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Topology, symmetry, electron correlations, and the interplay between them have formed the cornerstone of our
understanding of quantum materials in recent years and are used to identify new emerging phases. While the first
two give a fair understanding of noninteracting and, in many cases, weakly interacting wave function of electron
systems, the inclusion of strong correlations could change the picture substantially. The Kondo lattice model is a
paradigmatic example of the interplay of electron correlations and conduction electrons of a metallic system,
describing heavy fermion materials and also fractionalized Fermi liquid pertaining to an underlying gauge
symmetry and topological orders. In this work we study a superconducting Kondo lattice model, a network of
one-dimensional Kitaev superconductors Kondo coupled to a lattice of magnetic moments. Using slave-particle
representation of spins and exact numerical calculations, we obtain the phase diagram of the model in terms
of Kondo coupling Jx and identify a topological order phase for Jx < Ji and a Kondo compensated phase
for Jx > Jg, where Jg is the critical point. Setting the energy scales of electron hopping and pairing to unity,
the mean-field theory calculations achieve Jg =2 and in exact numerics we found Jg =~ 1.76, both of which
show that the topological order is a robust phase. We argue that in terms of slave particles, the compensated
phase corresponds to an invertible phase, and a Mott insulating transition leads to a topological order phase.
Furthermore, we show that in the regime Jx < Jg in addition to the low-energy topological states, a branch of

subgap states appears inside the superconducting gap.

DOI: 10.1103/PhysRevB.106.195145

I. INTRODUCTION

The Kondo lattice model, a lattice of magnetic ions inter-
acting with a host of conduction electrons gas, is a prototype
example of strongly interacting systems with localized d-
or f-electron orbitals, exhibiting a plethora of correlated
phases and quantum criticality [1-7]. Due to strong Coulomb
interaction between electrons in latter orbitals, the charge
fluctuations are suppressed, and hence the localized state is
described by a quantum spin S. The spin interacts antiferro-
magnetically with the spin of electrons through the exchange
coupling Jx known as Kondo coupling, which sets the Kondo
temperature Ty o< e~ /?Ox with p(0) as the density of states
at the Fermi surface. The magnetic moments can also in-
teract with each other either through the Fermi surface of
electrons, a.k.a., the RKKY interaction [8—10], or directly via
Heisenberg spin exchange interaction. The latter is known
as the Heisenberg-Kondo lattice model [11]. Notwithstanding
strong correlations on magnetic sites, the Kondo lattice model
describes a heavy Fermi liquid material [12—14] with the sig-
nificance of having a large Fermi surface encompassing both
conduction electrons and local magnetic moments satisfying
the Luttinger theorem [15].

There is yet a more exotic phase where the magnetic
moments do not form ordered states and are effectively
mean-field decoupled from the conduction band, resizing
the Fermi volume to include only the conduction electrons.
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For these nonmagnetic metallic states, known as fractional
Fermi liquid, the electron states near the Fermi surface are
characterized by sharp quasiparticles carrying spin S = 1/2
and electron charge e. Besides, there exists a branch of spin
S = 1/2 neutral excitations associated with the deconfined
phase of the underlying gauge theory describing the spin
liquid state of magnetic moments. The simplest gauge group
has a discrete Z, symmetry possessing gapped topological
vison excitations. The bottom line here is that the topological
order in the Heisenberg-Kondo lattice model could lead to
fractionalization, i.e., the system possesses both electrically
charged and neutral excitations [16]. Also, the topological
order and fractionalization appear as a natural description
of strongly correlated systems with superconducting pairing
fluctuations [17].

The spectrum of magnetic moments in conventional super-
conductors has been widely studied. A magnetic moment in
a superconductor leads to some subgap states in the super-
conducting gap known as Yu-Shiba-Rusinov (YSR) [18-20]
states. Naively the superconducting gap suppresses the metal-
lic Kondo screening cloud with a typical size of screening
length & ~ vp /T, with vr as Fermi velocity, due to the ab-
sence of particle-hole excitations within the superconducting
gap. The formation of YSR-bound states, however, implies
that the magnetic moment is partially screened, and the spin of
the magnetic moment forms singlets with Bogoliubov quasi-
particles.

The study of an analog of Kondo lattice model in a
superconducting medium is the main goal of this paper. Un-
like the local magnetic impurities, which have been studied
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extensively, to the best of our knowledge, the superconducting
Kondo lattice model is limited to a few studies, which we
briefly review below. A chain of magnetic ions of iron in prox-
imity to an s-wave superconductor has been experimented in
Ref. [21] to realize the one-dimensional (1D) Kitaev super-
conductor [22]. The main result is the observation of zero-bias
peaks in tunneling transport at the ends of the chain with a
possible explanation in terms of Majorana bound state. Al-
though other alternative explanations based on the mid-gap
bound states were given shortly after the experimental obser-
vation, a set of recent works argue that a topological phase
transition may occur in a band of YSR states. The topological
phase is described by an effective p-wave pairing and hence
may account for the zero states at the ends of the chain [23].

Another example of superconducting Kondo lattice model
is a network of 1D Kitaev superconducting chains Kondo
coupled to a lattice of magnetic ions [24], which is the main
focus of our work in this paper. The model provides a fertile
ground for merging topology and strong correlations where
topologically ordered phases arise. In the limit of weak Kondo
coupling Jx < A, where A is the superconducting gap, a
simple degenerate perturbation theory generates a spin model
whose low-energy states are described by Z, topological or-
der. This construction provides a framework to realize more
exotic topological orders. For instance, by designing magnetic
ions on a honeycomb lattice, we recently introduced topolog-
ical models with local Z, x Z, gauge symmetry [25], and a
lattice of Majorana Cooper boxes inducing Z, topological or-
der. In all of these models, it seems a combination of nontrivial
band topology of superconductor and strong correlations of
Kondo couplings lead to more exotic phases with topological
orders at least perturbatively in J.

In this paper we ask the following questions. Does the
topological phase arise only at small values of Kondo coupling
Jx ?Is there a phase transition out of the topologically ordered
phase at some critical coupling J¢? The main motivation for
asking these questions is that, while the perturbation theory is
valid at small Jx with emerging topological order, at the limit
of large Kondo coupling, one expects that the formation of
Kondo singlets between the spin of superconducting electrons
and magnetic moments becomes the ground state of the sys-
tem which is a trivial phase. Therefore, there should be at least
one phase transition by increasing Jx. We use slave-particle
representation of spin of local moments to derive a fully
fermionic model being well suited for large-N treatment and
mean-field theory. Also, we use exact numerical calculations
using the density matrix renormalization group (DMRG) on
finite-size lattices to explore the phase transition further.

Let us briefly review the main findings of this work: (i)
we diagnose a quantum phase transition occurring at a rather
large value of Kondo coupling Jg, and hence, (ii) we conclude
that the Z, topological order phase is rather robust beyond
the perturbation limit, (iii) we recognize the trivial phase at
Jx > Jg as an invertible phase [26], (iv) we argue that the
phase transition can be understood as a Mott insulating tran-
sition from the invertible phase to a topological order, (v) a
branch of YSR bound states appears within the superconduct-
ing gap for Jx < Jg, whose energy vanishes at the critical
point, and (vi) the exact numerical calculation can faithfully
capture the phase transition and the topological order.
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FIG. 1. (a) The superconducting Kondo lattice model. Red
(green) wires are superconducting Kitaev chains with spin-up (down)
electrons. The superconductor is coupled antiferromagnetically to
magnetic moments shown as dashed lines to blue circles. (b) The
mean-field parameter |Q| as a function of Kondo exchange coupling
Jk. The black line corresponds to A = 0, corresponding to a metallic
Kondo lattice model with marginally relevant Kondo coupling. The
red line indicates the variation of |Q| for the superconducting Kondo
lattice model with A = 1. The system undergoes a quantum phase
transition at Jg = 2. Two phases are uncovered: (1) an uncondensed
phase with |Q] = 0, which is topologically ordered at low energies
with underlying Z, gauge symmetry, and (2) a condensed phase with
|Q] # 0 featuring an invertible topological phase.

The paper is organized as follows. In Sec. II we introduce
the superconducting Kondo lattice model and describe the
model by an effective mean-field Hamiltonian. We analyze
the details of the phase diagram of the model in Sec. IIL
A quasi-one-dimensional model with Z, topological order is
proposed in Sec. IV to examine the possible phases using the
DMRG numerical calculations. Section V summarizes and
concludes.

II. SUPERCONDUCTING KONDO LATTICE MODEL

Our starting point is the model adopted in Ref. [24], a
superconductor coupled to magnetic moments. The super-
conducting model is a lattice composed of one-dimensional
spin-polarized p-wave Kitaev chains so that the horizontal
chains carry spin-up electrons and vertical chains carry spin-
down electrons. Two species of electrons meet at lattice sites,
as shown in Fig. 1. The superconducting Hamiltonian reads as

Hlc', c] = Z(—ZC;&C}'MH& + ACjoCjtaya
J

+Hec. — /LC;’aCj,ct)a (H

where @ =1, | are spin’s degrees of freedom, t and A are
hopping amplitude and superconducting pairing potential, re-
spectively, and u is the chemical potential. The sum runs
over the sites j = R; of a two-dimensional lattice with a; = £
and &, =, and the summation convention over repeated spin
indices « is assumed implicitly throughout. Each chain is in
a topological superconducting phase when u < |2¢| [22]. The
superconducting chains are antiferromagnetically coupled to
a lattice of otherwise free magnetic moments. The supercon-
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ducting Kondo lattice model (SKLM) then reads as

. J,
Hskim = Hlc, ] + 7[( z]: S;- (C;,a%,ﬂc.i.ﬂ)‘ ()

To study the phase diagram of this model, we use the slave-
fermion representation of spin operators,
Sj=5 flatasfis:  flafia = e (3)
where f’s are neutral fermionic operators, the spinons
{fo, fg } = d4p, and the summation convention on repeated
indices is implicit. Keeping an eye on the use of saddle-point
approximation in the next sections, in writing (3) we promoted
the original SU(2) representation of spin to include a large
number of flavors N, ie., o, 8 =1,2,..., N;. The second

J

S = /dr{c*arc+ffa,f+Hsc[c*, cl+ Hflf, c, Q1 — iZ)\j(fZaf_,-ﬂ -

where

expression in (3) is a constraint on the number of flavors
on each site (e.g., Ny = 2 for § = 1/2 spins), the number of
spinons needed to represent the spin. As usual the constraint
is imposed by a Lagrange multiplier in the path integral for-
mulationasi)_; )\.j(f;:af/"a - %). We proceed by writing the
Kondo coupling in (2) as

Jx .
—5 2 Chatiaflgcin “)
o

where we ignored an unimportant single-particle term which
is absorbed into the chemical potential of the superconductor.
Using Hubbard-Stratonovich fields Q, the interaction can be
decomposed, and the total action becomes

&)1

J

N . S
Heglf.e.01= 3 (FH10)% = Q1 yer = Qje] i) (©)

J

In the limit of large Ny, the model is well suited for mean-
field approximation and seeking saddle-point solutions. Note
that we could also decompose the interaction term in the
pairing channel by introducing fields P = fl;c:ﬂ However,
we found that the pairing fields vanishes for all Jx in the
mean-field approximation, hence ignoring it in (5). Assuming
a uniform ansatz at the saddle point, Q; — Q and A; — iA,

The mean-field Hamiltonian is given by

N
Hyp = Hile', )+ Holf, 1+ 2. Y (K o fiw = =) (D)

k.«

where

Hg[c', c] = %{: (s(ka)c;ack,o, + #c_k,ack,a + H.C.>,
| ®)

with  A(k,) = 2iAsin(k,) and dispersion e(ky) =

—2¢t cos(ky) — p for spin-up (spin-down) electrons moving
along ky = k, (k, = k,) directions, and

N
Holf 1= (J—If|Q|2 — Of a = Oy fia): @)

k,a

The saddle-point equations determining Q and A read as

= —— Y (Al o Sia), (10)
k

where N is the number of lattice sites. Our remaining task is
to solve the saddle-point equations (10) self-consistently using
Hyr to obtain the phase diagram of the model.

Before closing this section, let us review a metallic version
of the model (2) without pairing, namely, we set A = 0. This
is the usual Kondo lattice model of conduction band coupled
to localized spins. The mean-field Hamiltonian is the same as
in (7) except that the superconducting Hamiltonian is replaced
by noninteracting electrons Hy = Zk e(kg )c,; Ck, -

It is convenient to write the mean-field equations in (10)
in terms of Green’s functions G.ro(k,7=07)=

—lim o (T fea(T)ef ,(0)  and  Gro(k,T=07) =
—lim; o (Tt fica (D)), (0):

0 T o kO
= C el k9 kn o 9
T 2N kzik Geg.o (K, ikn)e
T . ik, 0~
1= k§ik:gf,a<k, ik )0 (1)

Here k, = 2n+ )T (T is the temperature) is the
fermionic Matsubara frequencies and

2 —1
Gr.o(K, ik,) = |:ikn —i- L} . (12)

ikn _g(kO')
. =0T o 1" 13
Greo (K, iky) Ty [lk" —elks) — ik, — A} -

The saddle-point equation for Q admits a nonzero solution.
The results are shown in Fig. 1(b). It is seen that the order
parameter behaves like the much studied Kondo lattice models
adopted in studies of heavy fermion materials with an imme-
diate consequence that the Kondo coupling Jx is marginally
relevant, the Q exponentially vanishes as Jy — 0.

One salient feature of the metallic Kondo lattice model
is that the Fermi surface now includes both metallic elec-
trons and spins. Indeed the wave functions of localized spins
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can leak inside the Fermi sea, implying that the spins now
become part of the Fermi liquid. In terms of spinon repre-
sentation of spins in (3), the latter argument suggests that the
spinons acquire charge upon condensation of Q so that in the
computation of the Fermi volume, both types of fermions,
c and f, should be counted. In a work by Coleman et al.
in Ref. [27], the authors describe this phenomenon as the
formation of charged heavy electrons. In the next section we
use this latter notion to describe the phase transition to a Mott
insulating phase by stripping off the charge. One remark on
gauge symmetry is in order. The spinon representation in (3)
is clearly redundant: under the U (1) gauge transformation
fia = [i.0€®', the spin remains invariant, implying that the
low-energy theory has a gauge structure with respect to this
gauge transformation. In particular, we notice that the field Q
carries the same charge under such U(1) gauge transforma-
tion. However, when Q is condensed and acquires a nonzero
value, the U(1) gauge fluctuations become massive due to
Higgs mechanism (see Appendix B for details) and thus the
mean-field solution remains stable.

III. PHASE DIAGRAM OF THE SUPERCONDUCTING
KONDO LATTICE MODEL

We now proceed by solving the mean-field equa-
tions in (10) for the superconducting model described in the
preceding section. The equations can be written in terms
of new Green’s functions, including anomalous terms asso-
ciated with superconductivity. The expressions are lengthy
and are given in Appendix A. Alternatively, one can directly
solve (10) self-consistently using the eigenstates of (7). For
numerical solution we set t = A =1 and pu = 0. The zero
chemical potential implies the particle-hole symmetry of the
nonsuperconducting model at half-filling, and then A =0
solves the second equation in (10). The values of Q versus
Kondo coupling Jk are shown in Fig. 1(b). Unlike the metallic
case, as discussed at the end of the preceding section, there
is a phase transition in the superconducting Kondo lattice
model with a critical point at Ji (= 2 for the aforementioned
parameters). The order parameter Q develops nonzero values
beyond the critical Kondo coupling stressing that the Jx is no
longer marginal.

To derive the critical point for generic values of ¢ and A,
we can evaluate the fluctuations of the field . The Kondo
interaction in (4) can be written as

J A A A K:
Hy = —]7’; Y 00 @. 0@ = cl yufia (14)
’ q k,o

We have to evaluate the Q susceptibility in the imaginary-
time formulation

x0(q, 7) = —(T:0(q, 7)0' (q, 0)) (15)

and the average is taken over interacting many-body states.
We are aiming at the evaluation of Q susceptibility in the RPA
approximation in the Matsubara domain

x0(4. ign)
1 —Vox5(q. ign)’

RPA

Xo (@ iqn) = (16)

where Vo = —Jg /Ny, q, = 2nmT is the bosonic Matsubara
frequency. Here the bare Q susceptibility Xg(q, ig,) reads as

X0@ig) =T > G2, (K, ikn)G) (K + q. ik + ign),

ko m

7)

with G? and G, as bare Green’s functions of superconduc-
tor and spinons, respectively, reading as

|AG)E ! s
ikm+s<ka>) 19

1
iky — A

Gl (K, iky) = (ikm — e(ky) —

G) o (K, iky) = (19)

Since the spinons are dispersionless, the Xg(iq,,) =
x5(q. ig,) and hence x5 (ig,) = x§™(q, ig,) become mo-
mentum independent. That is, the correlations are purely local
in space and extend only along the time direction. Performing

the Matsubara sum in (17), we obtain

E(kot) - 8(](0,)

1
0/ _
XQ(lqn) _zg |:2E(ka) iqn - E(ka)

l ign — &(ky) :|
2q2 +E*(ky) |
(20)

where E(k,) = \/s(ka)z + |A(ky)|? and we set u = A = 0.
The prefactor 2 results from two sets of bubble diagrams
with the same value. We can now analytically continue the
response function to real frequencies ig, — Q2 +i0T. At Q =
0, Eq. (20) yields

1
X0(0) = ——F(m, 1 =), 1)
where x = A/t and F(¢,y) = f0¢ do /1 —y2sin?0 is the

incomplete elliptical integral of the first kind. The corre-
sponding RPA response function in (16) can be evaluated
accordingly, from which we can deduce the critical coupling
Jg where the response diverges. It yields

_ 2t
B F(r,v/1—x2)

For x =1 we have F(wr,0) = and hence Jg =2, as
mentioned before and shown in Fig. 1(b). For the metallic
case, where x = 0, the function F is logarithmically diverging,
which leads to Jg — 0.

Thus, we identify two phases for the superconducting
Kondo lattice model x # 0: (i) the condensed phase for
Jx > Jg with Q # 0 and (ii) the uncondensed for Jx < Jg
phase Q = 0. While both phases are topological in some
sense, their topological contents are drastically distinct from
each other. In the following we present arguments demystify-
ing the nature of these phases and the phase transition between
them.

Jg (22)

A. Condensed phase: A topological invertible phase

As explained above, the order parameter Q develops
nonzero values for Jx > Jg. Q # 0 allows for tunneling be-
tween c¢ and f states, and therefore the condensed phase can
be described as H.o, = Hy[c, c] + Hplf, c] with the corre-
sponding Hamiltonians given in (8) and (9), respectively. One
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can think of this system as a model of two layers, the top
layer is the superconducting model described by Hg[c, c]
and the bottom layer contains only f fermions with flat dis-
persion. Condensation of Q simply means that the electron
states of the superconducting layer are locally hybridized with
the charged f fermions living in the bottom layer. In the
absence of hybridization, Q = 0, the ground state manifold
of the system is highly degenerate |¥.) ® [¥f), where |¥gc)
is the BSC ground state of superconductor and [v/) is the
state of f fermions with single site occupation. One can either
integrate out the superconductor in path integral formulation
or use the degenerate perturbation theory to obtain an effective
Hamiltonian describing f fermions. In the limit of 0 <« A, we
obtain the following Hamiltonian:

Hp =ty Y (~flofivtva + Fiafisana +He),  (23)
J

where 1, = 0?/4 and for simplicity we assumed t = A =1
in the superconducting Hamiltonian. The top superconducting
layer induces superconducting potential between f fermions
in the bottom layer. Not only that, it is also a topological
superconductor but with the opposite winding number for
each chain, i.e., the winding number Wy = —1 for f supercon-
ductor as opposed to W, = 41 for ¢ superconductor. This is
the generic feature of symmetry-protected topological (SPT)
phases: an SPT phase is an invertible phase, i.e., it induces
a ground state with opposite topological invariant in an oth-
erwise trivial free system via the bulk topological proximity
effect [26].

Having identified the f fermions as a topological super-
conductor, we can now think of the total system ¢ + f as
a trivial superconductor with W = W, + Wy = 0 invariant.
To further justify the triviality of the condensed phase of a
typical chain, let us examine the topological properties of the
mean-field Hamiltonian Hyr = % Dk w,j H (k). The Bloch
Hamiltonian is

ek) A Q 0
Ak) —ek) 0 —Q*
H(k) = o 0 o 24)
0 Q0 0 -2

in the basis Iﬂ/j = (cz, C_k, f,:r, f—i). Now we can evaluate the
winding number of occupied states, which is given by sum
over Zak phases:

y =i Z f(”n(k)lakun(k» dk, (25)

neocc.

where |u,(k)) is the eigenstate of Hamiltonian H (k)|u, (k)) =
en(k)|u,(k)). The winding number is then given by W = y /7.
We evaluated the winding number numerically and found that
for any Q # 0 it vanishes, W = 0, justifying our physical
picture that the entire system is trivial. Thinking in terms of
spins in the limit of large Kondo coupling, the spin of super-
conducting electrons on each site forms a singlet state with
the magnetic moment at the same site, (| P.{) — | ¢Cﬂ))/«/§.
Thus, it is natural to expect that the strongly coupled phase
is a trivial many-body singlet phase, the so-called Kondo
screened phase arising when the Kondo screening length &k is

smaller than the superconducting coherence length &;., where
& ~ vr/A. We come back to this point when we discussed
the phase in Jx < Jg in Sec. III C.

Before leaving this subsection we would like to comment
on the superconducting Hamiltonian in (23) asserting that its
general form could be inferred from the symmetry argument.
The ¢ superconductor breaks the U(1) symmetry, i.e., the
Hamiltonian in (1) is Z, symmetric under transformation
¢; — €;c; with €, = £1. On the other hand, the condensation
of Q breaks the U(1) gauge symmetry as we discussed at
the end of Sec. II. This means that for the hybridization
Hamiltonian to be invariant, the f fermions should be trans-
formed in the same manner, f; — ¢; f;. Therefore, the obtained
Hamiltonian describing the f fermions must also enjoy the Z,
symmetry being consistent with (23).

B. Uncondensed phase: Fractionalization
and Z, topological order

In the regime Jx < Jg, the superconductor and spinons are
decoupled from each other at least at the mean-field level
due to vanishing Q = 0. In order to understand this phase,
we start from the charged f fermions in the regime Jx > Jg
discussed in the preceding subsection. This is a reasonable
starting point since we are interested in low-energy states
below the original superconducting gap A, and therefore, we
only need to consider f fermions.

We would like to present a rough physical picture by noting
that the Kondo exchange coupling in (2) microscopically orig-
inates from the local Hubbard interaction U between electrons
living on the magnetic sites, resembling of Anderson impurity
model. The corresponding lattice model is written as

H=H.l[c", c]+ ) (wel,fia+Hco)
J

1 1
+U Z (l’lj_fr — 5) (I’l_,‘yi - §>’ (26)
j

wheren;, = f ;a fj.« is the local electron density on magnetic
sites with spin o and w is the overlap between electron wave
functions of superconductor and magnetic sites. Note that here
we denote the electron operator on the magnetic sites by f
keeping in mind that they are electrically charged fermions.
The Kondo exchange coupling Jx ~ w?/U arises in the limit
of strong on-site Hubbard interaction U >> A at the Anderson
particle-hole symmetric point [28], the details are relegated to
Appendix C. Thinking this way, the critical Kondo coupling
can be associated with a critical Hubbard interaction, Jg =~
w?/U,. Now one can identify the transition from Jx > Jg to
Jx < Jg as a Mott transition from U < U, to U > U,, respec-
tively. Since we are interested in the low-energy states, we can
start from the Bardeen-Cooper-Schrieffer (BCS) supercon-
ducting ground state of (23) and project it to single-occupied
sites due to the Mott phase when U > U,, the Gutzwiller
projection. This is a way to obtain resonating valence bond
(RVB) states [29] from BCS superconducting ground states.
Using the Majorana representation fj, = ()‘[jTJ — i)»[;;')/ 2,
where Agjfj are Majorana fermions satisfying Clifford algebra
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{)ng;], )L[i] } =28y 8aa’, (23) can be written as
=1y Z rjrj+a’ 27

where a = %, § is the lattice constant, and we define the

bond operator Ur"‘j,rj fa = z)h[;;])ng +]1a They form a set of

commuting operators and square identity (Uf/‘_’rl )> =1, and
hence the eigenstates can be labeled by numbers U;; = +1
on bonds. The Majorana Hamiltonian in (27) has been used
in Ref. [30] as a mean-field Hamiltonian to construct a Z,
bosonic spin liquid using the projective symmetry group [31].
The latter Z, symmetry is the symmetry transformation
of (23), whose elements form the so-called invariant gauge
group. In terms of Majorana operators the single occupation
constraint is given by )LB T])LE“LT])LE l])»ﬁ] = 1 for all sites which
determine the physical space. The operators acting within
this space have to commute with the constraint, namely, they
should be a product of U;?fl. The minimal operator is the

c oY 71 7
flux operator  Fr; = Uy . 2Up e e Us s +29Un e 45
corresponding to each square plaquette, and the low-energy
Hami}tonian reads as Hy, = 16g ) j Fr;» where gis an energy
coupling, known as Wen plaquette model [30]. Within the
physical subspace, this Hamiltonian can be written in terms of

spin operators. Using the Majorana representation of the Pauli

-1 gy — L 52 [+15 (-]
operators O’] )»”)»]T, 4 )”Jl)‘JT’ ; )\”AJT,the
plaquette Hamlltoman reads as Hyyp =

827 St St 485% 424951, 49> Where 8; = /2, which describes
a Zn topologlcally ordered phase. Note that this is the
low-energy description of the phase in the entire regime
0 < Jg < Jg, not just a perturbative description for Jx < Jg
obtained in Ref. [24].

C. Uncondensed phase: Subgap states

In the regime Jx < Jg the Kondo screening length &g
is larger than the superconducting coherence length &. Al-
though the superconducting gap competes with the Kondo
cloud formation due to the destruction of the Fermi surface,
the magnetic impurities are partially screened by supercon-
ducting quasiparticles, and bound states are formed in the
superconducting gap. This is the essence of the formation
of the YSR states in superconductors [18-20]. In fact, the
superconductor does not destroy the Kondo cloud completely
as shown for an s-wave superconductor [32] using renormal-
ization group analysis and numerical calculations.

The YSR states are indeed the particle-hole excitations and
hence can be examined by evaluating correlation functions.
The proper response function is the RPA susceptibility in (16).
The spectral density A(w) = (—1/m)Im[xj™ (w)] is shown
in Fig. 2. We set the parameters as t = 1 and A =0.5. The
region 0 < w < 2A corresponds to the superconducting gap,
and the Bogoliubov quasiparticles have nonvanishing weight
in the region above the gap, w > 2A, as expected. The most
prominent feature of the spectral density is the appearance
of a branch of subgap excitations when the Kondo coupling
is less than the critical coupling Jx < Jg. By increasing Jk,
the energy of subgap states decreases and vanishes at the
critical point. Also, we note that the weight of excitations
increases as the critical point is approached, implying that

FIG. 2. Spectral density A(w) = (=1/m)Im[x§™ ()] in (16)
evaluated for parameters + = 1 and A = 0.5. A branch of collective
excitations appears inside the superconducting gap in the region
0 < w < 2A whose energy vanishes at the critical point Jg. These
are the particle-hole excitations associated with the formation of
subgap YSR states. The latter appears in the uncondensed phase
where Q = 0 and the magnetic moments are partially screened by
Bogoliubov quasiparticles.

more and more quasiparticles bind the magnetic moments,
and the phase transition for Jx > Jg is accompanied by the
singlet formation as discussed in Sec. Il A; a singlet is local
in real space and hence includes bound states of quasiparticles
of all momenta.

IV. NUMERICAL RESULTS:
QUASI-ONE-DIMENSIONAL MODEL

In this section we use the density matrix renormalization
group (DMRG) to explore further the phase transition in the
superconducting Kondo lattice model. For that we introduced
a quasi-one-dimensional lattice shown in Fig. 3. First, we use
perturbation theory to derive the effective spin model with Z,
topological order.

The model shown in Fig. 3 comprises of two Kitaev chains.
The red (green) chains carry spin-up (down) electrons as

FIG. 3. Left: Schematic of the quasi-one-dimensional version of
superconducting Kondo lattice model adapted for numerical DMRG
calculations. The model consists of red (green) Kitaev chains with
spin-up (down) electrons. Blue circles are magnetic moments and are
Kondo coupled to the superconductor. Right: The low-energy effec-
tive model is described by a 1D version of the Wen plaquette model
with plaquette operators as a product of spin operators indicated in
the triangular and square plaquettes.
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FIG. 4. The second derivative of the ground state energy density
and fidelity susceptibility as a function of interaction strength Jx for
various system sizes L. Here we set §Jx = 0.0025. Both quantities
show a clear peak near Jx ~ 1.76 narrowed by increasing L, herald-
ing topological phase transition.

before and is described by the Majorana Hamiltonian H, =
> AB’;]AEJF]I , Where wesetr = A =1and u = Oin (1), and
each site 1s Kondo coupled to magnetic ions, blue circles in

Fig. 3. For weak coupling, the effective Hamiltonian reads as

Her = —33 ZSyS §* + 32{’2( SIS ©@®

o jeo

where the first and second sums run over triangles and squares
plaquettes shown in Fig. 3. The terms in (28) are commuting
stabilizer operators, and the model possesses Z, topological
order. It has been recently shown that the latter topological
order on a ladder geometry exhibits interesting dynamical
behavior, the quasi-many-body localization via self-induced
disorder, in their highly excited states as well [33].

We proceed with the DMRG algorithm to show that the
quasi-one-dimensional model undergoes a phase transition
from a topologically ordered phase described by the effective
Hamiltonian (28) to a trivial phase. Here we use two separate
Z, symmetries associated with Kondo interaction defined in
even and odd sublattices allowing us to increase bond dimen-
sion up to x = 1024 for a large system of size L = 54. The
phase transition is identified by observing developments of
singularity in the second derivative of energy density, and
fidelity susceptibility [34-36], which measures the changes
of ground state |Y¥y(Jx)) due to an infinitesimal increase in
Kondo strength and is defined for a system size L as

2[1 = F Uk, J 8J
SUx) = hm [1—F Uk 21<+ x)]
Jx=0 LsJ2

F Uk, Ik + 8Jk) = [{Wo(J) Yok + 8Jk)) I, (29)

where F (Jg, Jx + 8Jk) is the ground state fidelity. As indi-
cated in Fig. 4, the phase transition occurs near J >~ 1.76 and
is narrowed by increasing system size.

In Fig. 5 we present the expectation values of plaquette
stabilizer operators |( ]_[ 7)1 and ($7S§°S”). In the topologi-
cally ordered phase, they assume values close to unity. Our
results show that the expectation values decrease substantially
beyond Ji =~ 1.76 in the trivial phase.

To get insight into the universality class of the phase tran-
sition, we evaluate the central charge ¢ using the scaling of

’

1.0 L | T \:\ T | L T T T | T \:f T | T 17T 1.0
. I =
* - 05 0
= * &
F—— L=361 —
| —o— L=42] h
—o— L=48]
[—— L=54] | ]
0'01.0 1.5 2.0 1.0 1.5 2.0 00
JK JK

FIG. 5. Mean absolute value of stabilizer operators |{] | ;) and
(S¥S*S”) as a function of interaction strength Jx averaged over dia-
monds and triangles, respectively. Both plaquette operators undergo
a drastic reduction near the critical point.

entanglement entropy near the critical point by the Cardy-
Calabrese formula [37-39]

Sx)=— ln [1;\/ sin (]T]%):I + const., 30)

where N is the length of lattice and x denotes the cut length.
As shown in Fig. 6, the half-cut entanglement entropy exhibits
a plateau below Jg strictly at Sy » = 4 In 2, which tends to zero
as expected from the topologically trivial phase. The scaling
of Sy /> near the critical point, see the inset of Fig. 6, displays a
logarithmic correction of area law entanglement, so the central
charge ¢ ~ 1 is twice that of the transverse field Ising (TFI)
chain, i.e., et = 1/2.

We also numerically verified that at the quantum critical
point Jg =~ 1.76, the two-point correlation functions for ¢
and spin operators S are both decaying algebraically. The
fact that ¢ = 1 at the quantum critical point implies that
a combination of ¢ fermions forms a single critical (gap-
less) Majorana chain (in addition to other potentially massive
branches), thus contributing ¢ = 1/2 to the observed central

S(L/2) [In2

FIG. 6. Half-cut entanglement entropy of the system for various
system sizes L as a function of interaction strength J;. Inset: Linear
fit of the rescaled entanglement entropy according to Eq. (30), which
gives a fair approximation of the central charge ¢ ~ 1.

195145-7



FATEMEH MOHAMMADI et al.

PHYSICAL REVIEW B 106, 195145 (2022)

charge. The gaplessness of ¢ fermions at the critical point can
be readily seen by examining the poles of the Green function
[Gco(k, k)]~ = [gga(k, ik)]"! — Y..a(ik,) after analyti-
cal continuation ik, — @t (0™ = w +i0"), where X, (ik,)
is the self-energy of c electrons coupled to f fermions via
the renormalized interaction V(ig,) = Vo/(1 —V Xg(iq,l))
[see (16)]:

2 -1
|A(ky )| i| T

0 +y — + _ _
Gk, o )—[w k) =

Sea(@h) = —P / > dQ Vons(Q)

oo T 0T —Q

@)
m + )
(1) 2e(w™)
(32)
where np(2) is the bosonic distribution function, and
(@) =1- Voxg(QJr) with QT = Q 4 i07" is the RPA di-
electric constant in (16). The P in the first term stands for
principle value. Furthermore, the f spinons must form another
single critical Majorana chain responsible for the remaining
¢ = 1/2 in the measured central charge. Note that the obtained
central charge is consistent with the quantum dimension,
d = +/2, of a Majorana mode localized on each edge through
¢ = log, d [40].

As Jx — 0, the ¢ fermions are gapped and the pertur-
bation theory is reliable and valid. As we start to increase
Jx two phenomena occur concurrently: (i) the excitation gap
for the ¢ fermions starts to diminish and eventually vanishes
at Jg 2~ 1.76. Therefore, our perturbation expansions which
assumed a nonzero excitation gap for the Kitaev’s chains, will
fail beyond critical point and as a result, the emergent Z, spin
liquid phase will no longer exist for Jx > 1.76. (ii) As argued
before, the f spinons have a nonzero Mott gap for Jx < 1.76,
which justifies the projection of the quadratic terms in (23)
to single occupied sites subspace, which eventually leads to
the Kitaev’s toric code model as the effective Hamiltonian.
At the critical coupling Jx =~ 1.76, both the ¢ fermions and f
spinons become gapless, each with a ¢ = 1/2 central charge
conformal field theory description.

V. CONCLUSIONS

In this work we studied the topological phases and phase
transition in a superconducting Kondo lattice model, a lat-
tice of topological superconductors is antiferromagnetically
coupled to otherwise free magnetic ions near each site.

J

Using the slave-fermion representation of spins and a proper
Hubbard-Stratonovich decomposition, the model becomes
a superconducting lattice of electrons coupled to spinons
through a fluctuating bosonic field. The mean-field theory
shows that the bosonic field, which itself is a hybridization
between superconducting electrons and spinons, condenses
beyond a finite critical Kondo exchange coupling. This is in
contrast with the metallic Kondo lattice model, where the
Kondo coupling is marginally relevant.

Our results show that the condensed phase is an invertible
topological phase, i.e., the spinons become a topological su-
perconductor characterized by an invariant with the opposite
sign of the superconducting electrons. Since the invariant of
the electrons and spinons vanishes together, the total system
is trivial, which is consistent with singlet formation at the
strong coupling limit. The phase transition to the uncondensed
phase by reducing the Kondo coupling can be interpreted as a
Mott transition for the charged spinons, and the corresponding
low-energy phase is topologically ordered with underlying Z,
gauge theory. Furthermore, we showed that the subgap states
are formed in the uncondensed phase due to the Kondo screen-
ing of magnetic moments by superconducting quasiparticles.

To further corroborate the existence of a phase transition in
the superconducting Kondo lattice model, we used numerical
DMRG on a quasi-one-dimensional lattice of the model. The
numerical results indicate that the phase transition has a topo-
logical nature, with plaquette operators acquiring values close
to unity in the topologically ordered phase and approaching
zero in the phase with no topological order. We also used the
numerics on finite-size lattices to determine the critical nature
of the phase transition by evaluating the central charge.

Before closing, we would like sketch a few directions
which could be interesting for future studies. The work pre-
sented here along the works in Refs. [24-26] may provide
a conceptual framework to design more exotic topological
orders such as non-Abelian anyons. In particular, the physi-
cal pictures presented may pave the way to look for proper
materials, most likely in layered materials or heterostructures,
with appropriate coupled electronic degrees of freedom. Also,
our mean-field study could be further enriched by assuming
a nonuniform ansatz. The hopping field Q; in (6) could carry
nontrivial momentum, such as in the staggered flux phase. In
this work, for the sake of simplicity, we ignored those more
complex structures. The impact of those possibilities can be
an interesting future direction.

APPENDIX A: THE SUPERCONDUCTING GREEN’S FUNCTION

The finite-temperature superconducting field operator €k, (t) = (k.o (7) cT_kﬁ(r))T evolves by the mean-filed Hamilto-
nian (7). We define Green’s function matrix of superconducting subspace as follows:

Go(k, 7) = —(T;[exs (0) ¢ (T)]) = (

Geok, 1)

Feok, 1)
N , (AD)
Flok, 1) )

_gc,a (ka _T)

where G » (K, 7) and ¥ , (K, 7) are single-particle and anomalous Green’s functions, respectively. Differentiating G with respect

to T yields

argc,o(kv T) = _A*(ka )?;‘Ta'(kf T) + Q*gcf,a(kv T) - 8(ka)gc,a(kv ‘C) - 8(7:)’

0T, (&, T) = ek )F, (k, T) — Alko)Ge.o (k, T) — OF ), (k, T).

(A2)
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This led us to consider the new Green’s functions G.r,(K, 1) = —(Tr[fk,a(r)c;g(O)]) and k,7)=

cf o
—(T.[f! , (T)ei , (0)]) with imaginary time derivatives

0:Gefo(K, T) = 0Gco (K, T) — AGcr.0 (K, T),
0 F) (K, T) = —Q"F (1) + AF,, (K, ). (A3)
The corresponding equations of motion in the Matsubara domain read as
[—iky + (ko )1Ge0 (&, iky) = = A" (ko )T (K, ikn) + Q* G0 (K, iky) — 1
[—ikn — £k 1T, (K, iky) = = Aks )Ge.o (K, ikn) — QF (K, iky),
—iknGef.o (K, ikn) = QGc o (K, iky) — AGcf,o (K, iky),

—ik, ffc‘fg(k, iky) = —QF, (K, ik,) + Mjfﬁ(k, iky), (A4)
where k, = (2n 4 1)n T is Matsubara frequencies in temperature 7. These equations are readily solved to give
-1
2 A k 2
G (. i) = | iy — £lUy) — A2 — — 18 ,
thy =0 iy ethe) — 25
. -0

gcf,a(kv lkn) - k — Agc a(k lk ) (AS)

Following the same procedure leads to (AS5), we differentiate spinons single-particle Green’s function, i.e., G, (K, 7) =
—(T: [ fx.o (T) flia (0)]), and other corresponding Green’s functions with respect to t in Matsubara domain

(_lkn + )‘-)gf,a(kv ikn) = ngc,a (k lk ) -1
(—iky + e(ko )G fe.o (K, iky) = — A" (ke )F .. K, ik + 0° G0 (K, iky),

[ — iky — eGh)IT, o (K, k) = —Alka G re.o (K, iky) — OF | (K, ik),
(—iky — WF (&, iky) = —Q*F (K, iky), (A6)
which determine the Green’s function of spinon as
2
G ok, iky) = ik, — % — 2 : (A7)
’ ik — e(ky) — B
ik, +e (ks )7

ikp +)

APPENDIX B: THE MASSIVE GAUGE FLUCTUATIONS
1. Phenomenological theory

Under the U (1) gauge transformation f; — et f i, the hybridization field transforms as Q; — adiialo) ; and the constraint
field transforms as A; — A; — 0:¢;(7). Let us define a gauge field A;; living on the bond so that under the gauge transformation
Aij — Aij +¢j(t) — ¢i(t). Thus A and A can be imagined as temporal and spatial components of an emergent U (1) gauge
potential (Ag, A). Taking the continuum limit ¢; () — ¢(r, 7), the low-energy gauge invariant theory reads as

LI, Al = KiF P + Ko (08, — A)QP +r1QF +ulQ1* +-- -, (B1)

where the first term F),, = d,A, — 9,4, is the usual Maxwell term and K, K5, r, u are phenomenological parameters with
Ky, K>, u > 0. The second term clearly shows that the bosons with charge unity are coupled to an emergent gauge potential.
In the condensed phase r < 0 (Jx > J¢) and Q develops finite values. The above theory is manifestly invariant under the U (1)
gauge transformation,

0 — D0, A —> A—Ve(r, 1), Ay — Ay — 3:¢(r, 7). (B2)

In the condensed phase Q = |Q|e™". We focus on the phase fluctuations and ignore the amplitude mode, i.e., |Q| = Qy is
constant. We obtain

L[Ag, Al = KiF,, F* + K2 Q51(3,0 — A% (B3)

The 0,0 in the second term can be eliminated by a gauge transformation making Q(= Q) to be real, i.e., by setting 0 = ¢
andA, = A, — 3,¢(r, t), and we obtain a pure U (1) gauge theory

- v 2
L[Ay, Al = KiF,, F* + K 004,17, (B4)
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which is manifestly massive due to the second term with condensation Qy # 0. Note that F,, = F,,. The above expression is the
well-known Proca model in (2 + 1)-d QFT. Thus, the phase fluctuations of the condensate are eliminated from the low-energy
theory and the gauge fields become massive. This is the Higgs mechanism.

2. Microscopic derivation

Let us sketch the main lines of derivation of the Lagrangian density in (B1). For sake of simplicity we only consider the
dynamics of the fields and ignore the spatial variations. The effective action is derived by integrating over the fermionic fields:

eSIOH = / Dlc, fle~1@He11, (BS)

where S[Q, A, ¢, f]is given in (5). In frequency-momentum space,

SIQ. h.c. f1 =Y [—ikn(c] yCka + f; o fra) + Hiclc", €]
k

1
+> <—70|Q(q)|2 ~ 0(q) ;fiﬂ,acw - H~C-) =1 MDF g alhas (B6)
q

k.q

where ¢ = (ig,, q) and k = (ik,, k), and the superconducting Hamiltonian H is given in (8). Integrating out the fermions along
with proper contractions of ¢ and f fermions lead to evaluations of polarization functions in lowest orders. We obtain

1 .
S[0. A=) (—70 + Xg(lqn)) 0@ + Y X @M@ + -+, (B7)
q q
where
X @ =T Grak)Gralk+q), (B8)
k

with G (k) and Xg(q) given in (A7) and (17), respectively. Taking the low-frequency limit, they read as
xQign) = x(0) — align)’ + -+ , (B9)
x7(ign) = b+ c(igy)*, (B10)

where a, b, ¢ (b, ¢ o |Q|?) are constants. Using (21) and (22) we define r = 2(J,;1 — J,‘{l) so that r < 0 (Jx > Jg) corresponds
to the condensed phase. Fourier transformed back to imaginary time domain and read space, we obtain

SI0. Aol = / drd’ £10, Ao, (B11)

L10, Aol = Ki19:Aol* + K2|3: Q1> + r|Q)* + - - -, (B12)

where Ap = A is identified.

APPENDIX C: DERIVING THE KONDO EXCHANGE COUPLING

In this Appendix we derive the Kondo exchange term in Eq. (2) using the Schrieffer-Wolf transformation (SW) applied
to the periodic Anderson model (26). For the sake of simplicity we start from a single impurity orbital hybridized with the
superconductor. The modes describes by H = Hy + H,:

Hy = Hlc', cl + ea(ny +n)) + Unyny,

Hy=w ) (cf ,do +Hec.), (CI)
k,a
with g4 < 0 as the single orbital energy. The SW transformation unitarily transforms H to H' = eSHe™S with ST = —S, from
which the high-energy single orbital states, i.e., empty and double occupations, are properly eliminated as
He = PoH' Py,
Po= (MM 1+ 1WA D ® [¥ses) (VBesls (C2)

where Py projects to the single-occupied orbital subspace and |{¥pcs) is the superconducting ground state. The transformed
Hamiltonian is written as

H/ = H() +Hw + [Sa (H() +Hw)] + %[S’ [S’ (H() +Hw)]] + - (C3)
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We follow the standard procedure in SW transformation by finding S such that [S, Hy] = —H,,. The transformed Hamil-
tonian then reads as H' = Hy + %[S, H,1+ O(Hf)). Using the Bogoliubov transformation cx o = u*(ky) Ve + v(ka)yjk’a

with superconducting coherence factors u(ky) = cos(6y, /2)e'® and v(k,) = sin(6,/2), where cos(6;,) = e(ky)/E (ky) and
tan(¢y, ) = Im A(ky)/ Re A(ky), and E (k) = +/ A(ky)? + £(ky)?, we obtain S = Sy + T as

So = Y {AGka)uka) ¥y, oo + dlVica) + Blka)v (k) (Yol + vy (dD),

k,o
T =Y (Fko)uCka) 4! e + d Vi) + Dk 0 (ko) (V-kcals + ¥ i)}, (C4)
k,o
where
Alky) = ————— Blky) = ————
T Eky) — g 7 Etky)+ea’
(7= )
F(ky) =w - ;
E(ka)_gd_U E(koz)_gd
D(ky) = w( : - : ) (C5)
E(ky) + €4 Eky)+es+U

The transformed Hamiltonian (C3) can be written to second order as
H' = HO + HK + Hpairing—correlation + Hcharge + Hdirect + H(; (C6)

Various terms are Kondo Hamiltonian
1 1 . .
— P . P t t i
Hg = ) § {E(Jkpkickmcm —Ji ki Cxdidy —ddy) + ;kakackgack,—ad—ada}’ (€N

with exchange coupling

iy, = WID (ke ) (ko) + F (k) |ut(ke )| + D(kfyv* (k) + F (k) (k)]

2< V2 (k) _ V2 (k) |u(ke)|? _ Ju(ke)?
E(ky)+e; E(kg)+ea+U  E(ky)—es—U E(ky) — &4

vz(k}g) B vz(k,;) Iu(k,g)l2 B Iu(k;c,)l2 ) ©8)
E(ky)+ea E(kp)+eq+U  E(ky)—ea—U  E(ky)—eq ’

Hpairing—correlation modifying the pairing correlation of ¢ electrons

1 1 ¥ ¥ ¥
Hyairing—correlation = —5 Z E(Wk;c—k/,wk,T —Wycw ey )didy —dd)) + Z Wi ¢ aCk,—ad ydy | +Hee. g, (C9)
k. k' o

with
W, 2u(kq v (k, )( ! ! + ! ! ) (C10)
= wulky v (kg - — )
o Ethe)+ea+U  E(ka)teq  Eka)—e4—U E(ke) — g
the charge Hamiltonian
1 1 oot b
Hcharge =3 Z _Jk;,kg(ckf ok —a T Wk"lc—k’,ack —a dod_o +H.c.p, (C11)
2 kK. 2 s ’

which changes the d orbital occupation by two electrons, the direct spin-independent interaction

2 2

1 1 1
Hgireer = = Z {(- ko, (Mg 1) + Kka,k&)clt/yack,a + |:<§Wk;, (ny +ny)+ Zk&)ck’,ack,a + H.C.“, (C12)
kK,

with parameters

Ki, 1, = w[B(ky )v*(ke) + Alke)|u(ko)1* + Bk, v (k) + Ak u(k,)I*],
Zy, = u(ke (ko A (ky) — Blke)], (C13)
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and H| shifts the energy level

, 1
Hy = Z (ka,kx(l —ny —ny)+ E‘lkmkx(nT +n, — 4n¢n¢)>.

k

(C14)

Of our interest is the Kondo exchange term (C7) projected to single-occupied states of impurity. In the limit of strong Hubbard
interaction U > |E (ky)|, the Kondo coupling Ji, K, is approximated as

~

Ji i = WP ———
koy = | |<8d(U+8d)

+ [e(ke) + (k)]

U +2ed)) (C15)

e3(U +&q)?

In the case of the symmetric Anderson model, i.e., &, = —U/2, the Kondo exchange Hamiltonian becomes

Jx
Hg = =) 8 (e 4Oupcicp),

kK’

(C16)

2
where Jx = 8‘%' and S = %d(]:‘ta,gd,g. The same exchange coupling is also obtained for a magnetic impurity in an s-wave

superconductor [28].
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