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Single pair of multi-Weyl points in nonmagnetic crystals
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Topological semimetal states having the minimal number, i.e., only a single pair, of Weyl points are desirable
for the study of effects associated with chiral topological charges. So far, the search for such states is focused
on magnetic spinful systems. Here, we find that nonmagnetic spinless systems can host a class of single-pair-
Weyl-point (SP-WP) states, where the two Weyl points are located at two high-symmetry time-reversal-invariant
momenta. We identify 38 candidate space groups that host such states, and we show that the chiral charge of each
Weyl point must be an even integer, representing a multi-Weyl point. Besides achieving the minimal number, the
two points in SP-WP states are far separated in momentum space, making the physics of each individual point
better exposed. The large separation combined with the even topological charge lead to extended surface Fermi
loops with a noncontractible winding topology on the surface Brillouin zone torus, distinct from conventional
Weyl semimetals. We confirm our proposal in the phonon spectra of two concrete materials TlBO2 and KNiIO6.
Our finding applies to a wide range of systems, including electronic, phononic, and various artificial systems. It
offers a new direction for the search of ideal platforms to study chiral particles.
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I. INTRODUCTION

The exploration of novel band degeneracies in crystals and
the associated physical properties is under rapid development
[1–5]. One of the most important types is the Weyl points
(WPs) [6–10], which refers to a class of twofold degenerate
nodal points carrying chiral topological charges. In a three-
dimensional (3D) crystal, a WP acts as a point source of
Berry curvature fields in momentum space, and its topological
charge corresponds to the quantized Chern number (C) from
integrating the Berry flux on a small Gaussian sphere enclos-
ing the WP. Among the WPs, the elementary one with unit
charge was discovered first, and its existence does not require
any symmetry (except for the lattice translations). Later, it was
shown that WPs with |C| > 1, also known as multi-WPs, can
exist with the help of crystalline symmetries [9,10]. Recent
studies demonstrate that the maximum C of a single WP can
be up to 4 [5,11–14]. The nontrivial chiral charges lead to
fascinating consequences, such as Fermi arc surface states
[6,15–17], chiral/axial anomaly [18–25], chiral Landau bands
[18,26–28], etc.

Currently, a major challenge in the field is to find an ideal
Weyl semimetal state hosting the WPs [3,4]. Here, a crucial
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condition for being “ideal” is that the system should have a
minimal number of WPs. The Nielsen-Ninomiya no-go theo-
rem [29,30] dictates that a net chiral charge cannot exist alone
in the Brillouin zone (BZ), so there should be at least one
pair of WPs with opposite charges [31]. Despite much effort
in searching for WPs in real materials and artificial systems
[15,24,32–53], so far, the minimal number of WPs, i.e., a sin-
gle pair, has only been achieved in very few magnetic systems,
such as electronic WPs in magnets MnBi2Te4 [54,55] and
EuCd2As2 [56–58] under negative pressure or external fields,
and magnonic WPs in some magnetic pyrochlores [59], but
not in nonmagnetic systems. In fact, it was widely believed
that in nonmagnetic systems there should be a minimum of
four WPs [2,4,6]. The argument goes as follows. Suppose
a WP with charge C is located at point k in the BZ. If the
time-reversal symmetry T is preserved, there must be another
WP at −k with the same charge C. However, according to
the no-go theorem [29,30], these two WPs cannot exist alone:
there should be at least another two WPs (each with charge
−C) to ensure the chiral charge neutrality of the BZ. Because
of this, the search for a single pair of WPs was focused on
magnetic systems with broken T .

Importantly, there is a flaw in the above argument: if the
first WP is located at a time-reversal-invariant momentum
(TRIM), then k and −k refer to the same point, and T would
not lead to the WP doubling. Nevertheless, here, we need to
distinguish spinful and spinless systems. Particularly, a single
pair cannot be achieved in spinful systems: the algebra T 2 =
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−1 dictates Kramers degeneracy at all eight TRIM points in
BZ, such that the resulting WPs (known as Kramers WPs [60])
have a minimal number of 8. In contrast, for spinless systems,
T 2 = 1, so they do not have this constraint.

In this work, we demonstrate that it is indeed possible to
realize a single pair of WPs in nonmagnetic spinless systems.
We analyze the symmetry requirements to achieve such a
single pair of WP state (denoted as SP-WP state) and develop
a strategy to search for them. We find that SP-WP state can
be hosted in 38 (out of 230) space groups (SGs), and we
prove that the topological charge of each WP here must be
even (so they represent multi-WPs). We then demonstrate our
idea by identifying realistic material candidates, including
TlBO2 and KNiIO6. In both materials, a single pair of WPs
(with C = ±2) appear in the phonon spectrum, as the only
band degeneracies in a frequency range. We note that, besides
achieving the minimal number of WPs, these systems have
another advantage, namely, the two WPs are far separated in
the BZ, such that the physics of each individual point can be
better exposed. Furthermore, the large separation combined
with the even chiral charges lead to extensive surface Fermi
loops forming noncontractible winding topology on the BZ
torus. Our proposal applies to systems ranging from electronic
to phononic to various artificial systems, and it opens a new
direction for exploring ideal Weyl states and chiral particles.

II. GENERAL ANALYSIS

We begin by analyzing the symmetry conditions for our
proposed SP-WP state. Assume the two WPs are residing
at points k1 and k2, respectively. The following conditions
should be satisfied.

(i) First, as discussed, k1 and k2 must be TRIM points.
Moreover, they must form a closed set under all symmetry
operations of the system, because any symmetry operation
that transforms k1 or k2 to another point k3 must generate a
third WP.

(ii) The crystal symmetry operations are divided into two
classes: proper and improper. A proper (improper) operation
preserves (flips) the orientation of space, so it keeps (reverses)
the chiral charge C of a WP. Combined with (i), this means ki

(i = 1, 2) is invariant under proper operations, whereas k1 and
k2 are interchanged under any improper operation. Namely,

Oki = ki, i = 1, 2 (1)

if the symmetry operation O is proper, and

Ok1 = k2, Ok2 = k1 (2)

if O is improper. Clearly, the inversion symmetry must be
broken, since all TRIM points are also inversion-invariant
points.

(iii) Since ki (i = 1, 2) is a TRIM point, the little group Mki

there can be generally expressed as

Mki = Gki + T Gki , (3)

where Gki is the corresponding crystallographic little group
and T 2 = 1. To realize a WP at ki, a necessary condition
is that Mki must have at least one single-valued irreducible
corepresentation with dimension 2.

Based on these conditions, we search through all the 230
SGs for nonmagnetic systems to screen out the candidates that
may host our proposed SP-WP state. Specifically, for each SG,
we check all its eight TRIM points in BZ, looking for those
satisfying the conditions (i)–(iii). Then, for the resulting ones,
we construct the k · p effective model corresponding to each
2D irreducible corepresentation in (iii), to verify whether it is
indeed a WP and (if so) to obtain its topological charge C. The
results are presented in Table I, in which we list the candidate
SGs, the possible locations of the WPs, and the corresponding
symmetry representation. This offers guidance to the search
and design of systems hosting a single pair of WPs.

We comment that our discussion applies to a wide range of
physical systems, including electrons in materials with weak
spin-orbit coupling, phonons in real materials, and various
classical waves in artificial systems (e.g., acoustic/photonic
crystals, electric circuit arrays, and mechanical networks). In
this work, we shall take phonons in two real materials as
examples.

III. EVEN TOPOLOGICAL CHARGE

Interestingly, we find that for a spinless nonmagnetic crys-
tal the topological charge C of a WP located at a TRIM point
must be even. This can be proved by contradiction. Assume
there is a WP with odd C at a TRIM point K. To be specific,
let us first consider C = 1. This means the Chern number is
unity for the 2D insulating spectrum defined on a small sphere
S2 centered at K. Then, we exert a perturbation on the system
(e.g., lattice strain) to break all the crystallographic symme-
tries of GK (which is always possible). Under the perturbation,
the WP continues to exist due to its topological stability, but its
position will deviate from the TRIM point K, as T alone (for
a spinless system) cannot pin any WP there. For weak enough
perturbation, the WP remains within the sphere S2, and C on
S2 should not change. Let us denote the WP’s position by
K + q, with q the small deviation. Then, under T , there must
be an extra C = 1 WP at K − q. This means that the C on
S2 must change its parity (jump from one to an even integer)
under an arbitrarily weak perturbation, which is impossible
[61]. The argument can be readily extended to any WP with
an odd C larger than 1.

Note that the maximal chiral charge for a WP stabilized
in a crystal is 4. Thus, according to the argument above, the
charge for the WPs in the SP-WP state can only be 2 or 4. This
is confirmed by the results in Table I. (Note that symmetry
can constrain the magnitude of the charge but not its sign at a
particular TRIM point).

The even WP charge determines that there are an even
number of Fermi arcs emanating from the projection of the
WP on a surface. Combined with two characters of the SP-WP
state, namely, the two WPs being at TRIM points and T being
preserved, it leads to a distinct feature of topological surface
modes: The surface zero modes would form closed and non-
contractible Fermi loops with a nontrivial winding topology
on the surface BZ torus. This is in contrast to conventional
Weyl semimetals, where the surface modes are of the typical
form of open Fermi arcs [6]. We shall elaborate more on this
point when discussing concrete examples below.
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TABLE I. The candidate space groups that can host SP-WP states. HSP denotes the high-symmetry point, where the WPs are located. PG
denotes the point group at the HSP. IRR stands for the irreducible (co)representation of the little group associated to the WPs. For SGs 75, 77,
89, and 93, the two WPs can locate at any two of the four TRIM points.

Species SGs (HSPs) PG IRR Example

Charge-2 WP 75 and 77 (�, M, Z, A); 76 (�, M); 78 (�, M); 79 and 80 (�, Z) C4 {R2, R4} TlBO2

89 and 93 (�, M, Z, A); 90, 94, 97, and 98 (�, Z); 91 and 95 (�, M) D4 R5

143–145 (�, A); 146 (�, Z) C3 {R2, R3} B3N3Cl6

149–154 (�, A); 155 (�, Z) D3 R3 KNiIO6

168 (�, A); 171–172 (�, A) C6 {R2, R6} or {R3, R5}
177 (�, A); 180–181 (�, A) D6 R5 or R6

Charge-4 WP 195 (�, R); 197 (�, H ) T {R2, R3}
199 (�, H ) T �: {R2, R3}, H : {R5, R6}

207 and 208 (�, R); 211 (�, H ) O R3

214 (�, H ) O �: R3, H : R6

IV. Example 1: TlBO2

The first example is phonons in a concrete material, TlBO2.
Phonons are naturally spinless particles. The crystal TlBO2

preserves T and belongs to SG 76 (P41) [62], one of the
candidates in Table I. Its crystal structure is illustrated in
Fig. 1(a).

According to Table I, SG 76 may host a single pair of
charge-2 WPs at � and M points. In Fig. 1(c), we plot the
phonon band structure for TlBO2 around 28 THz (the whole
spectrum can be found in Supplemental Material (SM) [63]).
One observes that there are indeed two WPs at the proposed
TRIM points, formed by the crossing of two phonon branches
No. 78 and No. 79, which are the only band degeneracies in
this energy interval [see the inset of Fig. 1(c)]. Around each
WP, the band splitting is linear along kz (c axis) and quadratic
in the kx-ky plane, consistent with its charge-2 character. The
derived k · p effective models for the two WPs are presented in

FIG. 1. (a) Crystal structure of TlBO2. (b) Bulk and surface BZs
of TlBO2. (c) Calculated phonon spectrum of TlBO2 along high-
symmetry paths. The inset shows the constant energy contour at
28.167 THz. (d) Distribution of Berry curvature in the kz = 0 plane,
which contains the two WPs.

SM [63]. We have verified that the point at � (M) has C = +2
(−2). This can also be visualized in the plot of Berry curvature
field in Fig. 1(d). One can see that the field is emitted from
the positive charge at � and absorbed by the negative charge
at M.

Next, we investigate the surface modes associated with the
SP-WP state in TlBO2. Let us consider the (001) surface. The
surface projections of the two bulk WPs are at �̄ and M̄, which
are also TRIM points of the surface BZ. Since each WP has a
chiral charge of 2, there must be two Fermi arcs connected to
its surface projection. Moreover, because the projected WPs
are sitting at TRIM points, the two arcs must be time-reversal
partners, i.e., under T operation, one arc is mapped to the
other. It follows that the surface zero modes may form the
patterns in Fig. 2(b) but not those in Fig. 2(a). This point
is confirmed by our calculation result in Figs. 2(d) and 2(e),
which shows the projected spectrum for TlBO2 on the (001)
surface.

Interestingly, the patterns in Figs. 2(b) and 2(e) represent a
noncontractible closed loop with a nontrivial winding around
BZ. To understand this, note that the surface BZ is a two-torus,
T 2 = S1 × S1. A closed loop on T 2 can be characterized by
the number of times it winds around each circle S1 (cor-
responding to the fundamental homotopy group [64]). The
surface Fermi loop in Fig. 2(e) winds around each S1 (i.e.,
each direction of the 2D BZ) once, which is schematically
illustrated in Fig. 2(c). Obviously, this winding pattern is
topological, in the sense that it is stable against perturba-
tions. This type of surface Fermi loops is distinct from the
open Fermi arcs for conventional Weyl semimetals [6]. Our
analysis shows that it is an important feature of the SP-WP
state.

V. Example 2: KNiIO6

Our second example is the phonons in KNiIO6. The mate-
rial belongs to SG 149 (P312) [65], and its lattice structure is
illustrated in Fig. 3(a).

In Fig. 3(c), we plot its phonon band structure around
15.4 THz, where a single pair of charge-2 WPs are found
at � and A points, consistent with Table I. Scanning through
the BZ confirms that these are the only degeneracies in this
energy interval. Our calculation shows that the point at � (A)
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FIG. 2. (a) Impossible and (b) possible patterns of surface zero
modes on the (001) surface of TlBO2. Red and blue points are the
surface projections of the two bulk WPs. (c) shows schematically
the noncontractible winding of the Fermi loop on the surface BZ
torus. (d) Projected spectrum on the (001) surface of TlBO2. (e) The
constant energy slice at 28.22 THz, as marked by the white dashed
line in (d).

carries C = +2 (−2). The corresponding Berry curvature field
distribution is shown in Fig. 4(a).

We find that the key features of the SP-WP state here can
be captured by a simple two-band lattice model defined on a

FIG. 3. (a) Crystal structure of KNiIO6. (b) Bulk and surface
BZs. (c) Calculated phonon spectrum of KNiIO6 along high-
symmetry paths. The inset shows the constant energy contour at
15.41 THz.

FIG. 4. (a) Distribution of Berry curvature in the ky = 0 plane.
The dashed line indicates the first BZ. (b) Schematic of the winding
pattern of the surface Fermi loop for KNiIO6’s side surface. (c) Pro-
jected spectrum on the (101̄0) surface. (d) The constant energy slice
at 15.41 THz, as marked by the white dashed line in (c).

trigonal lattice [63]:

H = t1 sin

√
3kx

2
sin

ky

2
σx

+
[

t2

(
2 cos

√
3kx

2
sin

ky

2
− sin ky

)
+ t3 sin kz

]
σy

− t1√
3

(
cos

√
3kx

2
cos

ky

2
− cos ky

)
σz, (4)

where the t’s are real hopping parameters, and σ ’s are Pauli
matrices corresponding to an orbital degree of freedom. This
simple model may serve as a starting point for investigating
the SP-WP state.

In Figs. 4(c) and 4(d), we plot the projected spectrum on
the (101̄0) surface of KNiIO6. Here, because the projected
WPs are at �̄ and Ā points, a similar argument shows that
surface zero modes must form a closed noncontractible Fermi
loop that winds around the surface BZ along only one direc-
tion, as illustrated in Fig. 4(b), which has a topology different
from that in Fig. 2(c).

VI. DISCUSSION

We have proposed the SP-WP state, a state with the min-
imal number of WPs, in nonmagnetic systems. As discussed,
such spinless systems are ubiquitous. For example, besides
phonons, materials with negligible spin-orbit coupling (like
carbon allotropes [66–68]) are promising to realize the SP-
WP state in the electronic band structure. Moreover, artificial
systems such as acoustic crystals [69–74] offer a highly flex-
ible platform to realize various spinless states. We expect
our proposed SP-WP state can be readily achieved in such
systems.
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The WPs in the SP-WP states are multicharged and sta-
bilized by crystalline symmetry. Under perturbations that
reduce the symmetry, they should generally split into mul-
tiple WPs with unit charge. Accordingly, the surface Fermi
loop will also split into open Fermi arcs (see Fig. S3 in
SM [63]).

The SP-WP state can manifest interesting observable ef-
fects. The predicted bulk WPs and noncontractible surface
Fermi loops can be readily imaged in spectroscopy exper-
iments [75–77]. For electronic systems, the state leads to
chiral Landau bands [18,26–28] and the chiral anomaly ef-
fect [18–25], which generate phenomena such as negative
longitudinal magnetoresistance [18,20], anomalous plasmons
[20,78], and large planar Hall effect [79,80]. Here, since the

two WPs are generally offset in energy, it naturally gives rise
to quantized circular photogalvanic effect [81]. For phononic
systems, the strong Berry curvature around WPs can lead
to enhanced phonon Hall effect under B effect [82] and the
phonon angular momentum Hall effect [83]. The extended
surface Fermi arcs may enhance thermal transport at the
surface, and can produce topological negative refraction for
surface phonons [71,84].
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