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Topological transitions open a fundamentally new route of research with interesting optical phenomena in
photonic metamaterials. In this work, we comprehensively investigate the topology of equifrequency surfaces
in magnetized plasma. The full topological phase diagrams are shown and the critical points in the topological
transitions are given. The equifrequency surfaces evolve from the closed-form ellipsoid to the open forms type-I
or type-II hyperboloid in the topological transitions. Remarkably, a type of nonreciprocal optical isolator is
demonstrated utilizing the transformation from topological surface states to leaky modes in magnetized plasma.
Our work may provide additional insights into topological wave physics and the novel optical isolator has
potential applications in light modulation.
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I. INTRODUCTION

Topology is highly robust in conserved quantities. It
does not change when physical objects are continuously de-
formed [1–7]. Topological ideas in photonics originated from
solid-state materials, and then a new phase called photonic
topological insulators was found [8–13]. In recent years, the
realization of photonic topological insulators in chiral meta-
materials [14–16], photonic crystals [17–21], and magnetized
plasma [22,23] has become the focus of attention. Particularly,
the remarkable feature of photonic topological insulators is
the existence of the topological surface states [14]. The sur-
face waves can transmit perfectly on the boundary between
two media with different topological properties [15]. More-
over, Weyl semimetals possess gapless-type band structures
in three-dimensional (3D) systems [2,24,25]. An important
characteristic of the Weyl semimetals is the existence of the
Fermi arc connecting Weyl points with opposite chirality in
momentum space [25].

The propagation of light in the media can be determined
by the equifrequency surface, which is similar to the Fermi
surface of electrons in crystals [26]. Different from the regu-
lar spherical and ellipsoidal shapes known in natural media,
singular equifrequency surfaces can be designed in photonic
metamaterials [27–30]. A large number of unconventional
optical properties can be produced by engineering the exotic
equifrequency surface in metamaterials, such as spontaneous
emission, subdiffraction imaging, and nanoscale resonator
[31]. In the phase space of constant frequency electromagnetic
waves, different types of equifrequency surfaces represent
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dissimilar topological properties [32,33]. According to the
definition, every equifrequency surface belongs to a class of
quadric surfaces, and the topology of the equifrequency sur-
face governs wave dynamics inside media [32]. By altering
the topology of equifrequency surfaces in photonic metama-
terials, a new approach to controlling light-matter interactions
could be provided [27]. Generally, nondegenerated forms of
equifrequency surface in photonics can be classified as ellip-
soid and hyperboloid, and different types of equifrequency
surfaces cannot be smoothly transformed into each other
(topological transition). In Ref. [33], topological transition
in the biaxial gyroelectromagnetic metamaterial depends on
periodic structure, and the thicknesses of the layers satisfy the
long-wavelength limit. Moreover, photonic topological phases
based on the equifrequency surfaces in metamaterials have
been proposed and demonstrated [14,34–38].

In modern optical technologies, nonreciprocal light trans-
mission plays a key role [39]. Optical isolators are devices
that allow light to pass in one direction while blocking
transmission in the other direction [40–53]. It is usually re-
quired to break the Lorentz reciprocity [43]. Recently, optical
isolators based on the magneto-optical effect in photonic
crystals have been investigated [40,51,52], which usually use
strict periodic structures. On the other hand, optical isola-
tors can also be achieved in systems that do not rely on
strictly periodic structures, such as double-layer graphene on
magneto-optic substrates [53]. In particular, the mechanism
of optical isolation (resonant coupling) between the one-way
waveguides and cavity is through a single-mode resonator
(cavity) in Ref. [40]. Compared with photonic crystals, mag-
netized plasma is a simple natural electromagnetic continuum
medium [24], and the magnetized plasma has nonradiative
chiral surface modes on its surface that do not depend on
metal claddings [38]. Generally, metal cladding such as cop-
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per could cause significant Ohmic loss. For decades, it has
been known that the edge/surface waves can appear in a
certain frequency range at the boundary between the magne-
tized plasma and a transparent material [54], such as one-way
electromagnetic waveguide [40], magnetically switched trans-
parency and opacity [55], and electrically controlled one-way
photon flow [56]. On the other hand, at a certain angular
frequency ω, the topologically protected surface states in
the wave vector space common gap regions between the
equifrequency surfaces of the magnetized plasma and the
vacuum state have been studied in Ref. [57]. However, in
these works, the connection between the topological invari-
ants and edge/surface states of materials is not presented.
The specific relation between edge states (frequency space
common gap region) and topological invariants in magne-
tized plasma was first proved by Silveirinha [58], and the
topological insulators in photonic crystals were extended to
electromagnetic metamaterials. Recently, magnetized plasma
has gained renewed interest in the context of topological
edge states [22], bulk-edge correspondence [23], and Weyl
semimetals [24].

In this work, we study the topological transitions and
realize the nonreciprocal optical isolator in the magnetized
plasma. The topological phase diagrams and the conditions
for the critical points of topological transitions in magnetized
plasma are shown. We demonstrate the topological transitions
of the equifrequency surfaces from the closed-form ellipsoid
to the open hyperboloid forms. We use the theory of Chern
number of equifrequency surface [59] to study the topologi-
cally protected propagation property of surface waves at the
interface between an isotropy dielectric and the magnetized
plasma. Remarkably, a new type of optical isolator is demon-
strated based on the leaky modes in the 3D layered structure.
It is caused by breaking the time-reversal symmetry using
an external magnetic field. Specifically, nonreciprocal opti-
cal isolation can occur at the interface between the isotropy
dielectric layer and magnetized plasma in the 3D stratified
structure.

The paper is organized as follows. In Sec. II, the topologi-
cal phase diagrams and topological transitions in magnetized
plasma are investigated. In Sec. III, the surface states and
leaky modes in magnetized plasma are given. The leaky
mode-induced optical isolators based on the 3D stratified

structure are shown in Sec. IV. The conclusions are given
in Sec. V.

II. TOPOLOGICAL PHASE DIAGRAMS AND
TOPOLOGICAL TRANSITIONS IN MAGNETIZED

PLASMA

Under the external magnetic field, electromagnetic proper-
ties of the lossless magnetized plasma along the z direction
can be described as the Drude model εz = 1 − ω2

p/ω
2, where

ωp =
√

Ne2/ε0m is the plasma frequency, N represents the
electron concentration, e indicates the electron charge, and
m is the electron effective mass. However, the Lorentz force,
induced by a nonzero magnetic field, drives the electrons to
move in a plane perpendicular to the field. It eventually results
in the presence of off-diagonal elements (g) in the in-plane
direction. The permittivity of magnetized plasma can take the
form of a tensor as [60]

εm =
⎛
⎝ εt ig 0

−ig εt 0
0 0 εz

⎞
⎠, (1)

where εt = 1 − ω2
p/(ω2 − ω2

B) and g = ωBω2
p/[ω(ω2 − ω2

B)].
The ω and ωB represent the angular frequency and the cy-
clotron frequency, respectively. Moreover, magnetized plasma
has an isotropic permeability μm = I, where I is the identity
matrix.

The constitutive relation in magnetized plasma can be de-
scribed as (

D
B

)
=

(
εm 0
0 μm

)(
E
H

)
. (2)

Combining � × E = iωB and � × H = −iωD, Maxwell’s
equations can be written in a 6 × 6 matrix form,[(

iκ 0
0 iκ

)
− iω

(
I 0
0 −I

)(
0 μm
εm 0

)](
E
H

)
= 0, (3)

where κ is the skew-symmetric tensor of the wave vector
k. Then, the wave propagation of the magnetic field H in
magnetized plasma is given by

[κ · (ωεm)−1 · κ + ωμm]H = 0. (4)

Equation (4) is the master equation of magnetized plasma, and
can be written in the component form

⎛
⎜⎜⎜⎝

ωk2
y

ω2
p−ω2 + a

b
ωkxky

−ω2
p+ω2 + iω2

pωBk2
z

b − [ω(ω2
p+ω2

B−ω2 )kx+iω2
pωBky]kz

b
ωkxky

−ω2
p+ω2 − iω2

pωBk2
z

b
ωk2

x
ω2

p−ω2 + a
b

[iω2
pωBkx+ω(−ω2

p−ω2
B+ω2 )ky]kz

b

− [ω(ω2
p+ω2

B−ω2 )kx−iω2
pωBky]kz

b − [iω2
pωBkx+ω(ω2

p+ω2
B−ω2 )ky]kz

b
d
b

⎞
⎟⎟⎟⎠

⎛
⎝Hx

Hy

Hz

⎞
⎠ = 0, (5)

where a = ω[ω4
p − 2ω2

pω
2 − ω2

Bω2 + ω4 + (ω2
p + ω2

B − ω2)k2
z ], b = ω4

p − 2ω2
pω

2 − ω2
Bω2 + ω4, and d = ω[ω4

p − 2ω2
pω

2 −
ω2

Bω2 + ω4 + (ω2
p + ω2

B − ω2)(k2
x + k2

y )], respectively.
The existence of nontrivial solutions for H fields requires that the determinant of the above square matrix [Eq. (5)] is zero.

The condition of zero determinant gives rise to the characteristic equation of the magnetized plasma as

ω2
(
ω2

p + ω2
B − ω2

)(
k4

x + k4
y

) + k2
y e + k2

x

[
e + 2ω2

(
ω2

p + ω2
B − ω2

)
k2

y

] + (
ω2

p − ω2
)

f = 0, (6)

where e = (ω2[2ω4
p − 2ω2

Bω2 + 2ω4 + ω2
p(ω2

B − 4ω2)] + [−ω2
p(ω2

B − 2ω2) + 2ω2(ω2
B − ω2)]k2

z ) and f = [ω2(ω4
p − 2ω2

pω
2 −

ω2
Bω2 + ω4) + 2ω2(ω2

p + ω2
B − ω2)k2

z + (−ω2
B + ω2)k4

z ].

165306-2



TOPOLOGICAL TRANSITIONS IN MAGNETIZED PLASMA … PHYSICAL REVIEW B 106, 165306 (2022)

ky

kz

(a) t g z

I II III IV V VI

(b)

t>0 z<0

t z+g z>0

t>0 z<0

t z+g z<0
t>0
z>0

t<0
z>0 t>0

z>0

t z-g z<0 t z-g z>0

t>0

z>0
1

2= p
3= B

z=0

4

t=0

5

FIG. 1. Band structure and topological transition diagram in magnetized plasma. (a) Band structure and Weyl points of magnetized plasma.
The green and black dots indicate the Weyl points with positive and negative chirality, respectively. (b) The change in the values of εt , g, and
εz as the angular frequency ω varies. The roman numerals I–VI indicate six different phases.

Here and in the following sections, all the wave vectors are specified in units of kp(kp = ωp/c), and the angular frequency ω

is normalized by ωp. Based on Eq. (6), the band structure for the magnetized plasma with kx = 0 and ωB > ωp(ωB = 1.2ωp) can
be obtained, as shown in Fig. 1(a). Following the experimental works of Refs. [61,62], the magnetized plasma has the density
(electron concentration) N = 4.5 × 1012cm−3 [Eq. (1)], and the corresponding plasma frequency ωp is given by ωp = 1.2 ×
1011rad/s [59]. When the cyclotron frequency ωB > ωp(ωB = 1.2ωp), the strength of the applied magnetic field is 0.68T. It can
be readily achieved under laboratory conditions [63]. Moreover, ωB > ωp can also be realized in a certain doped semiconductor
at terahertz frequency, such as InSb [62]. It behaves as the magnetized plasma for the electromagnetic waves at the terahertz
band. Due to the small effective mass of electrons m∗ = 0.014m0, the minimum strength of the applied magnetic field ωB > ωp

is only 0.15T. It is completely within the range of normal experimental conditions [64].
In the band structure, there are Weyl degeneracies (green and black dots) due to the interaction of transverse mode and

longitudinal mode [25]. Equation (6) is a biquadratic equation possessing higher-order dispersion, and is also known as the
Fresnel equation of wave normal direction. It determines the dispersion relation, that is, the angular frequency ω as a function
of the wave vector k. At a fixed angular frequency, Eq. (6) can define the equifrequency surface of the wave vector space.
Moreover, we only consider the frequency bands with ω > 0 in the present study, because the mode at (−k,−ω) represents the
same physical mode as that at (k, ω).

Along the z axis, i.e., kx = ky = 0, the characteristic equation of Eq. (6) is further given by(
ω2

p − ω2
)[

ω2
(
ω4

p − 2ω2
pω

2 − ω2
Bω2 + ω4

) + 2ω2
(
ω2

p + ω2
B − ω2

)
k2

z + ( − ω2
B + ω2

)
k4

z

] = 0. (7)

Equation (7) can then be solved to give the dispersion relation as

k±
z1 = ±

i
√

ω
√

ω2
p + (ωB − ω)ω

√−ωB + ω
, k±

z2 = ±
√

ω[−ω2
p + (ωB + ω)ω]

√
ωB + ω

. (8)

Then, the angular frequency threshold of the magnetized plasma [Fig. 1(b)] can be obtained as

ω1 =
−ωB +

√
4ω2

p + ω2
B

2
, ω5 =

ωB +
√

4ω2
p + ω2

B

2
. (9)

The conditions for εz = 0 and εt = 0 are ω2 = ωp and ω4 =
√

ω2
p + ω2

B, respectively. Moreover, a resonance frequency ω3 =
ωB(|εt | = |g| → ∞) exists in the magnetized plasma.

The dispersion features of the components of Eq. (1) are
plotted in Fig. 1(b). In the figure, we distinguish the phase
diagram of different electromagnetic parameter combinations
by roman numerals I–VI. They are as follows: εt > 0, εz <

0, and εtεz + gεz > 0 in region I; εt > 0, εz < 0, and εtεz +
gεz < 0 in region II; εt > 0 and εz > 0 in region III; εt < 0
and εz > 0 in region IV; εt > 0, εz > 0, and εtεz − gεz < 0 in
region V; εt > 0, εz > 0, and εtεz − gεz > 0 in region VI.

In magnetized plasma, different topology forms of equifre-
quency surface arise from the relation between the dielectric
tensor components [Eq. (1)]. Thus, changing the angular fre-
quency can essentially vary the equifrequency surface. There

are significant differences in the equifrequency surface topol-
ogy at different angular frequencies in the magnetized plasma,
as shown in Fig. 2. The equifrequency surfaces are sym-
metric about the x − y plane. If ω → 0, the components g
and εz approaches infinity. In this case, the radius of the
equifrequency surface of the magnetized plasma becomes
very large, so the equifrequency surfaces are two flat planes
in the wave vector space, as shown in Fig. 2(a). In the phase
I region, k±

z2 [Eq. (8)] are nonphysical solutions because of
εtεz + gεz > 0. The equifrequency surface becomes a twofold
type-I hyperboloid, as illustrated in Fig. 2(b). However, there
is an interesting feature of equifrequency surfaces in region II,
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FIG. 2. Equifrequency surfaces and topological transitions. (a) Highly anisotropic medium when the angular frequency ω → 0. (d) The
ellipsoidal equifrequency surface at Weyl degeneracy frequency ω = 1.0ωp. (b), (c), (e)–(h) The equifrequency surfaces caused by the change
of angular frequency ω: (b) ω = 0.4ωp, (c) ω = 0.67ωp, (e) ω = 1.1ωp, (f) ω = 1.3ωp, (g) ω = 1.7ωp, and (h) ω = 1.8ωp, corresponding to
phase I–VI regions in Fig. 1(b), respectively.

which contains the ellipsoid and a twofold type-I hyperboloid
along the z axis, as shown in Fig. 2(c). It is called the mixed-
type dispersion. Once the condition ω = ωp is satisfied, the
equifrequency surface is a single ellipsoid because there are
Weyl points (εz = 0) along the z-axis direction, as illustrated
in Fig. 2(d). In the phase III region, the magnetized plasma
exists as two separate ellipsoids and the pink equifrequency
surface is stretched along the z axis, as shown in Fig. 2(e).
From the phase III to phase IV regions, the pink equifrequency
surface changes from a closed ellipsoid to an open type-II
hyperboloid, and the middle orange ellipsoid keeps its topol-
ogy unchanged, as described in Fig. 2(f). Similar to region
I, there is only one ellipsoidal equifrequency surface in the
phase V region. In this case, k±

z1 [Eq. (8)] are nonphysical
solutions owing to εtεz − gεz < 0. Moreover, two ellipsoid
equifrequency surfaces exist in region VI. The resulting forms
of equifrequency surfaces are caused by the time-reversal
symmetry breaking. Hence, the topological transitions of the
equifrequency surfaces from a closed-form ellipsoid to the
open forms type-I or type-II hyperboloid can be realized by
only changing the angular frequency ω [Fig. 1(a)] in the
magnetized plasma, as shown in Fig. 2.

III. SURFACE STATES AND LEAKY MODES

As illustrated in Figs. 3(a) and 3(e), we consider the 3D
stratified structures along the x axis and translation-invariant
in the y–z plane. For the isotropic medium-magnetized
plasma structure in Fig. 3(a), the surface states can be ob-
tained by matching the tangential boundary condition of
Maxwell’s equations [14]. The topological surface states at
the interface between an isotropy dielectric εd = 1.1 + 0.001i
and the magnetized plasma with ω = 0.67ωp and ωB =
1.2ωp. In Fig. 3(b), the gray regions represent the common
band gap in the wave vector space. The surface states are
colored with red and black lines. The blue lines and the

green dotted line represent the equifrequency surfaces of
the magnetized plasma and isotropy dielectric, respectively.
It is worth noting that in the topological phase diagram of
Fig. 1(b), the existence of stable band gaps [corresponding
to the phase I and II regions in Fig. 1] of the equifrequency
surfaces of the magnetized plasma is a prerequisite for the
realization of the topological surface states [Fig. 3(b)] and the
nonreciprocal optical isolation [Fig. 3(f)] in the wave vector
space. In particular, ω = 0.67ωp [corresponding to the phase
II region in Fig. 1(b)] is taken as a prototype to realize the
nonreciprocal optical isolator in the magnetized plasma, as
shown in Fig. 3. In the common band gap [gray shadow region
in Fig. 3(b)] of the magnetized plasma and isotropic medium,
the existence of the topological surface state is guaranteed by
the different gap Chern numbers of the two materials (bulk-
edge correspondence) [23,65]. Moreover, the topologically
protected photonic surface states [Fig. 3(b)] are robust against
disorder on all length scales and for a wide range of medium
electromagnetic parameters [14]. The LEP and REP represent
left and right elliptical polarizations of the topological surface
states, respectively. The topological surface states connect the
dielectric (green dotted circle) and the magnetized plasma
(blue lines), as shown in Fig. 3(b). The Chern number of each
equifrequency surface in magnetized plasma can be obtained
by the generalized Gauss-Bonnet theorem [59]. Figures 3(c)
and 3(d) show the topologically protected propagation prop-
erty of the surface waves. They can bypass the square defect
and transmit stably. The simulation results represent the field
patterns Ez.

In Fig. 3(e), two different isotropic media with permit-
tivities εd and εp occupy the regions 0 < x < d (isotropic
medium) and x > d (prism), respectively. The magnetized
plasma with permittivity tensor εm fills the region x < 0. We
use the method proposed by Dyakonov [66] to calculate the
leaky modes in the 3D stratified structure [Fig. 3(e)]. Accord-
ing to Maxwell’s equations, the eigenfields on each media in
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FIG. 3. Surface states and leaky modes. (a) The interface between an isotropy dielectric layer (top) and the magnetized plasma (bottom).
(b) Surface states between the magnetized plasma and isotropy dielectric. (c, d) Simulation of the topological surface waves with kz = 1.58 in
COMSOL frequency domain, corresponding to points A and B in (b), respectively. (e) The geometry of the three-layered system. (f) The leaky
modes in the 3D stratified structure. (g, h) The electric field Ez distributions for the leaky modes, corresponding to points (kz = 1.58) C and D
in (f), respectively. The white pentagrams represent the exciting source.

Fig. 3(e) are given by the nontrivial solutions of E and H. In
the prism εp region, the two eigenmodes can be described as

E1 = (−kykxp, i(k2
y − εp), ikykz ),

H1 = (iεpkz, 0, εpkxp), (10)

E2 = (kzkxp,−ikykz,−i(k2
z − εp)),

H2 = (iεpky, εpkxp, 0), (11)

where kxp =
√

−εp + k2
y + k2

z is the normal direction wave

vector in the prism region.
In the isotropic medium εd , the two eigenmodes are

E3 = [ − kykxd , i
(
k2

y − εd
)
, ikykz

]
,

H3 = (ikzεd , 0, kxdεd ), (12)

E4 = [
kzkxd ,−ikykz,−i

(
k2

z − εd
)]

,

H4 = (ikyεd , kxdεd , 0), (13)

where kxd =
√

k2
y + k2

z − εd is the normal direction wave
vector.

Similarly, two eigenstates in the magnetized plasmas can
be expressed as

E5 = (E5x, E5y, E5z ), H5 = (H5x, H5y, H5z ), (14)

E6 = (E6x, E6y, E6z ), H6 = (H6x, H6y, H6z ). (15)

Then, applying electromagnetic boundary conditions at
x = 0 and x = d for the tangential electric and magnetic
fields leads to the determinant problem of a 8 × 8 constraint
matrix M,

Det[M] =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

ekxpd E1y ekxpd E2y ekxd d E3y ekxd d E4y 0 0 0 0
ekxpd E1z ekxpd E2z ekxd d E3z ekxd d E4z 0 0 0 0
ekxpd H1y ekxpd H2y ekxd d H3y ekxd d H4y 0 0 0 0
ekxpd H1z ekxpd H2z ekxd d H3z ekxd d H4z 0 0 0 0

0 0 0 0 E3y E4y E5y E6y

0 0 0 0 E3z E4z E5z E6z

0 0 0 0 H3y H4y H5y H6y

0 0 0 0 H3z H4z H5z H6z

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0. (16)

The leaky modes of the three-layer structure are as follows:
the semi-infinite prism layer (orange) and the magnetized

plasma (light blue) are separated by a thin isotropy dielectric
layer (light green), as depicted in Fig. 3(e). The magne-
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FIG. 4. Leaky mode-induced optical isolators based on the 3D
stratified structure. (a) Schematic of the obliquely incident electro-
magnetic wave of the 3D layered structure composed of a prism
layer (orange), an isotropy dielectric layer (light green), and the
magnetized plasma (light blue). The layers are infinite in the y–z
plane. (b) The nonreciprocal optical isolation with d = 0.5λ and
ε ′′ = 0.001, corresponding to points C and D in Fig. 3(f), respec-
tively. (c) The reflectivity of the nonreciprocal optical isolation for
different thickness values of the isotropy dielectric. (d) The reflectiv-
ity of the nonreciprocal optical isolation for different imaginary part
values of the isotropy dielectric. The angular frequency ω = 0.67ωp

and cyclotron frequency ωB = 1.2ωp for all the plots.

tized plasma is covered with an isotropy dielectric cover of
the thickness d = 0.5λ(λ = 2πc/ω). In Fig. 3(f), the leaky
modes can be obtained based on Eq. (16). The blue lines,
orange line, and green dotted line represent the equifrequency
surfaces of the magnetized plasma, prism, and isotropy di-
electric, respectively. Notably, the modes (pink and purple
lines) located in the shadow part are not a surface state be-
cause they are surrounded by the prism bulk state, as shown
in Fig. 3(f). Thus, they will leak energy to the prism side,
forming the leaky modes, as illustrated in Figs. 3(g) and 3(h).
The leaky modes are excited by an electric-line source at
the interface between the isotropy dielectric and magnetized
plasma. Moreover, the permittivities of the isotropy medium
and prism layer in Figs. 3(e)–3(h) are εd = 1.1 + 0.001i and
εp = 4, respectively.

IV. REALIZATION OF THE LEAKY MODE-INDUCED
OPTICAL ISOLATORS BASED ON THE 3D STRATIFIED

STRUCTURE

For the 3D structure in Fig. 4(a), the obliquely incident
wave has the azimuthal angle α and project angle β. Here,
β = arctan(ky/kz ) is located in the y–z plane. The permittivi-
ties of the prism and isotropy dielectric layer are εp = 4 and
εd = 1.1 + iε′′, respectively. The small imaginary value ε′′ is
used to achieve the nonreciprocal optical isolation, i.e., the
incident wave energy can be coupled to the surface modes
between the isotropic dielectric and a magnetized plasma
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FIG. 5. Nonreciprocal energy coupling. (a, b) Profiles of the
electric field (Ez ) along the direction of the 3D layered structure with
different thickness values d . The imaginary part value of the isotropy
dielectric is ε ′′ = 0.001. (c, d) Field of points C and D [Fig. 3(f)] dis-
tribution simulated by COMSOL MULTIPHYSICS. The electromagnetic
parameters of the magnetized plasma are in accordance with Fig. 4.

[Fig. 3(b)]. The time-reversal symmetry is broken for the
leaky modes because of the nonzero external magnetic field,
as illustrated in Fig. 3(f). Specifically, for point C, the optical
isolation can be realized when the azimuth angle α changes.
However, for point D, the incident light always occurs as total
reflection (R = 1.0), as shown in Fig. 4(b). The reflectivity
(R) in the optical isolator [Fig. 4(a)] can be calculated by
COMSOL MULTIPHYSICS.

The reflectivity (R) correspondingly changes for different
thicknesses d and imaginary parts ε′′ of the isotropy dielectric
[Fig. 4(a)]. Notably, for different thicknesses d of the medium
layer, the angle of nonreciprocal optical isolation will also
change, as shown by Fig. 4(c). On the other hand, for different
small imaginary values ε′′ of the dielectric layer [Fig. 4(a)],
the angle of nonreciprocal optical isolation does not change,
as illustrated in Fig. 4(d). However, the nonreciprocal optical
isolation at a specific azimuthal angle α of the obliquely
incident wave can be achieved in both cases of Figs. 4(c) and
4(d).

We further verify the nonreciprocal coupling (g < 0) from
the view of the electric field distribution with different thick-
nesses d of the isotropic medium layer, as shown in Fig. 5(a).
In these cases, the field energy is mainly concentrated at the
interface between the isotropic dielectric and the magnetized
plasma. On the other hand, no energy coupling occurs when
the direction of the magnetic field is reversed (g > 0), as
shown in Fig. 5(b). The incident light is all reflected only at
the interface between the isotropic dielectric and the prism.
Figures 5(c) and 5(d) show the field Ez distribution of the
nonreciprocal optical isolation, corresponding to points C and
D in Fig. 3(f), respectively. Therefore, a new type of optical
isolator can be realized in the 3D stratified structure, as shown
in Figs. 5(c) and 5(d).
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ε ′′ = 0.001. (b) One-dimensional electric field profiles Ez at line AA
in (a). (c) Distribution of electric field Ez.

The skin depth of surface wave in the medium can
be determined by the penetration distance of the electric
field down to 1/e. The skin depth in the isotropic dielec-
tric is described as ds/λ = 1/Im(kxd ) because the imaginary
part of the wave vector kxd at the boundary causes ex-
ponential attenuation of the electric field. The skin depth
of the isotropic dielectric at point A [Fig. 3(b)] is ds/λ =
1/Im(

√
1 − 1.582 − | − 0.4|2) ≈ 0.78. In Fig. 6(a), the mag-

netized plasma is covered with an isotropy dielectric cover of
thickness d = 2λ > 2ds. In this case, the isotropy dielectric
coating completely prevents the coupling from the lower to
the upper boundary. Therefore, the one-way surface mode
only exists at the isotropy dielectric-magnetized plasma in-

terface and does not radiate into prism half-space, as shown
in Fig. 6(a). One-dimensional electric field profile Ez at line
AA in Fig. 6(a) is shown, as illustrated in Fig. 6(b). Indeed,
the surface wave is only localized at the interface between the
isotropy dielectric and magnetized plasma. It directly verifies
that the surface mode [Fig. 6(a)] cannot be coupled to the
prism region. Thus, similar to Fig. 5(d), the incident light is
all reflected at the interface between the isotropic dielectric
and prism layer, as shown in Fig. 6(c).

V. CONCLUSIONS

In conclusion, the topology of equifrequency surfaces in
the magnetized plasma is investigated. The topological phase
diagrams and the critical points of topological transitions are
given. Based on different types of equifrequency surfaces, the
topological transitions are confirmed in magnetized plasma.
The topologically protected propagation property of surface
waves at the interface between the magnetized plasma and
an isotropy dielectric medium is revealed. The leaky modes
can be obtained by a three-layered media system. The semi-
infinite prism layer and magnetized plasma are separated by
a thin isotropy dielectric layer. Notably, we demonstrate a
design of optical isolators based on the 3D layered structure.
The isolation property of the optical isolators is related to the
azimuthal angle and projection angle of the obliquely incident
light. Moreover, the direction of the nonreciprocal coupling
can be reconfigurable by simply adjusting the external mag-
netic field of the 3D stratified structure. This work may have
potential applications for new high-performance nonrecipro-
cal optical devices.
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