
PHYSICAL REVIEW B 106, 195112 (2022)

Antiferromagnetic fluctuations and dominant dxy-wave pairing symmetry
in nickelate-based superconductors
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Motivated by recent experimental studies on superconductivity found in nickelate-based materials, we study
the temperature dependence of the spin correlation and the superconducting pairing interaction within an
effective two-band Hubbard model by the quantum Monte Carlo method. Based on parameters extracted from
first-principles calculations, our intensive numerical results reveal that the pairing with a dxy-wave symmetry
firmly dominates over other pairings at low temperature, which is mainly determined by the Ni 3d orbital.
It is also found that the effective pairing interaction is enhanced as the on-site interaction increases, demon-
strating that the superconductivity is driven by strong electron-electron correlation. Even though the (π, π )
antiferromagnetic correlation could be enhanced by electronic interaction, there is no evidence for long-range
antiferromagnetic order exhibited in nickelate-based superconductors. Moreover, our results offer possible
evidence that the pure electron correlation may not account for the charge density wave state observed in
nickelates.
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I. INTRODUCTION

Understanding the mechanism of high-Tc superconductiv-
ity [1–7] and intertwining symmetry-breaking orders [8–10]
has always been a central issue in condensed matter physics.
Recently, the discovery of superconductivity in the family
of Sr-doped RNiO2 (R = Nd, La, Pr) [11–15] has attracted
great research interest, which may provide a new opportunity
for further understanding unconventional superconductivity
[16–25]. Among them, one essential object is to identify
the dominant superconducting pairing form, which remains
a major challenge of today’s studies on this family. In a
single-particle tunneling experiment on a Sr-doped NdNiO2

film surface, researchers detected singlet pairing, but they
could not distinguish whether it is an s wave, d wave, or
their mixture [26]. At present, some theoretical studies of
nickelate-based superconductors have been based on models
with one-orbital (Ni 3d) band structures that support these ma-
terials being captured by a one-band Hubbard model [27–29],
and they have revealed a dominant d-wave pairing in their
model [27,28]. However, others have proposed various possi-
bilities for multiband models [30–35]. The t-J-K model, which
considers the Kondo coupling, exhibits a transition between
the d wave and (d + is) wave of the dominant pairing at
large hole doping [36]. Research on the controversial pair
symmetry of nickelates is necessary both experimentally and
theoretically. From the theoretical viewpoint, using unbiased
numerical techniques is believed to be the only opportunity to
achieve this goal if the electronic correlation dominates in the
system.

*txma@bnu.edu.cn

Besides the superconductivity, the spin density wave
(SDW) [37–39] and charge density wave (CDW) [40–45],
which are observed in nickelates, also attract high attention
in quest of their origins. Previous theoretical works on density
functional theory (DFT) [46–50] have systematically studied
the characteristics of nickelate electronic structures. It is found
that there are both similarities and differences compared with
those of cuprates [31,33,48–53]. These results provide a cor-
nerstone to study the magnetism, superconductivity, and CDW
in the nickelate family. According to the DFT calculation of
RNiO2 [48–50], the two bands near EF mainly contributed to
its physical properties. One band, composed of Ni 3dx2−y2 and
O 2p orbitals, has a Zhang-Rice-singlet-like character, while
the contribution of oxygen in the nickelates is smaller than
that in cuprates, and the other band, composed of the R 5d
orbital, forms an important metallic electron pocket. These
two orbitals hybridize, forming a two-band system, where the
strongly correlated Ni layers play an important role [48–50].

To identify the superconducting pairing form of nickelate-
based materials, we perform a quantum Monte Carlo study
of the spin correlation and superconducting pairing interac-
tion in an effective two-band microscopic model based on
parameters extracted from first-principles calculations. From
the results of the Wannier orbitals [48,50], a two-band model
is constructed that contains two main bands near EF , and
this model also contains interorbital coupling between the
Ni 3d orbital and the R 5d orbital. The calculations of the
pairing correlation show that there exists an extensive d-
wave channel that firmly dominates over other pairings at
low temperature and the pairing channel is determined by
the Ni 3d orbital. For different fillings 〈n〉 = 1.0, 0.9, and
0.8, the (π, π ) antiferromagnetic (AFM) correlation and the
effective pairing interaction are both enhanced as the on-site
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interaction increases. Our unbiased calculations demonstrate
that the superconductivity and AFM correlation in nickelate-
based superconductors should be driven by electron-electron
correlation. Although the (π, π ) antiferromagnetic correla-
tion could be enhanced by electronic interaction, there is no
evidence for long-range antiferromagnetic order exhibited in
nickelate-based superconductors. Additionally, by consider-
ing the nearest-neighbor repulsion of the Ni 3d orbital, the
CDW state exhibits a q = (π, π ) pattern.

II. MODEL AND METHODS

In the two-band Hubbard model, the tight-binding part con-
tains intralayer hopping, interlayer hopping, and the strongly
correlated Ni layer. Therefore, the nickel-square lattice Hamil-
tonian can be written as

H = H1 + H2 + H3 + H4,

H1 = tNd-Ni
3

∑
iησ

[a†
iσ bi+ησ + H.c.],

H2 = tNd
1

[∑
iτ1σ

a†
iσ ai+τ1σ

]
+ tNd

2

[∑
iτ2σ

a†
iσ ai+τ2σ

]

+ tNd
3

[∑
iτ3σ

a†
iσ ai+τ3σ

]
,

H3 = tNi
1

[∑
iτ1σ

b†
iσ bi+τ1σ

]
+ tNi

2

[∑
iτ2σ

b†
iσ bi+τ2σ

]

+ tNi
3

[∑
iτ3σ

b†
iσ bi+τ3σ

]
,

H4 = U
∑

i

nbi↑nbi↓ + μ
∑

iσ

[(1 + �/μ)naiσ + nbiσ ]. (1)

Here, aiσ (a†
iσ ) annihilates (creates) electrons at site Ri

with spin σ (σ =↑,↓) on sublattice A, biσ (b†
iσ ) annihilates

(creates) electrons at site Ri with spin σ (σ =↑,↓) on sub-
lattice B, naiσ = a†

iσ aiσ , nbiσ = b†
iσ biσ , η = (±3x̂,±3ŷ), τ1 =

(±2x̂, 0) and (0,±2ŷ), τ2 = (±2x̂,±2ŷ), and τ3 = (±4x̂, 0)
and (0,±4ŷ). Our first-principles calculations give consis-
tent on-site energy and hopping parameters with previous
works [48–50]. For more details about our Wannier down-
folding of NdNiO2, please see Table II in the Appendix. For
simplicity and clarity, we mainly take the parameters from
Refs. [48–50] and list the hopping parameters of NdNiO2 that
we use in Table I at kz = 0, π/2 and π . From the analysis of
the first-principles calculations [48–50,54,55], � = �1 − �2

represents the on-site energy difference between the Nd 5d
orbital and the Ni 3d orbital. In the following calculations, we
mainly discuss the cases of kz = 0 and kz = π .

Our simulations are mainly performed on the lattice shown
in Fig. 1(a) of L = 8 (the total number of lattice sites is Ns =
2 × L2 = 128) by using the determinant quantum Monte
Carlo (DQMC) method at finite temperature with periodic
boundary conditions. The basic strategy of the DQMC method
is to express the partition function as high-dimensional in-
tegrals on a set of random auxiliary fields. Then, the Monte

TABLE I. Hopping parameters (in units of eV) for the tight
binding model from Refs. [48–50].

t kz = 0 kz = π/2 kz = π

tNd

�1 0.633 1.305 1.287
t1 −0.380 −0.028 0.444
t2 0.084 −0.090 −0.180
t3 0.003 0.027 0.051

tNi

�2 0.242 0.308 0.374
t1 −0.374 −0.374 −0.374
t2 0.094 0.094 0.094
t3 −0.043 −0.043 −0.043

tNd-Ni

t3 0.020 0.020 0.020

Carlo techniques complete the integral. In the simulations, we
use 3000 sweeps to equilibrate the system and an additional
10 000–40 000 sweeps to generate measurements. These mea-
surements were split into 10 bins and provided the basis of
coarse-grain averages. The errors were calculated based on
the standard deviation from the average. For more technical
details, please see Refs. [56–59], as well as information in the
Appendix.

As magnetic excitation possibly plays a significant role in
the superconductivity mechanism of electronic correlated sys-
tems, we investigate the spin susceptibility in the z direction
at zero frequency,

χ (q) =
∫ β

0
dτ

∑
d,d ′=a,b

∑
i,j

eiq·(id −jd ′ )〈mid (τ ) · mjd ′ (0)〉, (2)

where mia (τ ) = eHτ mia (0)e−Hτ with mia = a†
i↑ai↑ − a†

i↓ai↓
and mib = b†

i↑bi↑ − b†
i↓bi↓. To study the superconducting prop-

erty of nickelate-based superconductors, we calculated the
pairing susceptibility,

Pα = 1

Ns

∑
i,j

∫ β

0
dτ 〈�†

α (i, τ )�α (j, 0)〉, (3)

FIG. 1. (a) Here, red and white circles indicate different sublat-
tices, A and B. The nearest distance between B and B (or A and A) is
2. (b) The energy band along the high-symmetry line in the unfolded
Brillouin zone. Solid blue lines: kz = 0; dashed red lines: kz = π in
Table I.
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FIG. 2. Magnetic susceptibility χ (q) versus momentum q, (a) for
different U at 〈n〉 = 1.0, (b) for different fillings at U/t = 3.0 (where
t = |tNi

1 | = 0.374 eV) and kz = 0 on a 2 × 82 lattice, (c) for different
U at 〈n〉 = 1.0, (d) for different fillings at U/t = 3.0 and kz = π on
a 2 × 82 lattice.

where α denotes the pairing symmetry. Due to the constraint
of different on-site Hubbard interaction in two sublattices,
pairing between the same sublattices is favored, and the cor-
responding order parameter �†

α (i) is written as

�†
α (i) =

∑
l

f †
α (δl )(ai↑bi+δl ↓ − ai↓bi+δl ↑)†,

where fα (δl) stands for the form factor of the pairing function.
The vectors δl (l = 1, 2, 3, 4) represent the nearest inter-
sublattice connections, where δ is (±x̂,±ŷ), or the nearest
intrasublattice connections where δ′ is (±2x̂, 0) and (0,±2ŷ).

Furthermore, in order to explore the CDW state, we define
the density-density correlation function [60–62],

C(R) = 1

NsNR

∑
i

∑
|j−i|=R

〈(ni − 〈ni〉)(n j − 〈n j〉)〉. (4)

Here, ni and n j denote the electronic number operator at sites
Ri and Rj. R is the distance between site i and site j. The NR is
the total number of distance R. And its Fourier transform can
be written as

C(q) = 1

Ns

∑
R

eiqRC(R). (5)

III. RESULTS AND DISCUSSION

To study the magnetic correlations, we calculated the spin
susceptibility χ (q) in Fig. 2 at different U and fillings 〈n〉 at
temperature T/t = 1/10. In Fig. 2, one can notice that there
is a sharp peak at (π, π ), which indicates the domination of
AFM correlation at both kz = 0 and kz = π . In Figs. 2(a) and
2(c), we can see that the AFM correlation is enhanced as U
increases, which indicates that such an AFM correlation is
driven by strong electron-electron correlation. Figures 2(b)
and 2(d) show that the peak is enhanced at fillings 〈n〉 = 0.9
and 0.8, which indicates that the AFM correlation is promoted
when the system is doped away from half filling. Recently,
resonant inelastic x-ray scattering experiments have revealed

FIG. 3. (a) Pairing susceptibility Pα and (b) the effective pairing
interaction Pα-P̃α as a function of temperature for different pairing
symmetries at 〈n〉 = 1.0, U/t = 3.0, and kz = 0 on a 2 × 82 lattice.
(c) The effective pairing interaction Pα-P̃α as a function of temper-
ature for different pairing symmetries at 〈n〉 = 0.8, U/t = 3.0, and
kz = 0 on a 2 × 82 lattice, (d) at 〈n〉 = 1.0, U/t = 3.0, and kz = π

on a 2 × 82 lattice.

an AFM exchange interaction [38]. Our results here might
provide evidence for the AFM exchange couplings observed
in infinite-layer nickelates.

In Fig. 3(a), we show the temperature dependence of the
pairing susceptibilities for different pairing symmetries at
half filling with U/t = 3.0 at kz = 0. We can clearly observe
that the pairing susceptibilities for various pairing symme-
tries increase with decreasing temperature. Most strikingly,
dxy increases much faster than any other pairing symmetry as
the temperature is lowered. This indicates that the dxy pairing
symmetry is dominant over the other pairing symmetry at half
filling. Our further results also illustrate that the dxy pairing
symmetry is robust at different fillings and U .

The effective pairing interaction is a direct probe for the
superconductivity. To extract the effective pairing interaction,
the uncorrelated single-particle contribution P̃α (i, j) is cal-
culated, which is achieved by replacing 〈a†

i↓bj↑a†
i+δl ↓bj+δl′ ↑〉

in Eq. (3) with 〈a†
i↓bj↑〉〈a†

i+δl ↓bj+δl′ ↑〉, and then we get the

effective pairing interaction Pα-P̃α . In Figs. 3(b) and 3(c), it is
obvious that Pα-P̃α presents a very similar temperature depen-
dence to that of Pα at 〈n〉 = 1.0 or 〈n〉 = 0.8. Moreover, the
effective pairing interaction for dxy pairing is always positive
and increases much faster than any other pairing symmetry
at low temperatures. Such a temperature dependence shows
that there indeed exists attraction for the dxy pairing at kz = 0.
From Fig. 3(d), we can find that the dxy pairing symmetry
is also dominant at kz = π . Therefore, although hopping pa-
rameters tNd

i and the on-site energy difference � are changed
at different kz, the investigated magnetism and pairing inter-
action show identical physical results. In the following, we
mainly discuss hopping parameters at kz = 0 for simplicity.
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FIG. 4. (a) The effective pairing interaction Pdxy -P̃dxy as a func-
tion of temperature for different U at 〈n〉 = 1.0 and kz = 0 on a
2 × 82 lattice. (b) The effective pairing interaction Pdxy -P̃dxy and the
(π, π ) AFM correlation χ (π, π ) as a function of fillings at T/t =
1/10, U/t = 3.0, and kz = 0 on a 2 × 82 lattice.

Figure 4(a) shows the effective pairing interaction as a
function of temperature for the dxy wave at different U . We can
see that the effective pairing interaction of the dxy wave is en-
hanced with increasing U . For U/t = 1.0, the effective pairing
interaction Pdxy -P̃dxy is very small even in the low-temperature
region, which may be due to the small AFM structure of the
system in Fig. 2(a). For U/t = 3.0 and U/t = 5.0, remark-
ably, the effective pairing interaction Pdxy -P̃dxy tends to diverge
at low temperatures, and with increasing U , this divergence
tends to be promoted. This indicates that the dxy pairing su-
perconductivity should be driven by a strong electron-electron
correlation. In Fig. 4(b), we studied the filling dependence of
the effective pairing interaction Pdxy -P̃dxy and the (π, π ) AFM
correlation χ (π, π ) at T/t = 1/10, U/t = 3.0, and kz = 0.
Figure 4(b) indicates that the optimal electron filling is slightly
below 〈n〉 = 0.8, where the effective pairing interaction and
the AFM correlation is largest. Figures 2 and 4 show that the
increase in the peak at (π, π ) of spin susceptibility is corre-
lated with the promotion of the pairing susceptibility. This
directly confirms that the (π, π ) AFM fluctuations enhance
the dxy pairing.

From the above studies, we know that the system exhibits
local antiferromagnetism. To further explore whether there
is a long-range AFM order, we also calculate the AFM spin
structure factor,

SAFM = 1

Ns

〈[∑
r

(−1)r Ŝz
br

]2〉
. (6)

Here, Ŝz
br is the z component spin operator on the B sublattice.

When limNs→∞(SAFM/Ns) > 0, it indicates the onset of long-
range AFM order. In Fig. 5(a), we present the results of the
AFM spin structure factors as a function of β for different
interaction strengths U and lattice sizes L, which demonstrates
the spin structure factor is nearly saturated at β = 10. In-
teresting, SAFM decreases as the lattice size increases at low
temperatures, which indicates that there is no long-range AFM
order at U/t � 5.0 and 〈n〉 = 1.0. In Figs. 5(b) and 5(c), it is
shown that χ (q) has a very minor size dependency with lattice
sizes L = 10 and 12 at 〈n〉 = 1.0 or 〈n〉 = 0.8. Actually, it is
more difficult to exhibit long-range AFM order at 〈n〉 = 0.8,
since χ (q) decreases as the lattice size increases from L = 8
to 10. Different from the AFM spin structure factors, as that
shown in Fig. 5(d), the effective pairing interaction increases

FIG. 5. (a) The AFM spin structure factor SAFM depends on β =
1/T with different interaction strengths and lattice sizes at 〈n〉 = 1.0
and kz = 0. (b) Magnetic susceptibility χ (q) versus momentum q for
different lattice sizes at U/t = 3.0, T/t = 1/10, kz = 0 for 〈n〉 = 1.0
and (c) 〈n〉 = 0.8. (d) The effective pairing interaction Pdxy -P̃dxy as a
function of temperature for different lattice sizes at 〈n〉 = 0.8, U/t =
3.0, and kz = 0.

very fast as the temperature decreases, and has a potential to
diverge as the temperature is low enough. Moreover, Pdxy -P̃dxy

increases slightly as the system size increases. These two
facts, different from the magnetic order, indicate that the su-
perconducting order with dxy symmetry should survive even
at thermodynamic limit. Therefore, our numerical results re-
veal that the dxy-wave symmetry firmly dominates over other
pairings and the system may exhibit superconductivity as the
temperature is low enough. Two closely related theoretical
works by DMFT also report the absence of long-range AFM
order and its competition with superconductivity [63,64].

At last, to discuss the electron correlation effect on the
CDW state, we consider the nearest-neighbor repulsion of the
Ni 3d orbital in the Hamiltonian, which can be written as

HV = V
∑
i,τ1

nbinb(i+τ1 ). (7)

In Fig. 6(a), we can notice the density-density correlation
function C(R) develops a staggered pattern as the interaction
strength increases to V = 0.9t , which indicates the onset of
the CDW. Figure 6(b) shows that the peak of q = (π, π ) is
quickly enhanced at V = 0.9t , which also is a signal of the
CDW’s presence. Due to the serious sign problem at low
temperature or high interaction, we only display the tem-
perature effect at T/t = 1/4, 1/5, 1/6, and V = 0.9t in the
inset of Fig. 6(b) and can see a small enhancement of charge
correlations with decreasing temperature.

IV. SUMMARY

In summary, within an effective two-band model for
nickelate-based superconductors, we study the spin cor-
relation, the superconducting pairing interaction, and the
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FIG. 6. (a) The density-density correlations C(R) of Ni 3d orbital
as a function of distance R for different V at 〈n〉 = 1.0, U/t = 3.0,
and temperature T/t = 1/6 on a 2 × 122 lattice. Inset: The enlarged
C(R) for R � 4.0. (b) The density-density correlations C(q) versus
momentum q for different V at 〈n〉 = 1.0, U/t = 3.0, and T/t = 1/6
on a 2 × 122 or 2 × 82 lattice. Inset: C(q) versus momentum q for
different T at 〈n〉 = 1.0, U/t = 3.0, and V/t = 0.9 on a 2 × 122

lattice.

density-density correlation by using the unbiased numerical
techniques of DQMC. We identify that the dxy wave pair-
ing channel is dominant in nickelate-based superconductors,
which might support the recent London penetration depth
experiment [65]. Both the (π, π ) AFM and the pairings with
the dxy symmetry are enhanced with increasing electron-
electron correlation, especially in the low-temperature region.
Moreover, as the system is doped away from half filling, the
effective pairing interaction of dxy symmetry is also enhanced
and reaches maximum at 〈n〉 ≈ 0.8. Our results also indicate
that the system may not exhibit long-range AFM, which is
also not observed experimentally [37–39,66]. Although the
study of charge correlations does not display a wave vec-
tor q ≈ (0.333, 0), which has been observed in experiments
[41,42], this initial attempt reveals a more complex mecha-
nism should be established to illustrate the CDW phase in
nickelates [67]. In a further work, we simulate the effect
of symmetry breaking by modifying the periodic chemical
potential, which shows a different CDW pattern [68]. All in
all, our work shares exact numerical results to understand the
superconducting and symmetry-breaking orders of nickelate-
based materials.
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APPENDIX

In this Appendix, we present detailed information on hop-
ping parameters for our Wannier downfolding, the pairing
symmetries of the nickel square, correction of the Trotter
error, and the sign problem.

TABLE II. On-site energy and hopping parameters (eV) for two-
orbital Wannierization for NdNiO2 and LaNiO2.

i j k NdNiO2 LaNiO2

tNi
[i, j,k]

0 0 0 0.306385 0.284621
1 0 0 −0.377362 −0.380994
1 1 0 0.094731 0.095830
2 0 0 −0.049510 −0.049076
0 0 1 −0.027912 −0.032524
1 0 1 −0.001615 0.000423
1 1 1 0.008920 0.009345
0 0 2 0.001415 0.000151
0 0 3 −0.000053 0.001201

tNd/La
[i, j,k]

0 0 0 1.493987 1.219156
1 0 0 −0.02938 −0.068788
1 1 0 −0.157513 −0.087446
2 0 0 0.051356 0.021989
0 0 1 −0.293301 −0.048961
1 0 1 0.015698 −0.196251
1 1 1 0.004019 −0.005498
0 0 2 0.027121 −0.099677
0 0 3 0.006169 −0.003715

tNd/La-Ni
[i, j,k]

0 0 0 0.000151 −0.011252
1 0 0 −0.000239 0.009664
1 1 0 −0.000037 0.003106
2 0 0 0.020577 0.001579
0 0 1 −0.000157 −0.006010
1 0 1 −0.007317 0.008403
1 1 1 0.000070 0.006332
0 0 2 0.000102 −0.004345
0 0 3 −0.000040 −0.001681

1. Hopping parameters for our
Wannier downfolding

In consideration of the two-band model in our Hamil-
tonian, we chose orbital sets of Ni3dx2-y2 and Nd/La5dz2

in
Wannier downfolding calculations as implemented in Wan-
nier90 [69], which can reproduce the band structure near the
Fermi level accurately. The calculated hopping parameters for
two-orbital Wannierization are listed in Table II.

2. The pairing symmetries of the nickel square

We referenced four kinds of pairing forms from the iron-
square lattice [58], which are pictured in Fig. 7. These singlet

FIG. 7. Phase of the sxy, dxy, sx2+y2 , and dx2−y2 .
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FIG. 8. Influence of the imaginary time step �τ to the (π, π ) an-
tiferromagnetic correlation χ (π, π ) for different U at (a) T/t = 1/6,
kz = 0, (b) T/t = 1/10, kz = 0, (c) T/t = 1/6, kz = π , (d) T/t =
1/10, kz = π on a 2 × 82 lattice.

s-wave and d-wave pairings have the form factor

sxy-wave: fsxy (δ′
l ) = 1, l = 1, 2, 3, 4,

dxy-wave: fdxy (δ′
l ) = 1 [δ′

l = (±2x̂, 0)]

and fdxy (δ′
l ) = −1 [δ′

l = (0,±2ŷ)],

sx2+y2 -wave: fsx2+y2 (δ′
l ) = 1, l = 1, 2, 3, 4,

dx2−y2 -wave: fdx2−y2 (δ′
l ) = 1 [δ′

l = ±(−x̂, ŷ)]

and fdx2−y2 (δ′
l ) = −1 [δ′

l = ±(x̂, ŷ)]. (A1)

In experiment, by using scanning tunneling microscopy
[70] or high-resolution laser ARPES [71,72], there may be
a way to distinguish the dxy and dx2−y2 pairings.

3. Correction of the Trotter error

Since the operators HK (kinetic energy) and HU (potential
energy) do not commute, the DQMC algorithm employs the
Trotter-Suzuki decomposition to approximate the partition
function and then the imaginary-time propagator can be writ-
ten as

e−�τH ≈ e−�τHK e−�τHU . (A2)

In this process, we can correct systematic error by ex-
trapolating the results at different time steps to the �τ = 0

FIG. 9. Average sign 〈sign〉 as a function of nearest-neighbor
interaction V for different temperatures at 〈n〉 = 1.0, U/t = 3.0, and
kz = 0 on 2 × 122 or 2 × 82 lattice.

limit. In Fig. 8, we show an impact of the imaginary time
step �τ to the (π, π ) antiferromagnetic correlation χ (π, π ).
The figure indicates that, regardless of the interaction strength
and temperature, the χ (π, π ) is essentially identical within
the different time steps. Other observables can see a similar
behavior. As such, Trotter errors can be negligible at the �τ

value used in this paper.

4. The sign problem

For the finite-temperature DQMC method, the infamous
sign problem prevents accuracy of results for higher inter-
action, lower temperature, and larger lattice. Therefore, we
assess the average of sign carefully. In our simulations, the
pure on-site interaction does not make the sign-problem ter-
rible for different electron fillings even at low temperatures
(and 〈sign〉 ≈ 1). However, we found that the sign problem
became worse when we consider the nearest-neighbor re-
pulsion of the Ni 3d orbital to compute the charge density
wave (CDW) state. Figure 9 shows the effect of the nearest-
neighbor interaction and the temperature on the sign problem
with measurements of 10 000 times. We can notice that the
sign problem becomes worse with increasing interaction or
decreasing temperature. Our present results are reliable be-
cause the average sign is still larger than 0.50 for V = 0.9t ,
U/t = 3.0, and T/t = 1/6 on an L = 12 lattice. To keep the
same quality of data with 〈sign〉 ≈ 1, much longer measure-
ments are essential to compensate the fluctuations. In fact,
the measurements should be enlarged by a factor on the or-
der of 〈sign〉−2 [56,73]. In our simulations, we have made
measurement of more than 40 000 times for some results.
Therefore, the results with the current Monte Carlo parameters
are reliable.
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