature of T = 300 K,

FIG. 3. Trajectories of movement of the center of gravity of
rectangular graphene flake (RGF) of size 3.56 × 3.26 (number
of atoms N2 = 478) along GNR of size 103 × 19 nm2 (the number
of atoms N1 = 75 598) at a temperature T = 300 K (initial velocity
v0 = 500 m/s). The green curves show the trajectories of motion
for 256 independent realizations of the initial thermalization of the
system, the dashed line 1 is the trajectory for motion with constant
velocity v = v0, the black curve 2 is the averaged trajectory x̄c(t ),
and the dashed red curve is the trajectory of motion (13) with the
coefficient of friction γ = 1.80 ns−1. Part (a) shows the dependence
of the x coordinate of the center of gravity xc on time t , part (b) shows
the dependence on time for coordinate yc. Horizontal dotted lines
show the boundaries of the nanoribbon.

the coefficient of friction for motion along a graphene sheet
γ = 1.80 ns−1—see Fig. 3. In numerical simulation, the
averaging of the trajectory was carried out over 256 inde-
pendent realizations of the initial thermalized state of the
system. Let us note that in Fig. 3 shows ballistic movement at
high speed, stick-slip effects will manifest at small velocities
v < 100 m/s only.

Numerical simulation of nanoparticle dynamics has shown
that in ballistic regime viscous deceleration (13) occurs at
all nanoparticle sizes and temperatures T � 100 K, but the
value of the effective friction coefficient γ depends on the
temperature, size, and type of nanoparticle—see Fig. 4. The
coefficient of friction monotonically increases with the in-
crease in temperature and decreases with the increase in
nanoparticle size. For large nanoparticles, the coefficient of
friction increases linearly with the increase in temperature.
This allows us to conclude that the deceleration of the ballistic
motion of nanoparticles is caused by their interaction with the
thermal vibrations of the substrate. It should be noted that the
“diffusion” regime of nanoparticle motion is characterized by
a decrease in friction with an increase in temperature, due
to additional thermal activation of their jumps through local
energy barriers [51].

For the diffusion of RGF on a graphene layer, the tran-
sitions of the flake from commensurate to incommensurate
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FIG. 4. Dependence of the coefficient of effective friction with
substrate γ on temperature T for (a) RGF of size: 0.860 × 0.709,
1.842 × 1.560, 3.561 × 3.261 and 7.245 × 6.665 nm2 (curves 1, 2,
3 and 4) and for (b) SF C20, C60, and C240 (curves 5, 6, and 7).

states with the layer are very important [52,53]. Let us esti-
mate the contribution of these transitions to friction for the
ballistic regime of RGF motion. In our numerical simulation,
the zigzag graphene nanoribbon model an infinite graphene
layer. Zigzag directions of GNR and RGF coincide with the
x axis. Therefore, by shifting the flake along the y axis, we
can obtain both directions of RGF movement that are com-
mensurate and incommensurate to the substrate.

Numerical simulation of the motion of a graphene flake
of size 1.842 × 1.560 nm2 has shown that the choice of a
commensurate direction leads to an increase in the coefficient
of friction only at low temperatures T < 100 K—see Fig. 5.
At higher temperatures, the commensurability of the direction
of the flake ballistic movement to the graphene layer does not
affect the value of the coefficient of friction. Here, an increase
in temperature leads to a monotonous, almost linear, increase
in friction.

If, when modeling the ballistic movement of a flake, extra-
plane displacements of atoms are prohibited, i.e., if we switch
from a three-dimensional to a two-dimensional model, the
value of friction will decrease by one order of magnitude and
the direction of the temperature dependence of the friction
coefficient will change on opposite. When using a 2D model
for the ballistic regime, as well as for the diffusion regime of
motion, the coefficient of friction will decrease monotonically
with the increase in temperature—see Fig. 5. Therefore it
can be concluded that the friction in the ballistic regime of
motion has a wave nature. The reason for the deceleration is

FIG. 5. Dependence of the effective coefficient of friction with
the substrate γ on temperature T for RGF of size 1.842 × 1.560 nm2

by taking into account all three-dimensional movements of atoms
(curves 1, 3) and by taking into account only movements in the
xy plane (curves 2, 4). Curves 1, 2 show dependencies by choos-
ing the direction of GRF movement which is commensurate with
substrate. Curves 3 and 4 illustrate dependencies by choosing incom-
mensurate direction of GRF movement.

the interaction of a moving nanoparticle with thermal out-of-
plane bending vibrations of a graphene sheet. The greater are
these fluctuations, the greater is the value of the coefficient of
friction.

Let us note that for a rectangular flake, the initial sliding
velocity above the used value v0 = 500 m/s can be obtained
as a result of it partially shift beyond the edge of the substrate.
Then the return of the flake onto the substrate will lead to its
sliding at velocity v = 600 m/s [53].

IV. MOBILITY OF NANOPARTICLES

If a particle of mass Mc moves in a viscous medium along
the x axis under the action of an external force Fc, then its
dynamics is described by the equation of motion

Mcẍc = −γ Mcẋc + Fc, (14)

where γ is the coefficient of friction characterizing the viscos-
ity of the medium. From the equation (14) follows that over
time the particle will always enter the regime of motion with
a constant velocity v(Fc) = Fc/γ Mc. Here, the mobility of the
nanoparticle, the ratio of the constant velocity of its movement
to the force,

μF = v(Fc)/Fc = 1/γ Mc (15)

completely determines the coefficient of friction γ .
Let us find the force mobility of a carbon nanoparticle on

a graphene sheet μF through direct modeling of its motion on
thermalized sheet under the action of a constant force F > 0
applied to each atom of the nanoparticle parallel to the x axis.
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In this case, the dynamics of the particle will be described by
a system of equations of motion

Mnün = − ∂H

∂un
+ Fex, N1 < n � N. (16)

The total mass of the particle is Mc = ∑N2
n=1 MN1+n, the

total force acting on its center of gravity is Fc = N2F , so we
should expect that the velocity of a uniform motion of the
particle v0(F ) = N2F/Mcγ . Thus, to simulate the forced mo-
tion of a nanoparticle, it is necessary to numerically integrate
the system of equations of motion (10), (11) for Nt < n <

N1 − Nt , and (16) with an initial condition (12), where the
velocity of the initial motion v0 = N2F/Mcγ . Note that the
value of the velocity of steady stationary motion v̄ does not
depend on the initial value of the particle velocity. The value
v0 allows us to reach the stationary speed mode most quickly.

In the simulation, the trajectory of the particle’s center of
gravity was averaged over 256 independent realizations of the
initial thermalized state of the system {wn, vn}N

n=1, and the
value of the constant velocity of movement v̄ was determined
from this trajectory. A form of the trajectories of the nanopar-
ticle motion under the action of a constant force is shown in
Fig. 6. Numerical simulation has shown that the nanoparticle
has two values of force mobility μF . At high values of the
external force, the particle always enters the ballistic regime
of motion with constant velocity v̄ ≈ v0(F )—see Fig. 6(a).
Here the mobility is μF ≈ 1/Mcγ , where γ is the coefficient
of friction for ballistic regime of motion. At small values
of force, the particle always enters the diffusion regime of
motion with average velocity value v̄ � v0(F )—see Fig. 6(c).
At intermediate values of force, both diffusive and ballistic
motion of the particle is possible—see Fig. 6(b).

The ballistic mobility of a nanoparticle always significantly
exceeds the diffusion mobility. For example, for RGF of size
1.842 × 1.560 nm2 (for fullerene C60) at a temperature T =
100 K, mobility for the ballistic regime exceeds that for the
diffusion regime of motion by 60 (35) times, at T = 300 K by
12 (5.2) times, and at T = 600 K by 3.5 (1.9) times.

The form of the dependence of the average value of the
nanoparticle velocity v̄ on the value of the constant force Fc

is shown in Figs. 7 and 8. The velocity value always mono-
tonically increases with the increase in force. For high and
low values of force, the velocity of motion becomes directly
proportional to the force: for small values, v̄ ∼ μF,d Fc, and
for large values, v̄ ∼ μF,bFc with proportionality coefficients
μF,d � μF,b (μF,d and μF,b is the force mobility of the par-
ticle in diffusion and ballistic regimes of motion). Thus the
simulation shows that in both regimes the particle motion is
realized in a viscous medium, but with different coefficients
of friction. In the diffusion mode, the effective friction caused
by the interaction of the nanoparticle with the substrate is
significantly higher than the friction in the ballistic mode:
γd = 1/McμF,d � γb = 1/McμF,b.

With the increase in temperature, friction decreases
monotonically in the diffusion regime, and it increases in the
ballistic regime of motion, which indicates different mecha-
nisms of its occurrence. Therefore the difference between the
diffusion and ballistic regimes of motion is most pronounced
at low temperatures. The simulation shows that at speed

FIG. 6. Trajectories of movement of the mass center of RGF
of size 1.842 × 1.560 nm2 (N2 = 126) under the action of constant
force F = Fc/N2 at (a) Fc = 0.00045, (b) 0.00025, and (c) 0.0001
eV/Å (temperature T = 100 K, time t1 = 100, 92.9, and 200 ps).
The green curves show the trajectories of motion for 256 independent
realizations of the initial thermalization of the system, the black
curves 1, 2, 3 are averaged trajectories x̄c(t ), dashed lines 4, 5, 6
are trajectories for motion with constant velocity v0 = N2F/Mcγ ,
where the coefficient of friction for ballistic regime of motion γ =
0.00108 ps−1.

of motion v < 20 m/s the nanoparticle always enters the
diffusion regime and at v > 200 m/s—the ballistic regime of
motion.

Note that the sliding of parallel graphene layers requires
overcoming the energy barriers of the potential energy surface
(PES). According to the calculations of Ref. [54], when the
layers move along the zigzag direction, the height of these pe-
riodic barriers �ε = 0.1 when interlayer interactions are
described by the Lennard-Jones (LJ) potential and �ε =
1.4 meV/atom when interactions are described by
Kolmogorov-Crespi (KC) potential [55]. KC potential more
accurately takes into account the orientation of graphene
sheets relative to each other. For the possibility of over-barrier
motion of a graphene nanoflake, it is a necessary that its
velocity v > vc = √

2�ε/12mp, where critical value vc = 40
and 160 m/s for LJ and KC potential. This inequality is
necessary condition for the creation of a ballistic regime of
movement.

205410-6



FRICTION, MOBILITY, AND THERMOPHORESIS OF … PHYSICAL REVIEW B 106, 205410 (2022)

FIG. 7. Dependence of the average value of the velocity of the
nanoparticle v̄ on the force Fc for RGF of size 1.842 × 1.560 nm2

at a temperature T = 100, 300, and 600K (curves 1, 2, and 3,).
The dashed lines show the dependencies corresponding to the force
mobility of the nanoparticle in the ballistic (mobility μF = 341,
195, 119 ×1012 m/sN) and diffusion (in the inset, μF = 6, 16,
35 ×1012 m/sN) regimes of motion.

V. THERMOPHORESIS OF NANOPARTICLES

Thermophoresis is the directional movement of particles
caused by the presence of the thermal gradient. In this case,
the role of the external constant force F will be performed by
the interaction of the nanoparticle with the heat flow along the

FIG. 8. Dependence of the average value of the velocity of the
nanoparticle v̄ on the force Fc for SF C60 at a temperature T = 100,
300, and 600K (curves 1, 2, and 3). The dashed lines show the
dependencies corresponding to the force mobility of the nanoparticle
in the ballistic (mobility μF = 2641, 1187, 669 ×1012 m/sN) and in
the diffusion (in the inset, μF = 78, 187, 343 ×1012 m/sN) regimes
of motion.

FIG. 9. (a) Trajectories of movement of the mass center of RGF
of size 3.56 × 3.26 nm2 (N2 = 478) under the influence of tem-
perature difference �T = 60 K (initial velocity v0 = 240 m/s).
The green curves show the trajectories of motion for 256 inde-
pendent realizations of the initial thermalization of the system, the
black curve is the average trajectory x̄c(t ). (b) Temperature profile
along the nanoribbon; gray shaded areas represent the edge areas
of the nanoribbon subjected to two Langevin thermostats at T± =
300 ± 30 K.

nanoribbon. To simulate heat transfer, the ends of the nanorib-
bon should be placed in Langevin thermostats of different
temperatures T±. To do this, we numerically integrate the
system of equations of motion (10), (11) with the conditions
of normalization of random forces (9), where for the left edge
(for n, m � Nt ) the temperature T = T+, and for the right
edge (N1 − Nt < n, m � N1) T = T−. We take Nt = 2700 (the
edges of the nanoribbon of length Lt = 3.6 nm will interact
with thermostats, nanoribbon length is L = 103.0 nm).

First, we fix the position of the nanoparticle at the left
edge of the nanoribbon and then we integrate the system
of equations of motion (10) and (11) during the time t =
80 ps. During this time, a stationary heat flow and a constant
temperature profile along the nanoribbon are formed—see
Fig. 9(b). After that, we remove the fixation of the nanoparti-
cle and give it the initial velocity v0 � 0. Next, we simulate
the free movement of the nanoparticle in the presence of a
stationary heat flow along the nanoribbon. A typical view of
the trajectories of the particle’s center of gravity is shown in
Fig. 9(a).

Numerical simulation has shown that thermophoresis of
a nanoparticle can be described as its motion in a viscous
medium under the action of a constant force—see Eq. (14).
The particle will always enter the regime of motion with a
constant speed v̄, which depends on the value of the temper-
ature difference �T = T+ − T−—see Fig. 10. Value of the
velocity v̄ increases monotonically with an increase in the
temperature difference.

Dynamic simulation shows that there are two modes of
movement. At a small value of the temperature difference (at
�T < 15 K), we will have directional diffusion, and at a large
value (�T > 30 K)—the ballistic flow of nanoparticles. Here,
we can define the thermal mobility of a nanoparticle as the
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FIG. 10. Dependence of the average value of the velocity of the
nanoparticle v̄ on the temperature difference �T for RGF of size
3.56 × 3.26 nm2 and SF C60 (curves 1 and 2). The dashed lines show
the dependencies corresponding to the mobility of the nanoparticle
in the ballistic (thermal mobility μT = 428 × 10−9 m2/sK) and in
the diffusion (in the inset, μT = 44, 65 × 10−9 m2/sK) regimes of
motion.

ratio μT = v̄L/�T . For small and large values of the tem-
perature difference, the velocity of motion becomes directly
proportional to �T : for small values v̄ ∼ μT,d L�T , and for
large values v̄ ∼ μT,bL�T with proportionality coefficients
μT,d � μT,b (μT,d and μT,b is thermal mobility of the particle
in diffusion and ballistic regimes of motion).

Thermophoresis force is due to the flexural phonons [40],
whose flow is known to be ballistic and distance-independent
up to relatively long mean-free paths. Therefore this force
weakly depends on the nanoribbon length L, and the station-
ary velocity v̄ depends only on the temperature difference �T .

Note that in the diffusion mode of motion, the thermal
mobility depends on the shape and type of the nanoparticle,
whereas in the ballistic mode it does not (the speed of sta-
tionary motion is almost the same for all sizes and types of
carbon nanoparticles). This effect appears due to the fact that
the effective thermophoresis force acting on the nanoparticle
F and the effective coefficient of viscous friction γ in bal-
listic motion have the same source, which is the interaction
of the nanoparticle with transverse thermal vibrations of the
substrate. Here, a change in the shape or size of a particle
leads to the same changes of F and γ , so their ratio does not
change.

VI. EFFECT OF NORMAL LOAD ON FRICTION

According to the empirical Amonton-Coulomb law, the
friction force increases with the increase in the normal load.
Recent papers [34,56–58] have shown that for layered struc-
tures such as graphite, this law may not be fulfilled at the

FIG. 11. Dependence of the coefficient of effective friction with
the substrate γ on the force of the normal load Fz for ballistic motion
of RGF of size: 3.561 × 3.261, 7.245 × 6.665 nm2 (curves 1, 2) and
of SF C60, C240 (curves 3, 4). Temperature T = 300 K.

nanoscale. An increase in the normal load can lead to a de-
crease in the friction force between the layers.

Let us check the Amonton-Coulomb law for nanoparti-
cles located on a graphene sheet. For this, we will simulate
their movement taking into account a force Fz that presses it
vertically to the substrate. In this case, the dynamics of the
nanoparticle will be described by a system of equations of
motion

Mnün = − ∂H

∂un
+ Fzez, N1 < n � N, (17)

where vector ez = (0, 0, 1). Thus, to simulate the ballistic mo-
tion of a nanoparticle taking into account a normal load Fz, it
is necessary to numerically integrate a system of equations of
motion (10), (11), and (17) with an initial condition (12),
where the velocity v0 = 500 m/s.

Numerical simulation of dynamics has shown that the ad-
dition of a normal force Fz pressing the nanoparticle to the
substrate leads to a monotonous increase in the coefficient of
friction γ in both ballistic and diffusion regimes of motion—
see Figs. 11 and 12. The rate of growth of the coefficient
of friction decreases with the increase in particle size. Thus,
for the nanoparticles considered in this paper, the Amonton-
Coulomb law is fulfilled.

It is not yet possible to verify the validity of the law for
large nanoparticles using a full-atom model due to compu-
tational difficulties associated with very large dimensions of
systems of equations of motion. However this can be done
if, instead of a 3D model, we use a 2D model that requires
significantly less computing resources. It has been shown
by using this model [59] that by ballistic motion of large
graphene flakes, the friction force acts differently on the edge
and on the inner atoms of the flake. For the edges of the
flake, friction always increases with an increase in the normal
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FIG. 12. Dependence of the coefficient of effective friction with
the substrate γ on the force of the normal load Fz for diffusive motion
of RGF of size: 1.84 × 1.56, 3.561 × 3.261 (curves 1, 2) and for SF
C60, C240 (curves 3, 4). Temperature T = 300 K.

load due to the indentation of the edges into the substrate,
and for the inner part, friction decreases due to additional
alignment of the surfaces of the flake and the substrate. The
inner sections will make the main contribution to friction only
for flakes of size L > 250 nm, therefore, only for flakes of
this large size should we expect a decrease in friction with an
increase in normal load.

VII. CONCLUSION

The numerical simulation of motion of carbon nanoparti-
cles (rectangular graphene flakes, spherical fullerenes) on the
surface of a graphene sheet lying on a flat substrate has shown
that there are two regimes of friction: diffusion and ballistic.
In these regimes, effective friction takes place due to differ-
ent types of interaction of the nanoparticle with a graphene
sheet. In the well-studied diffusion regime (for velocities v <

20 m/s), friction occurs due to overcoming local energy
barriers. Here, the value of friction depends on the commen-
surability of the direction of motion of the nanoparticle with
the lattice of the sheet, and the friction coefficient always
decreases monotonically with the increase in temperature. In
the ballistic regime (for v > 200 m/s), the commensurability
of the direction of motion does not affect on friction, and the
friction coefficient increases monotonically, almost linearly,
with the increase in temperature. Here, the friction is of a wave
nature. The cause of deceleration is the interaction of a mov-
ing nanoparticle with thermal out-of-plane bending vibrations

of a graphene sheet (the greater are these vibrations, the higher
is the friction).

Note that interlayer interactions are described by the
Lennard-Jones (LJ) potential. This potential describes well
the interaction energy of graphene layers at their transverse
displacement (exfoliation energy) but significantly under-
estimates the energy barriers associated with the mutual
orientation of parallel layers (barriers of the potential energy
surface) [54]. Correct accounting of these barriers requires
the use of a more complex Kolmogorov-Crespi (KC) poten-
tial [55], which leads to longer calculations. The use of this
potential will not lead to a qualitative change in the obtained
results. For spherical nanoparticles (for fullerenes), the results
will not change. For graphene flakes, we should expect a
three-fourfold increase in effective friction in diffusion regime
of motion only.

Simulation of the motion of nanoparticles under the action
of a constant force has shown that their mobility in the ballistic
regime (at large values of force) is higher than in the diffusion
regime (at small values of force). With an increase in tem-
perature in the diffusion regime, the mobility monotonically
increases, and it decreases in the ballistic regime. Therefore
the difference between the diffusion and ballistic regimes of
motion is most pronounced at low temperatures.

The modeling of thermophoresis (the motion of nanoparti-
cles caused by heat transfer) has shown that at small values
of the temperature difference (at �T < 15 K), the mo-
tion is reduced to directional diffusion, and at large values
(at �T > 30 K) is it reduced to a ballistic flow of nanopar-
ticles. In the ballistic mode, the thermal mobility of nanopar-
ticles (the ratio of the stationary velocity of motion to the
temperature gradient) does not depend on the shape and type
of the nanoparticle. This effect is caused by the fact that the
effective thermophoresis force F and the effective coefficient
of viscous friction γ have the same source in this case, namely
the interaction of the nanoparticle with transverse thermal
vibrations of the substrate.

The simulation of motion in the presence of a normal force
pressing the nanoparticle to the substrate has shown that the
increase in the normal load leads to a monotonous increase
in the coefficient of friction in both ballistic and diffusion
regimes of motion. The rate of growth of the coefficient of
friction decreases with increasing particle size, but it always
remains positive. It can be concluded that for particles with
sizes L < 10 nm located on a graphene sheet, the empirical
Amonton-Coulomb law is always valid (the violation of the
law should be expected for particles of size L > 250 nm).
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