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Heat capacity double transitions in time-reversal symmetry broken superconductors

Henrik S. Rgising®,"" Glenn Wagner ©,> Merce Roig ®,! Astrid T. Rgmer,"* and Brian M. Andersen®'

' Niels Bohr Institute, University of Copenhagen, DK-2200 Copenhagen, Denmark
2Department of Physics, University of Zurich, Winterthurerstrasse 190, 8057 Zurich, Switzerland
3Danish Fundamental Metrology, Kogle Allé 5, 2970 Hprsholm, Denmark

® (Received 14 September 2022; accepted 14 November 2022; published 29 November 2022)

Standard superconductors display a ubiquitous discontinuous jump in the electronic specific heat at the
critical superconducting transition temperature. In a growing class of unconventional superconductors, however,
a second order parameter component may get stabilized and produce a second heat capacity jump at a lower
temperature, typically associated with the spontaneous breaking of time-reversal symmetry. The splitting of
the two specific heat discontinuities can be controlled by external perturbations such as chemical substitution,
hydrostatic pressure, or uniaxial strain. We develop a theoretical quantitative multiband framework to determine
the ratio of the heat capacity jumps, given the band structure and the order parameter momentum structure.
We discuss the conditions of the gap profile which determine the amplitude of the second jump. We apply our
formalism to the case of Sr,RuQ,, and using the gap functions from a microscopic random phase approximation
calculation, we show that recently proposed accidentally degenerate order parameters may exhibit a strongly
suppressed second heat capacity jump. We discuss the origin of this result and consider also the role of spatial
inhomogeneity on the specific heat. Our results provide a possible explanation of why a second heat capacity

jump has so far evaded experimental detection in Sr,RuQj,.

DOLI: 10.1103/PhysRevB.106.174518

I. INTRODUCTION

A growing number of superconductors realize multicom-
ponent condensates, some with clear evidence for sponta-
neous time-reversal symmetry breaking (TRSB) below the
critical superconducting transition temperature 7. [1]. Such
states of matter exhibit persistent supercurrents at mate-
rial edges, dislocations, or around nonmagnetic defect sites
[2,3]. The term “multicomponent” refers to real or complex
superpositions of two allowed symmetry-distinct pairing sym-
metries. An important bulk thermodynamic probe which can
determine the associated phase transitions is specific heat
measurements. Possible multicomponent superconductors of
current interest include several uranium-based materials UPt;
[4,5], UTe;, [6,7], URu,Si; [8,9], but also compounds like
Sr,RuOy4 [10,11], Ba;_ K, Fe,As, [12,13], LaNiC, [14], and
PrOs4Sby, [15,16]. Here, particularly UPt; is known to
exhibit a clear double transition possibly into an exotic low-
temperature spin-triplet f 4 if superconducting state [5]. At
present, the nature of superconductivity in UTe, and Sr,RuQO4
is controversial and of high interest to the community. In
this respect, the recent discovery of a large Knight shift
suppression [17,18] in the superconducting state of Sr,RuO4
has ignited tremendous renewed interest in the exploration
of the superconducting state of this material. Cooper pairing
in Sr,RuQy is not of predominant spin-triplet character, but
rather of the spin-singlet form. The stakes are significant, not
just because of a desire to explain superconductivity in this
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particular compound, but also because it challenges our abil-
ity to experimentally determine, and theoretically describe,
unconventional superconductivity arising from many-body in-
stabilities in Fermi liquids. At present, it is unclear whether
the standard framework for unconventional superconductivity
in terms of repulsive short-range Coulomb interactions prop-
erly captures the pairing structure of Sr,RuQy. The theoretical
description is complicated by a large spin-orbit coupling and a
multiband (multiorbital) Fermi surface, which likely supports
several near-degenerate symmetry-distinct superconducting
phases [19-23].

The current status of superconductivity in Sr,RuQ4 can be
condensed into the following open question: what nodal spin-
singlet time-reversal symmetry breaking superconducting
multicomponent order parameter, whose product transforms
as By, is realized below 7.? As mentioned above, nu-
clear magnetic resonance dictates a condensate of primarily
spin-singlet nature, implying even-parity Cooper pairs. Spec-
troscopic probes [24,25], specific heat [26,27], and thermal
conductivity measurements [28] are consistent with nodal
quasiparticle excitations. Optical Kerr rotation measurements
[29] and muon spin relaxation (uSR) [30] find evidence for
TRSB below 7., and ultrasound experiments also point to
multicomponent condensates [31,32]. Specifically, the pres-
ence of a discontinuity in the shear elastic modulus cg¢ (the
B, channel) at 7, seems only consistent with situations where
the product of the two involved order parameters transforms
as the By, irreducible representation (irrep) of the point group
Dy, relevant for Sr,RuQO,4 [31,32]. Thus at face value these
constraints allow only dy; + idy, [33,34], s’ + id,, [23,35],
and dyo_y2 + igyyn2—y2) [36,37] orders. (We denote by s" an
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order parameter with a nodal spectrum and A;, symmetry. We
note that nodal quasiparticles for the 5" 4 id,, scenario require
matching of accidental nodes for the two components.) Of
these candidates the former is attractive due to its inherent 2D
irrep character, but appears unlikely from its nodal properties
and 3D nature [20,38]. In addition, d,, + id,, implies a cou-
pling to the (ci1 — c12)/2 (Big) shear channel, which has not
been observed. On the other hand, the latter two candidates
currently appear consistent with all the recent developments
summarized above, but require fortuitous degeneracy between
s"and d,y, or d2_,» and g,y,2_2) pairing symmetries.

For all these mentioned multicomponent pairing candi-
dates, however, there is an important “fly in the ointment”
that needs to be addressed. Specific heat measurements under
uniaxial pressure up to around 0.6 GPa detect only a single
phase transition even as the leading 7. rises from 1.5t0 3.5 K
[27]. This points to a superconducting phase consisting of
a single order parameter. Nevertheless, pursuing the multi-
component candidates further, the naive expectation of such
a symmetry-breaking perturbation would be a split transition
with two associated distinguishable peaks in the specific heat
versus temperature. Indeed this particular issue has given rise
to alternative scenarios for Sr,RuQOy4 based on inhomogeneous
phases with secondary order parameter components stabilized
only near edge dislocations of the crystal structure [37]. Alter-
natively, the second transition may simply be very weak and
so far indiscernable experimentally. According to Ref. [27],
this requires that the second transition be less than ~5% of the
primary phase transition discontinuity. Previous theoretical
investigations of the size of the second specific heat jump
were reported in Ref. [39] where a microscopically derived
Ginzburg-Landau approach was taken to numerically explore
the specific heat of mainly a d,>_> + ig,y>—y2) solution in the
unstrained case.

Here, we perform a general theoretical investigation of the
specific heat transition of double-component superconducting
phase transitions, and identify the key conditions determin-
ing the ratio of the amplitudes of the specific heat jumps at
the two transition temperatures. This study is of relevance
to all TRSB two-component superconducting phase transi-
tions. In addition, we compute the specific heat explicitly
from recent microscopically obtained s" + id,, and d>_,» +
igxy(x>—y2) Superconducting orders specific to Sr;RuQy, and
consider the effects of uniaxial strain and spatial inhomogene-
ity. We discuss the results in light of the recent specific heat
measurements on Sr,RuQy, and conclude that the fortuitously
degenerate superconducting candidate orders obtained from
realistic material-specific models are consistent with currently
available specific heat data.

The paper is organized as follows. In Sec. II we derive the
ratio of the heat capacity jumps for a general two-component
order parameter. The result is explored within a microscopic
Ginzburg-Landau framework, and with a numerical demon-
stration in a simple one-band model. In Sec. III we apply
our formalism to the case of Sr,RuQO,4 by calculating the heat
capacity for two recently proposed order parameter candi-
dates as a function of uniaxial in-plane strain. In Sec. IV
we discuss a series of other putative time-reversal symme-
try broken superconductors with possible double transitions
in light of our results at the qualitative level. The paper is
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FIG. 1. Sketch of the order parameter temperature dependence,
where A(T, p) = Ao(T)[f2(p) + iX(T)f»(p)]. When the two com-
ponents have critical temperatures 7, := T, and T, repulsion leads
to the onset of the second component at Trrsg < 7.2, for which time-
reversal symmetry is broken (blue line). Due to repulsion Ay(T")
(green line) becomes nonanalytic at Trrsg. The nonanalyticity leads
to a reduction of the second heat capacity jump.

concluded in Sec. V. In Appendix A we provide details of
the derivation of the heat capacity in multiband supercon-
ductors. Appendix B includes a self-contained derivation of
the microscopic Ginzburg-Landau approach. In Appendix C
we list the three-band tight-binding model of Sr,RuO4 and
its strain parametrization, and in Appendix D we provide
supplementary heat capacity plots for Sr,RuQy.

II. HEAT CAPACITY OF MULTICOMPONENT
SUPERCONDUCTORS

We consider a two-component order parameter with a
general temperature dependence, as parametrized by the two
functions Ay(7T") and X (T):

A(T, p) = Ao(T)Lfu(p) + iX(T) fp(p)]. ey

Here, a and b are symmetry labels denoting two differ-
ent one-dimensional irreducible representations (irreps) of
the appropriate point group. The order parameter is in
general multiband; a band index has been left implicit
in the above ansatz. The form factors are normalized as
maxpers | fa/p(p)| = 1.

In the current scenario where the two components of
the condensate belong to different irreps, the temperatures
at which Ag(T) and X(T) onset, which we denote by T
and Trrsg, respectively, are generally different. Generically,
recondensation at Trrsg makes Ao (7)) nonanalytic at this tem-
perature, which has important consequences for the second
specific heat jump that we address in detail in the following.
Sketches of the temperature dependencies of Ay and X are
shown in Fig. 1.

A. The heat capacity discontinuities

The heat capacity of a superconductor, C(T') = T9S/9T,
is derived from the entropy of the free Fermi gas [40] (see
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also Appendix A for a detailed derivation)

= -2 Z[I’lp [E,,'(k)] Inng [E,u,(k)]

.k
+ (1 = nplE, (k)] In(1 — npE,(K)D], (2)

where np(E) denotes the Fermi function and E, (k) is the
quasiparticle excitation energy of band p at momentum k. As
the electrons condense into Cooper pairs, both at the primary
(T,) and the secondary (Ttrsp) transitions, there is an associ-
ated reduction of entropy that results in a discontinuous jump
in the heat capacity. We define the heat capacity jumps as the
change in value across the respective transitions, ACsc/T, =
[limy_7- C(T) — limy_ 7+ C(T)]/T. and ACrgrsg/TrrsB ‘=
[limT_)TTiSB C(T)— limT_)TT+RSB C(T)]/Trrsp. It is a straight-
forward task to calculate the ratio of the two jumps in the
thermodynamic limit, which we denote by 7, starting from
Eq. (2) and using the general order parameter ansatz of
Eq. (1). We provide the details of this calculation in Ap-
pendix A and summarize the main result here. When 7 is
expressed as a Fermi surface average, the final result reads

_ ACrrsp/TrrsB
~ ACsc/T.
_ L [ (Ifa(p)PZLz(p)])es (|fb(P)|ZI[Z(p)]>FSi|
TrrsB (Ifa@)?)rs (Ifa(P)*)Fs '
3)

This result comes about as two terms are picked up in the
evaluation of ACrrsg/Ttrsp Since generally the temperature
dependencies of both order parameter components, A%(T)
and A%(T)X 2(T), are nonanalytic at Ttgrsp, as caused by terms
in the free energy that couple the two components. Formally,
the nonanalyticity is expressed via

A = O(Ay, Trrse)/Q(Ao, Tp), “4)

B = O(AoX, Trrse)/Q(Ao, T), )
9a%(T d20g°(T

0(g. Ty = tim 250 _ AR
T—T, 71+ 0T

Finally, in Eq. (3) we introduced the dimensionless
integral Z(z) := fooo du cosh™2(vVu? +z%) with z(p) =
AolTrese) fa(p) and the Fermi surface averages are evaluated

2TTR§B ;
=, fs (2ﬂ)d o (k), with v, (k) = |V&, (k)| being
the Ferml velocity of band u.

In the particular case of Ag(7) being analytic at
Trrs, we see that A=0. In the BCS-like case of
Ao(T) = Dou(1 = T/T)'?  and  X(T) = Agp/Aoal(1 —
T /Trrsg)/(1 — T/T.)]1"/* we recover the result of Ref. [36],
ie.,

T. \2( A\’ 27
no=( )(ﬁ) (HMI"Lz(P)])Fs o

Aoq (Ifa@)*)rs

We stress that when the two order parameter components
repel, the resulting nonanalyticity of A (T) suppresses the
second heat capacity jump, with the conditions for an observ-
able second transition being quantitatively dictated by Eq. (3).

TtrsB

B. Ginzburg-Landau theory

To shed light on the heat capacity jump ratio in Eq. (3),
which involves the temperature dependence of the two order
parameter components, and to facilitate a calculation of the
coefficients A and B, we turn to a microscopic Ginzburg-
Landau theory building on seminal work by Gor’kov [41].
For a multicomponent order parameter we derive the gen-
eral quartic-order free energy in the superconducting phase
in Appendix B, with further details given in Ref. [39]. In
the two-component case of Eq. (1), when explicitly including
band indices u, the free energy takes the form

AF = AY(T)[a(T, To1) + ap(T, T.2)X*(T)]
+ AYTDBa + 2BaX*(T) + BXH T, (8)

where

| tanh [£,,(p)/(2T)]
oI Ie) = VZ/(M/( 2, (p)

_ tanh [§,(p)/(2T.)]
2%‘#(17)

Zm [ GG @/ TP, (10)

)f_,-i(p), ©9)

= ;Tj / Wh@(p)/nl)ff,t<p>f§,i<p>, (1

with V being the reciprocal space volume, j =a, b, and
h(x) > 0 is sharply peaked around x = 0 for low tempera-
tures and is given in Eq. (B12). Above, we asserted that f,
condenses at T,y and f}, at Ty;.

The free energy is minimized over Ao(7T) and X (T ), and
in Appendix B 2 we show that this results directly in 7, = T,
and Trrsg = Trrse(Te1, I2) < T2 (equality when B, = 0).
Since the temperature dependence of the quartic order is weak
and not a leading-order effect, we evaluate the 8’s at T = T..
When further using o (T, T;.;) = a?(T/TCj — 1) with a? >0,
which holds close to the respective transition temperatures, we
find that the Ginzburg-Landau solution yields

o T,
= #[ﬁab o T ﬁa} (12)
Ba a) T,
IBa,Bb ﬂ |:(X TTRSBIBJ_IBab:|, (13)

for the coefficients in Eq. (3). Owing to Holder’s inequality it
follows that 8,8, — ,Bazb > 0. Moreover, since By, B, = 0, we
conclude that A < 0 and that B in principle can take both signs
but is only physically relevant in the positive-semidefinite
regime to yield an overall positive 7.

It is worth noting that the free energy of Eq. (8), derived in
the case where the two order parameter components belong to
different one-dimensional irreps of Dy, still holds under uni-
axial in-plane strain where the crystal symmetries are reduced,
D, — D, (note that D, only permits one-dimensional irreps);
cf. Ref. [42]. Strain modifies both the band structure &, and
the form factors f,,(p), but as long as the form factors are
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labeled appropriately by the irreps of the symmetry-reduced
point group D, the coefficients in Egs. (9)—(11) still apply.

C. Parameters controlling the magnitude of the second jump

The expression of Eq. (3), along with the Ginzburg-Landau
result of Egs. (12) and (13), reveals the key knobs that dictate
the size of the second heat capacity jump.

First, n is generally highly sensitive to the order of which
the order parameter components onset. Intuitively, the more of
the Fermi surface that is gapped out by the primary component
(at T;), or correspondingly the fewer the quasiparticles left to
be gapped out by the secondary component (at Ttrsg), the
smaller the second jump. This can be inferred directly from
Eq. (3) by the fact that (| f,(p)|?)rs appears in the denomina-
tors, so the order of the components is decisive for the size
of n.

Second, 7 is suppressed in cases where the two compo-
nents share momentum structure over the Fermi surface. This
can be seen from the behavior of the dimensionless integral
appearing in Eq. (3), Z(z) ~ exp[—7¢(3)z*/m?] [accurate to
0(z%)]. The second and dominant term in Eq. (3) is therefore
approximately proportional to (|f,(p)I? expl—c| £ (p)*])rs.
where c is a positive constant. This expression will be small
if, for a given momentum on the Fermi surface, |f,(k)| is
maximal (minimal) where | f, (k)| is maximal (minimal). Con-
sequentially, if the two components have a similar momentum
structure over the Fermi surface, the second heat capacity
jump is suppressed. In cases where the Fermi velocity is
anisotropic, the regions with minimal velocity (particularly
in the vicinity of van Hove points) will dominate the Fermi
surface average and dictate where a matching momentum
structure is decisive to get a suppressed second jump. We
note that this criterion of a matching momentum structure is
generally not limited to nodal regions, which is commonly
accepted, but applies in principle to the entire Fermi surface.

Third, but indirectly related to the second point, increasing
the repulsion between the components reduces the second
jump. The repulsion is controlled by B,,, which A [in Eq. (12)]
is directly proportional to. This is related to the second point
because B, is maximized when the components f,(p) and
Jf»(p) share momentum structure. Technically, the closer one
is to saturating Holder’s inequality 82, < B/, the smaller the
second jump.

Since a and b label different one-dimensional irreps both
symmetry-breaking and symmetry-preserving perturbations
(with respect to the point group), commonly labeled €, will
a priori cause a splitting of T, and Tyrsp since 97;/0¢ #

dT.,/0€ generally, and the ratio T./Ttrsp largely controls

L %0 Egs. (12) and (13) tell us that

n. In the limit 5
b Fa

T
n o (T./Trrss)*-

Experimentally, natural symmetry-preserving perturba-
tions to consider include, e.g., disorder, impurity doping [43],
and hydrostatic pressure. In the case of Sr,RuQO4, La sub-
stitution of Sr, taking the effective role of added disorder
[44], and moderate hydrostatic pressure were applied, both
resulting in no detectable temperature splitting [45]. In this
case, it would also be of interest to see the result of Co and
Mn substitution of Ru since this has been shown to enhance

ferromagnetic and antiferromagnetic fluctuations, respec-
tively [46,47]. Symmetry-breaking perturbations of experi-
mental relevance include strain, which fundamentally decom-
poses into five types in the case of Dy: two compressional
modes preserve the crystal symmetries, and three shear modes
reduce the crystal symmetries [31]. In Sr,RuQOy, the (strikingly
different) effects of both symmetry-breaking (100) strain
[48] and symmetry-preserving (001) strain [49] have been
studied.

D. Demonstration: Circular Fermi surface

In this section we demonstrate the basic principles
stated in Sec. IIC for controlling the size of the second
specific heat jump by calculating the heat capacity dis-
continuity from Eq. (3) in the simplest case of a circular
Fermi surface with Ag(T) = Ao, (1 — T/T.)'/? and X(T) =
Aop/Aoal(1 — T /Trrsp)/(1 — T/TC)]I/Z. The circular Fermi
surface emerges, for example, on the square lattice with
nearest-neighbor hopping, & (k) = —2t(cos k, + cosk,) — u,
in the low-filling limit p ~ —4: k} +k; = kz, with kp =
&+ o/t [50]. In this case the Fermi velocity, Fermi surface
area, and density of states simplify to vp = 2tkg, |S| = 2wkp,
and py = krp/(4mt), respectively. The Fermi surface averages
reduce to (f)ps = ﬁ 02” do f(6), where 0 is the polar
angle.

We consider a perturbation € that causes a splitting of
T, and Ttrsg. In the unperturbed case we assume that the
two temperatures Tce=0 ~ TTERZS% such that the splitting can
be meaningfully expanded in the small quantity y:=1—
Trrsp/ TS We further assume, as is standard, that the mag-
nitudes of the order parameter components scale with the
respective temperatures, i.e., Ag, = Af;OTj /T~ and AG, =
ASZTOTT‘RSB /Ty Consequentially, we find that 7 to leading
order in y is given by

=0\ 2 2
n = (AOb ) (1o )Fs [1 .

7;(3)( AEO )2

A ) (1@ P)rs 72 \ 270
(£ (O)P1fo®)P)s , }

067 |- 14

TR (14)

To obtain the above expression we made use of the small
argument expansion of the dimensionless integral, Z(z); see
Appendix A 2. Notably, we see that the O(y) correction is neg-
ative semidefinite under the above conditions, so the leading
effect of, e.g., uniaxial in-plane strain (¢ = ¢&,,) is a reduction
of the second heat capacity jump.

From here it is a simple task to calculate the ra-
tios of Fermi surface averages appearing in Eq. (14)
for, e.g., any harmonic of the one-dimensional D, irreps,
ie., f17(0) = cos(nd), f"(0) = sin([4n + 410), f3"(©0) =
cos([4n +210), f5(9) = sin([4n + 219). Focusing on the
fundamental harmonic n = 0 we see that (| f;°>(9)|2>Fs =
= ﬁ for a=A,, {A;, By, By}, respectively. Thus, the
strongest suppression of the second jump at y = 0 occurs for
a = A, (fully gapped s wave) and b € {A3, By, B2} (8cy(x2—y2)>
dy_y», and d,,, respectively). The largest O(y) corrections
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occur when the nodes are maximally shifted, e.g., for a = B;
and b = B,. The O(y) correction is minimal when the nodes
are perfectly matching, e.g., fora = b = B.

E. Demonstration: Numerical evaluation

To further illustrate the points made in the preceding sec-
tions, we calculate the heat capacity numerically in the case of
the simple square lattice. We fix the nearest-neighbor hopping
to + = 100 meV, the electronic filling to (n) = 0.6, and con-
sider the critical temperatures 7,; = 1.5 K and T, = 1.2 K.
For the order parameters, we consider the cases s -+ id,,
and dy>_yp +igy2—y2), and we employ the leading lattice
harmonics for the individual components. As for the tem-
perature dependence we use Ay(7T) and X(T') as derived in
Appendix B2 with Ginzburg-Landau parameters o) = o) =
30 meV~! and B, = B, = 1 meV~ fixed for simplicity. Fix-
ing these parameters is done for illustrational purposes and to
highlight the role of 8.

The results clearly confirm the two key points of Sec. II C:
the second jump is suppressed if the least nodal component
onsets first, and turning on B, reduces the second jump
further. In the s+ id,, case of Fig. 2(a), the second jump
is strongly suppressed with B,, = 0.28,, and it is practically
unresolvable under the same conditions for d,2_y2» + ig,y2—y2)
in Fig. 2(b). Note that for the order parameter components
considered here the low-temperature tail is different for the
two scenarios: since s 4+ id is fully gapped, C(T)/T is ex-
ponentially suppressed below the full gap, whereas d + ig
has symmetry-imposed line nodes along the zone diagonal,
making C(T)/T ~ T at low temperatures.

III. CASE STUDY: Sr,RuO,4

Combined heat capacity and muon spin relaxation (uSR)
measurements have demonstrated that the onset of super-
conductivity and TRSB split under uniaxial (100) strain in
Sr,RuO4 (SRO) [51]. If this splitting is directly linked to
the splitting of the critical temperatures of two uniform or-
der parameter components, one generically expects a second
heat capacity jump at the lower temperature scale, i.e., the
onset of TRSB. However, despite intensive efforts from high-
resolution heat capacity measurements resolved under strain,
no second transition is observed [27]. While the absence of
a second jump possibly is caused by smearing at zero strain
if the two temperatures are finely tuned [39], a second jump
should in principle be resolvable under finite (100) strain. This
conundrum is arguably one of the major outstanding puzzles
regarding the superconducting state in SrpRuQy.

Within recent spin-fluctuation based calculations for super-
conductivity in SrpRuQy, it was demonstrated that including
longer-range Coulomb interactions in the random phase ap-
proximation (RPA) renormalized susceptibility can result in
a close competition between s’ and d,, solutions to the
linearized gap equation, making an s’ + id,, order parame-
ter a microscopically viable candidate order parameter for
Sr,RuOy4 [35]. At face value, both accidentally degenerate
possibilities 5" + id,, and d,>_y» + igy2—y2) appear consis-
tent with the breaking of time-reversal symmetry [29,30]
with absence of edge currents [23,52], as well as nuclear

— s+idy,

5+ idyy
Bap = 0.2,

— dyy +is

T
7N\
<0 dxy
= 0 ™
ke
3 —~ .
d = dp_p + iy 2p)
< 0 ( ,7;2,1/2) d127y2 + Z‘gl,y(lvgiyz)
Q 2 ~ ﬂab = O-Q/BH
é ” = Gay(a2—y?) + id:l:z—;tjz
-~
S
S 1
0 \ /
0.0 0.5 1.0 |
T/T(;l -7[ T 0 ™
ke

FIG. 2. Heat capacity for s+ id,, [panel (a)] and d>_,» +
ig.yx2—y2) [panel (b)] order parameters per temperature per normal-
state value in a one-band model. We consider the square lattice
with nearest-neighbor hopping ¢ = 100 meV at filling (n) = 0.6,
with critical temperatures 7.1 = 1.5 K, 7, = 1.2 K, and Ginzburg-
Landau parameters fixed to o) = o) =30 meV™" and B, = B, =
1 meV 3. We take S, = 0 (blue curves), B, = 0.2, (green curves),
and the opposite order of both components with 8., = 0 (red curves),
using the fundamental harmonic order parameters shown in the
insets.

magnetic resonance [17,18], acoustic attenuation [31,32],
scanning tunneling microscopy [25,53], and heat conductivity
measurements [28]. However, it should be noted that several
outstanding questions remain on how such accidentally de-
generate pairing condensates relate to phase sensitive junction
experiments [54-56], indirect observations of half-quantum
vortices [57,58], and field-angle-dependent specific heat [59].
In addition, accidentally degenerate pairing states face the
challenge to explain the missing second specific heat jump,
as discussed above. It is this latter question that we further
pursue here.

A. Band structure, order parameters, and transition
temperatures

For the band structure we employ a 2D three-band tight-
binding model describing the 1, orbitals of the Ru atoms
consistent with angular resolved photoemission spectroscopy
(ARPES) measurements [60]. Uniaxial (100) strain is mod-
eled by linear distortions, quantified by a dimensionless
parameter p, of the hopping parameters using the experimen-
tally determined Poisson’s ratio [61,62]. In Fig. 3 we show
the Fermi surface obtained from the tight-binding model, with
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-— Y
— Tz
yz

p=—0.075
0.0 /3 2m /3 0.0 /3 27 /3 T
k k

T T

FIG. 3. Fermi surface from the three-band tight-binding model
for Sr,RuQ, described in Appendix C. Left panel: Unstained case,
and right panel: uniaxial (100) strain just below the Lifshitz transition
on the y band. The bands have been color coded by their Ru #,,
orbital content.

details listed in Appendix C. The left panel displays the un-
strained band structure (p = 0), and the right panel shows the
band structure subject to uniaxial (100) strain (p = —0.075)
close to the van Hove point at which the y band undergoes a
Lifshitz transition.

As demonstrated in Ref. [35], for the parameter choice
U =100 meV (on-site Hubbard), J/U = 0.1 (Hund’s cou-
pling), and V/U = 0.2 (nearest-neighbor Hubbard), an s’ +
id,, solution can be stabilized as a function of V’/U, where
V'’ is the next-nearest-neighbor interaction. In Fig. 4 we show
the leading and nearly degenerate s” and d,, solutions at zero
and finite (p = —0.05) uniaxial (100) strain for V' = 0. The
two components share momentum structure on large portions
of the Fermi surface, and the combination s’ + id,, has a
near-node on the y band that persists to finite strains; the
position appears well correlated with where the orbital con-
tent changes from being dominated by dy, to dy;. [35].
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FIG. 4. Leading even-parity order parameters (labeled s’ and d,,
at p = 0) belonging to irreducible representations A; and B; of the
point group D, at zero and finite (100) uniaxial strain from the RPA
calculations of Ref. [35]. The interaction parameters were setto U =
100 meV, J/U = 0.1,and V/U = 0.2.
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FIG. 5. Next-to-leading even-parity order parameters (labeled
da_y and g, 2_,2) at p=0) belonging to irreducible represen-
tations A; and B; of the point group D, at zero and finite (100)
uniaxial strain from the RPA calculations of Ref. [35] and for the

same interaction parameters as in Fig. 4.

Similarly, in Fig. 5 we show the next-to-leading order parame-
ters (d,2_y»> and gyy2_2)) for the same interaction parameters.
The next-to-leading orders share, by symmetry, a common
node along the zone diagonals k, = &k, in the unstrained
case. This common node is lifted at finite in-plane strain.
Supplementary plots of the order parameters are provided in
Appendix D.

As mentioned above, combined heat capacity and uSR
measurements have demonstrated that the onset of super-
conductivity and TRSB split under uniaxial (100) strain in
SrpRuQy [51]. Theoretically, this result has been described
as a strain-induced splitting of the leading superconduct-
ing instabilities [62]. In Fig. 6 we show the experimentally

— T, fit
3.0 ® T.exp
-==- Trgsp fit
95 TrRrsB exp.
=2
&~ 2.0
1.51
1.0 . . . .
—0.06 —0.04 —0.02 0.00
p

FIG. 6. Split transition temperatures as a function of the di-
mensionless uniaxial (100) strain parameter p, as measured with
combined heat capacity (teal diamonds) and «SR (blue circles) from
Ref. [51]. Gray lines are quadratic fits to the data points, used to
parametrize 7.(p) and Trrsp(p) as used in the calculations. The
light blue and red colored bands indicate transition widths of o =
100 mK; cf. the simulated smearing in Fig. 7.
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FIG. 7. Heat capacity per temperature and normal-state value for the (left column) s" + id,, and (right column) d,2_,2 + ig,2_,2, order
parameters from Ref. [35]. Panels (a) and (b): The unstrained case. We use (blue lines) the order parameters from Figs. 4 and 5 with Ay(7") and
X (T) (insets) that minimize the free energy of Eq. (8). The experimental data from Refs. [27,63] is plotted alongside. The black dashed line
shows the result for a single-component d,2_2-wave order parameter, A, (p) = A, (cos p, — cos py) with A, /A, = 0.55and Ag/A, = 0.45,
for reference. Panels (c) and (d): Calculated heat capacity at finite strain with X (7") shown in the insets.

obtained transition temperatures, 7. and Ttrsp, as obtained
from the primary heat capacity jump and the abrupt change in
the muon spin relaxation rate, respectively. The data points
have been fitted with quadratic polynomials after a linear
rescaling of the strain axis such that the experimental van
Hove strain of &,, = —0.703 GPa matches the dimensionless
strain parameter p = —0.076.

B. Calculated specific heat transitions

Equipped with the band structure, order parameters, and
transition temperatures of the preceding subsection, we
numerically compute the Ginzburg-Landau coefficients of
Egs. (9)—(11) and minimize the free energy of Eq. (8) with
respect to Ag(7") and X (T) (see Appendix B 2 for the general
expressions). Using the order parameter of Eq. (1) [64], we
proceed by evaluating the heat capacity as a function of uni-
axial (100) strain. Results are shown in Fig. 7 for both the s’ +
id,y [panels (a) and (c)] and the d>_ > + ig,y(»»—y2) [panels (b)
and (d)] order parameters. We stress that labeling the order
parameters by the D4 harmonics, like d,>_,2, is not strictly
accurate notation; by s’ we refer to the leading order parameter
belonging to irrep A; of D», by d,, we refer to the leading or-
der in the B; channel, by d,>_,> we refer to the next-to-leading
order in the A; channel, and by g,,,>_,>) we refer to the
next-to-leading order in the B; channel. For the five consid-
ered values of strain, p = 0.0, —0.02, —0.03, —0.04, —0.05,
the numerical results for the heat capacity jump ratios are

summarized in Table I. As seen, the the second discontinuity
is generally rather modest for the s’ 4 id,, case, especially at
zero strain where the jump is hardly visible in Fig. 7(a).

In Fig. 8 we show the simulated effect of smearing of the
phase transition, which experimentally could originate from
disorder or strain inhomogeneity. The smearing is modeled
by averaging over 300 realizations with the transition temper-
atures drawn from normal distributions with mean given by
the fits 7.(p) and Trrsg(p) in Fig. 6 and standard deviation of
o = 100 mK, respectively. In the experiment of Ref. [27], the
width of the primary heat capacity jump varies around o =
30-200 mK. The width of the jump initially increases with
strain, before becoming sharper again at the largest values
of the strain. This can be understood if the dominant source
of the broadening is strain inhomogeneity: At intermediate
strain, 7, changes fastest as a function of strain and therefore

TABLE 1. Calculated ratios of specific heat jumps n extracted
from the numerical results of Figs. 7(c) and 7(d).

Strain p Jump ratio ny 4y Jump ratio 74,
0.0 0.014 0.369
—0.02 0.283 0.453
—0.03 0.198 0.269
—0.04 0.081 0.827
—0.05 0.012 0.938
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FIG. 8. Simulated effect of smearing in the (a) s’ + id,, and
(b) d2_y2 + ig,y2—y2) Order parameter scenario for the same strain
values as considered in Figs. 7(c) and 7(d). Smearing is here modeled
by averaging over realizations where we draw transition tempera-
tures from normal distributions with means 7.(p) and Trgrsg(p) from
Fig. 6 and standard deviation o = 100 mK. For each realization
we calculate the Ginzburg-Landau coefficients of Egs. (9)—(11) and
obtain the heat capacity from Eq. (A6) with the order parameter of
Eq. (1). Panel (c): The experimental data from Ref. [27], providing
an indirect measurement of the heat capacity.

the effect of strain inhomogeneity is the most pronounced
[27].

The effect of smearing is more easily understood in a toy
model for the heat capacity (per temperature)

c(T,T.) =aT[l — (T —T,)], 15)

where ® is the Heaviside function and a is the slope of ¢
below T.. If the step locations 7, are drawn from a normal

distribution with mean 7, and standard deviation o, then

lim 2 T.T) = Lar|1 - Ext r—1 16
i ettt = gar|1-ga(T 2| o

{7}

where Erf is the error function; the width of the smeared
transition is straightforwardly controlled by o. One may
therefore expect a significantly smeared double transition
when T, — Trrsg S 0. In Fig. 6 we have indicated widths
of 0 =100 mK as colored bands around the transition
temperatures.

C. Discussion

Considering the results of the unstrained material in the top
panel of Fig. 7, neither order parameter candidate, s" + id,,
or dy_y» + igyyx2—y2), provides a perfect match with the tem-
perature dependence of the experimental data of Ref. [63].
However, given that we feed in microscopically computed
form factors obtained from a specific set of parameters, we
do not consider this discrepancy a fundamental concern. As
demonstrated in Appendix D, the match to the experimental
data can be improved by, e.g., redistributing the band-resolved
gap magnitudes compared to the RPA solution.

Noticeably, in the unstrained case the second jump of the
s" + idy, order is very tiny, and an order of magnitude smaller
than for dy>_,» + igyy2—y). Under uniaxial in-plane strain,
the second jump is initially found to grow in the case of
s" + idy, before decreasing again for strains p < —0.02. For
do_yp + igyy—y2) the second jump evolves differently with
strain but remains sizable and outside the threshold for detec-
tion reported in Ref. [27].

The second jump evolving nonmonotonically under strain
in both order parameter scenarios points to the importance of
the A term in Eq. (3) since the simplified case of Eq. (14),
in which the A term is absent, predicts a monotonic decrease
of the second jump with strain. As noted before, the A term
becoming sizable is linked to a shared momentum structure
of the form factors. Accommodating a small second jump
under strain thus requires the accidental nodes, which gen-
erally shift on the Fermi surface under strain, to shift in a
similar fashion for the two form factor components, which is
highly constraining and a priori implausible. Any failure of
this synchronized node matching under strain can therefore be
identified as an effect working against second jump reduction
found in Eq. (14).

In both order parameter scenarios considered here, the A,
and B; form factors exhibit accidental nodes in the vicinity
of ke, k, =m /3 at zero strain. Figures 4 and 5 show that
for " and d,, these nodes shift in a rather modest way with
strain compared to d,2_,» and g; the latter two also develop
additional nodal regions at the highest strains. It is also worth
noting that the symmetry-protected zone-diagonal node in the
do_yp + igyy(v—y2) Scenario is lifted for finite strain, which can
be seen in the low-temperature tail in Fig. 7(d). We attribute
the dissimilar behavior of the second jump under strain of
8"+ idyy Vs dy2_y» + igyy2—y2) to this different strain-induced
node shifting.

When smearing is added in Fig. 8, it is seen that a smearing
width of ¢ = 100 mK is enough to bring the second jump
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into the undetectable regime for the s’ + id,, case; a case with
50 mK smearing is shown Appendix. D. In contrast, the sec-
ond jump remains clearly resolvable for dy2_y2 + igyyi2—y2).
When comparing to the experimental data of Ref. [27], shown
in Fig. 8(c) for completeness, we conclude that s’ 4 id,, is a
more likely order parameter candidate than dy>_ 2 + ig,y2—y2)
within the premises of our calculation. We also note that
the results change drastically if one instead considers the
reversed combination of orders, e.g., dy, + is’ as opposed to
s' +id,,. In Appendix D we show results for the d, + is’
case, which results in n > 0.26. Thus, as noted in Sec. II C,
the order in which the order parameters switch on has a large
impact on the heat capacity jumps. The order parameter com-
bination s’ + idy, where the 5" order condenses at the higher
temperature has a small second jump, whereas the d, + is’
combination has a large second jump and can therefore be
ruled out.

Among the aforementioned order parameter candidates re-
cently proposed for Sr,RuO,4 we have so far not addressed the
dy; + id,, state (E, irrep of Dy;) [33,34]. Although this order
parameter cannot be accessed with a two-dimensional model
for the band structure, we note that previous microscopic
three-dimensional models have found this state unfavorable
[20,38,49]. Yet, based on the principles regarding the size
of the second heat capacity jump in Sec. II, we can infer
general expectations for split transitions in the case of two-
dimensional irreps, even though the quantitative result comes
down to details of the specific order parameters considered.
Note that if the two components are degenerate by symmetry,
the perturbation € that causes their splitting must break the
crystal symmetries, like uniaxial (100) strain in tetragonal sys-
tems. Besides the symmetry-imposed horizontal line node at
k, = 0 of d,; + id,, the vertical symmetry-imposed nodes of
the two components, i.e., at k, = 0 and k, = 0, are maximally
shifted which from the principles of Sec. II C is expected to
give a sizable second jump. Furthermore, since the sizes of
the two components are equal in the unperturbed case by
symmetry (X = 1), the two transitions are naively expected
to be associated with equally sized heat capacity jumps, at
least close to the unperturbed case (cf. supplemental Fig. S9
of Ref. [27]). Thus, based on these considerations alone,
the dy, + id,; scenario for Sr,RuQO, appears less likely than
the accidentally degenerate cases of 5"+ id,, and d._,» +
€y(x2—y2)-

Contrasting the focus on exotic multicomponent orders
relying on accidental degeneracies, the simpler explanation of
the specific heat data of Sr;RuQy4 in terms of a single d,>_,2
order parameter should not be dismissed (cf. the gray dashed
line in Fig. 7). As discussed above, however, this possibility
raises the immediate question of how to explain, e.g., the ultra-
sound experiments and the evidence of TRSB [29,31,32,45].
Regarding the latter, since SrpRuQy resides in the vicinity of
magnetic instabilities [46] perhaps TRSB is related to glassy
pinned magnetism or coupling between magnetic and super-
conducting orders [65,66]. Another possibility is that there
is a second inhomogeneous order parameter component that
is induced by sample dislocations, which is also expected to
result in a small second jump [37].

IV. OTHER TIME-REVERSAL SYMMETRY BROKEN
SUPERCONDUCTORS

In the heavy-fermion compound UPt; there is convincing
experimental evidence of a two-component order parameter
deep in the superconducting phase. Two distinct transition
temperatures are revealed by two jumps visible in the ultra-
sound velocity as a function of temperature [67]. Furthermore,
TRSB is observed at temperatures below the second transi-
tion. The Kerr effect has been observed [68], indicating TRSB
below Trrsg ~ 0.46 K, while the critical temperature as mea-
sured by the drop in the resistance is 7. ~ 0.55 K. In addition,
TRSB is also seen in a uSR signal [69] (although we should
caution that an independent uSR experiment failed to see
any signature of TRSB [70]). A likely order parameter can-
didate is f2_y2y +ifyy; [5,71] (where the degeneracy of the
two-dimensional irrep is split by magnetism). In UPt3 a very
clear second heat capacity jump is observed [72]. The Fermi
surface of UPt; is complicated and contains five strongly
three-dimensional sheets when the 5f uranium electrons are
included [73]. For the f(2_y2) + ifx,; scenario, modulo all the
details of the multiband fermiology and possible accidental
nodes, the vertical symmetry-imposed nodes are maximally
shifted when comparing the two components, which, accord-
ing to Sec. II C, suggests that one can expect equally sized heat
capacity jumps. On the phenomenological level this agrees
with what is observed experimentally [72,74].

UTe, has attracted significant attention recently as an
unconventional superconductor. The Kerr effect indicating
TRSB has been observed [75]. However, a second heat capac-
ity jump is only observed under hydrostatic pressure [42,76]
while no second jump is seen under applied stress [77].
It is hypothesized that the presence or absence of the sec-
ond jump may be affected by sample quality [78]. UTe,
has an orthorhombic structure (D,;) and its Fermi surface,
although not fully characterized, is understood to be fully
three-dimensional [7]. A large upper critical field indicates
that UTe, is a spin-triplet superconductor and different or-
der parameter combinations that have been proposed include
Ay, +iB3, [79], B, +iBy, [80], and By, + iB3, [75]. In
all three cases, the order parameters have different momen-
tum space structure and quasiparticles are gapped out at the
second transition, implying that all three order parameter
combinations are consistent with a large second heat capacity
jump.

Another material relevant for multicomponent supercon-
ductivity is UBe;3. In this material, a second heat capacity
jump is observed under doping of UBe;3 to U;_, Th,Be;; [81].
1SR experiments observe TRSB consistent with either TRSB
superconductivity or with antiferromagnetism coexisting with
superconductivity [82]. Note that the SR transition coincides
with the second heat capacity jump, implying they have a
common origin. In more recent experiments [83] two heat
capacity jumps were clearly seen as well, and furthermore the
low-temperature phase was shown to be fully gapped. This
led the authors to propose two different candidates for the
two orders. The symmetry group is the cubic space group O,
which has a two-dimensional irrep E,, with the basis functions
d, (k) = 3k % — kyy) and dy(k) = —k& — k) + 2k;2.
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Assuming the degeneracy between the two orders to be lifted
with d; switching on at a higher temperature, we expect a
large heat capacity jump since d; has a line node, whereas
d| +id, only has a point node, leading to a significant
number of quasiparticles being gapped out at the second
transition. The second scenario proposed by the authors
considers an accidental degeneracy of Aj, and Ay,; Ay, is
already fully gapped and therefore based on our formalism
we would expect a smaller second jump for the candidate
Ay, + iAy,, making this a less likely candidate.

Finally, TRSB has been also observed in PrOs,Sb,,
which has a tetrahedral crystal symmetry 7;, [84], via uSR
experiments [16,85]. A clear second heat capacity jump is ob-
served [86,87]. Thermal conductivity measurements indicate
the presence of nodes or near-nodes in the high-temperature
phase and this has lead to the proposal of an s + id,>_,> order
parameter [84], where the s-wave order is highly anisotropic
and features near-nodes. This could then also lead to a large
second heat capacity jump and indeed theoretical calculations
suggest that the second jump would be of the same size as the
first one for this order parameter [84].

V. CONCLUSIONS

We have provided a general theoretical framework for
the specific heat transitions in multicomponent time-reversal
symmetry broken superconductors. This allowed a thorough
discussion of the amplitudes of the specific heat jumps at the
two transition temperatures. Specifically, one expects compa-
rable specific heat discontinuities for most two-dimensional
irreps due to the maximally misaligned nodes and the
symmetry-imposed equality of order parameter component
magnitudes. On the other hand, a significantly reduced second
jump may be expected for TRSB superconductors that have
competing order parameter components with similar momen-
tum structure, and where the least nodal component onsets
first. We applied the theoretical setup to perform a comprehen-
sive discussion of the low-temperature electronic specific heat
relevant for Sr,RuQO,4. While the specific heat data alone for
this material are most straightforwardly explained by a nodal
single-component superconductor, several other experimen-
tal probes point to TRSB multicomponent superconductivity
[29,31,32,45]. We have pursued the accidentally degener-
ate possibilities s" + idy, and dpo_y2 + igyyn2—y2) With gap
structures obtained from microscopic RPA calculations, and
compared their specific heat behavior with experimental data
in both the absence and presence of uniaxial strain. Our re-
sults yield a better agreement between experimental data and
s' +id,, order, as compared to d2_y> + ig,y2—,2) Supercon-
ductivity. Further, we conclude from these calculations that
the currently available experimental specific heat data are con-
sistent with s” 4 id,, superconductivity in the unstrained case,
and also with the uniaxially strained data when considering
the role of strain inhomogeneity.
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APPENDIX A: HEAT CAPACITY OF SUPERCONDUCTORS

The specific heat for a multiband superconductor follows
from the expression for the entropy of the fermion gas [40],

S =—2ks Y (nplE, ()] Inng[E, (k)]
k,p

+ {1 = nplE ()1} In {1 — np[E, (K)]}). (A)

Here, E, (k)= /&2 +|Au (T, k)>, and np(E)=[1+

exp(BE)]! is the Fermi function.

1. Single-component order parameter

We first assume a single-component order parameter with
temperature dependence A(T),

Au(T, k) = A(T) fu(k),

where f,, (k) is the order parameter form factor of band p
normalized such that maxg , |f,(k)| = 1. The specific heat
follows from

(A2)

35 dnpE,, (k)]
C(T) = TaT = 2ZEﬂ(k) T
2 d
= kT2 S

< 24 A<T>2|fu<k>|2 ToAdy |fu<k>|2>
4 cosh? (E (k)) FS’

2ksT
(A3)

where the Fermi surface average is evaluated as
= A4
Alrs Z f @y vu(k> A9

where v, (k) = |VE, (k)| is the Fermi velocity and p, =
(271)d f s, dk/v, (k) is the density of states of band L.

By evaluatmg Eq. (A3) in the normal state, for which
A = 0, the specific heat per temperature, i.e., the Sommerfeld
coefficient y,, becomes

Cu(T) 2 /
=T YE Z 4c0sh2 BT)
= 4hG(2) Y pus (AS5)
"

with £(2) = 72 /6. This recovers the multiband version of the
well-known (electronic) linear contribution to the specific heat
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FIG. 9. Cooper pair operator in the (pseudo)spin singlet channel.

of a metal [40]. It is convenient to normalize Eq. (A3) by the
normal-state value:
c(T 3 0
@ ___3 / gt
Ty 4m2(kpT )’ Zb Pb J—o00

) <§2+A(T)2|fu(k)|2 Laagy |fu(k)|2>
FS

cosh® (3,7)

(A6)

2. Two-component order parameter with simple temperature
dependence

Following Ref. [36] we assume a TRSB two-component
order parameter with the particular BCS-like temperature
dependence

AP) = Aoay 1 = fa(P) +ilop 1 - fb(P)

(A7)
where a and b are irrep labels. We shall use this ansatz in
Eq. (A3) and evaluate the heat capacity jump across 7, and
Ttrsp- At the onset of superconductivity we get

ACsc  C(T—>T7)-C(T — )
. T.
_ l AO,a : 2 /oo dé
-7 (an ) Wl | i
Ao\
Zk3<k30t.) (1fa®)Prs. (A8)

where the only contribution we pick up comes from the third
term in the numerator of Eq. (A3), due to its discontinuity at
T.. Repeating the calculation at the onset of the second order
parameter component we now get

ACrrsp

TtrsB

C(T = Trgep) —C(T — TT-ESB)

TtrsB

=k3< = ><|f P
kBTTR SB
o0 du
% /(; cosh? (,/u2 + z(p)z) >FS

_ _Doa _ Tigs i -
where z(p) = ST T /1 T fa(p) was introduced. Com

bining these two expressions we get the ratio of the heat

(A9)

capacity jumps

_ ACresp/Tirs _ (Ao,b T. >2<|fh(p>|21[z<p)]>ps
ACsc/T: (Ifa@)?)Es
(A10)

Ao,q TTrSB
where

oo
I(z) = / ducosh > (v u? + 22). (A11)
0
We note that this function for small z can be approximated as
I(z) = 75(3) 24+ 0(14) ~ exp(— 7{(3) ).

3. Two-component order parameter with general
temperature dependence

We go beyond the square root ansatz in Eq. (A7) by assum-
ing

A(T, p) = Ao(T) fa(p) + iX(T) fo(p)].

Above we have left band indices on f,,(p) implicit. Crucially,
this ansatz allows for the two components to interact in the
sense that A¢(T) can, and generally will, be nonanalytic at
T = Ttrsg Where X onsets. This also results in two terms
being picked up in the numerator of 1, coming from

(A12)

dA(T)? dAN(T)?
A= [—g(T ) - —g(T ) }/D (A13)
T—Trrsp T— Ty
and
B [8[A0(T)X(T)]2
T T—Trrsp
[ A(T)X(T)]?
A[A(T)X(T)] ]/D AL
or T*TTKSB
with D = Mg(TT)2|TﬁT MU(T) |77+, respectively. Re-

peating the calculation of Sec. A 2 now results in

n = T. <A<|fa(P)|2I[Z(P)])Fs B<|fb(p)|21[1(p)]>FS>
Trxss (| fa@)P)rs (fu@Ples )
with z(p) = S £, (p).

APPENDIX B: MICROSCOPIC GINZBURG-LANDAU
THEORY

In this Appendix we summarize the derivation of the mi-
croscopic Ginzburg-Landau theory of Ref. [39].

1. Derivation
We start with an electronic normal-state description,
Ho= > &(p)ChoCppo- (B1)
1.o.p

where, &,(p) is the dispersion of band u, and o =+, —
denotes (pseudo)spin (with & = —o). We here consider the
pseudospin-singlet Cooper pairs and treat Hgc as a perturba-
tion to Hy close to the critical temperature, where

Hsc = Z (A

n,0,a,p

aﬂ(p)c;lwcimw =+ H.C.]. (Bz)
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(@)

(p)
- |Aa,u<p) |2 AF(4) = L 4 PN

Aq, #gpg) ﬂ;w(pg)

14

) A
Aglu pl) L-LL\aLl’u(pZL)

(b)

FIG. 10. The (a) second-order and (b) fourth-order diagrams contributing to the free energy of Eq. (B3). Corresponding algebraic

expressions are given by Egs. (B6) and (B7).

Here A, (p) is the order parameter on band p with symme-
try label (irreducible representation) a. The sum over p runs
over the Fermi surface sheet u such that |§,(p)| < o, ~ kgT,
where w. << W is the momentum cutoff and W the bandwidth.
Following the Ginzburg-Landau procedure, the free-energy
corrections to the normal state, AF = Fyc — F,, are formally
obtained by the Gibbs average [41,88]

B
AF =Tl <Tt exp |: — / dt HSC(T{|>’ (B3)
0

where § = 1/T (with kg = 1), T = —it is imaginary time, and
T; is the time-ordering operator. In the loop expansion of AF
we sum consistently connected diagrams, constructed from
the Cooper operator of Fig. 9, to a given order. To quartic
order we have the diagrams of Fig. 10. The second- and
quartic-order terms, AF = AF® + AF®, are algebraically
given by

AF® =3 a0 (p, T) Aau (D)), (B4)
n.a.p
AF® = 3" Buyu(p), THAS, (p)
IAARI Y
X AZzu(pZ)Adsll(p3)A‘W"(p“)’ (BS)

tau (P, T) = =T Y Gu(p, 0)G(—p, —w,)
+ Tia Z Gu(p. ©)Gy(=p, —wp)lr=1,,. (BO)

IB{a, p.({pz} T) =

gal arazay 8P p3 8P1P4 (SPsz 8P2P4

X Z Gu(pl ) wn)Gu(sz wn)

X Gu(=p3, —0n)Gu(—py, —wn),  (BT)
ga1a2a3a4 = 8(1](13 8(12(14 + 3(11043(12113 + 8[11[128113(14
- 26a|a26a2a36a3a4 . (BS)
Above, the Green’s functions G, (p, w,) = 1/[iw, — §,(p)]

with fermionic Matsubara frequencies w, = %(Zn + 1) for
integer n were introduced. Next, we factorize the order pa-

rameter as Ay, (p) = Aoafau(P), With f,,(p) being a (real)

normalized form factor, and Ag, is a (complex) variational
parameter. The above equations simplify to

AF = AF® + AF® =3 "a,(T, o) Agal?

a

+ ) Blaa(T) Ay, Ay Aoy Ao,
{ai}

@u(T, Tt) = vz / (hy](tanh [£,.(p)/(2T)]

(B9)

28,(p)
_tanh [su(m/(sz)]) ) o
0 2@, ®10)
Blay(T) = gmammz [ S hEP)T)
% Sors P P (P fan @), (B

after performing the Matsubara sums. Above, V is the
unit cell volume, the momentum-dependent order param-
eter components are without loss of generality assumed
real, and

sinhx — x
4x3(1 + coshx)”

h(x) = (B12)

0.0

p

p=—005

FIG. 11. Order parameters from Fig. 4 labeled by the respective
irreps of D5, as a function of polar angle [on the @ band the polar
angle is measured from (77, 77)]. The colored data points are the raw
data from Ref. [35], and the black dashed lines show the data passed
through a Savitzky-Golay filter to reduce finite-size effects. The
filtered order parameters were used in the calculations of Sec. III B.
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. Ay such that

= — 5 1 Byt — Bapety T
? < 0 - 7 A%(T < Ttrsp) = __211—/7(1 — —)
SH 2 ,Ba;, - ﬂalgb T*

—1 ) T
o = a30)(1- ) (B17)
3 T,
T a0
I and
8 -1

0 0] — L
ﬂﬂbaa - ﬂaab 1 TrrsB

Barer) — By 1 — Tl

0.0 0.2
0/m

X*(T < Trgrsp) =

FIG. 12. Order parameters from Fig. 5 labeled by the respective

T
irreps of D,. See the caption of Fig. 11 for further details. — x2 0) - TT;SB . (B18)
T
2. Minimization in the two-component case
In the two-component case of Eq. (1) the free energy of APPENDIX C: THREE-BAND TIGHT-BINDING
Eq. (8) is minimized over X (T) and A¢(T). When redefining MODEL FOR Sr;RuQ4

&; — a; and f; — B; for notational convenience, we get We employ an effective 2D three-band model for the band

@a(T)Bap—tp(T)Ba structure of SrpRuQy,

XX(T) = {gbmﬁ“b—aamﬁb’ 11:°r I'<Twss. (g3
: or T > Trgsg. Ho =Y ¥l ()h k), (k), (Cn
and ks
—LeDbuzbon®) - for T < Trpgg, where ¥ (k) = [Caz5(k), Cyz5(k), Cry—s(k)]T and where s €
AXT) = { _auD Par=Prbe for T “T <T {1, J} denotes spin and a € {xz, yz, xy} denotes the d orbitals
0 2B, 7 TRSB © of the Ru atoms, which are relevant close to the Fermi energy.
0, for7 > T.. For hy(k) we take
(B14)
After making the approximations o, = osz(TL1 —1)and o, = e, (k) g(k) — ish i
@p(F= — 1), with T, < Ty, the temperature Trgsp is given by hy(k) = | g(k) + isk &yz (k) —si |, (C2)
—iA —SA gxy(k)
| — bacy
Trrsg (To1, Tno) = Too . ﬂaﬂ%ao T.. (B15) where spin-orbit coupling is parametrized by A, and the above
- T_Tﬁb_ag energies are given by
For convenience we also introduce the temperature ex:(k) = =21,(1 — p) cos k, — 21,(1 + vp) cos(ky) — u,
Buse?) €3
— Dab7h
T(T.. Toy) = T Brord ST, (B16) gy, (k) = =2t;(1 +vp)cos ky — 2t,(1 — p)cos(ky) — w,
— Ly Pucy (C4)
1 Ta Bl
(@)  —— AT)[A4, +iX(T)Ap,), GL (b)  —— AYT)[Ap, +iX(T)A4), GL
— A[(1 = £)rAu, +iXo(1 — )i AR — A[(1 = £)2Ap, +iXo(1 — =) iA4,]
1.5 1.5
<107 < 104
& &
T (51 © 0.5
0.01 , ‘ , 0.01 . i . :
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
T [K] T [K]

FIG. 13. Comparison of the heat capacity per temperature and normal-state value for the (a) s’ + id,, and (b) d,2_2 + ig,,n2_,2) order
parameters from Ref. [35] at zero strain using two different temperature dependencies. The blue lines show results using the Ginzburg-Landau
solution, while the red lines use simple square root temperature dependencies and a constant X, = 0.8. In both cases it is seen that the
nonanalyticity of Ag(T = Trrsp) reduces the second jump.
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FIG. 14. Comparison of the heat capacity per temperature and normal-state value at zero strain using the Ginzburg-Landau solution with
form factors obtained from microscopic RPA calculations [35] (blue lines) to a case where the band-resolved gap magnitudes have been
redistributed to obtain a better fit (purple lines) with the experimental data of Ref. [63] (gray diamonds). Panel (a): The s’ + id,, scenario.
Here we redistributed A, /A, = 0.7 and Ag/A, = 0.6 as compared to the bare RPA form factors to obtain the purple line. Panel (b): The
dy_y +ig,y2—y2) scenario, where Ay /A, = 0.4 and Ag/A, = 0.5 characterizes the purple line.

&xy(k) = =283[(1 — p)cosk, + (1 + vp) cos k]
— 414 cos ky cos ky

— 2t5[(1 — p) cos(Zky) + (1 + vp) cos(2ky)] — u,
(C5)

g(k) = —4t' sin k, sin(ky). (C6)

Here (100) strain is parametrized by the deformation param-
eter p and the Poisson’s ratio v. The tight-binding parameters
are summarized in Table II and are consistent with ARPES
measurements [60].

APPENDIX D: ADDITIONAL RESULTS

In Figs. 11 and 12 we show supplementary plots of the
order parameter components from Figs. 4 and 5 as a function
of polar angle. In Fig. 13 we compare the heat capacity
resulting from the Ginzburg-Landau theory, i.e., with an order
parameter of the form

A(T, p) = Ao(T)[ fa(p) + iX(T) fo(p)] D)

with X(T') and A¢(T) minimizing Eq. (8), to the results of
using an order parameter of the form (cf. Ref. [36])

T T
AT, p) = Ao| |1 = = fa(p) +iXo, |1 — »(p) |
T. TtrsB

D2)

in both cases with the momentum-dependent components
from Figs. 11 and 12 in the latter case with fixed Xy = 0.8.
In the case of both s” + id,, [panel (a)] and do_yp + igey(—y?)
[panel (b)] it is seen that the effect of the nonanalyticity of
Ao(T) at T = Trgrsp is a reduction of the second jump. In the
case of panel (a) the second jump is almost vanishing for the
Ginzburg-Landau solution.

TABLE II. Tight-binding parameters for Eqs. (C2) consistent
with ARPES measurements [60], and Poisson’s ratio v applicable
to (100) strain taken from Ref. [61].

Parameter h L i ty t5 " A v

Value(meV) 88 9 80 40 5 4 109 45

In Fig. 14 we demonstrate that the match with the ex-
perimental heat capacity data of Ref. [63] can be somewhat
improved by redistributing the band-resolved gap magnitudes
compared to those obtained with the microscopic RPA cal-
culations of Ref. [35]. A past study showed that by tuning
interaction parameters of the theory it is possible to obtain a
match with experimental data, albeit the study focused on an
E, (of Dyy) phase [89].

In Fig. 15 we provide supplementary results of the heat
capacity for the same band structure, transition tempera-
tures, and order parameter components as in Sec. IIIB,
but for the reversed combination of orders, i.., dy, + is’
(strictly By + iA; of D). The resulting second heat capacity
jump is found to be n = 0.260, 0.255, 0.356, 0.707, 1.496
for p = 0.0, —0.02, —0.03, —0.04, —0.05, respectively. Not
only does this rule out this specific dy, + is’ order parameter
as a viable candidate order for SRO [27], but it verifies the
principles of Sec. II C. Physically, the B; component is nodal
along k., k, = 0, so if this component is the primary one, it
leaves quasiparticles to be gapped out by the A; component
(which is large at these points), resulting in a sizable second
jump. This is qualitatively different from the case where the
A is the primary component. It should also be noted that the
nodal regions of the B; component on the y sheet grow with
strain; see Fig. 4.

0.00

—0.02
—0.03
—0.04
—0.05

X(T)

ESIIS TS TS TS|

0.0 0.5 1.0 15 20
T [K]

FIG. 15. Supplement to Fig. 7(a): Heat capacity for the d,, + is’
order parameter. We used the order parameter ansatz of Eq. (1) with
Ao(T) and X(T) (inset) resulting from minimization of the free
energy of Eq. (8), and with the momentum-dependent form factors
of Fig. 4.
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FIG. 16. Simulated effect of smearing with a transition width of & = 50 mK in the (a) s’ + id,, and (b) d,2_,» + ig,,2_,2) order parameter

scenario. See the caption of Fig. 8 for further details.

Finally, in Fig. 16 we supplement Fig. 8 with the simulated
effect of a modest smearing of o = 50 mK, which is in the
lower end of the scale of the experimentally relevant transition

widths [27]. In this case, the second jump is resolvable for
both the 5" + id,, anq the dy>_y» + igyy(»»—y2) Order parameters,
at least for some strain values.
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