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A. M. Marques ®" and R. G. Dias
Department of Physics & i3N, University of Aveiro, 3810-193 Aveiro, Portugal

® (Received 23 May 2022; revised 28 October 2022; accepted 15 November 2022; published 28 November 2022)

Hermitian bipartite models are characterized by the presence of chiral symmetry and by Lieb’s theorem, which
derives the number of zero-energy flat bands of the model from the imbalance of sites between its two sublattices.
Here, we introduce a class of non-Hermitian models with an arbitrary number of sublattices connected in a
unidirectional and cyclical way and show that the number of zero-energy flat bands of these models can be found
from a generalized version of Lieb’s theorem, in what regards its application to noninteracting tight-binding
models, involving the imbalance between each sublattice and the sublattice of lowest dimension. Furthermore,
these models are also shown to obey a generalized chiral symmetry, of the type found in the context of certain
clock or parafermionic systems. The main results are illustrated with a simple toy model and possible realizations
in different platforms of the models introduced here are discussed.
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I. INTRODUCTION

Lieb’s theorem [1], initially formulated to demonstrate that
the ground state magnetization at half filling of repulsive Hub-
bard bipartite lattices is directly proportional to the sublattice
(SL) imbalance [2-5], is now understood in a more broad
sense. Concretely, it states that the number of zero-energy
flat bands (FBs) of a crystalline and bipartite tight-binding
(TB) model, of which Lieb-type lattices are a prime example
[6-10], is given by the SL imbalance [11-13]. In real space,
the global sublattice imbalance of any bipartite system (in-
cluding noncrystalline ones) indicates the lower bound on the
number of zero-energy states present there [14].

Within the context of non-Hermitian systems, several stud-
ies have already addressed the formation, persistence or
destruction of FBs in these models through different ap-
proaches [15,16], most commonly with the introduction of
parity-time (P7) symmetric perturbations [17-19], includ-
ing in one-dimensional (1D) [20-22] and two-dimensional
(2D) [23] Lieb-type lattices. The compact localized states
associated with these FBs have already been experimentally
detected in a P77 -symmetric photonic trimer chain [24] with
balanced gains and losses. Tuning the parameters of these
systems to fall on exceptional points has been shown to drive
the formation of FBs [25,26]. Here, we introduce a certain
class of non-Hermitian models with n > 2 SLs, which we call
n-partite systems, and show that the number of zero-energy
FBs in these models is given by a generalized version of
Lieb’s theorem, as it is understood in the specific context of
the noninteracting TB models studied here. This constitutes a
novel mechanism for the formation of FBs in non-Hermitian
systems, which is not dependent on any specific symmetries,
like P77 symmetry, even though the models studied here have
a built-in generalized chiral symmetry by default.
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Bipartite models are also characterized by the presence
of chiral symmetry, which pairs eigenvalues with symmetric
energies. Some extensions of the usual chiral symmetry have
already been considered, whether for g-deformed Hamilto-
nians [27-29], in 1D models with finite energy edge states
topologically protected by a chiral-like symmetry [30], in
models with different adiabatically connected chiral symme-
try representations at different liming cases [31], or in 1D
superlattices [32], not necessarily bipartite, with a point-chiral
symmetry [33] whose energy spectrum is symmetric about a
finite momentum value. Models belonging to the class intro-
duced here, on the other hand, are shown to obey the same
generalized chiral symmetry as the one found in the general-
ized quantum Ising chains known as Baxter’s clock models
[34,35]. A simple 1D toy model is introduced for the purpose
of illustrating both the generalized Lieb’s theorem and the
generalized chiral symmetry.

The rest of the paper is organized as follows. In Sec. II, we
define n-partite models and introduce their general Hamilto-
nian. Then, we discuss the symmetries of these models, with
a particular emphasis on the generalized chiral symmetry. We
end this section by formally deriving a generalized version of
Lieb’s theorem, which counts the total number of zero-energy
FBs in these noninteracting n-partite TB lattices. In Sec. III,
we introduce a toy model that exemplifies the main results
found in the previous section. We also analyze the energy
spectrum of this toy model for open boundaries, showing
that the FB states survive the emergence of the skin effect,
while the dispersive states do not. Finally, we present our
conclusions in Sec. IV.

II. n-PARTITE MODELS

We define an n-partite model as a system composed of
n SLs, where each SL, in turn, is defined as a group of
sites that can only connect between themselves through in-
teger multiples of n-hopping processes. This implies that only
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FIG. 1. (Top) Non-Hermitian bipartite model with staggered
hoppings. (Bottom) Tripartite trimer chain. The arrows indicate the
direction of the hopping parameters and / € R, corresponding to an
imaginary gauge field.

bipartite (two-partite) lattices can be Hermitian (the 7 =0
case in Fig. 1 top), while for n > 2, the model is necessarily
non-Hermitian and built with unidirectional couplings (see
Fig. 1 bottom), which further imposes the absence of P7T
symmetry (since an inversion operation also inverts the direc-
tion of the couplings). Let us consider the general form of
an n-partite Hamiltonian with n SLs of arbitrary sizes, each
coupled to its neighbor in a directed fashion,

h
H(k) = , (D

hn

where the entries not shown are zeros, the momentum vector
reads as k = (ki, ka, ..., kp), with D the dimensionality of
the system, and h; = h;(k), with j = 1,2, ..., n, is a rectan-
gular matrix of size d; x dj 1, with j =n+1 — j=1from
the periodic boundary conditions. This Hamiltonian describes
a periodic model composed of unidirectional hopping terms
from sites in SL; to sites in SL;_;. Note that, according to our
definition, the Hamiltonian of all possible n-partite models
can be written either in the form of (1) or as its conjugate
transpose version, H(k) — H'(k), which corresponds to a
global inversion of all coupling directions. Upon raising the
Hamiltonian in (1) to the nth power, one arrives at a diagonal
matrix of the form

H”(k) == diag(Hlasz-"aHn)5 (2)

szhjhj+]...hn71+j. (3)

Each diagonal block H; is ad; x d; square matrix, and the set
{H,} represents all cyclic permutations of the ordered product
of all the original /; matrices. We note that there is a recent
study in driven systems [36] where the authors, by considering
Floquet operators with formal properties similar to those of
(1)-(3), were able to construct high-root [12,13,37-39] Flo-
quet topological insulators of any order.

We assume for convenience that the SLs are ordered in a
way that obeys d| < dj, such that H; in (2) is the smallest
block (or in the set of smallest blocks) of dimension d; x d;.
It can then be shown that the energy spectrum of H; is shared
by all other Hji, such that it is n-fold degenerate in H" (k).

The Schrodinger equation for the H; block is written as
Hy |u;(K)) = Eps(®) Jug®), s=1,2,....d1, (4

where |u!(k)) is the eigenstate with momentum k of band
s, and only has weight on the d; components of the first
sublattice. Applying 4, on both sides of (4) and using the
identity h;H; | = H;hj, derived from (3), leads to

H, (hy |} (K))) = Ey 5 () (hy |y (K))), &)

which, after defining the d,-dimensional (non-normalized)
eigenvector |u} (K)) := h, |uS' (k)), becomes

H, lu;(k)) =E k) |u{(k)), s=1,2,....d1. (6)

Since d,, > dj, (6) only accounts for the d; energy bands that
are proven to be degenerate with the equivalent ones coming
from the diagonalization of H;. There are, however, extra d, —
d; bands coming from H, which do not belong to the shared
spectrum. From a sequential application of a,_; , h,—2, ..., h
to both sides of (6), one can generalize this proof to show that

H;|u/(K)) = E;;(k) [ul(K)), s=1,2,....d;, (7)

where the d;-dimensional (non-normalized) eigenvectors are
defined as |uj (K)) := h; lu ! (k)), which only have weight on
SL;.

A. Generalized chiral symmetry

In the absence of gauge fields, the spinless fermionic
Hamiltonian in (1) obeys both complex conjugation symmetry
(corresponding to the time-reversal symmetry .7 for Hermi-
tian systems) and a generalized version of particle-hole (£2,)
symmetry, defined respectively as

T THXT, ' =H(-k), T =K, (8)

P, PBHKP'=w'H(-k), P,=T,K, (9

I, = diag(ly,, @14y, ..., 0" 1y ,, " '14), (10)

where K = K~! represents the complex conjugation opera-
tion, with KK~ ! =1, Jldj is the identity matrix of dimension
d;,I,I' =T"=1,,, withdy = i1 d; the dimension of
HK), w, =¢ 7 and w; = 1. From the combination of these
two symmetries, one can also define a generalized chiral (%},)
symmetry, whose generalized chiral operator is written as
C,=pPT=T,,

G, T,HEKI ! =0 'Hk), (11)

which constitutes another branch on the already long list
of non-Hermitian symmetries, as systematically studied in
Ref. [40]. For a bipartite system, n =2, (11) reduces to
the usual chiral symmetry [41-43] defined as ' H (K)I'; -
—H (k). Therefore I',, is the operator defining the chiral sym-
metry of an n-partite system, defined by the presence of n
sublattices. It should be stressed that, since I',, is unitary, the
system retains its %, symmetry even in the presence of gauge
fields, that is, even when both .7 and &2, symmetries are
broken (as is the case for the usual chiral symmetry in bipartite
lattices crossed by finite magnetic fluxes [44]).
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The presence of %, symmetry imposes a constraint on the
complex energy spectrum of H (k). Let us consider a finite
energy eigenstate of the system,

H(K) [o(k)) = E [o(k)) ,

then, by iteratively applying I',, on both sides and using (11)
at each iteration, one arrives at

HK) |¢1(k)) = 0LE [Y1(K))

where  [Y;(K)) :=T! |y(k)), [=1,2,...,n—1, and
(Yri(k)) ¥j(k) = &;;. This tells us that if E is a finite
eigenvalue of an eigenstate of the system, then all its rotated
versions, given by the n — 1 sequential ¢, = 27” rotations in
the energetic Argand plane, are also eigenvalues of orthogonal
eigenstates, i.e., the finite eigenvalues come in sequences of
the form {E, w,E, ’E, ..., " 'E}, and the values in each
sequence sum to zero. This can also be understood by directly
developing (11) as

LLHKL, = o, H),

12)

13)

I=1,2,....,n—1, (14

which, in particular, implies that n-partite lattices also obey
the generalized chiral symmetry of all the divisors of n. For
example, for a six-partite lattice, one not only has %5 sym-
metry, but also %3 and %, symmetries, whose operators are
given by I'; = I'Z and T, = I', respectively. As a corollary,
all even-partite lattices possess the usual chiral symmetry %5.
In analogy with the colored states that can be present in certain
XXZ Heisenberg models [45,46], we can similarly identify
the action of I', on H(k) as an ordered transformation be-
tween different chiral colors of the same Hamiltonian, defined
from (11) and for n = 3, e.g., as

H, = H(k), (15)
H,=T3HT;' =w;'H,, (16)
H,=T3H,T;' =w;?H,, (17)

with, 12, T3 I8 ., from where it can be seen that
H,+H,+ H, =0, (18)

that is, and in more general terms, the n chiral colors of a given
%,-symmetric Hamiltonian sum to zero (or, alternatively, the
n colors sum to white).

The operator of the generalized chiral symmetry was first
introduced in the context of the tripartite Hermitian breathing
kagome model [47], and shown to pin the higher-order corner
modes at zero energy. However, it has been recently demon-
strated that the %3 symmetry of the model fails to protect
the corner modes against certain perturbations that preserve
it [48]. On the basis of the energetic constraints imposed by
%, symmetry on the specific non-Hermitian Hamiltonians of
the form of (1), and encapsulated in (13), we argue that the
Hermitian models obeying %3 [33,47,49-51] or €, [52,53]
symmetry studied so far fail to reveal the relevant conse-
quences of the generalized chiral symmetry detailed here (a
more expanded discussion can be found in Appendix A). That
is because %,-symmetric Hermitian models require n appli-
cations of the generalized chiral symmetry in order to recover

the original Hamiltonian, whereas in our case the Hamiltonian
is recovered, up to a global phase factor [see (11)], after each
application of the symmetry transformation, i.e., acting with
I', on the Hamiltonian changes its chiral color. The class
of models introduced here, namely non-Hermitian n-partite
models with unidirectional hopping terms between adjacent
SLs defined in a cyclic fashion, should be regarded as the first
example of a fully €,-symmetric class of TB models.

It should be noted, however, that the same kind of gen-
eralized chiral symmetry has already been addressed in a
different context, namely, that of generalized quantum Ising
chains known as Baxter’s clock model [34,54], where the
“spin” or clock internal degree of freedom at each site can
take any value wj, with j =0, 1,...,n — 1 (this model can
be reframed in a parafermionic language, as shown, e.g., in
Refs. [35,55]). A brief introduction to Baxter’s clock model
is provided in Appendix B, along with the analogies that can
be drawn between this model and the one introduced in this
paper.

It is convenient to introduce the phase commutator between
matrices A and B, which we define as

[A,Bly :=AB — e BA, 6 €[0,2n), (19)

reducing to the commutation relation for [A, B]y = [A, B], and
to the anticommutation relation for 6 = =, [A, B], = {A, B}.
The compact expression for %, in (10) can be restated, through
(19), as a phase commutator of the form

[Ty, HK)]y, =0, (20)

where, in particular, one recovers the known anticommutation
relation for a bipartite model as {I'», H(k)} = 0, while also
trivially recovering the commutation relation [}, H(k] = 0,
since I'y = 1. In the context of Baxter’s clock model analyzed
in Appendix B, the phase commutator in (20) can be viewed as
the analog of the “w commutator” [34,35] of the generalized
Clifford algebra [36] involving the local operators with which
the Hamiltonian of this model is constructed.

To conclude the discussion of the symmetries of n-partite
models, let us consider a Hermitian Hamiltonian that can be
written as H'(k) = H(k) + H'(k), where H(k) is given in
(1). We further assume that H'(k) has inversion or parity sym-
metry, written as RH'(k)R™! = RH(K)R™! + RHT(k)R™! =
H'(—k), where R is the inversion operator. It is then straight-
forward to see that the following identity holds

RH(K)R™' = HT(—k), @)

which can be seen as a modified inversion symmetry for the
n-partite model. More concretely, if H'(k), constructed from
H (k), has inversion symmetry, then the latter can be said to
enjoy inversion symmetry also, up to a global inversion of the
hopping directions.

B. Generalized Lieb’s theorem

The combination of the results above leads to another im-
portant result.

(1) On the one hand, from the discussion leading to (7), we
found that the finite energy spectrum of the smallest diagonal
block of H"(k), which we set as Hj, is n-fold degenerate.
On the other hand, this translates in the original model H (k),
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through (13), as an n-fold degeneracy of all absolute finite
energy values, which also leads to an n-fold degeneracy of
E". As aresult, whenever d; < d;-1, the extra bands of H;, in
relation to Ay, must be zero-energy FBs, otherwise their finite
energies would have to be n-fold degenerate, that is, shared
also by Hy, which is not the case.

(i1) Furthermore, if H| is itself bipartite, i.e., if there are #gg
zero-energy FBs in the spectrum of H; coming from sublattice
imbalance within SL,, then the same number of extra FBs
appears in the other n — 1 diagonal blocks Hj..|, meaning that
the degenerate block spectra given by (7) actually remains
valid for zero-energy FBs, that is, when E| (k) = 0. The same
reasoning of (i) can be applied here to prove the negative is
impossible. Let us suppose that we construct #{fé dispersive
bands in each of the H;. blocks, with global (n — 1)-fold
degeneracy for band E,(k) > 0, with ¢ = 1,2, ..., #{3']‘3 the
band index. Then, due to the %,-symmetry of the original
Hamiltonian, the finite energies appear in groups of n ele-
ments of the form {V/E,(K), 0,v/Ey(K), ..., 0" ' WE,(K)}.
However, E, (k) was assumed to be (n — 1)-fold degenerate,
since it is absent from Hj, and therefore cannot originate
the n elements for each k mentioned above for the original
Hamitonian and, as a consequence, the extra (n — 1)#;11‘3 bands
of the spectrum are also zero-energy FBs, that is, degenerate
with the #{1 FBs present in H,.!

Since the number of zero-energy FBs is the same for H” (k)
and H (K), the results of this subsection can be summarized in
the following formula that generalizes Lieb’s theorem for a
6,-symmetric n-partite system:

#ep = Y _(d; — dy) + nifg, (22)

j=2

that is, the total number of zero-energy FBs is given by the
sum of imbalances between each SL;. | and the smallest sub-
lattice SL; [the first term on the right, coming from point (i)
above], plus n times the number of zero-energy FBs already
present in the smallest H; block [the second term on the right,
coming from point (ii) above]. It should be noted that the
second term should be included already for non-Hermitian
systems with n = 2, as we illustrate in Appendix C with an
example, showing that Lieb’s theorem can be generalized also
for the (bipartite) lattices for which it was formulated. As a
corolary, we can also infer that if H; has a real energy spec-
trum, all H;; have real spectra, given that their extra bands
must be zero-energy FBs, such that they are pseudo-Hermitian
Hamiltonians [56] obeying H;>1 =nH j>1n’1, with 7 a posi-

"When #;’1‘3 =2, e.g., one could believe it would be possible to
construct, from the 2n — 2 remaining bands from the other H;.
blocks, an n-fold degenerate finite energy band plus an (n — 2)-fold
degenerate zero-energy FB. However, the eigenstates of a finite en-
ergy band cannot vanish at any SL, which includes SL; (it can be
easily checked that, if there are nodes at all sites of one SL, then,
through the TB equations, these nodes propagate sequentially to all
sublattices). As such, if the eigenstates of this finite energy band have
finite weight on some sites of SL,, then it would have to be present
in H; also, which is assumed not to be the case. Therefore all 2n — 2
extra bands are also zero-energy FBs.

FIG. 2. Unit cell of the toy model for n = 3. The hopping terms
are unidirectional and follow the direction of the arrows. Open site
1 at the right belongs to the adjacent unit cell. The flow between
sublattices is depicted at the top left.

tive definite unitary matrix [57] that reduces to the identity for
Hermitian Hamiltonians.

One should be reminded, at this point, that H(k) in (1)
is non-Hermitian and therefore can be defective, that is, the
number of linearly independent eigenstates (LIEs) of H (k)
can be lower than its dimensionality dy, if H(k) falls into
exceptional points or lines of the parameter space [58]. Re-
garding the eigenstates, (22) should be interpreted as giving
the maximum possible number of LIEs within the set of zero-
energy FBs of H (k). However, defective models can have less
LIEs in this set than #gg, down to a minimum given by

#n =Y Max(d; — d;_1.0). (23)

=2

which we derive in Appendix D, where an explicit example of
a defective system is also provided.

III. TOY MODEL

In order to illustrate the results above, we introduce the
simple 1D n-partite model (k — k), with a bulk Hamiltonian
of the form of (1), whose entries are explicitly given by

hi =11+ e )10, (24)
hj:t‘]jxj+la j=2,3,...,n—1, (25)
hn = t(l + eik)Jnxlv (26)

where J; ; is a matrix of ones of size i x j, the lattice spacing
was set to a = 1 here and everywhere below, and ¢ is the
magnitude of the unidirectional hopping terms, set as the
energy unit henceforth. The unit cell of this model for n = 3
is depicted in Fig. 2. When raised to the nth power, this
Hamiltonian has the form of (2), with the diagonal blocks
reading as

!
H = 2B 4 cosk)Jjx (27)
. i .

with j =1,2,...,n, such that H; is a matrix of size j x j,
that is, d; = j is the number of sites in SL;. In particu-
lar, the smallest block is already diagonal and has the form
H, = 2n!t"(1 4 cos k), which models a simple uniform and
Hermitian linear chain with hopping strength n!t" and an
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FIG. 3. Complex energy spectrum as a function of the momentum obtained from diagonalizing the Hamiltonian defined in (24)—(26) for
(a) n = 3, (b) 4, and (c) 5. The different symmetric partners of state |y) are indicated in (a). (d) Normalized energy spectrum as a function of
the momentum of the model in (a)—(c) raised to the nth power, which is purely real. In all plots, (x j) indicates the j-fold degeneracy of the
respective band, N = ) _»_, i is the total number of bands, and only the zero-energy FB is degenerate in (a)—(c).

overall 2n!t" energy shift. The energy band characterizing the
spectrum of H, is n-fold degenerate in H"(k) through (7),
since it is common to all H; blocks.

The energy spectrum of the model defined through (24)—
(26) is shown for different n in Figs. 3(a)-3(c) . The presence
of the respective %, symmetry is apparent in all three cases, as
the energy spectra are manifestly invariant under ¢, rotations
about the k axis. We illustrate the .7, &3, and %3 symmetric
partners of an arbitrary state |¢) in Fig. 3(a). At the same
time, the degeneracy of the zero-energy FBs agrees with the
generalized Lieb’s theorem expressed in (22). In Fig. 3(d),
we show the normalized energy spectrum of H"(k), whose
diagonal blocks are given by (27). Notice that this spectrum
is purely real since the smallest block H; has a real spec-
trum, and that the degeneracy of zero-energy FB reconfirms
the generalized Lieb’s theorem, which can also be checked
against the independent diagonalization of all H;-; blocks and
counting the total number of FBs each of them generates.

A. Open boundary conditions

In this section, we briefly discuss the effects of considering
open boundary conditions (OBC) for the toy model of Fig. 2,
both with and without closed loops. In Fig. 4(a), we plot the
complex energy spectrum of this three-partite toy model under
OBC and for N = 7 unit cells. Three finite energy branches of
seven states each can be observed, with an example of a 63
symmetric triplet given at the left of Fig. 4(c), together with
21 zero-energy FB states, in agreement with the bulk spec-
trum of Fig. 3(a). Interestingly, the skin effect is absent from
this system, even though it is composed of non-Hermitian
unidirectional couplings. The reason for this is that loops
are present in the configuration of the hopping terms, which
prevents the eigenstates from converging to a given edge.
Even though unidirectionality is assumed for the couplings,
the toy model is built in such a way that there is no dominant
hopping direction, with a global balance between leftwards
and rightwards oriented hopping terms.

In Fig. 4(b), we plot the same complex energy spectrum
as in Fig. 4(a), only removing from the open chain all the
rightwards directed hopping terms (see Fig. 2), such that there
are no loops formed by the hopping terms. Immediately we
see that only the finite energy states of the three branches
are affected, namely by having all of them collapsing into

the zero-energy skin mode with weight at the left edge site
only, as depicted at the top right of Fig. 4(c). At the same
time, it can be seen that the number of zero-energy FB states
is unaltered. This is to be expected, since each FB mode can
be written as a compact state that only has weight on the SL
from which it is derived, as exemplified for the three FB state
depicted at the right in Fig. 4(c). As we discuss in Appendix D,
a Gram-Schmidt orthogonalization can be applied to the chain
such that the FB modes become isolated sites in the rotated
basis. Therefore the case of Fig. 4(b) highlights the fact that

(@ 4 iy (b)

-05 Im[E]
0.0 =
Re [E] 05
10 7
zero energy eigenstates
skin mode

FIG. 4. Complex energy spectrum, in units of #, of the toy model
of Fig. 2 under OBC and with N = 7 unit cells as a function of
the state index j for (a) the complete model, and (b) the model
without loops, that is, without all rightwards directed hopping terms.
The finite energy eigenstates of the branches in (a) become the skin
modes of (b), while the number of zero-energy states of the FBs
remains the same for both cases. (¢c) Examples of eigenstate profiles
of ¢ symmetric partners at the left, and of the skin mode and three
different zero-energy FB states at the right, where the radius of the
circle represents the amplitude of the wave function at the respective
site and the color represents its phase, coded by the color bar below.
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the FB states are insensitive to the boundary conditions of the
system, while the eigenstates corresponding to the dispersive
bulk bands for PBC may or may not coalesce into skin modes
under OBC, depending on the presence or absence of loops in
the model.

IV. CONCLUSIONS

We introduced a class of non-Hermitian TB models char-
acterized by the presence of n > 2 SLs coupled in a cyclic
fashion through unidirectional couplings. When the Hamilto-
nian of these models is raised to the nth power it becomes
block diagonal, with the energy spectrum of the smallest
block, corresponding to the H; block in (2) by construction,
being a common feature of all blocks. The excess energy
bands of the blocks of higher dimensionality, in relation to the
smallest one, were proved to be zero-energy FBs. The same
total number of these zero-energy FBs is also present at the
original Hamiltonian, which enabled us to generalize Lieb’s
theorem [1], originally only applicable to Hermitian bipartite
systems, to account for the total number of these bands in the
non-Hermitian n-partite models we considered.

At the same time, we showed how these models obey a
generalized chiral symmetry %, of the type introduced in
[47]. On the basis of the different action of this symmetry
on our TB models and on those appearing in recent literature
[33,47,49,50,52,53], we argued that only the former can be
properly characterized as %,-symmetric models, expanding
their class beyond the generalized spin systems for which
this symmetry was originally proposed [34,35]. A toy model
was introduced to illustrate the appearance of zero-energy
FBs whose cardinality is in agreement with the generalized
Lieb’s theorem, and to manifest the n-fold rotation symmetry
of the complex energy spectrum (see Fig. 3), which is a direct
consequence of the %, symmetry.

Since the nth root of the energy spectrum of the H; block
was shown to be n-fold degenerate, in absolute value, at the
level of the original Hamiltonian, the development of tech-
niques to control the exact form of H; can open up interesting
perspectives. To name only one, if H; is dressed with topo-
logical features by appropriately designing the original model
H (k), then the latter will inherit its topological characteriza-
tion directly from the former. In other words, one can use this
method to construct 6,-symmetric n-root topological insula-
tors, which are currently limited to 2"-root systems [12,13,37],
therefore extending to nondriven systems the recent results
obtained for Floquet insulators [36]. These results are being
finalized and will be the subject of a forthcoming article [59].

Concerning the experimental realization of the non-
Hermitian n-partite models studied here, the main challenge
relates to the implementation of unidirectional hopping terms.
In this regard, electrical circuits appear to be in a prominent
position to realize these systems [60-62], since unidirec-
tional capacitance couplings can be designed with the use
of impedance converters with current inversion, which have
already been shown to be experimentally accessible [63,64].
Unidirectional couplings can also be very well approximated
in systems where a strong imaginary gauge field can be
induced, since these translate as highly asymmetrical nonre-
ciprocal couplings. This can be achieved in quantum systems

such as (i) photonic lattices, either with ring resonators
coupled by mediating auxiliary rings with balanced gains
and losses [65—-67] or, as has been experimentally realized
recently, with light walks in photonic fibers [68,69], (ii) ultra-
cold atoms in optical lattices, where similar protocols based
on exploiting the effects of transitions to an auxiliary lattice
to generate highly asymmetric hopping terms have been pro-
posed [70-72]. At the same time, imaginary gauge fields have
also been implemented in classical setups, namely, by includ-
ing auxiliary acoustic cavities with air dissipative materials in
acoustic lattices [73], or even in robotic metamaterials [74],
where the lattice can be mapped into a system of masses cou-
pled by springs with effective nonreciprocal spring constants.
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APPENDIX A: COMMENTS ON THE GENERALIZED
CHIRAL SYMMETRY

We start by considering a Hamiltonian of the form

0 hiy  w3his
Hyo(k) = | hj, 0 wihas |, (AD)
w3his a)ghﬁ3 0

where w; = ¢’ % and all hij = h;j(k) are scalars. This model
was introduced in Ref. [50] to model Z3 clock parafermions in
a breathing kagome lattice. This Hamiltonian can be decom-
posed as (the momentum dependence is omitted henceforth)

Hy = Hy, + Hp, (A2)
0 hiz 0

Hy=| 0 0 iy |, (A3)
wsht; 0 0
0 0 0)3]’113

Hy= |k, 0 0 (A4)
0 wihiy 0

The generalized chiral symmetry %3 defined in (11) reads here
as

T3Ho Uy = w3 'Hey + w3Hes = H. (A5)

The action of I'; is therefore to produce two counterpropa-
gating ¢3 rotations on the Hamiltonian terms, one clockwise
for Hr, and another counterclockwise for H. Only H:, or
Hs independently possess the generalized chiral symmetry €3
in the precise sense of (11), while Hy does not. The original
H, is recovered after three consecutive I'3 operations (Hy =
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F§H0F3_3). Thus, if we define

Hy, :=T3H 'y = 03 Hy, + 03Hs, (A6)
it follows that Hy = I'sH,T'; ' and
Hy+H +H, =0, (A7)

which formally replicates (18), although Hy, H;, and H, are
not different chiral colors of the same Hamiltonian, that is,
they do not relate to each other by multiples of w3z as in (15)—
(17). From the cyclic property of the trace of a matrix product,

we have
Te(H) = Tr(T3Hol'y ") = Tr(Ho), (A8)

J

H = Hy + Hp + Hc + Hp + H,

,Hp = §
p m

where all entries not shown are zeros. The generalized chiral
symmetry operator acts in this case as

[WHT' = Hy + w; ' Hp + wyHe + o, *Hp + o3 Hg,
(A12)
which obeys

3
Y TiHT; = 4Hj,
j=0

(A13)

with T'Y = I'} = 1,4. Note that w4 = €'z is imposed by both
F4HBF4’1 = a);lHB and F4HCF4’1 = w4H¢. Taking the trace
on both sides of (A13) leads to
3 . .
Tr() TJHT,”) = 4Te(Hy) = 4Tr(H),
j=0

(A14)

which, when H, is traceless, Tr(Hy) =a+ f+k+p =0,
implies that the eigenvalues of H sum to zero [47,52]. When
Hp = O4x4, where Oj is the j x j zero matrix, then (A13)
further reduces to the generalized chiral symmetry proposed
in [52,53]. The decomposition in (A10) can be straightfor-
wardly generalized to a Hamiltonian of any dimension such
that, under the action of I',,, the different components rotate
by multiples of w,, as illustrated in (A12) for n = 4. There-
fore n successive applications of I',, will retrieve the original
Hamiltonian, implying that all Hamiltonians with a trivial
main diagonal obey

n—1

> TjHT =0.
j=0

(A15)

However, only a small subset of these Hamiltonians, which
includes at least the chiral colored ones with the form of
(1) (and evidently also their conjugate transposed versions,
corresponding to a global inversion of the hopping directions),

and similarly Tr(H,) = Tr(Hp). From applying the trace to
both sides of (A7) we conclude that Tr(Hy) = 0, that is, the
eigenvalues of Hj sum to zero.

Let us consider a general 4 x 4 Hamiltonian of the form

a b ¢ d
_le f g h
H=1; 5 % 1| (A9)
m n o p
where {a, b, ..., p} € C'®. We can decompose H as
(A10)
d c
h
j ,Hp = ,Hg = ; ,
0 n
(A11)

can be said to enjoy %,-symmetry in the more stringent sense
of (11) [with ;! — w, for the conjugate transpose versions
H&k) — H'(K)], in light of which it can be described as an
extension of chiral symmetry to n-partite lattices, since it
reduces to the usual chiral symmetry for a bipartite (n = 2)
model.

APPENDIX B: ANALOGY WITH BAXTER’S CLOCK
MODEL

In order to highlight the parallel than can be drawn between
the non-Hermitian n-partite models, we are considering and
the generalized version of the Ising model, we will follow
closely below the systematic analysis provided by Fendley
[35], to which we refer the reader for further details. Baxter’s
clock model [34,54,75] can be viewed as an extension of the
1D Ising chain where, instead of having “up” and “down” as
the internal spin degree of freedom at each site, the “spin”
or clock value at each site can take the value w} = ¢'r 7, with
j=0,1,...,n— 1.Its Hamiltonian for an L sites chain reads
as

L L1
Hge =Y tyim+ Y tyo]orp1, B
=1 =1

where {t;} is a set of 2L — 1 arbitrary complex coefficients
and 0;=1,®...1,®0®1,... and 7, =1,®...1,®
T®1,... are operators acting at site [ = 1,2,...,L [76]
through the local operators [77]
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, (B2)

1

where all entries not shown are zeros and the local basis at site
I spans {|w})}, with j =0, 1, ...,n — 1. Clearly, o measures
the clock value, o |a),{) = a),’; |a)/;), and t is the shifting opera-
tor acting as t |a)‘,{) = |a)',frl ). The Ising model is recovered for
n = 2, where ¢ and t reduce to the o, and o, Pauli matrices,
respectively. For n > 2, the one-site term of Hpc in (B1)
generalizes the spin flipping term, while the two-site term rep-
resents a generalized nearest-neighbor interaction. Baxter’s
model also enjoys a generalized chiral symmetry defined as

6, : Z.HpcX,' = w,Hzc,

En Zl—[O’j

J=1

(B3)

7t (B4)

i

-

i=1

with X, a unitary operator whose action cycles the chiral
colors of Hpc.? The presence of 4,-symmetry similarly im-
poses that the spectrum of Hpc be formed by sequences of
the form {E, w,E, ®2E, ..., " 'E}, each summing to zero
[see discussion below (13)]. Notice that (B3) is equivalent to
(11) if the direction of all hopping terms is switched, such that
H(k) — H'(k)in (1).

An even more direct analogy can be made with the
“w-commutation” relation [34] between the local o and t
operators in (B2), which we write here in a slightly different
fashion for comparison purposes,

T _ -1

oT o —1 T

=w, T,

(BS)

which can be rewritten as a phase commutator of the form
of (19) as [0, T7]4, = 0. Notice that 7 has the same general
form of H(k) in (1), where the ones are replaced by the 4;
rectangular matrices of different sizes. Similarly, o closely
resembles T, in (10), where each diagonal power of w!, with
1=0,1,...,n—1, is enlarged into a diagonal square block
of dimension dj i, that is, @, — w1, ,. In the interest of
keeping up with this analogy, the bulk Hamiltonian of the non-
Hermitian n-partite models with the form of (1) can be viewed
as a generalized version of the shift operator of Baxter’s clock
model, where each SL corresponds to a different clock value,
and the dimension d; of SL;, i.e., the number of sites at SL;,
can be viewed as counting the internal degrees of freedom
of each clock value, connected between adjacent SLs in a
unidirectional cyclic fashion.

It should also be stressed that, when mapping t7 — H(k),
a new ingredient is added to the system that is at the heart
of the generalized Lieb’s theorem of (22). Namely, the finite
scalar entries of t7 are converted into rectangular matrices h;

>This symmetry was labeled as a generalized charge conjugation
symmetry (also known as particle-hole symmetry) in Ref. [35]. How-
ever, charge conjugation is defined through an antiunitary operator,
whereas X, is unitary and therefore is rather the operator describing
a generalized chiral symmetry.

—pt?

406 6 -6 4
1 @i
S 67 165

FIG. 5. (Left) Unit cell of the non-Hermitian four-root topolog-
ical insulator with different prefactors g at different hopping terms.
The non-Hermiticity comes from the Peierls phases picked up by the
hopping terms, which are the same in both directions. (Right) When
squared, the model at the left leads to two decoupled models, namely
a diamond chain in the blue SL, and a two-leg ladder in the gray SL,
(only some hopping terms are indicated for the latter). Open sites
belong to the respective adjacent unit cells.

with different dimensionalities in general, such that diagonal
square blocks H; of different sizes d; are obtained for H"(k),
whereas one trivially gets (7 )" = 1,,. From (22), a nontrivial
number of zero-energy FBs is precisely the combined result of
finite sublattice imbalances (first term) and/or the existance of
zero-energy FBs in the H; block (second term), both of which
vanish for (z7)". At this point the analogy stops, since the
generalized Lieb’s theorem cannot be revealed by the mathe-
matical structure of Baxter’s clock model, but can be derived
from the properties of the non-Hermitian n-partite models we
considered.

APPENDIX C: COMMENTS ON LIEB’S THEOREM

Here, we show that Lieb’s theorem, which states that the
number of zero-energy FBs in a bipartite system is given by
the sublattice imbalance, while correct for Hermitian systems,
fails to account for the extra zero-energy FBs that appear in
certain non-Hermitian lattices. We show below an example of
such a model, further illustrating the validity of the general-
ized Lieb’s theorem expressed in (22) already at the bipartite
(n = 2) level.

The model considered here, with the unit cell depicted in
Fig. 5 at the left, can be viewed as a non-Hermitian variation
on the 1D 4-root topological insulator studied in Ref. [12].
The bulk Hamiltonian, parametrized by the real § factor in-
cluded at some hopping parameters, reads as

_ O3x3 h(k, 8)
H(kv 8) _t(hT(—k,S) 05><5 )s (Cl)
18 —ise ® ek /382 — De
h(k,é)=16 0 i 0 0 ,
0 —i 0 ) 0

(C2)

The non-Hermiticity comes from the finite Peierls phases at
some of the hopping terms, which are the same in both direc-
tions. Squaring H (k, &) in (C1) leads to

Hy(k, ) O35 )
Hy(k,8) )’

2 )
H(k.8) = 1 ( e (C3)
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(a) (b)

(x2)

FIG. 6. Complex energy spectrum as a function of the momentum obtained from diagonalizing the Hamiltonian defined in (C1) for (a) § =
1.1, (b) 1.01, and (c) 1. (d) Squared energy spectrum as a function of the momentum obtained by squaring the Hamiltonian with the parameters
of (c), which is purely real. In all plots, (x j) indicates the j-fold degeneracy of the respective band.

0 l+e % 14k
Hi(k,8) = (8> = D13+ 8| 1 +€* 0 0 ,
1+ e 0 0
(C4)

where H;(k, §) models the diamond chain with the unit cell
depicted at the blue SL at the right-hand side of Fig. 5, which
is known to host a flat band with the energy of its diagonal
term [78-81], that is, Epg = 6> — 1. The full expression of
the pseudo-Hermitian block H,(k, §), modeling a chain of
the form of the gray SL, at the right-hand side of Fig. 5, is
omitted here for simplicity. In the language of Ref. [12], it
corresponds to a topologically featureless residual block with
shared spectral properties with the relevant H;(k, &) block.

In Figs. 6(a)-6(c) , we plot the complex energy spectrum of
H(k, §) in (C1) for three decreasing values of §. For all three
cases, there are two zero-energy FBs originating from sublat-
tice imbalance, in accordance with Lieb’s theorem. However,
two extra FBs with symmetric energies, directly obtained
by taking the square-root of the diagonal term in (C4), i.e.,
Epp + = ++/82 — 1, are present in the spectra and can be seen
to coalesce with the other two FBs as 6 — 1 (they evolve in
the imaginary energy axis for |§| < 1). Therefore, in Fig. 6(c),
the system displays two extra zero-energy FBs not accounted
for by Lieb’s theorem. Their appearance comes from the fact
that, for the squared Hamiltonian H?(k, 1), whose energy
spectrum is shown in Fig. 6(d), the smaller H(k, 1) block
itself has a zero-energy FB (#gl‘3 =1 due to the sublattice
imbalance within SL;), since its diagonal term vanishes at
6 = 1, which must be shared by the H,(k, 1) block also due to
the isospectral properties (up to the zero-energy FBs already
accounted for by the sublattice imbalance) between the diag-
onal blocks, as discussed in the main text. For § = 1, the total
number of zero-energy FBs obtained from the generalized
Lieb’s theorem is

#p=dy—d) +2#0 =5-3+2=4. (C5)

There is a simple reason why the term proportional to #gfs
is absent from Lieb’s theorem. It relates to the fact that it
applies to Hermitian systems, where no zero-energy FBs can
be present in Hj, apart from the trivial case where decoupled
sites are present within the unit cell, which can always be
chosen to belong to the larger sublattice (notice, e.g., that site
8 becomes decoupled for the left model of Fig. 5 when § = 1,

at which point one can ascribe it to either sublattice). When
finite Hermitian couplings between sites in SL; and SL, are
considered for a bipartite system, the diagonal terms of the
squared Hamiltonian are necessarily positive [11-13]. If H; is
itself bipartite, then it has #{3 > 0 coming from its sublattice
imbalance, which are replicated in H,, but with a finite energy
given by its diagonal term ¢ [with, e.g., ¢ = 6% — 1 for the
Hj block in (C4)]. In the original model, this translates in the
appearance of #{i-fold degenerate FBs at E = £./c. These
FBs are pushed in pairs to zero energy as ¢ — 0. The only
way this can be achieved is by adding negative contributions
to the diagonal term c¢ of the squared model which, in turn,
requires the inclusion of non-Hermitian hopping terms in the
original model, as we exemplified in (C1) by considering
non-Hermitian Peierls phases at some couplings. This demon-
strates, in short, that Lieb’s theorem needs to be generalized,
not only for the n-partite systems considered in the main
text, with n > 2, but also already for non-Hermitian bipartite
systems, where extra zero-energy FBs originate from those
that may be present in the H; squared block.

If one considers the diamond chain depicted in the middle
of Fig. 5, but introducing now a m-flux per plaquette, such
that the dispersive bands above and below the zero-energy
FB [see Fig. 6(d)] also become FBs with symmetric finite
energies [78,79,81], then the same procedure followed for the
four-root model of Fig. 5 can be applied. Namely, by intro-
ducing carefully selected non-Hermitian phases at some of
the couplings, while keeping the m-flux pattern per plaquette
[26,82], the symmetric finite energy bands can be pushed to
zero-energy, which corresponds, in its squared Hamiltonian,
to lowering the energy of the smallest block (a single FB) to
zero. In this scenario, one obtains a completely trivial energy
landscape made of three zero-energy FBs, as was recently
shown by Ding et al. [83] in a non-Hermitian system of
coupled resonators. As for the case of the four-root model
analyzed in this Appendix that led to (CS5), our results also
provide a full account of the two extra FBs appearing in this
diamond chain system.

APPENDIX D: COMMENTS ON DEFECTIVE
HAMITONIANS

The minimum number of LIEs within the set of zero-
energy FBs follows from a simple argument. The adjacency
graph of H(K) is a directed graph with only outgoing links
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FIG. 7. Unit cell of a tripartite defective Hamiltonian. The hop-
ping terms are unidirectional, acting only in the direction of the
arrows.

from SL; to SL;_;, where j=1,...,nand j =0— j=n
from the periodicity. Assuming that the number of dispersive
bands of H"(k) is given by the dimension of the smallest block
H,, that is, it is nd; [where n reflects the n-fold degeneracy of
H"(k)], then the incoming hopping terms to each site i; in SL;
determine a particular state |l/fi(]2)) in SL,. We can construct a
basis for SL, apylying a Gram-Schmidt orthonormalization
to the states {|1pf| ))} (note this set spans a subspace of SL; of
dimension d;) and choosing an arbitrary set of orthonormal
basis states (between themselves and to the set {|1//i(12)>}) that
completes the basis of SL,. If we draw the adjacency graph
of H(K) in this basis, the latter set of nodes will have no
outgoing links and that will generate d, — d; zero-energy FBs
with LIEs.

This argument can be extended to any Hamiltonian block
between a pair of consecutive sublattices. Three situations can

occur: (i) dj > d;_y, (ii) d; = d;_y, and (iii) d; < d;_;. For
the two latter cases, no nodes of SL; without outgoing links
can be obtained with the procedure described above. When
dj > d;_y, then the same reasoning will generate d; — d;_,
nodes in SL ; without outgoing links. So the minimum number
of LIEs in the set of zero-energy FBs is

n

#08 = > Max(d; — d;_1,0).
j=2

(D1)

Basically, the argument above states that is possible to
rotate the basis within each sublattice in such a way that the
number of sites in the shortest section (smallest sublattice)
in closed loops of the adjacency graph gives the number of
dispersive bands and the number of endpoints of open paths
gives the number of LIEs of the set of zero-energy FBs, while
the total number of FBs in this set is always given by the
generalized Lieb’s theorem in (22). In the example of Fig. 7,
while the model, through (22), has #gg = 3 zero-energy FBs,
this set only counts

#E‘fgs = Max(d, — d;,0) + Max(ds —d»,0) =240 =2.

(D2)
The defectiveness of the model comes in this case from the
decoupled cluster within the unit cell involving sites 3 and
5, which yields two FBs but only one LIE, while the loop
accounts for the three dispersive bands and decoupled site
4 for the other zero-energy FB. This defectiveness can be
viewed as the skin effect that takes place for the decoupled
cluster within each unit cell, which together form a set of
decoupled nonreciprocal dimers in real space.
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