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Vibrational instabilities in multilayer graphene and graphite: Effects of strain and number of layers
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We study the rippling instabilities of multilayer graphene and graphite as a function of strain and number of
layers using density-functional theory and density-functional perturbation theory calculations. We find that, for
multilayer graphene, a small but finite compressive strain is needed to induce a rippling instability, signaled by
the onset of imaginary frequencies near the center of the Brillouin zone. For monolayer graphene, this critical
strain is zero within numerical uncertainty. Using insights from continuum elasticity theory, we fit the phonon
dispersion of the ZA mode near the zone center to a function ω2(q) = C2q2 + C4q4 and determine the C2 and C4

coefficients as a function of strain and number of layers. In particular, the C2 coefficient is positive for multilayers
in the absence of strain and shows a linear dependence with strain. It assumes negative values for compressive
strains beyond a critical value and it is responsible for the appearance of imaginary frequencies in the ZA mode.
We discuss these results in light of both continuum and atomistic approaches. Critical parameters vary smoothly
with the number of layers from monolayer graphene (two-dimensional) to graphite (three-dimensional).
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I. INTRODUCTION

When we consider an ideal freestanding and unstrained
two-dimensional (2D) material, it is important to note that
the concept of a 2D material without any strain is simply an
idealization. In many circumstances, 2D materials are exposed
to strain, for example, caused by manipulation when they are
deposited on a substrate. Therefore, studying 2D materials
under strain is extremely important because it disturbs the
vibrational stability of the system and it may produce effects
such as long-wavelength rippling and affect macroscopic elas-
tic properties such as the bending rigidity or linear elastic
modulus.

In the particular case of monolayer graphene, the proto-
typical 2D material, there is a strong connection between
the out-of-plane ZA branch of phonon dispersion and vi-
brational stability, with implications to the idea of the very
existence of purely two-dimensional crystals. As a result, the
ZA mode in graphene has been extensively studied. Early
works [1–6] demonstrated how long-range order is destroyed
by thermal fluctuations in low-dimensional systems. In this
context, it is important to note that rippling disorder in a two-
dimensional crystal such as graphene is obviously related to
atomic displacements in the out-of-plane direction, hence the
importance in studying the ZA vibrational modes. Experimen-
tally, graphene ripples were studied both in suspended sheets
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[7] as well as on top of various substrates [8], and rippling
patterns were observed in all cases. Meanwhile, antiferro-
magnetic measurements were used to compare the behavior
of graphene monolayers fabricated on top of SiO2 and mica
substrates and it was found that graphene is flat to the atomic
level in the latter, suggesting that some component of the
rippling is related to the contours of the underlying substrate
[9]. These results suggest that it is fundamental to know the
behavior of the intrinsic rippling pattern in graphene under
strain, as the substrate may induce compressive or tensile
strain on an adjacent graphene sheet due to a lattice mismatch.

The structural and vibrational stabilities of monolayer
graphene under different types of uniaxial and biaxial strains
in graphene have been analyzed theoretically. Analysis of
the ZA phonon mode under biaxial tensile strain indicates
that graphene does not have vibrational instabilities under
this type of strain [10]. However, the situation is very differ-
ent for compressive or shear strains. Graphene’s ZA branch
was found to be unstable with respect to pure shear strain
[11,12]. In addition, studies of graphene under uniaxial com-
pressive strain along both zigzag and armchair directions
indicate phonon instabilities near the center of the Brillouin
zone and predict that in highly strained graphene a phonon
band gap will appear [13]. Similarly, Ref. [14] studied the
effects of rippling induced by compressive strain and found
that imaginary frequencies appear in a small region around
the � point in the ZA dispersion. The detailed dispersion of
the ZA mode near � has also been the focus of numerous
studies. In Ref. [15], nonperturbative anharmonic calculations
on graphene within the atomistic and continuum approaches
suggested that unstrained graphene has a quadratic dispersion

2469-9950/2022/106(19)/195407(7) 195407-1 ©2022 American Physical Society

https://orcid.org/0000-0002-6948-5056
https://orcid.org/0000-0001-8143-0181
https://orcid.org/0000-0001-5770-5026
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.106.195407&domain=pdf&date_stamp=2022-11-07
https://doi.org/10.1103/PhysRevB.106.195407


ZAMBRANO PALMA, MENEZES, AND CAPAZ PHYSICAL REVIEW B 106, 195407 (2022)

in the ZA mode, which is the expected behavior for an elastic
membrane [16]. On the other hand, Kumar et al. [17] found
that a small linear term appears in the ZA mode dispersion of
unstrained graphene, which differs from the expected purely
quadratic model.

In comparison to monolayer graphene, very little is known
about rippling instabilities and the ZA dispersion in multilayer
graphene. Exploring the effects of thickness and interlayer
interactions, including the transition from 2D (graphene) to
three-dimensional (3D; graphite) regimes is extremely rele-
vant in the context of instabilities of low-dimensional systems.
Considering this scenario, in this work we examine the effects
of biaxial tensile and compressive strains on the stability
of monolayer, bilayer, and trilayer graphene and graphite.
We also analyze in detail the dispersion of the ZA mode
as a function of thickness and strain. We employ ab initio
calculations based on density-functional theory (DFT) and
density-functional perturbation theory (DFPT) and finally, we
use insights from the theory of elasticity of membranes to
explain the vibrational instabilities.

II. METHODS

Our DFT calculations are based on the pseudopotential
method, as implemented in the QUANTUM ESPRESSO package
[18]. We study monolayer, bilayer, and trilayer graphene with
Bernal stacking and graphite. For the multilayers, a suficiently
large vacuum region is set for each simulation cell in the direc-
tion perpendicular to the sheets in order to avoid interactions
with periodic images, with cell sizes that range from 10 Å in
monolayer up to 20 Å in trilayer graphene. We used the local-
density approximation (LDA) for the exchange-correlation
functional in our calculations and, in the case of single-layer
graphene, we also used the generalized gradient approxima-
tion (GGA) for comparison. These functionals do not include
the important effects of van der Waals interactions, but LDA
provides a reasonable description of the interlayer binding
in multilayer graphene, as described in previous works [19].
Wave functions were expanded in a plane-wave basis with
an energy cutoff of 70 Ry. We used a Monkhorst-Pack k-
point grid of 35×35×1 for the multilayers and 35×35×10 for
graphite to sample the Brillouin zone (BZ) [21]. A Gaussian
smearing of 0.001 Ry was employed in all calculations.

Biaxial strain is implemented by varying the lattice param-
eter a in values that range from −5% to 5% of the equilibrium
value in steps of 0.5%, thus spanning both tensile and com-
pressive deformations. For each strain value (fixed lattice
constant), the internal coordinates were relaxed via the con-
jugate gradient method and phonon dispersions were obtained
by the DFPT method [22]. In this method, phonon frequencies
are first calculated on a regular q-point grid for each system.
We use 6×6×1 grids for single-layer, bilayer, and trilayer
graphene and a 6×6×2 grid for graphite. After this step, the
force-constant matrix in real space is evaluated by a Fourier
transform, and phonon dispersions along high-symmetry di-
rections are obtained by a second Fourier transform. Acoustic
sum rules are enforced in order to guarantee that acoustic
phonons have zero frequency at the � point. The simple
algorithm from QUANTUM ESPRESSO is used, which directly
corrects the diagonal components of the force-constant ma-

FIG. 1. Phonon dispersions for monolayer graphene in the pres-
ence of strain for (a) −5%, (b)−2.5%, (c) 2.5%, and (d) 5%. The
ZA mode for each case is drawn as a red line and the same mode in
the unstrained case is drawn as a blue line. Imaginary frequencies are
represented as negative values.

trix. We have tested the convergence of these calculations with
respect to the energy cutoff, q-grid density, and vacuum size,
as described in the Supplemental Material [20]. The values
reported above for these parameters are found to provide well
converged values for most quantities of interest in this work.
Tighter parameters are used for cases of particular interest, as
we discuss below. The quality of the interpolation procedure
is also discussed in the Supplemental Material.

In general, we will be particularly interested in the disper-
sion of the flexural ZA mode in each case. More specifically,
imaginary frequencies (represented as negative values in
phonon dispersion curves) that may appear in the vicinity of
the � point correspond to structural out-of-plane instabilities
that result in rippling.

III. RESULTS

A. Phonon dispersions

We begin by studying the phonon dispersions of multilayer
graphene and graphite along high-symmetry paths in the BZ.
From the frequency spectra we can extract useful information,
such as the bending rigidity of the sheets and possible rippling
instabilities. Additionally, we know that the frequencies of
acoustic modes must vanish at the � point as a consequence of
the translation symmetry and typically, in 3D systems, there is
a linear relationship between the frequency ω and the modulus
of the wave vector q in the vicinity of �. However, in the
case of monolayer graphene and thin membranes in general
(in equilibrium), only two of the three acoustic modes have a
clearly linear dispersion, while the flexural acoustic mode (ZA
mode), which is the most sensitive to mechanical stimuli such
as deformations, has an apparent ∼q2 dispersion. The same
situation happens for graphite. We now discuss these features
in detail when strain is introduced. Figures 1 and 2 show
the phonon dispersions of monolayer graphene and graphite
with biaxial strains of −5.0%, −2.5%, 2.5%, and 5.0%. The
phonon dispersion of the ZA mode in the equilibrium situation
(zero strain) is also shown for comparison (blue lines). Our
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FIG. 2. Phonon dispersions for graphite in the presence of strain
for (a)−5%, (b) −2.5%, (c) 2.5%, and (d) 5%. The ZA mode for
each case is drawn as a red line and the same mode in the unstrained
case is drawn as a blue line. Imaginary frequencies are represented
as negative values.

results are in good agreement with the literature, both for
the case of positive (tension) and of negative (compression)
biaxial strain [10,12,13]. Note that two of the three acoustic
modes follow the usual linear trend that would be expected
in the vicinity of the zone center, while the ZA mode shows
a very notable deviation from this behavior and it is very
sensitive to the presence of strain. In particular, we notice that
when single-layer graphene and graphite are subjected to a
sufficiently large negative biaxial strain, imaginary frequen-
cies appear near the center of the Brillouin zone (� point),
which are displayed as negative values in Figs. 1 and 2. This
feature indicates the presence of long-wavelength vibrational
instabilities, which is a trend that is observed for negative bi-
axial strains in all cases studied, including bilayer and trilayer
graphene, as we shall see. Previous studies demonstrate the
vibrational instability of graphene under shear strain, mani-
fested as a rippling pattern with a wavelength that decreases
with the shear magnitude [12]. In a similar fashion, in our case
we can see that the range of q values that result in an instability
seems to increase with the magnitude of compressive strain,
thus giving rise to rippling deformations with smaller wave-
lengths. Interestingly, the range of unstable q values seems to
be roughly independent of the number of stacked layers for
a given strain value, as we discuss in more detail below. A
similar behavior has been found for the ZA mode of graphite,
in agreement with previous works [23,24].

B. Dispersion of the ZA mode

The features described above can be understood in closer
detail by analyzing the dispersion relation of the ZA phonon
mode. In Fig. 3, we show the behavior of ω2(q) in the region
near the center of the Brillouin zone along the �M direction
for single-layer graphene. The dispersion can be described as
a function in which ω2 contains both q2 and q4 terms in the
presence of strain:

ω2 = C2q2 + C4q4, (1)

FIG. 3. Phonon dispersion of the ZA mode near the � point in
single-layer graphene for different biaxial strain values. The lines
correspond to fits of Eq. (1).

where C2 and C4 are constants that can be determined by
fitting the squared-frequency (ω2) vs wave-number (q) curves
in Fig. 3. Equation (1) was originally applied only to tensile
strains in monolayer graphene in Ref. [10], but we can see
that the fit works equally well for compressive strains and
multilayer systems including graphite. In fact, such a relation-
ship is expected from the general theory of elasticity of thin
membranes, where C4 = κ/ρ and C2 = 2(λ + μ)ε/ρ [25]. In
these expressions, κ is the bending rigidity of the membrane, λ
and μ are the Lamé coefficients, ρ is the 2D mass density, and
ε is an applied strain. Therefore, according to elasticity theory,
a purely ω2 ∼ q4 is expected in the case of a thin membrane
in the absence of strain, and an additional term C2q2 would
appear only when strain is applied.

We verify this prediction by plotting the coefficients C2

and C4 as a function of biaxial strain for all cases studied.
The results are shown in Figs. 4 and 5. In Fig. 5, we see
that C4 shows a rather weak dependence with biaxial strain,
with maximum variations of about 15% with respect to the
equilibrium values. On the other hand, as we see in Fig. 4,
C2 shows a stronger variation with strain. As we show in the
Supplemental Material, we verify that the same behavior is
observed by using a GGA functional in single-layer graphene,
thus confirming the robustness of the results. As we have
discussed above, according to the theory of elasticity of thin
membranes, the relationship between C2 and strain should be
linear, provided that the elastic coefficients and mass density
are roughly independent of strain for small deformations.
Moreover, elastic theory predicts that C2(0) = 0. Our results
in Fig. 4 (top panel) indicate a slightly nonlinear behavior in
the strain range between −5% and 5%. More importantly, the
calculations indicate that C2(0) is slightly positive for multi-
layer systems and graphite, indicating the presence of a small
q2 term in the expression of ω2 for zero strain, which implies a
linear term in the ω(q) dispersion for small momenta. Taking
this into account, we propose the following fit:

C2(ε) ≈ C2(0) + αε + βε2, (2)
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FIG. 4. Coefficient C2 of the phonon dispersion of the ZA mode
[given by fits of Eq. (1)] as a function of biaxial strain for multilayer
graphene and graphite. The color coding scheme displayed in the
upper panel also applies to the lower panel. The dashed lines in the
C2 upper plots correspond to fits given by Eq. (2) and the dashed lines
in the C2 lower plots correspond to fits given by Eq. (2) without the
quadratic part. Tighter convergence parameters were also employed
in this case (see text). Insets in the lower panel represent C2(0) (upper
inset) and εcrit (lower inset) as a function of the number of layers.

where α and β are constants and C2(0) is related to the sound
velocity of the ZA mode.

The presence of a nonzero C2 value in the ZA dispersion
of unstrained graphene and 2D materials in general has been
the subject of much debate for the past years. In fact, both
the theory of elasticity of thin membranes and general ar-
guments based on translation and rotational symmetries in
atomistic theories state that C2 must be zero at equilibrium
[16,26–29]. In that sense, nonzero values observed in calcu-
lations should be due to numerical issues associated with the
convergence parameters. On the other hand, such a nonzero
value has been previously obtained by Kumar et al. [17] for
single-layer graphene. In their calculations, a cutoff energy
of 35 Ry is used, and they found that C2 converges to a
nonzero value as a function of the k-mesh density. The au-

FIG. 5. Coefficients C4 of the phonon dispersion [given by fits of
Eq. (1)] as a function of biaxial strain for multilayer graphene and
graphite.

thors also argue that, with a modification of the continuum
Hamiltonian, justified by an analysis of atomistic restoring
forces, it is possible to obtain an extra term that leads to
linear dispersion and preserves rotational invariance. In ad-
dition, Ramírez et al. [30] found a nonzero value for C2(0)
(close to 0.1/ρ N/m) for the same material. They employed
molecular dynamics simulations with a realistic interatomic
potential (LCBOPII) and concluded that the nonzero value of
C2(0) affects the amplitude of out-of-plane oscillations and
the crystalline membrane’s resistance to wrinkling.

In order to check this issue in detail, we have performed
convergence tests for C2(0) in single-layer graphene as a
function of different parameters such as the energy cutoff,
vacuum size, and q-grid density. The equilibrium configura-
tion was also carefully obtained for each set of parameters.
The results are shown and discussed in detail in the Supple-
mental Material. The main conclusion is that C2(0) is well
converged with respect to the energy cutoff and q-point grid
for the set of parameters informed in the Methods section,
but it has a slower convergence with respect to vacuum size.
This could be related to the long-range nature of interatomic
forces, which may produce spurious forces between periodic
images due to out-of-plane displacements. Therefore, for a
careful evaluation of this quantity, we adopt a tighter set of
parameters, such as the energy cutoff (130 Ry), vacuum size
(at least 30 Å), and q-point grid (13×13×1 for single-layer,
bilayer, and trilayer graphene and 13×13×2 for graphite),
and obtain C2(0) from a fit of the C2(ε) curves to Eq. (2)
in the −1% to + 1% region without the quadratic term, as
displayed in Fig. 4 (bottom panel). The results are reported
in Table I, together with the uncertainties of the fit, and can
also be seen in the inset of Fig. 4 (bottom panel). As we
can see, C2(0) is very close to zero in single-layer graphene,
so we cannot ascertain whether it is truly nonzero within
the uncertainties of the fit and the calculations. However, we
can clearly see that C2(0) is nonzero for bilayer and trilayer
graphene, and graphite. Its value increases with the number of
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TABLE I. Coefficients C2 at zero strain in units of m2/s2

[as given by the fit of Eq. (2) without the quadratic term] and critical
strain εcrit ≈ −C2(0)/α.

C2(0) (×107) εcrit (%)

Monolayer graphene 0.04 ± 0.04 −0.07 ± 0.07
Bilayer graphene 0.37 ± 0.02 −0.63 ± 0.03
Trilayer graphene 0.41 ± 0.02 −0.73 ± 0.03
Graphite 0.46 ± 0.02 −0.84 ± 0.02

stacked layers, showing a smooth convergence to the graphite
value, suggesting that it is nonzero for multilayers in general.
Such a behavior may be related to a coupling between in-plane
and out-of-plane vibrations in these systems, a feature that
is not found in single-layer graphene. As a consequence, a
finite and negative critical strain εcrit ≈ −C2(0)/α is needed to
produce a vibrational instability in multilayer graphene sheets
and its magnitude also increases with the number of layers.
The values of εcrit are also shown in Fig. 4 (inset) and Table I.

As we mentioned above, the emergence of a linear term
in the ZA dispersion of a strictly two-dimensional membrane
should be prohibited because it violates rotational invariance
[16,28]. Notice that this result should apply to membranes in
general under zero stress. However, when an in-plane stress
is applied to a graphene sheet, a nonzero torque appears un-
der rotation, thus breaking rotational invariance. As a result,
we have C2(ε) �= 0 for finite deformations and a linear term
emerges in the dispersion of the ZA mode for small momenta,
as we observe in our calculations.

C. Critical wave number (qcrit )

Another important feature to analyze is the range of q
values in which imaginary frequencies are observed for the
ZA mode in the presence of compressive strain. These may
be characterized by a critical value qcrit , which is the non-
trivial solution of ω(qcrit ) = 0, meaning that the frequencies
become real for q > qcrit . Figure 6 shows how q2

crit changes
with biaxial compression and we can see that it increases with
compressive strain magnitude in all cases. We can relate the
value of qcrit to a characteristic wavelength:

λcrit = 2π

qcrit
(3)

which corresponds to the minimum wavelength of related
rippling instabilities. From Eq. (1) and imposing the condition
ω = 0 we find q2

crit = −C2/C4. Neglecting the quadratic term
in Eq. (2) and further assuming that C4 is independent of the
strain, we obtain

q2
crit = − α

C4
ε − C2(0)

C4
. (4)

Following this model, we estimate that for a biaxial com-
pression strain ε = −2%, the instability region is limited up
to qcrit = 0.61 Å−1, which corresponds to a minimum wave-
length λcrit = 11.20 Å. This compares well with Ref. [14],
where λcrit = 12 Å for the same strain magnitude is reported.
Additionally, in Ref. [25], for ε = −4%, qcrit = 0.6 Å−1 is
obtained, while in our work we found qcrit = 0.88 Å−1 for the

FIG. 6. Squared critical value q2 for multilayer graphene and
graphite for different values of strain. The lines correspond to the
fit function shown in Eq. (4).

same strain value, again in good agreement. In Fig. 6, we see
that Eq. (4) provides a good fit of the data in all cases. We also
see that the influence of the layer number on the behavior of
qcrit is quite weak.

From Eq. (4) we can obtain the minimum biaxial compres-
sive strain needed to cause vibrational instabilities in graphene
flakes of finite size l (by setting λcrit/2 = l) as

εcrit = −C4π
2

l2
− C2(0)

α
. (5)

This is essentially the same dependence as the one proposed in
Ref. [17], based on continuum theory for the case of uniaxial
strain:

εcrit =
(

4π2

l2 κ + μ⊥
)

(λ + 2μ)
, (6)

where μ⊥ is out-of-plane shear modulus.
Finally, for all systems, we calculated mechanical proper-

ties such as the Young’s modulus, third-order elastic modulus,
and bending rigidity. The results are shown and discussed in
detail in the Supplemental Material (see Figs. S6 and S7 and
Tables S1 and S2 of the Supplemental Material [20] and see,
also, Refs. [13,23,31–56] therein). For the elastic moduli, val-
ues between 1.30 and 1.32 TPa were obtained for the Young’s
modulus in all cases (taking into account the thicknesses of
each multilayer). For the nonlinear elastic modulus, a value of
−1024.63 N m−1 was obtained for monolayer graphene and
it is roughly proportional to the number of stacked layers.
These values are in good agreement with other theoretical
studies and available experimental data. Finally, we find that
the bending rigidity displays a near-linear dependence with
the applied biaxial strain and values between 0.9 and 1.6 eV
are observed in monolayer graphene. In the case of unstrained
graphene, a value of about 1.31 eV was obtained, also in good
agreement with other theoretical calculations. Additionally,
this quantity also scales with the number of stacked layers.

195407-5



ZAMBRANO PALMA, MENEZES, AND CAPAZ PHYSICAL REVIEW B 106, 195407 (2022)

IV. CONCLUSIONS

In summary, we have performed first-principles calcula-
tions based on DFPT to study the vibrational properties of
multilayer graphene and graphite, with a focus on the stability
of these materials to out-of-plane displacements through an
analysis of the behavior of the flexural acoustic mode (ZA).
Under biaxial tensile strain, no imaginary frequencies were
found in the phonon dispersion, which indicates there are
no long-wavelength rippling instabilities. On the other hand,
for biaxial compressive strains, we see instabilities that are
observed through the appearance of imaginary frequencies in
the dispersion of the ZA mode near the center of the Brillouin
zone.

In all cases studied, the expected quadratic dispersion for
the flexural ZA frequency in equilibrium near the zone center
(ω � q2) must be corrected by a linear term that depends
on strain. This new relationship may be described as ω2 =
C2q2 + C4q4, where the C2 and C4 coefficients are obtained
from a fit procedure for each value of strain. We find that,
while C4 shows a weak dependence with strain, C2 shows a
strong dependence. In particular, we find that C2(0) is nonzero
for bilayer and trilayer graphene and scales with the number of
stacked layers up to the limit of bulk graphite, in disagreement
with predictions based on the theory of elastic membranes.

For single-layer graphene, we obtain a very small positive
value for C2(0), so we cannot ascertain whether it is zero
or not within the uncertainties of the fit procedure and the
calculations. In all cases, for sufficiently large negative strains
(below the critical value εcrit), C2 assumes negative values, so
it is responsible for the emergence of imaginary frequencies
and rippling instabilities. This behavior is observed regardless
of the number of stacked layers.

We have also studied the range of q values in the BZ
for which the instability is observed. This may be described
by a critical value qcrit , which is related to the minimum
wavelength of the associated out-of-plane deformations. We
observe that for each value of strain the instability region has
roughly the same size, regardless of the number of stacked
layers. Additionally, q2

crit shows a linear dependence with
strain, in agreement with the phonon dispersion and the be-
havior of C2.
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