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RKKY interaction on curved surfaces: Different behavior of Dirac and Schrodinger
carriers as interaction-mediating particles
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The RKKY interaction between two impurities on a curved surface is investigated. Practical curved sample
parameters are considered for investigating curvatures, similar to those observed experimentally in available
samples such as graphene. For this type of two-dimensional curved system and for two types of Schrodinger and
Dirac carriers, the RKKY interaction and local density of states (LDOS) are calculated. Results show that the
strength of the RKKY interaction on a curved surface depends significantly on the nature of particles embedded
on this surface, indicating that the geometry has a different effect on the dynamics of Schrodinger and Dirac
carriers. While the curved surface increases the RKKY interaction strength for Schrodinger-type cartriers in
comparison with the flat sample, RKKY interaction decreases in the curved surface for Dirac-type particles.
This can be understood regrading the effective magnetic field experienced by the Dirac particles as a result of the
curved surface. There is also a correlation between LDOS and the RKKY interaction, which could be explained
by the effect of conducting electron density on the exchange interaction mediated by these carriers.

DOLI: 10.1103/PhysRevB.106.195426

I. INTRODUCTION

Following the discovery of graphene and its amazing
properties, a rich field of studies on two-dimensional (2D)
surfaces embedded in three-dimensional (3D) spaces was
opened up. For decades, condensed matter physicists have
been interested in the dynamics of carriers restricted to 2D
materials. Freestanding graphene has piqued the interest of
a broader audience due to the enormous potential for its
applications in fields such as photonics, spintronics, and
sensor technology [1]. Experimental observations, such as
transmission electron microscopy (TEM) and scanning tun-
neling microscopy, have revealed that samples of freestanding
graphene have random spontaneous curves that can be con-
sidered ripples of varying sizes, several angstroms in height
and several nanometers in length [2,3]. Therefore, theoretical
results could be corrected by taking these ripples into account.

Quantum theory has been applied on a small scale in
Euclidean space without curvature, as well as in the study
of black holes, and also on a large scale in curved spaces.
The discovery of graphene provides a practical way of under-
standing quantum theory on small-scale curves. Meanwhile,
it is difficult to generalize quantum mechanics formalism to
curved spaces because each of the present approaches has its
own flaws [4].

Nanostructures have established an experimental field that
may provide direct evidence for the realization of geometry-
induced quantum effects. The fabrication of nanoscale and
microscale surfaces opens up ways for the quantum theory of
particles confined to curved structures [4].

The conventional method of the da Costa confining po-
tential, known as thin-layer quantization [5], was used to
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insert the constraint of sample to provide a specific 2D
curved system. This method is consistent with the uncertainty
principle and avoids the ambiguous problem of arranging
operators. There are two approaches for studying the motion
of a particle confined to the space of a manifold embedded
in Euclidean space [1]. The classical Hamiltonian is given in
terms of generalized momentum in the conventional quantiza-
tion approach, which considers the motion of a particle in a
preliminary manifold, and the system is quantized using the
canonical method. The motion of the particle in this method
is solely determined by the geometry of the manifold and is
independent of the space in which the manifold is embedded.
In the confining potential approach, on the other hand, the
particle is confined by a strong force acting perpendicular to
the manifold. By reducing the motion perpendicular to the
surface, an effective Hamiltonian for particle motion on the
surface is obtained. The geometry of the manifold boundary
surface determines the effective Hamiltonian. The ambiguity
of the quantum operator ordering perplexes the canonical
quantization, allowing for several compatible quantum ap-
proaches that differ just in a term proportional to the scalar
curvature of the manifold boundary [1]. However, the effective
confining approach depends on the physical mechanism of the
confining process. As a result, the strong confining potential
model is more compatible with real physical systems.

One common issue in the field of spin-transferred magnetic
order is how magnetic moments of impurities embedded in
nanoscale systems could interact with each other even when
they are far apart. This interaction is the dominant exchange
magnetic interaction in metals where the overlap between
neighboring electrons is small or not direct. In this case,
impurities interact with each other through an intermediary
which in metals are the conduction electrons. This type of
exchange was first proposed by Ruderman and Kittel [6] and
later extended by Kasuya and Yossida, and this theory is now
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commonly known as the RKKY interaction. In this paper,
the effect of geometry on quantum aspects is investigated by
studying the influence of curvature on RKKY interaction of
free-standing graphene sheets with Dirac carriers. Here, we
also examine the RKKY interaction in a 2D curved surface
embedded in the 3D space with Schrodinger carriers. This can
reveal some features of the relationship between geometry and
quantum mechanics.

For this purpose, two different types of 2D samples have
been considered. We use the same model that has been em-
ployed for curved graphene [7], in which carriers are Dirac
quasiparticles and also a thin film of curved surfaces, in which
carriers follow the Schrédinger equation. It has been assumed
that the ripple is a Gaussian bump located in the center of the
flat surface [7].

The influence of the smooth curves, specified in the ex-
periments, on the RKKY interaction is investigated here. The
dynamical equations of the carriers in the flat surface state
must be rectified using methods for a curved surface state.
Two approaches have been proposed for the analytical study
of real corrugated graphene samples. The first approach is
a combination of tight-binding and elasticity theory [8] and
the second is a formulation of quantum field theory in curved
space [1,7]. The presence of ripples observed experimentally
by TEM led us to use a model to correct calculations per-
formed without considering these ripples.

In this paper, regarding the modified dynamics of con-
fined carriers, the influence of the roughness on the RKKY
interaction is obtained. This approach is used in both cases
mentioned above, i.e., ordinary curved surfaces of small
thickness in which the Schrodinger equation must be mod-
ified and the other one is the curved graphene surface in
which the Dirac equation must be modified. In the nonrel-
ativistic case, the Costa formalism is applied to correct the
Schrodinger equation of carriers confined in a curved surface.
This approach is called the thin layer-quantization (a con-
fining potential formalism) [1,5,9-11]. In the case of curved
graphene surfaces, no effective geometric potential is required
to confine the charge carriers. Therefore, curvature mani-
fests itself in the Dirac matrices and the partial derivatives
have been converted to the covariant derivative. This kind
of effect arises from the spinor nature of the wave function
of graphene that comes from the two-sublattice nature of
graphene structure, where it is assumed that the dynamics of
carriers in 2D curved space such as graphene in low energies
follows the Dirac equation in (2 + 1)-dimensional curved
space-time [7].

In the following, we obtain the propagator in both cases,
i.e., for Dirac and Schrodinger particles—by using the con-
ventional perturbation approach, we can obtain the RKKY
interaction. Then the results of the RKKY interaction in
the curved surface are compared with the results of the flat
surface.

RKKY interactions of flat graphene are presented in sev-
eral studies [12—14]. It has been shown that the intensity of the
interaction disappears faster than the other 2D materials [12].
The interaction decays as d% or faster in undoped graphene,
where d is the separation distance between the magnetic ele-
ments. In the case of doped graphene, the interaction decays
with the asymptotic relationship of (% as expected for 2D

materials, but it has not yet been seen experimentally [12].
One can conclude that the RKKY interaction is short range.
For example, the intensity of RKKY interaction in carbon
nanotubes is predicted to decay as 5 [12]. Flat doped graphene
belonging to the same subunits is ferromagnetic and otherwise
antiferromagnetic [14].

This paper is organized as follows: In Sec. II, we look at
the modeling of bumps and approach. In Sec. III, the thin
layer-quantization approach is employed to get the modified
Schrodinger equation for curved surfaces. In Sec. IV, the
modified Dirac equation for curved surfaces is obtained. The
results and discussion of the RKKY interaction computations
in both cases is represented in Sec. V. Finally, the conclusions
are given in Sec. VL.

II. MODEL AND APPROACH

While the actual origin of ripples is unknown, their shape
has been observed experimentally [2,3]. In Refs. [7,10], a
general metric was used for studying the case of smooth
curvatures that have no singularity throughout the surface and
becomes asymptotically flat. We look at the general scenario
of a smooth protuberance that fits without singularities in
the flat surface’s center and is relatively compatible with the
free-standing graphene sheets mentioned [2,7]. Consider, for
example, a surface immersed in 3D space with polar sym-
metry described in the cylindrical coordinate system. Polar
coordinates of surface projection onto the z = 0 plane are used
to create this surface, which is defined as follows:

2(r) = Ae /P (1)

Here, z(r) represents the height of the curved surface as
compared with the flat surface z(r) = 0, [7]. The parameter
A stands for the height and b represents the mean width of
the Gaussian surface. By considering the position vector in a
cylindrical coordinate system in the form

F=rr+kz )
and by using the fact that

dv dr
dgt dg”’

v =

then the metric can be obtained as follows:

g — _(1 Fa(dP (52 o), G

0 r2

in which g,, depends on (%)2, square ratio of the height to
the mean width of the Gaussian surface, that shows the to-
pographic characteristics of the surfaces. We have introduced
£(r) = 4(r/b)2e~2/»" and o = (A/b)*. Experimental values
reported for b (width) is in a range from 2 nm to 20 nm, while
A (height) could be from 0.1 nm up to 0.5 nm [2,3]. Figure 1
depicts a typical smooth graphene Gaussian bump.
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FIG. 1. The smooth curved graphene with a Gaussian bump.

According to Minkowski space, the spatial component of
displacement is

ds* = d7.d7*
=dq"dq,
= gudq"dq”
—(L+af(r)dr* — r*do>. @)

The Green’s function of the Schrédinger and Dirac carriers is
used to compute the LDOS and the RKKY interaction. The
following equations are employed to obtain the above ele-
ments using the Green’s function. The influence of the curved
surface on RKKY interaction could then be captured by the
Green’s functions [13]. For a perturbation, V = -8 .56(7),
where S is the spin of the impurity and 5 is the spin of the
conduction electron, the energy is given by
- 2p? -
ER)=1JS1.5 = Tx(r, rS1.5, 5)

where S, S, are the spins of impurities. The unperturbed
retarded Green’s functions are used to express the standard
susceptibility x (r, r'):

E
x(r, ¥ = — / ' dEIm[G(r, 7, E)G(',r,E)]. (6)

—0Q

We can obtain by continuing

)\’2 Ef
oy (1 7)) = _Ehzf dE Im[G(r, 7, E)G(r', 1, E)].

o0
@)
The LDOS can be obtained as follows:
1
p(7, E) = ——ImTr[G(#, 7, E)]. ®)
b4

III. MODIFIED SCHRODINGER EQUATION
OF FERMIONS ON CURVED SURFACE

The problem is not complicated in the absence of curva-
ture, i.e., in the case of the Euclidean geometry where the
solutions of the Schrédinger equation are plane waves, which
are eigenfunctions of the linear momentum operator. Further-
more, these plane waves are the eigenfunctions of momentum
and energy operators at the same time. If the curvature of
space is continuous and nonzero, the canonical and Noether
momenta do not match [15,16], so the Noether momenta have
no Poisson bracket, as expected for the quantum versions of
these quantities, the operators. In every space with a vari-
able or nonzero curvature, these characteristics complicate the
problem. The plane wave is a Euclidean concept and it is
unclear how to apply it to curved space [16].

Two modifications must be applied to Schrodinger’s equa-
tion to describe the quantum mechanics of a particle confined
to a curve or a surface in R, The surface metric requires that
the kinetic energy operator should be adjusted. The potential
energy term have to be modified by the addition of a geometric
potential, which is required to limit the particle to the curve
or surface. The total potential V = Vjhysical + Vecometic 15 the
sum of two terms that make up potential energy. External
fields (electrical and magnetic) provide the physical potential
and geometrical potential is created by limiting the particle to
the manifold, M—this type of potential is defined in terms of
the principal curves at each point [17], meanwhile the kinetic
energy is also modified by the metric. We are particularly
interested in circumstances in which there is no physical po-
tential applied.

Da Costa proposed a formalism that characterized carriers
restricted to a curved surface by modifying the Schrodinger
equation and introducing a geometric potential as a function of
curvature [5]. This approach is known as the thin-layer quanti-
zation method. Thin-layer quantization (a confining potential
approach) takes into account all 3D features of carriers. Unlike
prior methods, this is a well-defined method that avoids the
well-known ambiguity difficulties of operator ordering and
adhering to Heisenberg’s uncertainty principle. The resulting
Schrodinger equation for a flat surface is the same as a 2D
Schrodinger equation. This explains why this equation is so
good at modeling quasi-2D systems.

Curvature, on the other hand, has major impacts, such as
the geometric potential, which has been the topic of extensive
investigations. Both intrinsic and extrinsic curvatures are used
to express the geometrical potential [1,5,9,10,17-20].

The limitation is provided as a the result of an external
potential that confines the electrons’ mobility to a tiny layer
of minimal thickness. The Schrodinger equation in the normal
direction (perpendicular to the interface) is found by consider-
ing the wave function of electrons as a product of the vertical
and tangential wave functions. By separating the dynamic
equations of motion in the two directions, the Schrodinger
equation for the normal direction (perpendicular to the inter-
face) is obtained,

_R2 2
(@) + V(@) xn = Enxa(@®), )

2m gty

in which V (¢?) stands for the potential that limits the particle
to the thin layer, where q3 is the normal coordinate. Similarly,
the Schrodinger equation for tangential states is obtained for
a spinless particle as follows:

Pl o1 )
% [_ﬁau(\/ggu 8v)i| xr(q1, q2) + VgeometryXT (g1, 92)

= Exr(q1, q2), (10

where g/"is the contravariant component of the manifold met-
ric tensor, g = det(g,y), and Vgeomeny 18 calculated as a scalar
geometric potential that is given by (see Appendix A for more
information)
v, __F (H> — K) (11)
geometry — om P
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where H is the mean curvature and K is the Gaussian cur-
vature, which are given using the following relations: H =
@, K= (xlloeg — a%a%; of and ot% are principal curvatures
of the surface and o) = o = 0. Weingarten equations [21]
are used to obtain « coefficients (see Appendix A). In this
approach, the confining potential is defined as [5,10,11]

0 forlg’l<e

oo otherwise, 12)

Vi) = {

in which the ideal surface is obtained at the limit of ¢ — 0.
The metric equation defines the Riemannian curved surface
that we have considered for ripples as described by Eq. (3).
Using this metric, the modified Schrédinger equation can be
written as below:

P, 1 1., , 1
5—19, + =0+ 595 —af(r)| 9, + =0,

r r r

2m
1 2r2 r?
+; 1_ﬁ 3r—y xr(r,0)

= Exr(r,0). (13)

Equation (13) has two parts. One part is the contribution of the
flat space and the other part comes from the space curvature,
which we refer to the effective geometric potential. The effec-
tive geometric potential has been considered as a perturbation
potential to the Schrodinger equation:

= a2+ L1 27Ny " (14)
om0 T ? )T

Geometric potential is a nonlocal potential in real space. It
is regarded as a perturbation and Eq. (13) could be solved
numerically. In principle, both the correction created by the
metric and the correction produced by the geometric shape of
the curved surface using the thin-layer method generate the
effective geometric potential represented in Eq. (14).

A. Green’s function of Schriodinger equation in a curved
space-time

Equation (13) could be rewritten as

hz
(—%V2+’V’—E>Xr(r,0)=0. (15)

In curved space, the exact propagator equation is

h2
(——v2 +'V' - E)G(r, 0;r,6")
2m
1 ’ ’

When the effective potential is removed from Eq. (15), we get
the following analytically solvable equation for the perturba-
tionless propagator:

i 1
—— V2 E|G(r,0;F,0") = =8(r — )86 — 0.
< m > KG(V r ) . (r —71)8( )
(17

The KG subtitle has been used to refer to the Klein-Gordon.
Equation (17) has the following solution:

2mE
hZ

To obtain the propagator in the presence of the effective po-

tential, perturbation expansion can be employed. Then the

Green’s function can be obtained up to the first order of
perturbation as follows:

5 = —I 2m 1
GOKG(x,x ) = Z?HS )<

X — §/|). (18)

1
G(x,x") = Go(]x —x']) — 5 Gollx — XD f(x)

+ /dx//Go(lx—x//I)V(X”)Go(Ix/—X”I)- (19)

IV. THE MODIFIED DIRAC EQUATION FOR FERMIONS
ON TWO-DIMENSIONAL CURVED SURFACES

It has been assumed that the system consists of a layer
of atoms embedded in a flat surface in the case of Dirac
mas-less carriers, such as graphene-encapsulated electrons,
which defies the uncertainty principle because the particle
motion cannot be controlled even in one direction. On this
basis, it is expected that graphene is not a perfectly flat surface
and it exhibits distortions, which has been experimentally
validated [2].

The essential question now is whether the massless Dirac
equation could be modified, regarding the carrier restriction,
despite the effect of ripples in graphene. In the case of
Schrodinger carriers, we found that the Schrédinger equa-
tion requires the addition of a purely geometric potential due
to curvature, generated by the thin-layer method [13]. We
examine that such a term should be included in the massless
Dirac’s equation.

Geometric potential was not included in some previous
works [1,7], while it was considered in other works [9,10,19].
In the current paper, we have employed the approach pre-
sented in Refs. [1,7], since it has been shown that the
geometrical potential of the Dirac equation could be neglected
up to the first-order approximation [1]. In the nonrelativistic
scenario, the ripples of a thin layer offer a nonvanishing geo-
metric potential.

The advantages of this method over other approaches
mentioned in the previous section could be summarized as
follows: This method employs the thin-layer quantization
technique, where, in comparison to other methods, this strat-
egy solves the problem of incompatibility with the Heisenberg
uncertainty principle. Due to the Heisenberg’s uncertainty
principle, we can’t have a zero component of motion in a par-
ticular direction. In other words, there isn’t any 2D quantum
motion that can occur on a perfectly flat surface. However,
in the curved surface, the uncertainly principle is valid [10].
This means that the uncertainty principle is not broken when
the equation of motion takes into account the third dimension.

The curvature can be perceived as a useful gauge field.
Meanwhile, the periodicity of the lattice is disrupted when
the distances between atoms change—the requirements for
utilizing the Bloch function are not satisfied. On this basis, it
is obvious that traditional approaches are insufficient, demon-
strating the intricacy of graphene ripples.
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The thin layer approach, which was stated in the preced-
ing section for solving the Schrédinger equation, develops a
geometric potential by reducing one dimension of the carrier
motion from three to two dimensions, confining its mobility
to a curved surface. However, applying the same method for
Dirac carriers is questionable.

To address this question, we utilize the same procedure
as described in the Schrodinger equation. Appendix B con-
tains the details of this procedure, which was introduced
in some previous works [1,10,19]. The confining process in
this method comes from the application of an external real
force that eventually reduces the 3D quantum dynamics to
two dimensions. In the case of Dirac carriers, we obtain an
equation for minor fluctuations in the third dimension, i.e.,
perpendicular to the plane, which was previously known for
nonrelativistic carriers and described in the previous section.
Indeed, the downward force of attraction caused by the strain
forces created by the curvature keeps the atoms on the surface.

The (3 + 1)-dimensional Dirac equation can be split into
(2 4+ 1)- and (1 + 1)-dimensional equations when the perpen-
dicular motion is minimal enough. The quantum dynamics on
the surface are described by the (2+1)-dimensional equation,
while the behavior of the normal component of the wave
function is described by the (1+1)-dimensional equation.
Heisenberg’s principle is not broken in this technique since
none of the wave function components are assumed to be zero
in the process outlined above [19].

It is observed that graphene provides an opportunity to
study the relationship between quantum mechanics and the
theory of gravity, where the empirical confirmations of the
relativistic description of quantum motion on a manifold are
very important for this subject. This aspect of the issue is
very exciting. Several works have been done theoretically in
this field. The equation of Dirac carriers is derived in the
same way as the thin layer quantization approach has been
performed [1,10,19]. It was demonstrated that a new term is
generated as a geometric potential in the curved surface, sim-
ilar to the Schrodinger case [10,19]. A similar method is used
in Ref. [1] to show that geometrical potential could be ignored
up to the first order of perturbation of the Dirac equation.
Using an approximation of the vertical displacement, details
of the approach can be found in Appendix B.

To extend the Dirac equation from flat space-time to curved
space-time, the Dirac matrices, y“, must first be substituted by
the y#, i.e., the curved Dirac matrices. This can be performed
by using beins, according to quantum field theory in curved
space-time:

)/M = ea“J/a- (20)
The physical quantities are converted from flat to curved
frames and vice versa by using the beins e, and their inverse

e“,,. The equation which may link the metric tensor of the
curved space-time to the Minkowski metric has been given by

8uv = nabeauebv- 21
The Dirac equation in flat Minkowski space-time is as follows:

(ihiy®d, — me)y = 0. (22)

In terms of Minkowski metric, the constant matrices y ¢ satisfy
the following anticommutation relation:

{ye. v’ =297, (23)
and, similarly for curved space, we can write
{y", v"}y =2¢"". (24)

Because the partial derivative of spinor is not invariant under
the coordinate change, i.e., does not transform like a spinor,
the partial derivatives should be replaced with gauge covari-
ant derivative. Spinor’s covariant derivative has the following
form:

Vi = By + )9 (25)

In this case, the spin connection €2, is
Q/L = %wucd[ycv J/d] (26)
The spin connection w4 is obtained by
w, g = ecved"I‘(‘;“ + e 0,eq”, 27

where '] is the Christoffel symbol in Levi-Civita con-
nection. The following relation is obtained by substituting
Eq. (26) in the Dirac equation of flat space-time, results in
mass-less Dirac equation of curved space-time [22]:

iy" (3 + §oucaly®, y*1)W(t, 1, 0) = 0. (28)

We recall that, regarding previous works [1,7], we have re-
alized that the existence of any geometric potential in the
modified Dirac equation is not necessary and could be ne-
glected approximately. This means that the different behavior
of flat and curved Dirac-type systems don’t merely come
from the difference in space-dependent potential. Dynamics
of carriers in graphene in low energies is described by the
Dirac equation in (2 4 1)-dimensional curved space-time.
Equation (21) does not fix e, uniquely. Here, we consider
the spatial component independently of the time component
and reduce the problem to a 2D problem, so the 7n,, matrix is a
2D unit matrix in this space. There are two obvious solutions:

4 1 0 a cosf —rsinf
e“:<0 r)’ e“:<sin9 ) (29)

rcosf
The first solution leaves the gamma matrices on the Carte-
sian plane and induces a constant gauge connection with an
obvious zero associated magnetic field. The second option
converts the flat gamma matrices without inducing a gauge
connection [7]. We have chosen the second zweibeins as they
provide us more degrees of freedom in the 6 angle.

The geometric factors of the second choice are

a cosf —rsinf cos@ sinf
e’“L:(sine )’ e”M=<_Siﬂ M) (30)

rcosf
r r
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Using the flat metric in the polar coordinate system yields
Christoffel coefficients, given in Egs. (B32) and (30), yields

3 I°(0)
r

9
ihvs (y‘)—’ +T(9)d, + ag>1/f(z, r0)=0, (31)
vy

where I'(9) = cos Oy ! + sinfy?. Then the flat Hamiltonian
can be written as

0 e (9, — i3—6>
Hpy = Fll)f < ’

(0, +i%) 0

(32)

The curved space metric in the polar coordinate system yields
Christoffel coefficients and zweibeins (see Appendix B).

In this case, the zweibeins and their inverse for the curved
surface can be considered as

The following modified Dirac equation is obtained (see
Appendix B):

iy [yo o r©)6, — 4 + L1 +af(r)?)

vr (1 +af(r)}
+ aai(e)ag}w(z, 7 0)=0, (34)

in which I'(0) is given by
') = cosfy' + sinfy>.

With a little algebra, we can rearrange the above equation into
the following form:

I'(6)

d
ihuf[y"—’ +T(0)d, + d
"7,

+r(0)<;, — 1) <a, - i)}m, r0)=0.
(I +af(r)? 2r

o [+ af(r)):cos® —rsind
T\ +af(r))% sin@  rcos )’ (35)
cos sinf__ Finally, the Hamiltonian of the curved system is then given as
€aM = ((H—af(r))l (I4af(r)2 ) . (33) follows:
__sinf cos6
r r ‘
0 _ie(m ?( ne ~ i +A9>
chvd: hv . , tafin)e s (36)
rve S e[9< oy . +13_G+A9) 0
(I+af(r)2 g
[
in which Ay is defined as Ag = (1 — (1 4+ af)"?) based on + Lo e —x)
the results of Refs. [1,7]. 2r
1
= -8(x —x'), (39)
,

A. GREEN’S FUNCTIONS OF CURVED DIRAC EQUATION

In curved space, the general massless Dirac equation is:
ihy* (9, + 2,)¥ = 0, hence Green’s functions meet the fol-
lowing equation:

1
V=8

As shown in previous work [7], it can be seen that ¢ < 1. Ac-
cordingly, ~ 1(1 — Jaf(r)). By substituting this

ihy" (8, + )G, x') = S(x —x). 37)

o ragont T ,
relation in the above equation, one can obtain

ihy"(9, + 2,)Gp(x,x") + #5()6 —x)

= Lo, (38)
;

We get the following relation by replacing the preceding equa-
tions for Dirac and spin connection matrices:

3 1°(0)

d
ihvf[yo—’ +T(0)d, + 3
Uy

+F(9)(;1 - 1) (a, — i)}GD(?c,f’)
(L+af(r): 2r

where Gp is the curved surface Green’s function. The last term
inside the brackets of the above relation acts as an effective
potential caused by the surface curvature. Up to the first order
in o, we get

'V = ihufr(e)(;, — 1) (a, - i).
(I +af(r)? 2r

Using the approximation o < 1, the following expression
is obtained: 'V' &~ —iliv,T(0) (e f (1))@, — %). If G (%, x)
is a Green’s function that satisfies the following differential
equation:

[yOE +ihvy <r(9)a, + aerr(e)a@ﬂ(;g(x, x)
L5 — s -0, (40)
r

Using the relations, [I'(8)]*> = [0,T(8)]*> = —[y°])* = —1,
{¥°.TO)) = {¥° 3I'(0)} ={I'B), T(H)} =0, it can be
demonstrated that multiplying this differential operator by
itself from the left-hand side leads to the Klein-Gordon
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equation:
2 22, 1 1. 0 = =
E~ + (hvy)~| 0y + ;8, + r—289 G (X, x7)
1 / /
= ;8(r—r)8(9—0 ). 41

Comparing, Egs. (40) and (41), one can obtain
9p1(0)
r

|:y0E+ ihuf<r(9)a,+ agﬂc?m(x’, x) = G, x).
(42)

As aresult, it is obtained from Eq. (42):

of. - E -i E o, (E . -
GD |.x_.x,,— = — 2)/ HO _|x_x/|
hvf 4 (hvf) hvf

E 1 E _ -
- ————=H| — XX
(hvg)” 4% —x'|  \Tivy

x [rT(0) — F'T(0)]. (43)

The first-order correction of Gp can be obtained by a per-
turbation expansion in which the Green’s propagator in the
presence of effective potential is given with Eq. (19).

V. RESULTS AND DISCUSSION

The RKKY interaction strength and the LDOS are calcu-
lated using Egs. (7) and (8). The results are shown for both
flat and curved surfaces. The RKKY interaction and LDOS is
then estimated for two magnetic impurities in curved surfaces,
regardless of the material’s intrinsic structure, as illustrated
in Figs. 2(a) and 2(b). The curved surface in question has
been regarded as the same profile for both Schrédinger and
Dirac carriers, where the Fermi energy is assumed to be Ep =
0.1 (eV) for both samples.

The influence of the curved surface on the RKKY inter-
action could then be captured by Green’s functions. We have
estimated the spin susceptibility and LDOS for two flat and
curved surfaces containing magnetic impurities using Eqgs. (5)
and (8).

The bump is located in the center of the surface and one
of the impurities located on the x axis—the distance between
this fixed impurity and the bump center is indicated by ry. The
second impurity is considered at (r, #) as measured from the
bump center in the polar coordinate as shown in Fig. 2(b).

Spin susceptibility of Schrodinger carriers has been com-
puted for flat and curved surfaces in several directions (at
different polar angles, 8) as shown in Fig. 3.

Figure 4 compares the local density of curved and flat sur-
faces for Schrodinger carriers, meanwhile, spin susceptibility
of Dirac particles has also been obtained for flat and curved
surfaces in different directions as shown in Fig. 5. Figure 6
compares the local density of curved and plane surfaces for
Dirac carriers. It has been shown that the behavior of the local
density of states (LDOS) is completely different for Dirac
and Schrodinger carriers. Comparing Figs. 3 and 5, it can
be observed that the strength of RKKY interaction in two
types of carriers also behave reversely. While the absolute
value of the RKKY interaction increases in the presence of

(a)

(b)

FIG. 2. (a) Side view of the a Gaussian bump. (b) Top view of
the sample where the position of magnetic impurities, S; and S,,
inside the system are given by (ry, ) and (r, ), respectively. R is
the direct distance between the impurities. The bump center has been
considered as the polar coordinate origin.

!

-5E-05}

~
22 -0.0001
e~
=
-0.00015}
-u.uuuzl VJ
50 100 150
R &)

FIG. 3. The susceptibility in two different curved states in com-
parison with that of the flat case susceptibility for Schroédinger
carriers. The susceptibility is given in the unit of eV 'A%, The
susceptibility has been obtained for b = 50 A and ry, = 50 A at dif-
ferent 6 angles of 0" and 60" degrees where the Fermi energy is
Er =0.1 (eV). It is clear that the absolute value of the RKKY
interaction is increased at the bumped area.
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Log (Peurvea / Priat)

-2

FIG. 4. The ratio of the curved surface local density to that of
the flat surface for Schrodinger carriers at Er = 0.1 (eV). It can be
inferred that the LDOS is increased significantly at the bump area.

the Gaussian bump for Schrodinger carriers, it decreases for
Dirac particles.

It can be inferred that there is an interesting correlation
between the intensity of the RKKY interaction and the local
density of the states. The LDOS of Schrodinger carriers re-
veals a relative rise around the bump of the curved area. This

b,=504 , r,=0, 6=0
Flat

R (R)

100 150 200 250 300
R(A)

FIG. 5. Susceptibility of the flat sample compared with the sus-
ceptibility of the curved system for Dirac carriers where the Fermi
energy is Er = 0.1 (eV). Both of them are given in the unit of
eV~'A~*. However, to obtain a more clear illustrative plot, flat and
curved sample susceptibilities have been depicted in two different
scales. The scale of the curved system is 10~8, while the scale of the
flat sample is given to be 10~°. This figure shows that the strength of
the RKKY interaction is decreased substantially in the presence of
the Dirac carriers.

0.0005 =
o
R(A)
. 100 200 300 400 500 600
- 0
=
=
a,
2
3
3
o -0.0005
Nt
-l
=]
-
-0.001
-0.0015

FIG. 6. The ratio of the curved surface local density to that of the
flat surface for Dirac carriers at Er = 0.1 (eV). It is clear that the
LDOS is decreased significantly at the bump area. The inset shows
focusoed oscillations of density ratios beyond the bump region after
100 A.

can be compatible with the increased strength of the RKKY
interaction; meanwhile the LDOS of Dirac carriers displays a
reduction around the top of the bump which can be understood
by the reduction of the RKKY strength. This correlation be-
tween the electron density and RKKY interaction strength can
easily be inferred regarding the fact that the RKKY interaction
between localized impurities is mediated by the conducting
electrons so areas with low electron densities could not pro-
vide strong RKKY interaction.

Figures 3 and 5 show the strength of the RKKY interaction
for two 6 = 0° and 6 = 60° directions. The change of the
direction has no effect on the RKKY interaction in the case
of Dirac carriers, however, in the case of Schrodinger carriers,
this change results in a meaningful difference as shown in
Fig. 3.

The strength of the RKKY interaction shows a very small
change by varying the distance of the impurity from the bump
center, ry. Both the RKKY interaction and LDOS increase
at the curved region for Schrodinger carriers; however, these
parameters decrease at the curved position for Dirac carriers.
The effect of curvature is simply perceived in the Schrodinger
case as an effective potential that can disrupt the distribution
of conducting electrons and LDOS indicates that this potential
results in the accumulation of electrons in the bump region.
As the number of conducting electrons transmitting the spin
interaction is increased, it is expected that the interaction
strength is increased dramatically compared to the flat case.

On the other hand, the curvature is seen by Dirac carriers as
an effective potential, causing a redistribution of conduction
electrons. In this case, the coupling of spin connection and
momentum in the Dirac equation allows us to consider it as
a vector potential, which may explain the different behavior
of Dirac and Schrodinger carriers. One part of the effective
potential of Dirac carriers that is directly tied to the spin
connection results in generation of a magnetic field Eq. (46).
In this way, the bump effect can be replaced with a magnetic
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field. The vector potential, according to Hamilton Eq. (36),
can be written as follows [7,10]:

1
Q 1—(1 T2
U Ee (Yo -7 S
2r 2r 4r
Then the magnetic field is given by
1 1 af’(r)
B, = —-0,(rAyp) = —f—l (45)
r (1 +af(r):

The magnetic vector potential can be used to express the
effective potential:

V'~ —ilv T (0)Ag(2rd, — 1). (46)

The magnetic field strength in the bump area is estimated
to be between 0.5 and 2-3 Tesla [7,23]. This magnetic field
formed by the curvature is responsible for a large reduction in
the intensity of the RKKY interaction, even at positions away
from the bump. Furthermore, results of the LDOS are also in
agreement with earlier findings [7].

The intensity of the RKKY interaction does not change sig-
nificantly with respect to the position vector of the impurities
measured from the center of bump. When 2D electrons are
exposed to a magnetic field, one of the most well-known quan-
tum effects in solids is displayed. Electronic wave functions
are mainly limited to cyclotron circles with discrete energy
levels called Landau surfaces. Graphene electrons, which are
massless quasiparticle fermions, collect on orbits whose ra-
dius and center are modified by the inverse of the magnetic
field. Because of the presence of this high magnetic field in the
bump area, accumulation occurs in circles in which the centers
are located near the top of the bump with extremely small
radii. Therefore, this magnetic field results in dramatically
increasing charge accumulation at the top vertex and reduc-
ing the local density of electronic states in the bump area.
Accordingly, in the case of a curved surface, this determines
the intensity of the RKKY interaction at different positions
so the positions with low electron density show weak RKKY
interactions and vice versa.

For a given magnetic field B, the distance between the
center of the Landau orbits and the center of the bump is
given by A = %. The radius of Landau orbits is obtained

by r~2,/L [24] (Appendix C contains the details of the

calculation). In the case of the Dirac equation, we can expect
a reduction in RKKY interaction as a result of the decre-
ment of electron density outside the bump tip. In the case of
the Schrodinger carriers, the effective potential regulates the
density of states in the bump area, increasing the density of
states in the bump area and therefore amplifying the RKKY
interaction. As a result, the different behavior of Dirac and
Schrddinger carriers are revealed.

Finally, it should also be noted that the numerical results
may depend on the value of the Fermi energy where the
real-space period of oscillations changes by Fermi energy.
However, qualitative results, i.e., the different behavior of the
Dirac and Schrodinger carriers don’t depend on Fermi energy.

VI. CONCLUSION

On 2D curved surfaces, we estimated the RKKY inter-
action in two different cases. In the first case, carriers obey
the Schrodinger equation and the second case corresponds to
the carriers in which their dynamics are determined by the
Dirac equation. We used the thin-layer quantization method,
also known as the Costa method, to modify the equations in
both cases since this approach preserves the Heisenberg un-
certainty principle. In the case of Schrodinger carriers, a
geometric potential is added to the Hamiltonian. However, in
the case of Dirac carriers, because of the spinor nature of the
wave function, the covariant derivative is changed in terms of
zweibeins and it can be shown that the geometric potential can
be neglected up to the first-order approximation [1].

The curvature of the surface could be considered as a
source of an effective magnetic field for Dirac carriers, and the
presence of this magnetic field results in completely different
behavior of Schrodinger and Dirac carriers.

There is an effective geometric potential for both of the
carriers studied. The Costa method for Schrodinger carri-
ers leads to a potential that is proportional to the square of
the distance between the two impurities. However, in the
case of Dirac carriers, this potential can be neglected up to
first-order perturbation. However, Dirac carriers experience
an effective magnetic field associated with spin connections
that mainly determines the difference between the behavior
of these two types of carriers. In general, an extra effective
geometric potential corrects LDOS and the RKKY interaction
in comparison with the flat surface. Schrodinger carriers have
a higher LDOS around the bump area, which is followed
by a higher RKKY interaction, whereas Dirac carriers have
a lower LDOS and a lower RKKY interaction. In the case
of Dirac carriers, the generated magnetic field can disrupt
the homogeneous spatial distribution of states, and the focus
radius of the electron states can rise or decrease, depending
on the intensity of the magnetic field. This radius is inversely
proportional to the bump’s curvature. As the effective mag-
netic field grows close to the bump, LDOS and the RKKY
interaction fall in the bump area, where the magnetic field is
stronger.

APPENDIX A: THE (2 + 1) CURVED SCHRODINGER
EQUATION IN POLAR COORDINATES

The Costa technique is used to study the dynamics of
nonrelativistic carriers constrained to the surface, which is ex-
plored briefly here [5]. In curvilinear coordinates (¢', ¢2, ¢°),
the position of an electron limited to the vicinity of the surface
is expressed as

R4 ¢ ) =74 ) +de¢ ¢ (AD
where 7(q', ¢*) is the curved surface’s parametric equa-
tion and é3(q', qz) is the surface’s unit normal vector at
(g', ¢%). Because the derivative of the surface normal vector
is tangent to this surface, we can write

; 0
dies = ) 9;7(q', 4P, 9 = FrE (A2)
ql
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R¢'.q.q")

]

o

FIG. 7. View of the curved surface and vectors representing the
points in its vicinity.

Weingarten equations are used to obtain aij . The following
results are obtained:

R = (81’;1 + q3a;’1) a7,  03R = &3, (A3)

where m, n = 1, 2. Next, the metrics between the two coor-
dinate frames shown in Fig. 7 are now obtained:

G = det(Gij(q". ¢*. 7))

= det(3:R(q". ¢*. )-.9;R(q". ¢*. ¢))

= A’ det(3i7(q" ., ¢°).9;7(q". 4°))

= A’ det(gi;(q", 4, 0))

= A%g. (A4)
Then we have \/6 = A,/g. As illustrated in Fig. 7,
Gij(q', ¢*, ¢*) is the metric of the points on the curved surface
with respect to the coordinate frame, and g;; (q', ¢%,0) is the
metric of the curved surface relative to the local frame on the

surface, Fig. 7. We can obtain the following relationship using
some algebra:
A =1+gTr(e?) + (¢°) Det(a?). (A5)

J

2m

9 K2 9 9 92
zh CD([ 3 = ——[——( G”—.) + —
a4 q V865 P

V8 9¢q'

q./
ij=12

Within the Costa approach, a potential is defined by the fol-
lowing equation [5]:
3 |0 for | <.
Vig) = {oo otherwise, (A6)
where ¢ is the thickness of the curved surface S.
Now the Schrodinger equation is to be modified for the
curved surface. To this end, first it is better to obtain the re-
lation between two wave functions in two coordinate systems
and then the condition of preserving total number of particles
is applied. If U(q', g%, ¢*) is assumed to be the wave function
in the global coordinate system and ¢(q', ¢°, ¢*) is that of in
local coordinate system, then

/ d*xVGUTw = / d*x /g (A7)
Using Eq. (A4), the following relation is achieved:
o(t.q'. ¢ ¢) = VAV, q' ¢ 4. (A8)

In the following, by replacing the electron wave function in
terms of local coordinates at the Schrédinger equation,

N d
H‘I’(t,q',q2,q3)=iﬁgw(t,q‘,qz,f), (A9)
and by inserting Eq. (A8) in Eq. (A9), one can obtain
0 @' ¢’ )
ih— 449
ot VA
”o1od D
=|-———=— (VGG —
[ 2m\/_861’(\/_ 3q1>
(t,9.9°q") .
+ V( 3)}— j=1,2,3.  (A10)
q \/K

Using Eq. (AS), we get

L (o 21 A VY )

(A11)

The wave equation is divided into two parts. The first part depends on the surface coordinates and the second part depends on

the normal coordinate:

o, q" . ¢ )= xrt,q", v, ¢).

(A12)

The portion of the wave function that reflects behavior along the perpendicular direction is just a function of ¢> which is
constrained. We get the following equations within the surface and perpendicular to the surface, respectively:

9 Pr1 9 9
hi—xr(t - —— G —
laXT(q .q%) Zm[ (Jé )+

V8 oq'

(A13)

1 (oA 1 [ 8°A L,
(o) 3w (ager ) o>

Additionally, one can obtain the following relation for the vertical component:

) w92
ih—xn(q’ 1) =

dt T 2ma(gd)

—— (@ D)+ V(@ (g, 0.

(Al4)

If ¢* ~ &, we will have V (¢*) = oo and xy(g>, t) = 0; on the other hand, ¢* = 0, indicating that the particle is on the surface, and
we obtain | xy(¢q>, )| = 1. From Eq. (A5), it is found that % = Tra" 4 2¢°Det(a” ) and 22, = 2Det(a" ). Using confinement

on the surface, g> — 0, then A — 1, and therefore ®(z, ¢', ¢*, ¢>) — xr(t, q"', ¢*), which results i 1n

gy
— 0. Accordingly, the
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Schrddinger equation converts to

1 1
Exr(t, q', ¢*) = ——{——(@ i ) 4[(Tra,’f1)2 —4Det(a,’,’1)]}XT(t,ql, 7).

2m

V8 9¢q'

(A15)

By inserting the metric of the curved surface described in Eq. (3), we get

1 ZL_

" 5 1
_%{[1+af(r)a'+r(1+af(r)) rtaf ) (1+ afyr t

2(1+21)2

_|_ -
} f()(1+ af(r)’

}Xr(r, 0) = Exr(r,0).
(A16)

Because it is assumed that o << 1 one can write (1 + af(r))™ ~ 1 — naf(r) up to the first order of « f(r). On the other hand,

2
we know that z < A; as a result, £ h2 < /2—2 = «, and so we can get

P, 1 1
5+
2m

It can be seen that the following expression can be considered
as an effective geometrical potential which can be regarded as
a perturbation potential:

L a2+ L1 Ca PR (A18)
2T 2 )T

The corresponding Green’s function for a flat surface should
satisfy

hz 2 1 1 2 / /
E+——|0;+ -0, + —9; ) |Go(r,0;r,0")
2m r r2

= \/%_g&(r — )80 —6").

The  solution of Eq.

(A19)

(A9) is G, x) =

= 2"’H(l)( e |3 —x'|). The Dyson expansion can be
employed to obtain the Green’s propagator in the presence of
the perturbation potential up to the first-order correction, as

given in Eq. (19).

APPENDIX B: THE (2 + 1) CURVED DIRAC EQUATION
IN POLAR COORDINATES

When the curvature effect in the Schrodinger equation de-
velops as a geometric potential formed from kinetic energy
and the Costa term, we might expect a similar impact in the
Dirac equation in curved space-time. The following modifi-
cations to the Dirac equation must be made to achieve the
Dirac equation in curved space-time. First, we have to convert
the partial derivative into a covariant derivative; second, we
have to consider the limiting potential; and third, we have to
consider contribution of kinetic energy of the perpendicular
degree of freedom (m(g>)vg?). So, we can write Dirac equa-
tion as follows:

DY(q") = [—ilivpy™ (3, + Q) + m(q> vp?
+VUHIW(G) =0, i=0,1,2,3,

where vg is the Fermi velocity in a Dirac material such
as graphene, (q', ¢*) are the generalized coordinates of the
surface, q3 is normal coordinate, and D, is covariant deriva-
tive standing for a (341)-dimensional space. y* are curved
gamma matrices that satisfy {y*, y'} = 2¢"". To obtain each

B

Earar!
3 —af(r|dr+ -8, +—-(1-

2r2 r?
—)ar - —4} }m(r, 0) = Exr(r,0). (A17)

b? b

(

of the terms in Eq. (B1), we have to introduce some parame-
ters. In this method, it is supposed that the effective mass term
m(g*) has the following property:

3 _
m(q’) = {21 23 ; 8

The restricting potential V; (¢*) is what keeps the particle to
surface:

(B2)

0 ¢ =0

0 ¢ #0. ®3)

Vi) = {

For a flat space-time, the line element is given by ds* =
Napdx®dx’;a,b=0,1,2,3 and n, = diag(1, —1, —1, —1).
For the curved space-time, regarding Eq. (A1), we obtain the
metric of the manifold embedded in 3D space:
ds* = G,ydq" dq”
= Goodq’dq’ — 8,R.8,Rdq"dq" — 3,R.3:Rdq"dq’

— 3R.0,Rdg*dq” — 0:R.:Rdq’dq’. (B4)

In that follows, we shall find a relationship in 3D space be-

tween the spatial components of the two-coordinate, surface,
and Euclidean metrics:

ds* = Goodq'dq" — G, dqdq”, v =1,2,3. (BS)

Using Eq. (A1), it can be obtained that

ds* = Godq®dq°
- [((Sﬁ — q3aﬁ)8,\?.(5f — q%f)&ﬂ]do]“dq" —dg’dg’
_[g;w - q3(aﬁng + al‘?gﬁﬂ)
+ (@) digipalldgdg’ — dg’dg’, (B6)

and for brevity’s sake, the following relation is defined as:

2
Y = 8uv — q3 (a,);gkv + afgﬁu) + (q3) otﬁg,\ﬁozf, (B7)
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and, finally, we get
ds* = —y,,dq"dq" — dq’dq’. (B8)
For the curved space-time, we can write
ds* = Gydq"dq” = —ydg'dq’ — dg*dq®, (B9)

where ',V run over (0,...,3); also w,v=(0,...,2).
Meanwhile, for the flat space-time, we have

ds® = neydx®dx? = nupdx®dx” — dx’dx®, (B10)
where @', b’ runover O, ..., 3;alsoa, b= (0, ..., 2),in which
e = aau/ = Oy, eq = aa’ =0y

Conversion of the curved coordinate to the flat space is
given by

’

5 ag” 9
ax? x4 gt

7

ey = =esMey. (B11)

The coefficients ear"/ are known as vierbein coefficients, and
we denote e3,* and e, for the coefficients of the 3D space
and 2D curved surface, respectively. The following are the
conversion equations between the two metrics, global coor-
dinate, and local coordinate:

8q“ aq

ar = 0 R.IyR = —— T
Na'b b Ix? 9V

3 Ra R—€3au €3y Gﬂv

(B12)
The general relation between metrics of flat space-time and
curved space-time is given in Eq. (B12). Meanwhile, one can
write

ag* 9q”

Ny = ROR = =2 =0, ROR = €3 3"y (BI3)

Equation (B13) is a subset of the previous one but it lacks any
contributions from the vertical component on the surface. On
the other hand,

agh ag”

Nap = O0al-OpT aaabarar_eza (B14)

v
€2 uv-

The metric of the 2D area of a curved surface is defined by
Eq. (B14), where we have

e’y =8y, esde’s, =), (B15)
it can easily be obtained by Eqs. (B13) and (B5) that
"3 = ey + gl ey (B16)

We treat ¢> as a perturbation parameter because we must
reduce the normal dimension, q3, to limit the charge carriers
remain on the surface. Let’s utilize ¢ as a perturbation param-
eter and rescale the normal coordinates by ¢> — e¢°:

a a 3 v a
63u262u+8q aﬂe 2v>

3q = €20 — eq ) e, + 0(e7). (B17)

To calculate the spin connection, the following nonzero 3D
Christoffel symbols must be known:

1
—G “0,Guk + .Gk — %Gpun),

T = (B18)
3 1
L= 277 Yoy =~ (B19)
1
r5 = EGUk(33Gu¢ + 0, G3x — 9 G3y)
1
= 5G"(=20) = —a. (B20)

The following is derived by replacing Eqs. (B19) and (B20)
into (27):

Q= 1YY" Mace 30 (€3’ Ty
+ouen’) — 1V ema, + 1 v gen ol + O(e)
= %Vaybﬂacecw(%b'\r‘;l + due3")
- %y“y3egava/‘i +0(@e), uy Ay v =1,2. (B21)
Similarly, by replacing Eq. (B17) into (B21):
Q3 = 1Y Nace 30 (3" TS, + d3e35")
= %yaybnac(ecb + 8613055'€C251)
x [(ex” — eq e en™) T3, + 83 (ens” — eq’ g e)]
= iy”ybnac(—eczvagzezb +¢5,T5, e )
= 17V Nac(—e 2y e + 50} e’

:0’

also 2y = 0.

To provide an effective dynamical equation on the surface,
W(t, q', ¢% ¢°) as well as the Dirac operator D should be con-
verted. The Dirac equation with a surface wave function can
be found by performing the following substitutions [1,10,19]:

1
G 1
xt.q'. ¢ ¢) = (E) U, q' ¢ q)
= VAV, ¢', . ¢)
A =1+ &¢°Tra + (e¢°) Det()

1
G\' g\t
D= <—> D(E) .
g G
After some algebra, we have found the following relation:
G\* ‘
i 8\ i
Dx(q") = (—) D(—)4x(q)
g G
. . i 1. i
= —ihvry" (@, + Qux(g) + Silvry try X (q)

G\ 9 r
+<§) ihUFV3§[<%) X(q’)}

+m(eq’)or’x () + Vi(eg))x(g') = 0. (B22)
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The third term is now provided by

(5) 2@ ]
1 tr(a)

2 (1 4 eq3tra + (¢¢3)*Det(ar))

Using the ¢ < 1 approximation, we get

1 . .
= gaax(q’) - x(q")

[% _ tr(zot)(l — gq3tr(0l) + 0(82))i|X(61i)
a .
_ [_3 - tr(;) + 0(8)}x(q’)- (B23)

The following results can simply be obtained by inserting
Eq. (B1) into the Dirac equation:
. - i 1 . i
— ihvpely! 0, + Qux(g) = ilvry t(y)x(q)

— ith)/3|:33 — ?+ 0(a>]x(qf>+ m(eq®r” x (q")

Using the following relation:

a,3

Y yy neealies, = ylt(a), (B25)

we can obtain
. i . 0 i
— ilvpy* (3, + 0% (q) — zerﬁfx(q )
+m(eq® e’ x(q) + VilegHx(g) =0, p=1,2.
(B26)

This demonstrates that no Costa potential is created for Dirac
carriers up to the first order. Separation of variables is used to
solve the Dirac equation:

xt.q". ¢ @)= xr(q". ¢ (g, ). (B2
Inserting Eq. (B27) into (B26) results in
1

)(T(t—qlqz){_ith[yu(a" +€2,) + Yoo 1xr(t, q', ¢*)}

1 9
+— |:—ihvp <y3—3 + y03z> + m(eq’ yvp?
xv(, q°) 3

+Viedx(d
=0. (B24)
|
Because x7(q', ¢, ) and xy(q>, t) are independent of each other, we get the following equations:
1 :
————{—ifvrly" (B + ) + ¥ 0 lxr (1, ¢ g =0, p=1,2. (B29)
XT(t7 9,9 )

We get the following equation by plugging the values of Q2
into the above equation:

1

0
— |:—ihvp <y3—3 + yOB,) + m(eqvp?
(. q°) €

+VL<eq3>} xv(t, ¢*) = 0. (B30)

The first Eq. (B29) can be generalized:
—ihvpy" (0, + u)xr(t,q',¢°) =0, n=0,1,2. (B31)

This equation is exactly the Eq. (28) that we have employed
in this paper. It does not contain the so-called geometric po-
tential, which, as shown before, can be neglected at least up to
first order. Meanwhile, by expanding the covariant derivative,
an effective potential (nongeometric potential) is obtained that
shows a direct relation to the curvature of the surface. In
the following, if we consider the particle dynamics along the
normal direction, one can write m(eq’) ~ 0 and V, (eq’) ~

3
) i" ) then

0 Vi(q?
[_va (y3§ + y‘)a,) - Lf:’ )]xN(t, ) =0,

where it was assumed that

vt q) =" xn(q),

then the following relation can be obtained:

—ihvp (Y25 + Vi@ )xn (@) + e(hvpy o) xn(q’) = 0.

(

In the limit of ¢ — 0, then [—ihvpy3d; + V. (¢)xn(g) =
0 and using to the normalization condition for the vertical

] 3y g .
component, we can obtain xy(g}) = e™r Jy Vi@Hda® ppig

demonstrates that xy(¢,q>) cannot change the real-space
probability of the particles or local density of the sample since
one can realize that |x (4" = (. q", ¢’ xw(t, I’ =
. q" I

The details of the calculations, which have been mentioned
in Sec. IV, are presented below. First, the outcomes of the
first choice, Eq. (29), for a flat surface and then for a curved
surface are obtained. After these calculations, some geometric
parameters of the first choice of verbiens are obtained for
both flat and curved surfaces. In the flat case, the nonzero
Christoffel coefficients in polar coordinates are

1

I, =-r, T%=T§=- (B32)
r
The geometric factors of the first choice are
a 1 0 1 0
e“:(O r>’ ea"z(o l>' (B33)
It can also be obtained for the nonzero w parameter,
w12 = —wp1 = 1, (B34)

and, eventually, the flat Dirac equation is obtained as follows:

3 1 2
irwf(yo—‘ + y1<a, + —) + y—39>1ﬁ(t, r,0)=0. (B35)
vy 2r r
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The term ’;—: is originated from the spinor nature of the Dirac
wave function. This term also appears as a result of the
graphene honeycomb structure which contains two A and B
sublattices. The Dirac Hamiltonian of the flat space in polar
coordinates can be written as

0 9 —i% + 1
Hia = vy ( L1 0 . (B36)
r r 2r

The above parameters are now assessed for the first case in
a curved surface. In the polar coordinate system, the curved
state metric yields nonzero Christoffel coefficients, vierbeins,
the nonzero spin connection, and the spinoral affine connec-
tion as follows:

L el

—r
T2 tafr) T Txaf(n)

1
0 0
Fr@ = FGV = ;’

(B37)
and the first case vierbiens in a curved surface are

1 1
e = (4 +af() 0 e = [Greror? °
nw — 0 r ’ a - O 1 M

(B38)

~|

Meanwhile, the nonzero w in a curved surface are

wory = —wp = (1 +af(r) 2.

By substituting Eqgs. (B36)—(B38) into Eq. (B31), we get the
following modified Dirac equation:

(B39)

2

1
mvf(yoi + V—]<ar + i) + V—ag>w<r, r,0)
U (It af(): )

=0.

The corresponding Hamiltonian is

O+ .

0 —( fz’)l —1379

H curved = hvf (a+i) (14 f(r)2 . (B40)
. Sl S 4.1 0
(I+af(r)2 "

Next, we have to obtain nonzero key geometric parameters of
the second case. These verbiens were used in rest of the calcu-
lations where the RKKY interaction and LDOS are obtained.
In the flat case using Eqgs. (B30) and (B31), it can be realized
that

w2 = — sin 26. (B41)

In the curved case, using Eq. (B38), nonzero components of
w are obtained as

1 ’ |

o1 = e85 1= 1+ a1,

1 4 |

Oz = w21 = cos 6 SingzlifT(fr()r)“ — (1t af,
1 afw)

w12 = Sin 02—1 rar()

wpry = —wgoy = 1 — (1 +af(r)) 2.

[ — (4 af(r),

(B42)

APPENDIX C: LANDAU ENERGY LEVELS IN GRAPHENE

In a magnetic field, the motion of relativistic charges in
graphene is quantized. Due to the parabolic dispersion law of
free electrons, Landau quantization yields equidistant energy
levels in a typical nonrelativistic electron gas. The electrons in
graphene have a relativistic dispersion law, which changes the
the position of Landau levels significantly. We use substitution
P — P+ A for free electrons. As a result, we will obtain

0 G.(p+ eA)
H = N Cl1
”f(—a*.(ﬁ+eA) 0 ) €D

which is a the four-component wave function

v — ( Pk )
Pk

corresponding to the Hamiltonian eigenstate shown in
Eq. (C1). As aresult, ¢, and ¢y, are the wave functions for K
valley and A, B sublattices, respectively. We get the following
equations by solving the eigenvalue equation HV = EW:

y 0 (pxteA) —ipy\(Pu ) _ g%
I\ (py + €Ay) +ip, 0 Pry Dhy

(C2)
In the following:
. E
[(px +€Ay) — lI’y](PkB = E(pkp
. E
[(px + eAc) + ipylpr, = —=¢u,- (C3)

We may get analogous equations for the K’ valley wave func-
tions. By substituting and combining relations represented in
Eq. (C3):

E 2
[(px +€Ay) + ipy][(px +eAy) — ipy](pks = (;) Dk »

E 2
[(px +eAy) —ip I[(px + eAr) +ipylon, = (;) ©ky s

(C4)

then we can derive the equations using the fact that
[Py, px — eBy] = iheB:

. E\’
{(px — eBY)* +ilpy, p: — Byl + py* }ox, = <v—> (%

. E\’
{(pc — eBy)* — ilpy, px — eByl + p,* }oua = (—) Py

If we define

I (C7)
Yo= g

then we get

E 2
(eB)Z(y—yo)2+py2¢kB=[(v—f> +eBh}pkB. (C8)
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In the presence of a magnetic field, the left-hand side of
Eq. (C7) is an oscillator equation with well-known definite
solutions, allowing the energy of this system to be retrieved.

For ¢y, : (n+ $)2ehB = [(f—f)2 + ehiB], we have

E, = vyv/n2eBhi,n=0,1,2, ..., (C9)
and for g, : (n + $)2ehB = [(%)2 — ehB], we get
E, = +v;/(n + )2hB.n=0,1,2,.... (Cl0)

Electrons have positive energies values, while holes have
negative energies. Since the above relations are spin indepen-
dent, the Landau surfaces form dual degeneracy. Furthermore,

the energy levels are not evenly spaced in real space. This
can be inferred by regarding the eigenfunctions of the system
which are given by solving Eq. (C2) and are known as Landau

levels:
—eBO—y)? eB
O, e 7 Hy| (v = yo) - 1

Here, one can see that the center of the Landau level in real
space is given by yy, inversely proportional with the magnetic
field. Meanwhile, the radius of the Landau level is approx-
imately given by 2./(/i/eB). This means that high effective
magnetic fields concentrate the electronic population at the
center of bump.

(C11)
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