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Supercurrent rectification effect in graphene-based Josephson junctions
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We report a theoretic study of the supercurrent rectification effect in the graphene-based superconductor (GS)
junction without invoking any spin-related interaction. By introducing the valley coupling effect through the
Kekulé lattice distortion as well as the valley polarization interaction, we demonstrate that the GS/G/GS Joseph-
son junction (JJ) can exhibit not only a π -state JJ but also a φ0-state one, in which a nonzero supercurrent can
flow without the superconducting phase difference between the two GS electrodes. A supercurrent rectification
effect, that the critical supercurrent is asymmetric between the two opposite flowing directions, is identified. The
conditions for the optimal supercurrent rectification effect are also discussed.
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I. INTRODUCTION

Josephson junction (JJ) has been one of the most exten-
sive and intensive research subjects for decades, because it
has the fundamental research interest as well as realistic ap-
plications in making superconducting electronic devices like
SQUID [1–7]. For example, a π -state JJ has been proposed
as a circuit element for quantum computation and as on-chip
π phase shifters for various self-biasing quantum/classical
circuits [8–10]. Recently, the supercurrent rectification effect
(SRE) has been observed experimentally in the superconduc-
tor films [11–13] and JJ systems [14–18], and has already
ignited a surge of interest in the research community to study
such nonreciprocal phenomenon in the superconductor sys-
tems [19–23].

The SRE or superconductor diode effect is referred to
as the phenomenon that the forward critical supercurrent is
unequal to the backward (reversal) one in superconductor
systems, and as a result, a charge current with the magnitude
in between them might be in a nonresistive state flowing in one
direction but dissipative in the opposite direction. This is in a
striking contrast with the conventional resistive semiconduc-
tor diode. Two gradients, the broken time-reversal symmetry
and broken space-inversion symmetry, are vital for the SRE.
The former one would give rise to a nonzero momentum for
Cooper pairs while the latter generally produces a strong spin-
orbit interaction so that the excitation energy of quasiparticles
would depend on the momentum direction linearly, thus the
critical supercurrent could be asymmetric over a certain mo-
mentum direction [19]. At present, all observed or proposed
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SRE were shown in the systems with a strong spin-orbit
interaction plus an external magnetic field or magnetization
breaking the two mentioned symmetries [24]. Without spin-
related interactions, such an SRE from other factors like the
valley-related interactions has not been studied so far.

The graphene-based JJ was experimentally fabricated by
depositing two closely spaced superconductor electrodes on
graphene (G) [25–29], where the proximity effect is respon-
sible for the superconductivity generated in graphene. As is
known, there is an extra valley degree of freedom of Dirac
electrons termed as K and K ′, which are related to each
other via the time-reversal symmetry like the spin degree of
freedom. The valley polarization of electrons in graphene was
proposed by employing an external electromagnetic radiation
in the terahertz frequency range [30,31]. In addition, the val-
ley polarization was also verified in the magic-angle twisted
bilayer graphene system, which is attributed to the electron-
electron interaction [32]. Based on this valley polarization, a
φ0-state JJ has been recently proposed in the twisted bilayer
graphene system [33].

In the monolayer graphene system, the graphene superlat-
tice with a certain Kekulé lattice distortion could be found
when graphene was grown upon a specific substrate. Such
Kekulé structure would usually lead to a valley coupling
effect. For example, a recent experiment [34] demonstrated
that a graphene superlattice with Y-shaped Kekulé distortion
can grow epitaxially onto Cu(111), with the copper atoms
in registry with the carbon atoms and one of six carbon
atoms in each superlattice unit cell (larger than the original
graphene unit cell) has no copper atom below it, so a Cu
vacancy in substrate is forming. The valley coupling effect
has been extensively investigated to control and modulate the
valley-related transport of Dirac electrons [35–40].

In this work, we study the possible φ0-state JJ and the
SRE in the graphene superconductor (GS) junction by invok-
ing the valley-related interactions instead of the usual spin
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FIG. 1. (a) A schematic Kekulé graphene superlattice grown on
a Cu substrate. One Cu vacancy on each C-atom hexagon consists in
a commensurate enlarged superlattice structure with the unit cell of√

3a×√
3a, where a is the graphene lattice constant. (b) Electronic

band structure of the simplified model for the Kekulé structure. The
two Dirac bands are split due to the valley coupling effect with
the splitting energy ±λ. (c) Setup of the GS/G/GS JJ. The GS is
formed by putting an s-wave superconductor onto the Kekulé struc-
ture while the left and right GSs have different lattice axis directions
represented by θL(R). φL(R) denotes the left (right) superconducting
phase. In the middle G region (0 < x < L) the valley polarization
interaction is introduced.

interactions. When the two GS electrodes have different
Kekulé structures, the introduced valley polarization could
lead to both π -state JJ and φ0-state junction, and moreover,
the SRE in the φ0-state JJ can be controlled by the valley
interactions. When the universal chemical potential locates
just above the bottom of the upper split energy band due to
the Kekulé distortion [see Fig. 1(b)], an optimal SRE would
arise.

This work is organized as follows. In Sec. II, we intro-
duce the GS/G/GS junction model and describe the valley
coupling and polarization interactions. In Sec. III, numerical
calculations of the supercurrent flowing in the JJ are present.
The condition for obtaining an optimal SRE is discussed in
Sec. IV. A brief conclusion is drawn in the last section.

II. MODEL

The valley coupling effect in graphene can be generally re-
alized through the graphene superlattice structure from either
the lattice commensurate substrate [41] or periodic adatoms
[42], thus the unit cell is enlarged by

√
3×√

3 and the original
K and K ′ valleys of the pristine graphene are folded into the
� point. We consider the Y-type Kekulé structure demon-
strated in experiment [34] through the periodic Cu substrate
to grow graphene and the superlattice is schematically shown
in Fig. 1(a), where one C atom of each hexagon sits on a Cu
vacancy. Note that the other type of lattice distortion leading

to the valley coupling effect can exert the same effect as the
Y-type Kekulé structure, since the main role from the lattice
distortion is the valley coupling. The Y-type Kekulè structure
we adopted here is the same as the periodic adatoms-modified
graphene studied in Ref. [42], which is described as

Hk = h̄v f (τzσxkx + σyky) + λ

2
(1 + σz )(τx cos θ + τy sin θ ),

(1)
where σx,y,z is the lattice pseudospin operator, τx,y,z is the
valley Pauli operator, and kx,y is the 2D momentum. The sec-
ond term denotes the valley coupling effect with the strength
λ. θ represents the lattice axis direction of the graphene su-
perlattice and is meaningless in a homogeneous system. The
valley coupling fulfills the time-reversal symmetry and the
Kekulé lattice keeps a rotational symmetry, so it is essentially
different from the spin-orbit interaction which stems from the
potential asymmetry or lack of inversion symmetry center. It is
noted that the above Hamiltonian stems from the original site
energy modifications to the graphene due to the periodic Cu
vacancy in the substrate and the hopping energy modifications
are neglected. The eigenvalues of the above Hamiltonian are
simply given by (h̄v f = 1),

E = ±λ/2 ±
√

λ2/4 + k2, (2)

with k2 = k2
x + k2

y . The corresponding band structure is plot-
ted in Fig. 1(b), where the two (valley-helical) bands are split
with the band gap magnitude λ; this case is also termed as
the single valley Dirac band [42]. In fact, the valley coupling
strength λ originates from the site energy modification to
the graphene lattice, while the hopping energy modification
leading to the valley-orbit coupling effect due to the Kekulé
distortion is neglected here for simplicity, and moreover, it
would not make a qualitative difference.

It is assumed that the GS is obtained through the super-
conducting proximity effect [25,26] and the GS/G/GS model
is schematically shown in Fig. 1(c). The left and right GSs
have a different superconducting phase φL = −φR = φ/2.
θL = −θR = θ/2 is the different azimuthal angle of the left
and right lattice axis directions. The length of the normal
G region is L and the introduced valley polarization effect
is limited in this region. The valley polarization can be re-
alized experimentally by using external optical irradiations
[30,31] but theoretically, it can also be implemented by us-
ing magnetization plus the intrinsic spin-orbit interaction in
graphene [43,44]. The latter scheme is not taken into account
here because the spin-related interactions are not invoked in
this work. A simplified valley polarization term like the spin
exchange interaction [45] is described by

Hvp = τzhz, (3)

where hz simulates simply the valley exchange field with an
energy unit. It is noted that the field hz should break the time
reversal symmetry unlike the λ term.

The GS Hamiltonian is given by

Hsc =
(

Hk + Hvp − μ 	eiφ

	e−iφ μ − T (Hk + Hvp)T −1

)
, (4)
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with T being the time-reversal symmetry operator,

T =
(

0 I
I 0

)
K, (5)

where I is a unit matrix, K is the complex conjugate operator,
and 	 is the pair potential strength with the superconducting
phase φ. For the GS/G/GS junction, the left and right electrode
Hamiltonians Hsc are different in φL,R as well as θL,R. The
valley polarization is limited in the normal G region (0 < x <

L) as stated above.
We employ a numerical method to calculate the Joseph-

son current by discretizing the real space and mapping
the above Hamiltonian onto a quasi-one-dimensional (Q1D)
tight-binding-like model, e.g., Hk is transformed as

Hk =
∑
jαβky

{[
−i

t

2
C+

j+1,αky
τzσxCjβky−tpC

+
j+1,αky

σzCjβky+H.c.

]

+ t sin (kya)C+
jαky

σyCjβky + λ

2
(cos θτx + sin θτy)C+

jαky

× (σ0 + σz )Cjβky + (4tp − 2tp cos kya)C+
jαky

σzCjβky

}
,

(6)

where C+
jα(β )ky

(Cjα(β )ky ) is the electron creation (annihilation)
operator, j is the 1D lattice site index, α(β ) is the pseu-
dospin lattice operator, ky is the transverse momentum, and
t = h̄v f /a is the hopping term of electrons with a being the
lattice constant. tp is introduced to avoid the valley degeneracy
at the Brillouin edge (kx, ky = ±π/a) since only one valley at
the Brillouin center (k = 0) is studied. Hvp and Hsc can be
transformed in the same way. Notice that the discretization is
just along the x axis and while the ky momentum remains in
a continuum form, i.e., the above Hamiltonian is in a mixed
Bloch and lattice representation. Equation (1) can be fully
recovered from the above Hamiltonian by transforming the
x-directed lattice with approximation of kxa ∼ 0, kya ∼ 0 to
the continuum limit.

Since the charge current is conserved in the nonsupercon-
ductor region, it can be evaluated in the normal G region of
the JJ at any site j as

I = e

h

∫
dE

∑
ky

Tr{[t j, j+1G<
j+1, j − H.c.]sz}, (7)

where G<
j, j+1 is the lesser Green’s function and G< =

(Ga − Gr ) f (E ) in equilibrium, t j, j+1 is hopping matrix be-
tween two neighboring sites of the Q1D lattice model, sz

denotes the z component of the Pauli operator of the e−h
space, the trace is over the valley τ , pseudolattice spin σ ,
and superconducting e−h spaces s. f (E ) is the Fermi-Dirac
distribution function. Gr = (EI − Hc − �L − �R)−1 is the
retarded Green’s function (Ga = [Gr]†), where I is a unit
matrixand Hc is the Hamiltonian describing the normal G
region of the studied JJ in the Nambu space, while �L(R) is
the self-energy of the left (right) GS and can be calculated
with a usual recursive method [46].

FIG. 2. Supercurrent phase relation I (φ) with different valley
polarization hz (a) and different the JJ length L (a). Parameters are
μ = 0.05t , λ = 0.03t , θ = 0, and L = 100a in (a), and hz = 0.02t
in (b).

III. RESULTS

In numerics, the hopping energy is set as the energy unit
t = 1 eV, the universal chemical potential is taken as μ =
0.05t , and the zero-temperature is considered in this work.
No external bias or static potential is taken into account. The
superconducting coherence length is estimated to be ξs =
h̄v f /	 = 1000a with the pair potential set as 	 = 0.001t .
The tp = 0.3t is set in Eq. (6) for removing the valley de-
generacy when the Q1D lattice model is mapped from the
continuum one.

We first set the azimuthal angle zero, θ = θL − θR = 0,
which means the GS/G/GS junction has the left-right parity
symmetry and I (φ) = −I (−φ). In Fig. 2, the current-phase
relation I (φ) is plotted with different valley polarization
strengths hz and the junction lengths L. RN in the current
unit denotes the junction resistance of the normal junction
without superconducting pair potentials. It is shown that the
supercurrent direction for a fixed φ would be reversed with
a variation of hz in Fig. 2(a) or L in Fig. 2(b), i.e., these
two parameters can be used to modulate the so-called 0-π
state transition. The physics is that the valley polarization
term hz can give rise to an extra phase shift to the Cooper
pairs traveling in the normal G region, and as a result,
the JJ’s ground state can be stabilized either at φ = π or
at φ = 0.

Although the valley coupling effect is considered in the
above current-phase relations, there is no φ0-state JJ found
[I (φ = 0) = 0]. Unlike the spin-orbit interaction, the Kekulé
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FIG. 3. Supercurrent phase relation I (φ) with different azimuthal
angles θ (a) and the zero phase (φ = 0) supercurrent as a func-
tion of the azimuthal angle θ . Parameters are μ = 0.05t , λ = 0.03t ,
L = 100a, and hz = 0.02t in (a).

graphene structure does not result from the broken inversion
symmetry and moreover, the system still holds the parity (in-
version) symmetry along x or y direction in the discrete lattice
model. Hence, we can instead choose a nonuniform Kekulé
structure via nonzero θ to simulate the broken space inversion
symmetry. Under this circumstance, the valley coupling term
may not be limited in the two GS electrodes and can indeed
extend to the normal G region, however, its inhomogeneity in
real space is still necessary for possible φ0-state JJ as shown
in Fig. 3.

When θ �= 0, there exists a nonzero supercurrent at zero
phase difference φ = 0, I (φ = 0) �= 0, as shown in Fig. 3(a).
The zero supercurrent at φ = φ0 becomes even more evident
with an increase of θ . In Fig. 3(b), I (φ = 0) is plotted as a
function of θ and it is almost a sine function of θ . Neverthe-
less, the current magnitude and direction can be modulated by
hz. It is also shown that the magnitude of I (φ = 0) is quite
small in comparison with the forward (backward) critical cur-
rent I±

c . This indicates that θ should not directly enter the
superconducting phase φ, in other words, the φ0 phase shift
may not stem from the bulk effect of the valley coupling, but
from the interface scattering effect.

In Fig. 3(a), one can also see that the critical supercurrent
has an asymmetry, I+

c �= I−
c , which is referred to as the SRE.

Obviously, the asymmetry originates from the combination of
the valley coupling effect and the external valley polarization
introduced into the system. The physics is not exactly the

same as SRE found in those JJs with both the spin-orbit
interaction and external magnetization [47,48]. A salient dif-
ference is the fact that a uniform valley coupling cannot even
give rise to a φ0 junction, but the spin-orbit interaction does
work. This indicates the importance of the interface scattering
of the superconductor quasiparticles that results in the possi-
ble phase shift or modification to the superconducting phase
difference φ.

IV. OPTIMAL SRE

As is known, the traveling quasiparticles in the normal
G region of the JJ can see the left and right finite potential
barriers, i.e., the superconducting gap; at least one bound state
termed as Andreev bound state (ABS) shall appear and this
ABS can carry a supercurrent as

I =
∑
a,b

∂Ea(b)

∂φ
tanh(βT Ea(b)/2), (8)

where Ea and Eb are the ABS energy levels and βT is the
temperature factor. There are generally two sets of ABS since
two bands in GS are involved in transport when μ > λ as
shown in Fig. 1(b). The simplified ABS in a short junction
(L � ξs) has a generic formation as [49]

Ea(b) = ±	

√
1 − ta(b) sin2(φ/2 ± δϕ/2 − γa(b)/2). (9)

Here, Ea(b) is symmetric over E = 0 reserving the chiral
symmetry, ta and tb are the electron transmissions in the nor-
mal junction without pair potentials (0 � ta(b) � 1), δϕ = δkL
denotes the extra shift phase of quasiparticles due to the
valley polarization hz, δk = k+ − k− = 2hz/h̄v f , and more-
over, two-type quasiparticles have the opposite phase shifts.
Besides, there also exist the phase variations (or phase loss
terms) γa(b) when the quasiparticles are reflected in the left
GS/S and right G/GS lattice interfaces, which are very subtle
to control explicitly unlike the transmission coefficients ta(b).
As a matter of fact, the above ABS can be deduced from the
quantum condition of the phase accumulation from φ, δϕ, and
γ when quasiparticles traveling in the normal region form a
self-closed path [49].

We now present a numerical ABS of the studied JJ in
Fig. 4(a), which can be represented by the energy-resolved
particle density distribution in the superconductor energy gap
ρ(E ) = −∑

j ImTr[szGr
j j]/π , where the summation of j is

limited in the middle G region of the junction. Nevertheless,
only a single transverse mode (ky = 0) is plotted in Fig. 4(a).
In Fig. 4(b), the simplified ABS from Eq. (9) are plotted for
comparison. One can see that the numerical ABS [Fig. 4(a)]
can be recovered with suitable parameters ta(b) and γa(b) sub-
stituting into Eq. (9).

The two sets of ABSs are separated from each other
due to δϕ from hz, which can account for the appearance
of the π -state JJ. The supercurrent reads I∼ta sin(φ/2 −
δϕ/2) + tb sin(φ/2 + δϕ/2) = ta cos(δϕ) sin(φ) if the trans-
mission coefficients ta = tb. Oppositely, ta �= tb will lead to the
unequal ABS magnitude; as a result, the slopes of two ABS
(∂Ea(b)/∂φ) are unequal, so a φ0-state JJ is born. Similarly,
the phase loss term generally has the same inequality γa �= γb,
hence they are also contributing to the φ0 phase shift. More
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FIG. 4. A single mode ABS from numerical calculations (a) and from the simplified model (b). Numerical parameters in (a) are ky = 0,
μ = 0.05t , θ = 0.5π , hz = 0.02t , L = 100a, and λ = 0.03t , while the model parameters in (b) are γa = 0.2, γb = 0.3, δϕ = 0.5π , ta = 0.95,
and tb = 0.85. The supercurrents corresponding to the two ABSs are respectively plotted in (c) and (d).

importantly, the critical supercurrent asymmetry (I+
c �= I−

c ) is
due to this term.

From the simplified ABS in Eq. (9), each ABS by itself
can only lead to a symmetric critical current (I+

c = I−
c ) and

no SRE occurs; however, their summation will change the
scenario. From Eq. (9), the critical currents I+

c and I−
c for

a single ABS case occur around the turning point of the
ABS curve but they are equal and no asymmetry. However,
the combination of the two ABSs will lead to the inequality
I+
c �= I−

c because the turning point should not be at the same
φ for both ABS curves due to the phase loss term γa �= γb. In
Figs. 4(c) and 4(d), the corresponding current phase relations
are present for both the numerical ABS [Fig. 4(a)] and the
simplified ABS [Fig. 4(b)] cases. As is expected, they resem-
ble each other very much and the SRE is quite conspicuous.
Note that the simplified ABS in Eq. (9) neglects the trans-
mission dependence on θ . In fact, when the left and right
interfaces of the GS/G/GS junction are asymmetric (θ �= 0),
the transmission of ta(b) would have a weak dependence on
θ and thus, even a single ABS can also result in a weak
SRE.

According to the simplified ABS model, the SRE would
be more evident if the two ABSs had a huge mismatch, i.e.,
the transmissions for two kinds of quasiparticles have a large
difference from each other (ta � tb or ta � tb). This is similar
to the supercurrent interferometers composed of two JJs in
Ref. [50] where they have a different interface transparency
so that the second supercurrent harmonics [sin(2φ)] may play

the dominant role and the supercurrent diode can arise. Here,
the phase loss term γa �= γb is also vital besides (ta �= tb) in
the simplified ABS model but it is quite difficult to control
efficiently. For the studied JJ, the valley coupling can lead to
the band splitting in Fig. 1(b), and the first condition about
the transmission can be satisfied: when the universal chem-
ical potential is sweeping just from the lower band to the
upper split band, i.e., the JJ would experience the transition
from one ABS to two ABSs contributing to the supercurrent,
the critical supercurrent asymmetry would exhibit a jump.
In other words, when μ just locates around the upper split
band bottom as seen in the marked ±λ in Fig. 1(b), the
Fermi velocities of electrons in the two bands have a biggest
difference, so ta and tb would be quite different and the SRE
would be maximized. In Fig. 5, we plot the SRE efficiency as
a function of the valley coupling strength λ, which is defined
as

η = |I+
c − I−

c |
I+
c + I−

c

. (10)

It is clearly seen that the SRE has a peak around the chemical
potential a little bit larger than λ, |μ| � λ, i.e., μ is near
to the energy bottom of the upper split-band. For λ > |μ|,
the SRE show a rapid decrease because only one band (a
single ABS, spin is neglected) contributes to the supercur-
rent. However, one can see that even for the latter case, the
SRE is still nonzero. In reality, the transmission of electrons
in nonsuperconductor junction are weakly dependent on θ ,
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FIG. 5. SRE efficiency η as a function of the valley coupling
strength for different θ . Other parameters are μ = 0.05t , hz = 0.02t ,
and L = 100a.

which represents the broken parity symmetry, i.e., the su-
perposition coefficients of two valley-independent states are
unequal when the valley-helical eigenstate electrons in the
valley-coupled electrodes enter into the middle G region. Such
inequality in the studied GS/G/GS junction together with the
valley polarization can lead to a weak SRE in the single-ABS
case. When the electron energy approaches to the bottom of
the uplifted band (μ ∼ λ) in Fig. 1(b), the difference between
ta and tb might reach an extremity since the mismatching of

the bands between GS and G is maximum. In addition, the
SRE efficiency η shown in Fig. 5 is still low except peaks, and
it is also dependent on α or other factors like λ and hz; this
is mainly ascribed to the blurring effect of many modes con-
tributing to supercurrent since each mode can have different
scattering coefficients and phases in Eq. (9).

V. CONCLUSION

In summary, we have investigated the supercurrent recti-
fication effect in the graphene-based JJ by considering the
valley-related interactions instead of the spin-related inter-
actions. It is demonstrated that when the nonuniform valley
coupling effect from the Kekulé lattice structure is considered
in the GS, the introduced valley polarization would lead to a
π -state JJ or even a φ0-state JJ. The forward and backward
critical supercurrents are unequal so the SRE can arise. Based
on a simplified Andreev bound-state diagram and numerical
calculations, we found that the SRE can be maximized as the
universal chemical potential locates just above the bottom of
the upper split band due to the valley coupling effect.
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