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The Thouless pump is a phenomenon in which U (1) charges are pumped from an edge of a fermionic system
to another edge. The Thouless pump has been generalized in various dimensions and for various charges. In this
paper we investigate the generalized Thouless pumps of fermion parity in both trivial and nontrivial phases of
(1 + 1)-dimensional interacting fermionic short-range entangled (SRE) states. For this purpose, we use matrix
product states (MPSs). MPSs describe many-body systems in (1 + 1) dimensions and can characterize SRE
states algebraically. We prove fundamental theorems for fermionic MPSs (fMPSs) and use them to investigate
the generalized Thouless pumps. We construct nontrivial pumps in both the trivial and nontrivial phases, and
we show the stability of the pumps against interactions. Furthermore, we define topological invariants for
the generalized Thouless pumps in terms of fMPSs and establish consistency with existing results. These are
invariants of the family of SRE states that are not captured by the higher dimensional Berry curvature. We also
argue a relation between the topological invariants of the generalized Thouless pump and the twist of the K

theory in the Donovan-Karoubi formulation.
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I. INTRODUCTION

A. Kitaev’s argument and the Kitaev pump

A short-range entangled (SRE) state is a unique gapped
ground state for a system without a boundary.! An inte-
ger quantum Hall state is a representative example of (2 +
1)-dimensional SRE states. To date, SRE states with vari-
ous symmetries in various dimensions have been discovered,
which include physically important systems such as topologi-
cal insulators and topological superconductors [5-7].

A remarkable property of SRE states is invertibility: Any
SRE state |x) in d + 1 space-time dimensions has an anti-
SRE state |j) that satisfies

O ar1 ® 10 ar1 ~ 100421 ®10) 401 ~ 1X)as1 @ 1XVas1-
(D

Here ~ represents a continuous deformation keeping a gap
and symmetry, and |0),4; is the trivial state in d + 1-
dimensions.? Because of the invertibility, SRE states are often
called as invertible states.

A fundamental question for SRE states is what a kind of
quantum phases and the related phenomena they deliver for
fixed space-time dimensions and symmetry. Let M$, | be the
set of all (d + 1)-dimensional SRE states with symmetry G.
The first step to answer the question is the identification of

*shuhei.oyama@yukawa kyoto-u.ac.jp

ken.shiozaki @yukawa.kyoto-u.ac.jp

¥msato @yukawa.kyoto-u.ac.jp

There are several styles of how to define SRE states [1-4]. Our
definition here is what is sometimes called an invertible state.

2We often omit the space-time dimension when it is clear from the
context.
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connected components no(/\/lg 1) of /\/lff 1+ Each connected
component in 710(./\/1(‘13 +1) specifies a possible symmetry-
protected topological (SPT) phase (see Fig. 1).

Importantly, we can also consider a more complicated
topology in MY, ,, such as the fundamental group 7, (M, ).
In associated with this, Kitaev considered a loop in /\/lff 4 that
gives a nontrivial topological phenomenon [8]. Following his
argument, let us start with a (d 4 1)-dimensional trivial state
|0)s4+1 obtained by arranging the (d — 1 4 1)-dimensional
trivial states |0)—1)+1 in a line:

10)10) 10} [0) - --]0)10)0)[0).

Then, choosing an arbitrary (d — 1 4 1)-dimensional SRE
state |x), we perform the deformation [0)|0) ~ |x)|x) on
neighboring trivial states:

) 130 1) 1)+ 1) [0 1) 10

LR (R R

10) [0) 0) |0} --- 10} |0} |0) [0) ,

where ‘ ) is the continuous deformation in Eq. (1). Finally,

by accomplishing the reverse transformation | )|x) ~ |0)|0)
for neighboring states shifted by one site, we obtain again
the (d + 1)-dimensional trivial state. This process defines a
loop in ./\/lg 1 that starts from the (d + 1)-dimensional trivial
state and returns to itself, and interestingly, if the system has a

3As in the case of SRE states, there are several styles of defining
the SPT phase. Our definition here is what is sometimes called an
invertible phase.
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FIG. 1. A schematic picture of the space of (d + 1)-dimensional
SRE states, where the asterisk represents the trivial state |0),,. Each
connected component of M, gives a different SPT phase. The
component including the trivial state belongs to the trivial SPT phase,
and the others are in nontrivial SPT phases. While the Kitaev pump
is a loop in the trivial phase, we also consider pumps (i.e., loops)
in nontrivial phases. We collectively call these pumps generalized
Thouless pumps.

boundary, the same process pumps (d — 1 4+ 1)-dimensional
SRE states at the boundary, as shown below:

x) [0) 10) [0) 0) [0) 10) [x)
RIS

1) %) 1) %) 1) %) 1) %)

RN RN

0) [0) [0) [0) 0) [0) |0} [0) .

This is a generalization of the Thouless pump that pumps the
U (1) charge by a periodic change of a potential [9]. This Ki-
taev’s pump” applies to any SRE states in arbitrary dimensions
with any symmetry.

Whereas the above procedure only provides an injective
map from a (d — 1 4 1)-dimensional SRE state to a loop of
(d + 1)-dimensional SRE states, Kitaev conjectured that this
correspondence is one-to-one (up to homotopy) [3,8,10,11],

MG ~ QMG ()
where QMY | is the based loop space of MY ,:

QMG = {y 110,11 > MG, 1y(0) = y(1) = [0)44,}-
A3)

Mathematically, this means that {./\/lg}dez is an 2-spectrum
with the base point {|0),}scz. This conjecture is important
because this implies that a generalized cohomology theory
works for the classification of SRE states [12].

B. Summery of this paper

As discussed above, the space of SRE states MY | de-
termines both SPT phases and generalized Thouless pumps.
On the basis of K theory, previous researches specify M$ Tl
for free fermionic SRE states, i.e., fermionic SRE states with
quadratic Hamiltonians, with G onsite symmetry [13—15]. The
classification of the free fermionic SRE states has been done
both from field theory and lattice Hamiltonian perspectives.
On the other hand, for interacting fermionic SRE states, it is
difficult to determine ./\/lg iy in particular, in lattice Hamilto-
nian formalism.

“In the following, we call this pump Kitaev’s canonical pump.

In this paper, using fermionic matrix product states
(fMPSs), we analyze the space M4y with fermion parity
symmetry, in the presence of interactions. We establish the
existence of nontrivial pumps in both the trivial (orange loop
in Fig. 1) and the nontrivial SPT phases (blue loop in Fig. 1).

While the Kitaev’s (and the original Thouless) pump is
a pump in the trivial SPT phase as explained in the above,
pumps in the nontrivial SPT phase also have been studied,
especially in free fermionic systems [15-17].°> Pumps in our
analysis are consistent with these previous studies. We also
present the topological invariants that characterize pumps both
in trivial and nontrivial SPT phases in terms of fMPSs, and
check the validity of them for several interacting models.
We also give a geometric interpretation of the topological
invariants.

C. Outlook of this paper

The rest of the paper is organized as follows:

In Sec. IT we give a quick review of the free Kitaev chain
as the simplest example of fermionic SRE states in (1 4 1)
dimensions (Sec. IT A). This model hosts two SPT phases, the
trivial phase and the nontrivial phase, and shows a pump of
the fermion parity both in the trivial and nontrivial phases. We
explain the fermion parity pump of the Kitaev chain in the
trivial (Sec. II B) and nontrivial (Sec. II C) phase from several
perspectives.

In Sec. III we introduce MPSs of bosonic (Sec. III A) and
fermionic systems (Sec. III B) and identify several MPSs of
bosonic and fermionic models. In particular, we characterize
SRE states by an algebraic property of MPSs called an in-
jective MPS, where the (Z /27Z-graded) central simplicity of
the algebra generated by matrices of MPSs plays a crucial
role [18]. We also illustrate this by using concrete examples.
(We give a review of (Z /27Z-graded) central simple algebra in
Appendix A.) In addition, we provide the necessary and suffi-
cient condition for two injective fMPSs to give the same SRE
state and summarize the condition in the form of Theorems 3
and 4.

In Sec. IV we specity the space of the fMPS with the small
matrix sizes and we reveal the existence of a noncontractible
loop giving a pump in the nontrivial phase.

In Sec. V we present a general theory to construct topo-
logical invariants for pumps in (1 + 1)-dimensional fermionic
SRE states in the formulation of fMPSs. Our construction is
based on the Wall’s structure theorem and works both in trivial
and nontrivial phases. For the trivial phase, fMPSs are similar
to bosonic MPSs, and our construction is consistent with that
for bosonic MPSs proposed in Ref. [19] (Sec. V A). On the
other hand, our topological invariant in the nontrivial phase is
unique since the nontrivial phase appears only in the fermionic
case (Sec. V B). We also give geometric interpretations of the
topological invariants (Sec. V C).

In Sec. VI we apply our general theory of the pump topo-
logical invariants in Sec. V to several interacting fermionic

3In the following, we collectively refer to all of the above pumps as
a generalized Thouless pump, and, in particular, we call the pump in
the trivial phase the Kitaev pump.
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models. We evaluate the topological invariants of pumps in
trivial (Sec. VI A) and nontrivial (Sec. VI B) phases and clar-
ify the robustness of pumps in the presence of interactions.
Prior works are listed here. Adiabatic pumps in SRE states
have been discussed in the context of the Floquet SPT phase
[20-23], where the periodic unitary time evolution which can
be stroboscopic is studied. Studies focusing more on adia-
batic pumps in SRE states/Hamiltonians themselves include
bosonic systems with onsite symmetry [19,24], multiple adia-
batic parameters [25-28], and topological ordered states [29].

II. GENERALIZED THOULESS PUMP IN SHORT-RANGE
ENTANGLE STATES IN KITAEV CHAIN

SRE states provide the simplest class of topological phases.
They are characterized by (a) the existence of global sym-
metry, (b) the uniqueness of the ground state, and (c) the
existence of a finite energy gap. Despite their simplicity,
SRE states describe many physically important systems, such
as topological insulators and superconductors, the Haldane
chain, and others.

In this section, we examine pump phenomena via the free
Kitaev chain. In Sec. IT A we first review the Kitaev chain as
an example of (1 + 1)-dimensional SRE states. In Sec. II B
and Sec. IIC we investigate pumps in the the free Kitaev
chain for the trivial and nontrivial phases, respectively. In each
phase, we investigate pumps in two different methods: The
first one is through the action of symmetry on the boundary of
the open chain (Secs. II B 2 and I C 2), and the second is via a
Hamiltonian with a texture mimicking a loop for pump in the
closed chain (in Secs. II B 3 and I1 C 3).

A. Ground states in the Kitaev chain

The Kitaev chain is a model of a (1 4 1)-dimensional su-
perconductor [16] with the Hamiltonian,

1

L
H = Z |:—a)a;+laj - a)a;ajH — M(a;aj - 5)
J=1
+Aajajp + A*a;ajﬂ], “4)

where L € Z is the system size, a; and a' are the annihilation
and creation operators with the anticommutation relation

{ai,aj}=0, {a/,d}=0, {a.da}=8; (5
o € R is the hopping amplitude of the neighboring sites,
w € R is the chemical potential, and A = ¢”|A| € C is the
gap function of the superconductivity. This Hamiltonian has

fermion parity symmetry
[H,P] =0, (6)

with the fermion parity operator P := (—1)% %% Tn the peri-
odic boundary condition, the Hamiltonian reads

I .
H=) @, akmm(k)(a‘?‘k), ™
- !

with the Bogoliubov—de Gennes (BdG) Hamiltonian

iAsin(k)
2w cos(k) + /L)’ ®)

where k is the momentum k along the chain. Diagonalizing
the BAG Hamiltonian, we have the quasiparticle spectrum

—2wcos(k) —

Heao(k) = ( —iA sin(k)

ek) = :I:\/[Za) cos(k) + ) + 4| A% sin(k), )

which is nonzero except for 2|w| = |u|. Thus, except for
2|w| = ||, the ground state is gapped and unique on closed
chain with both periodic and antiperiodic boundary condi-
tions, and thus an SRE state.

The Kitaev chain has two different phases, trivial 2|w| <
|p|) and nontrivial (2|w| > |u|) phases, which are separated
by the gap closing point at 2|w| = |u|. For the description
of these phases, it is convenient to introduce the Majorana
fermion

il —i? %
Cj-1 =€2a;+e 2a;

_ A —i¢ T
i czj——l(elmj—e Zaj), (10)

with the anticommutation relation
{Ci,Cj} 225,‘,]‘, C; =Cj. (11)

In the Majorana representation, the Hamiltonian in Eq. (4) is
recast into

i
H=2 Xj:[_‘“zf‘mj + (0 + [ADc2jcaj41
+ (0 — [ADczj-162j42], (12)

with P = ]_[j(—iczj,lczj). The analysis of the phases is par-
ticularly simple for (i) |A| = @ = 0, u < 0 (trivial phase) and
(i) |A| = w # 0, u = 0 (nontrivial phase), as shown below.
DIAl=w=0, u<DO0.
In this case, the Hamiltonian reads

H="5 ; (—icajo1c2)). (13)

Because any terms in the Hamiltonian commute with each
other, and the eigenvalue of —icy;_ic2; is &1, the ground state
|GS) obeys

—iC2j71€2j|GS> =1|GS) <« Clj|GS> =0 (14)

for any sites j =1, ..., L. Thus, the ground state does not
have a fermion consisting of ¢;;_; and c;;, which we repre-

sent by the diagram 2;—1 2j. In terms of the diagram, the

ground state is given as

‘GS):.+0 —> o --- o—> o —> o .
1 2 3 4 2L—-3 2L—22L—1 2L

s)

As mentioned in the above, the ground state is unique as
Eq. (14) imposes L conditions on the Hilbert space with the
dimension 2F. Putting a fermion, say, at site 1, we have the
first excited state aT |GS), which we represent as

@ e ) o ——e - [
1 2

[ ]
3 4 2L—3 2L-22L—1 2L (16)
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The first excitation energy is —u > 0. Since the ground state
has a finite energy gap independent of the size of the system,
it is an SRE state.

Note that the above analysis works both for closed and
open chains. For both cases, we can impose the same con-
dition in Eq. (14) on any site of the chain. In particular, no
gapless boundary state appears in the trivial phase.

i) |Al=w >0, u=0.

In this case, the Hamiltonian in the periodic boundary
condition reads

with ¢y7 41 = ¢;. Introducing a virtual complex fermion &; as

a; = 1(caj +icajs), (18)

we have
- 1
H=2w2(ajaj— 5), (19)
and thus the ground state satisfies

a;|GS) =0, (20)

for any j =1,...,L. From Eq. (20), the ground state does
not have a fermion consisting of ¢;; and ¢;j41, SO we can

H=-w Z (—icojcajs1)s a7 represented it by the following diagram:
J |
‘GS) = l — o — o . e—>e o—> o & (1)
12 3 4 5 2L—4  2L-32L—2 2L—1 2L
[
The ground state is unique and has a finite gap 2w, and thus 1. Model

an SRE state again.

In contrast to case (i), the present case shows zero energy
boundary modes in the open chain: In the open boundary
condition, no bond between site L and site 1 exists, and thus
the summation in Eq. (17) excludes j = L. As a result, the
ground state does not satisfy Eq. (20) at j = L. Therefore,
in addition to the original ground state obeying a, |GS) = 0,
a, |GS) also gives the ground state. Thus, the ground state in
the open boundary condition has twofold degeneracy. Phys-
ically, the twofold degeneracy originates from the Majorana
fermions ¢; and cp; at the boundary of the system. Since
they do not participate in the Hamiltonian in Eq. (17), they
becomes gapless.

Note that fermion parity distinguishes the degenerate
ground states: @ |GS) has an odd fermion parity relative to
|GS). The doubly degenerate ground states due to Majorana
boundary modes is a hallmark of the nontrivial phase in the
Kitaev chain, which remain in the entire parameter region with
2|w] > |ul.

B. Adiabatic pump in the nontrivial phase

To investigate the fermion parity pump in fermionic SRE
states, we consider a one-parameter family of unique gapped
Hamiltonians {H (6)}ge[0.2-] With

H(0)=H(Q2n). (22)
Below, we employ two different methods in the analysis of
such a family of Hamiltonians. The first one is through the
action of fermion parity symmetry on the boundary, and the
second one is via a Hamiltonian of a closed system with
spatially modulated & mimicking a loop of a pump.

In this section, we examine the fermion parity pump in the
Kitaev chain in the nontrivial phase. We introduce a phase
of the gap function as the parameter of a pump (Sec. IIB 1)
and perform both the boundary (Sec. IIB2) and texture
(Sec. II B 3) analyses for the fermion parity pump.

As explained in the previous section, in the nontrivial
phase, the open chain hosts doubly degenerate ground states
with opposite fermion parity, caused by Majorana boundary
modes. For a finite chain, the degeneracy is slightly lifted, and
the true ground state has either an even or odd fermion parity.
As shown by Kitaev, the 27 phase rotation of the gap function
flips the fermion parity of the ground state [16]. Inspired
by this observation, we regard the Hamiltonian in Eq. (4)
with |[A| =w =1 and u = 0 as a one-parameter family of
Hamiltonians in the nontrivial phase,

L
HO)=-) (a},,a;+c"aja; +He),  (23)
j=1

with fermion parity symmetry P = ]_[fz1 (-1 )“;“-’. As already
shown in Sec. Il A, the Hamiltonian and the fermion parity
operator read

L
f-)

H®) =~ Z (- ”32102;+1

Jj=1

L
P=T]( tczl lczj (24)
j=l1

in terms of the Majorana fermion
A

¢ =éra; +eital c%
2j—1 = J v =

i ; —z(eZaj—e’Za) (25)

0
Note that the Majorana fermion c; is 47 periodic in 6, while
the Hamiltonian is 27 periodic.

2. Open chain

6
In the open chain, cj; identically vanishes, and thus

the ground-state condition zc2 ]cz ;41 = 1 excludes j = L.

The Majorana fermions cl and ¢;, do not participate in the
Hamiltonian, so they are gapless in the whole region of 6.

We investigate here the action of fermion parity symmetry
on the boundary Majorana fermions and extract a topological
invariant of the adiabatic process given by 6. On the ground
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state, the fermion parity P is written as

6 6

Plgs. = —icics,., (26)

)
from the ground-state condition. —ic; Jc22 el = I ( ] =
1,...,L—1). Therefore, the fermion parity is “fraction-
alized” on the ground state: it splits into two well-separated

[ 3
Majorana fermions ¢; and c;;. Note that the fractionalized
fermion parity is not compatible with the 27 periodicity in 6.

3
For instance, let us consider the left contribution y;- = ¢} of
P|g.s.. Using the U (1) phase ambiguity in the definition of y,-,

we can recover the 27 periodicity by multiplying a suitable
0

U(1) phase like y- = e clg. However, the choice )\ = e7 ci
does not provide a proper definition of the Majorana fermion
since it obeys (y)* = e # 1.

The incompatibility observed in the above is general and
originates from a topological obstruction. Since Majorana
boundary modes are only excitations between the (nearly)
degenerate ground states of the nontrivial phase, the fermion
parity always shows the fractionalization in the above. The
left contribution y;- consists of the Majorana mode on the
left boundary and can be chosen to be 2w periodic in 6,
76L+2ﬂ = J/QL , by using the U (1) phase ambiguity. However,
the square of the 2 periodic ;- gives a nonzero U (1) phase
(yf)* = €'® € U(1)in general, from which we can define the
7 /27 invariant

1
V= ddy. 27
2mi

Although the above integral takes an integer, v defines a
Z/2Z number because the 27 -periodic ¥, has the ambiguity
Y& > €yl with a smooth 27 -periodic function €™, and
¢'® changes v by an even integer. Then, an odd v obstructs the
27 -periodic Y, to obey the proper parity relation (yF)? = 1
at the same time. In the above case, we have v = 1, and thus
the incompatibility remains for any deformation keeping the

gap.

3. Textured Hamiltonian

In the previous subsection, we investigate a family of
Hamiltonians H(0) (6 € [0, 2x]) in the open chain. Here we
examine the closed chain using a textured Hamiltonian similar
to H(0). The textured Hamiltonian is a Hamiltonian with a
spatially modulated parameter: Let /;(6) be the local term at
site j in Eq. (4) with A = |Ale [i.e., H(O) = >, hj(6)], then

we define the textured Hamiltonian H_

L
text Zh (0 - ZJT_J) + Z h/(0 =27 =0), (28)

j=l+1

as follows:

where [ is the size of the texture. In the nontrivial phase, the
spatial texture in the gap function is expected to host an odd
fermion parity relative to that of an untextured Hamiltonian. In
fact, the ground states of the Kitaev chain in APBC and PBC
have relatively different fermion parities, and concentrating
the spatial texture at one point is equivalent to a system with
twisted boundary conditions. It is a fermion parity pump in
the spatial direction.

20 site, hopping w =50, mass gap A =50

1.0

fermion parity
o o
o [$)]

|
o
3

-1.0
-300 -200 -100 0 100 200 300

chemical potential y

FIG. 2. The ratio of the fermion parity between the ground states
of the textured and the untextured Hamiltonian with L =/ = 20 and
w = |A| = 50. The ratio is —1 in the nontrivial phase (Ju| < 2|w|).

Figure 2 shows our numerical result for the fermion parity
of the ground state. This result confirms that the texture in the
gap function actually induces a flip of the fermion parity in
the nontrivial phase.

We can also analytically demonstrate the flip of the fermion
parity. For simplicity, we consider 4;(0) with |[A| =w =1,
u = 0,and L = I. When the system size L is sufficiently large,
the resultant textured Hamiltonian is almost approximated by
the unitary transformation

.0
_ i4n;
Utext—l |€ 2,
j

on the Hamiltonian

0 =27 j/L. nj =ala;), (29)

L
—Z(a}+laj+a;+la]+a]al+l+a]+1aj) (30)
=1

Actually, we have

L
9,+1 S/ (010 f ,
UexHU = — Z i, aj+e 7 dlal, +He)
3D
L1
= — (e’faj+la]+e a +’Laja+ +Hc)

1

j
- T . 2L | -
— (e'ffma;(eTJ””aL + aZaJlr + H.C.), (32)

which is almost the textured Hamiltonian if we ignore terms
O(T) < 1. However, because of the unnecessary factor e i
between sites L and 1 in the second term of Eq. (32), this
Hamiltonian does not satisfy the periodic boundary condition
even for L > 1. To avoid this problem, we modify the unitary
transformation Uley as

Utext = 2L Utext (33)

where CzL is the Majorana fermion at site L, then Hiey =

UexH Ulext approximates the textured Hamiltonian:

I=L _ fj T
Htext —Htext+0 Z . (34)

165115-5
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The ground state of Hiy is given by |GS’) = Urext|GS)
with |GS) the grqund state of the untextured Hamiltonian in
Eq. (30). Since Uy anticommutes with the fermion parity

P = (—1)Xi", the ratio
GS'|P|GS’
(GS'|P|GS') (35)
(GS|P|GS)

is equal to —1.

C. Adiabatic pump in the trivial phase

In this section, we consider the fermion parity pump in
the trivial phase (Sec. IIB 1). We perform both the boundary
(Sec. II B 2) and texture (Sec. I B 3) analyses.

1. Model

First, we give a solvable model of a pump in the trivial
phase, which is constructed from the pump Hamiltonian in
Eq. (24) in the nontrivial phase. For this purpose, it is useful
to rewrite the local term in (24) in the form of the unitary
transformation

o 0 L _
—ic3,¢3;4, = Ug(=icajer U1, (36)
where c; is the Majorana fermion in Eq. (10) with 6 = 0, and
U, = Hef%“j“" = He_%w%% (37)

JEZL JjeZ

is the (6 /2)-phase rotation of the complex fermion a;. Noting
that Eq. (13) of the trivial phase is related to Eq. (17) of the
nontrivial phase by the transformation ¢; — c¢;_;, we consider
the local term

Bj(0) := Uy(—iczj_1c2))Uy ! (38)
with
ig 1+ic 2+
Up=[]e* . (39)
JEZL

In terms of the original complex fermion, B;(f) is given as

1+ cos@

B;(0) = (1 —2dla))

1 —cos6 ¥ ¥
- T(aj—l +a; a1 —aj,)

+isinf(ajajy +alal,,). (40)

The resultant Hamiltonian H(0) = — ) iBj (0) has the 27
periodicity in 6 and is unitary equivalent to Eq. (13) with
u = —1. Therefore, it defines a pump in the trivial phase. Note
that H () is solvable since the B ;(6) commute with each other
and have eigenvalues £1.

2. Open chain

Similar to the analysis in Sec. IIB 2, we investigate the
fermion pump in an open chain of the solvable model through
fermion parity on the boundaries. For the open chain with L
sites, we consider the Hamiltonian,

H(8) = Hou(9) + Hypay(6), 41)

where Hyyx (0) is the bulk Hamiltonian

L-1 L1
Hou(0) = =Y B} ==Y Up(—icyj 102Uy ", (42)
= =2

with Uy in the open chain

L-1 )
) I+152jcz/+1

open __
v, = e 2 z

j=1
L1

= 1_[ e 'i[cos 0/4) + c2jcrjrr sin (B/4)]. 43)
j=1

We assume that the boundary Hamiltonian Hygy(€), which
has support near the boundary, is 27 periodic in € and small
compared to the bulk gap.’

The system supports fourfold ground-state degeneracy:
Since Hypy (0 = 0) =2 Z?;' (a;aj — 1/2), the ground states
of Hy, (0 = 0) are annihilated by a; with j =2,...,L —1,
which consist of the four states

| W) = Ivac),
|Wg) = ajaj|vac), (44)

|W3) = allvac), |W3) = af|vac),

with the Fock vacuum |vac). Thus, from Hy () =
UpHpui (0 = 0)U, ~1 we have fourfold degenerate ground
states of Hyuk(0)|W)) = Uy|W{) (i=1,2,3,4). Note that
even in the presence of Hypqy(6), the ground states are nearly
degenerate as long as Hyqy (@) is small enough.

To study the fermion parity pump, we rewrite the four
states in Eq. (44) as

1
W)= 57 > v
) 1
|\IJO)=2—L Z O’1|0'1,...
5 1
|\I‘0)=2—L Z O'L|Gl,...

“Dg):— O‘10L|O'|,...
oL

,0L)s (45)

with

o1, ... 00) = (1 + 01a))(1 + 0mal) - - (1 + ora) )|vac),
(46)

where the summation in Eq. (45) runs over all possible o; =
41. Then, using the relation

cjcajyilor, ..., 0L) = —i(a;— a;)(aj+1+aj+1)|01, ..., 0p)

:iO'jUj+1|Gl, '-~7GL)7 (47)

%0n the boundaries, we consider a local Hamiltonian Hygy(0) in-
stead of B?_, |, which are defined by B/_, = U™ ({cr1e)U,™"!
and Bi_, = U;™" (Scar1c20)U™" 17", respectively, because the lat-
ter terms are not 27 periodic in 6.
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we obtain
1 i
1 — 1 Ny
|‘I’0>=2_L Z e 2"™oy, ..., 0L1),
O yueny oy,
2 1 - 2Ny
|“I"e>:2_L Z e 2 ™ailoy, ..., 0L),
O1,...,0L
3 1 — O Ny
|‘I’é>:2—L Z e 2"orloy, ..., 0L),
Opyenny oL

1 i
|\Ilg> =5 Z e_TON"WaloLbl, ..., 0oL). (48)

O yeeey oL

Here Ngy = Zj‘;f 176’% counts domain walls in the array

o1, ..., or where adjacent o; and 0| have an opposite sign.
The above ground states |\IJ§) exhibit a fermion (or an-

tifermion) pump. For instance, let us consider |\Il(}), which is

the Fock vacuum |vac) at & = 0. Because Ny, is even (odd)

when o1 = o7 (067 = —0oy), we have
| 1
|‘I’9:2n) = 2_L Z lo1,...,00L-1,01)
Olseees OL—1

1
_2_L Z |O'19"'501L711_O‘1)

= dla] [vac)(=|wg)). (49)

Thus, the one-cycle evolution pumps boundary fermions aI

and az on |\Il(§). As a result, |\Ilé) goes to |\116‘ ) and vice versa.
In a similar manner, we can show that |¥3) and |¥3) are
interchanged after the one-cycle evolution. We can construct
the Z /27 number from the fermion parity operator.

To construct the Z /27 number, we take the basis in which
the ground states of Hyyx(0) are 2w periodic in 6: Taking
linear combinations of W/, we have

|Wy (o1, 01))

_ib _otop
— 2: e~ 7 Wawtl=—=5 )|01702’”

-5 011, OL)s (50)

where o1 = £1 and o7, = %1 are now the indices specifying
the fourfold degenerate ground states. The ground states in the
new basis are 27 periodic in 6 since Ngy, is even (odd) when
o1 =0 (01 = —op). .

The fermion parity operator P = (—1)2/%% acts on the
ground states as

0 21toL
P|Wy(01,01)) =" 2 |Wy(—01, —0p)).
0 sz _ 52 _

= Z [62”1 of‘]ma{ [62"Lof]mﬁi|\l—’e(0f, o)),

o|,0;
(51

where G/ are the Pauli matrices acting on the index o; (i =
1, L). Therefore, we have the matrix representation of the
fermion parity in a fractionalized form

Plgs. = pip) (52)
with
j=1,L. (53)

The fractionalized parity operator obeys (p%)* =1 like an
ordinary parity operator, but it is not 2w periodic in 9, i.e.,
pf.”” = - pi. We note that pel has a U (1) phase ambiguity: a
simultaneous redefinition p{ > ¢ pf{ and pf > e~ p} does
not change the equality (52). Whereas the 27 periodicity of
p? can be recovered by using the phase ambiguity, it is not

compatible with (p%)* = 1: Once we choose the U (1) phase of

p‘f such that p‘f is 27 periodic in 6, we have a nontrivial U (1)
phase in (p9)?, (pf)* = ¢'*, and thus p{ is now a projective
representation of the parity.

As discussed in Sec. IIB2, the incompatibility origi-
nates from a topological obstruction: In a manner similar to
Sec. II B 2, the phase @, defines the topological number v in
Eq. (27). Note that only the Z /27 part of v is relevant, since
the 2 -periodic p‘f still has a phase ambiguity pﬁ) > el p?
with a periodic function ¢*®, which changes v by an even
integer. In the present case, we obtain the 27 -periodic p? by
multiplying p? in Eq. (53) by 7. Thus, we have ¢/® = ¢’
and v = 1, which means that ®4 cannot be identically zero.

3. Stacked Kitaev chain with texture

In a manner similar to Sec. II B 3, we can investigate the
fermion parity pump in the closed chain of the solvable model
in the above by introducing a texture in the Hamiltonian. We
expect that the fermion parity of the ground state changes by
—1 by introducing the texture, but instead of repeating the
straightforward analysis, we here consider another model of
the closed chain in the trivial phase.

A stack of two Kitaev chains is topologically trivial since
the Kitaev chain belongs to a Z /27 phase. In this section, we
consider a pump in the following 4 x 4 Hamiltonian describ-
ing the stack of Kitaev chains,

1 Qi
_ i k.o
H= Ek;(ak,g, a0 HpaG (K)o (af k) (54)

Hpdg (k) = sin(k)t; ® o9 + [m + cos(k)]t3 ® o3, (55)

where t; are Pauli matrices in the Nambu space, o; are Pauli
matrices labeling the two Kitaev chains, and m is a real pa-
rameter. This model has particle-hole symmetry [H, E] = 0
with E = Kt ® 0p and K the complex conjugate operator.

To investigate the fermion parity pump of this model, we
add a term with a spatial texture. The additional texture term
should keep particle-hole symmetry and commute with the
first term of the above Hamiltonian to maintain a gap of the
system. Based on this argument, we consider the following
one-parameter family of Hamiltonians:

Hpag (k, 0) = sin(k)T; ® og + sin(0)13 ® o
+ [m + cos(f) + cos(k)]13 ® o03. (56)

Performing the Fourier transformation,

—ink F ink
Ao = E e ang, a, = E e a;g, 57
n n
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FIG. 3. The fermion parity of the ground state of the textured
Hamiltonian with the system L = 20. The fermion parity changes by
a factor of —1 at m = 2.

we have the Hamiltonian in the real space

1 1
H(@®) = Z I:Ea;g(o-3)a,a’ajl,a’ + Ea}fflﬁ(o',%)a,a’aj,a’

Jj.o,0’

+ sin (9 )a;a (Gl )a,a’aj,a’

+[m + cos(6 )]a;g (03 )a,a’aj,(f'j|

1 . 1 1
tood t t
+ Z |:+Zaj,aaj1,a_ Eajfl,aaj,a—}_ 54010
j.o

1
_z_iaj_l,(,a,,[,]. (58)

When 6 =0, wr, the system reduces to two decoupled Ki-
taev chains. The decoupled Kitaev chains belong to the same
phase, but the common phase can be different between 6 = 0
and 6 = m. Actually, this happens for [m| < 2, which suggests
that H (0) with [m| < 2 gives a nontrivial loop.

Similarly to Sec. IIB3, we numerically examine the
fermion parity pump of the stacked Kitaev chain under
the periodic boundary condition by introducing the textured
Hamiltonian HZE =Y jhi0 = 22—’), where h;(0) is the lo-
cal term of H(0) in Eq. (58), i.e., H(O) = Zj hj(0). Figure 3
shows the numerical result for the ratio of the fermion parity
of the ground state for H/>" and that for H (9 = 0). This result
suggests the presence of the fermion parity pump for |m| < 2.

III. MATRIX PRODUCT STATE

So far we have considered pumps in a particular model,
i.e., the free Kitaev chain. Now we develop a theory of pumps
in (1 + 1)-dimensional translation invariant SRE states in-
cluding interactions, based on matrix product states (MPSs)
representations [30].” MPSs provide a systematic way to

"Most of these properties are stated in Ref. [31], but in a mathemat-
ical style.

describe (1 + 1)-dimensional many-body quantum states by
using a set of matrices. MPSs can approximate any non-
degenerate gapped ground states with arbitrary precision by
increasing the bond dimension as a polynomial function of
system size [32]. For bosonic states, a class of MPSs called
injective MPSs played an important role in studying topolog-
ical natures of the nondegenerate gapped ground states. An
injective MPS is a translation invariant MPS with a fixed finite
bond dimension, irrespective of system size, and has alge-
braic properties described below. In this section, we introduce
fermionic injective MPSs (fMPSs), Z,-graded generalization
of injective MPSs, along the lines of Ref. [18].

In contrast to general MPSs, injective MPSs have a limita-
tion to describe nondegenerate gapped ground states: Whereas
a generic nondegenerate gapped ground state may allow
power-law corrections in exponentially decaying correlation
functions [33], MPSs with a fixed bond dimension do not
have such corrections. We leave the topological classification
of pumps for general fermionic SRE states in future work.

Below we assume the translational invariance of states |1/):
ie., T|Y¥) = |¢) with T the translation operator by a lattice
constant.

A. Bosonic MPS
1. Injective MPS

Consider a one-dimensional lattice with L sites with lo-
cal Hilbert space spanned by the orthonormal basis {|i) f:' -1
at site k. The lattice-translation operator 7 is defined by
T\|iyip---ip) = ligiy---ip—1). We call states invariant un-
der the lattice translation T'|{) = |y) translation-invariant
states. For the wave function ¥ (iy, ..., i;) defined by |¢) =
fo iy=1 V1, ... i0)liy -+ -ig), the state [¢) is translation

invariant if

Yy, i, ..., ip) =Yia, ..., 00, 01) (59)

holds for any ij,...,i,. It is known that any translation-
invariant state |i) is represented in the form of a translation-
invariant MPS [30]®

N

W) = 1A= Y A ARl ed),  (60)

where A’s are n x n matrices. (n is called the bond dimension.)
For A/, g» we call i the physical leg and « and B the virtual legs.
Apparently,the MPS representation of |¢) is not unique.
For example, two MPSs related by A’ = ¢ X ~!B'X with ¢ a
U (1) phase and X an invertible matrix give the same physical
state with the same norm for any system size L € N.
Definition 1 (Gauge equivalence condition of MPS). We
call two MPS representations by {A’}; and {B}; are gauge

8A  generic MPS is written in a form |¢) =
Zf\]’ _____ =l tr[A’t‘” . ~AELL]]|1'1 ---ir) where the set of matrices
{AL): at site x is site-dependent in general. We refer to an MPS with
site-independent matrices such that Ay = Ajy = --- = A, forall i
as a translation-invariant MPS. Note that translation-invariant MPS
represents a generic MPS that is translation invariant in the sense

above, not an arbitrary translation-invariant state.
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equivalent {A’}; ~ {B'}; if there exists a U(1) phase ¢ for
any L € N such that

A"} = e |{B'}i)L. (61)
The condition in Eq. (61) is equivalent to
tr[A" - A"] = ™ tr[B" - - - B"] (62)
forany L € N and iy, ..., .

To rephrase the gauge equivalence condition in terms of
the set of matrices {A’};, we introduce injective MPSs [30] de-
scribed below. A set of matrices {A’}; is said to be irreducible
if any A’ does not have a proper left invariant subspace, i.e.,
there is no projector P such that A’P = PA'P for any i [30].
The irreducible condition is equivalent to that the algebra
generated by {A’};, which is spanned by all possible prod-
ucts of matrices A” - - - A% with all k¥ € N, coincides with the
set of n x n matrices M,,(C), or in other words, the algebra
generated by A's is central simple. (See Appendix A for the
definition of central simple.) Then a set of matrices {A’};
is said to be injective if all possible products of matrices
Al ... A" with a fixed I spans M,,(C) [30]. Obviously, if {A’};
is injective, {A’}; is irreducible.’ The injective condition is
equivalently expressed as the following conditions for the
transfer matrix &, : M,,(C) — M,,(C) defined by E4(X) :=
Zf’zl A'XA™ [34]: Let A4 be the maximum of the absolute
values of eigenvalues (spectral radius) of the transfer matrix
Ex. A set of matrices {A}; is injective if and only if (i) £, has a
unique eigenvalue, A, with |A| = A4 and (ii) the corresponding
eigenvector is a positive definite matrix. An injective MPS
does not give a superposition of macroscopically different
states and shows exponentially decaying correlation func-
tions. It is known that if {A’}; is injective, the smallest integer
Imin for which the set of products {A” - .- A"} spans M,,(C) is
bounded from above as Iy, < (1> — N + 1)n® [34].

2. Fundamental theorem of injective MPS

The necessary and sufficient conditions for two injective
MPSs to give the same physical state are known as the funda-
mental theorem of MPS [35]. Before stating the theorem, it is
useful to introduce the canonical form of MPS [30]. When
the set of matrices {A’}; is irreducible, one can normalize
A’ so that ) ;A’A” = 1, while keeping the physical state
unchanged.'? The set of irreducible MPS with ). A'AT = 1,
is said to be in the canonical form. Note that the spectral radius
of £, is 1 when we take the canonical from. We start with
Theorem 7 in Ref. [30].1

9The converse is not true. For example, if we take AT = (o I)

and AV = G 0), the algebra generated by them is isomorphic to

M,(C), and thus they are irreducible. However, they are not in-
jective because products of odd (even) numbers of them only span
c, hec| el pocd ).

et Y be the eigenvector of the transfer matrix &, with the
eigenvalue A = A4. The eigenvector Y is positive definite. Then
AP = 2y =124y /2 gives the canonical form.

""Theorem 7 in Ref. [30] states the equivalence condition for two
MPSs {A}; and {A'}; as |{A'};); = |{A'};).. Namely, the equivalence

Theorem 1 ([30,36]). Let a set of n x n matrices {A’}; be
injective and in the canonical form, and let another set of n x n
matrices {A’}; be irreducible and in the canonical form. Then
the following two statements are equivalent.

(i) Two sets {A’}; and {A'}; represent the same physical
state for some length L > 2/ + n* in the sense that |{A'};); =
e®|{A’};); holds with a U (1) phase e™®.

(i) There exist a unitary matrix V € U(n) and a U(1)
phase ¢’ € U(1) satisfying

Al = PVTAV. (63)

Here [ is a positive integer for which the set of products
{Alr... A"} spans M,,(C), V is unique up to a U (1) phase, and
e'f is unique.

See [30] for the existence of such V and €. The unique-
ness of V and e follows from the property that 1, is the
nondegenerate eigenvalue of the transfer matrix &4, and there
is no eigenvalues of magnitude 1 [36]. As a corollary, we have
the following, which we refer to the fundamental theorem for
bosonic MPS in this paper.

Theorem 2 (Fundamental theorem for bosonic MPS
[30,36]). Let {A’}; and {B'}; be injective MPSs in the canonical
form. They are gauge equivalent {A’}; ~ {B'}; if and only
if there exist a unitary matrix V € U(n) and a U(1) phase
e € U(1) satisfying

B = PVTAlY. (64)

V is unique up to a U(1) phase, and ¢ is unique.

This theorem means that a family of injective MPSs
for the same physical state over a parameter space X is
a U(l) x PU(n) bundle over X, where n is the bond di-
mension and PU(n) = U(n)/U(1) is the projective unitary
group of U(n) [37]. For adiabatic pumps, where X = S!,
U(1) x PU(n) bundle over S' is always trivial, and thus no
nontrivial adiabatic pumps exist. However, in the presence of
onsite symmetry, nontrivial adiabatic pumps are possible, as
described in Sec. III A 3.

In the rest of this section, we give examples of an injective
MPS and a noninjective one, respectively.

Example 1: The Cluster Model (as an injective case)—
Consider the Hamiltonian of the cluster model on a periodic
chain [38]:

L

— § Z,.X b4
Hcluster - Gj O'j+lo'j+2' (65)
j=1

This model has a Z/27Z x Z /27 symmetry generated by
U, =[], 035; and U, =[];03,,,. The ground state of this

as a vector in the Hilbert space. In Theorem 2 of this paper, the
equivalence condition is set as the same physical state with the same
norm.
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model is unique and gapped, which is given by

L
{]_[s(aj,aj+1)}|al,...,q) (66)
O yenns o. \j=l1

= Y (DO gy), (67

IGS)

Il
™

where o; =1, | and s(o, ¢’) is given by

I (o) =t D (o )
@)=t .y

and MNpw(oy,...,01) is the number of j with

[...,05,0541,...)=|...., 4, ...) or ..., {,...).
An MPS of this model [39] is given by

Al = ((1) é) Ab = (_(i (1)) (69)

The set of matrices {A'A’}; je(1,,) spans M,(C), and thus the
MPS is injective.

Example 2: The Ising model (as a noninjective case)—
Consider the Hamiltonian of the Ising model:

Hiing = — Y 0507, . (70)
JjeZ

s(o,0') = {1_

An MPS of this model is given by

AT=<é 8), A¢=(8 ?) 1)

The algebra generated by AT and A¥ is not M(C).

3. Adiabatic cycle of injective MPS with onsite symmetry

Suppose that the total Hilbert space is equipped with a
group action of a symmetry group G such that it acts on the
local Hilbert space as

Oeljy = 1) Y luglij. g€ G. (72)

J
where u, are U (n) matrices. Some elements of G can be an-
tiunitary and are specified by a homomorphism s : G — {£1}
so that Ugiﬁg‘l = s5,i. We also require U, to be a linear repre-
sentation, namely, ugu:f = ug, holds. Here we have introduced

the notation
X — {X s =1,

Xt sy=—1, 73)

for matrices X .

Now suppose that an injective MPS {A}; in the canonical
form preserves the G symmetry in the sense that for any
system size L € N there exists ¢/® € U(1) such that

Ug} {Ai})L =" |{Ai}>L' (74)

This is equivalent to say {)_ j[ug]i j (A))%}; ~ {A}; for any
g € G as a bosonic MPS. From the fundamental theorem for
bosonic MPS, there exists a unique U (1) phase e« and a U (n)
matrix V, such that

Z[ug]ij(Af)Sg = PV ]AlY, (75)
J

for g € G, where V, is unique up to U (1) phases. The linearity
of u, and the uniqueness of P and V, implies that ePeeiSebPr —
e'Ps and there exists Zgn € U(1) such that

nghs £ = 2gnVen (76)

for g, h € G. The equality V,(V,V;" )% = (V,V,*)V,*" implies
that z, 4 is a two cocycle z € Z%(G, U(1),) as it satisfies the
two-cocycle condition

Sg _—1 -1 _
Ly 1 Zan il kg y = 1 an

for g, h, k € G, where U (1), means the left module defined as
gz=z%forge Gonz e U(1).

Under these preparations, we consider a loop, parameter-
ized by 0 € [0, 2], of injective MPS {A’(9)}; in the canonical
form and with G symmetry which starts and ends at the same
physical state in the sense that {A'(27)}; ~ {A/(0)};. Along
the loop, the G action on the Hilbert space is assumed to be
in common. As mentioned in Sec. III A 2, there always exists
a global gauge so that A'(2mw) = AY(0) holds; however, the
following discussion does not change irrespective of whether
Ai(2m) = A'(0) holds or not. For 6 € [0, 27], we have U (1)
matrices ¢/#<?) and U(n) phases V,(6) from the relations

D gl (AT O = OV (0) A 0)V,(6)  (78)
J

for g € G. From the V¢(0), we have a parameter family of
two cocycle z,(0) € Z*(G, U(1),) which may not be 27 pe-
riodic zg 4 (27) # z4,,(0) but relates with each other with a one
coboundary. To see this, applying the fundamental theorem to
{Ai(27)} and {A!(0)}, we get

AlQ2m) = YWTAI(0O)W (79)
with ¢ € U(1) and W € U(n). The G action on both sides
leads to the equality

T

AlQ2r) = e PO eisey (B0 (27 ) [W 15V, (0) AT (0)V,(0)

x WV, (2m)" (80)
for g € G. Then the uniqueness of ¢’ and W gives us
GBCT) _ sy =7) ©) @1
and
V,(21) = €WV, (0)W* (82)

with e: € U(1). Therefore, we have
Zg,h(ZJT) — eisgtbh e*i(ﬁghei(ﬁgzg’h (0). (83)

Introducing a lift C'(G, R/27Z;) 5 ¢y > ¢, € C1(G, Ry),
we define the following quantity:

1 ~ 1 2
Ngh = Z(qu’)g,h - ﬁ‘/o leng,h(e). (84)

The relation (83) implies that n,; is a two cocycle of
Z*(G, Zy). The change of lift ¢, — ¢, + 2mb, with one
cochain b, € CY(G, Zy) gives the shift ng, > ngj + (8b)g .
Therefore, n,; is well defined only as a cohomology group
H*(G, Zy). It is also shown that n is invariant under changes
of the U(1) phases of V,(0). Therefore, [n] € H*(G,Z,) =
H'(G, U(1);) is a topological invariant of adiabatic pumps.
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We comment on the simplification of the topological in-
variant [n] for the two cases. When the two cocycle z,,(6)
is 27 periodic as e® = 1, n, is recast as the phase wind-
ing ngp = —ﬁggdlogzggh(Q) [19]. When the two cocycle
Zen(0) is constant for 6, then (83) means that ¢ is a one-
dimensional representation of G, and this is nothing but the

topological invariant [¢?] € H'(G, U(1)y).

B. Fermionic MPS

Fermionic MPSs (fMPSs) were first introduced in [40]
and developed in [18]. In this paper, we adapt the for-
mulation in [18,41]. See also [42] on an application of
fMPS to Lieb-Schultz-Mattis-type theorems for Majorana
fermion systems. For the classification of (1 4 1)-dimensional
fermionic SRE states without restricting SRE states to the
class of the fMPS; see [43]. Remark that fMPS was also
introduced independently in terms of spin TQFT state sum
construction [44].

1. Preliminary

Let us consider a one-dimensional fermionic system with
L sites. We denote the creation/annihilation operator of com-
plex fermions at cite k by a;f/ak,f for f =1,..., Nr, where
Nr is the number of flavors.'> We introduce the following
shorthand notations:

iv = (ix1s - - gy ) € {0, 1PN (85)
Np

licl =Y liksl (mod2) € {0, 1}, (86)
f=1

(al’[)ik — (azl )im L (azF )ik.NF , (87)

liy - iz) = (@) - - (a])|0), (88)

where |0) is the Fock vacuum defined by a; r|0) =0 for
all possible ks and fs. The index i; per site runs over
N = 2N possible combinations of (iy, ..., iy,). Similarly
to the bosonic MPS, we also denote it by i € {I,...,N}
equipped with the definite parity |ix| € {0, 1}. A fermionic
state is written as |Y) = Z{ik} Wi, ..., i)y ---iy) with
Y(i,...,i) the wave function in the occupation basis.
We define the fermion parity operator (—1)" by (—=1)F =
[ f(—l)“k'~»f“"'f , and assume that |y) has a definite fermion
parity (=D |y) = (=DVI|y), (=D)Y! e {£1}, which im-
plies that only wave functions ¥ (ij, ..., i) with fermion
parity (—I)ZJL‘:l lil = (—=1)”! can be nonzero. We also define
the translation operators for the periodic boundary condi-
tion (PBC) and the antiperiodic boundary condition (APBC)
by

Tea Ty ' =al,, , for k=1,...,L—1,

Toa Ty ' =al ;. Tpl0) =0) (89)

12Note that if spin degrees of freedom coexist, they can be regarded
as internal degrees of freedom of complex fermions.

and
Tava) Top =@, , for k=1,....,L—1,
TAPazJ-TA_pl = —af,f, Txpl0) = 10), 90)

respectively. Assume that |i) is invariant under translation
with PBC,

TolY)p = [W)p & Y iz, ..., iL)
= (=DM Dy, i i), 1)

for any system size L.'> Fermionic unique gapped ground
states in (1 + 1) dimension are classified by Z /27 [16],
and when they are translational invariant, Tp|{)p = |)p, the
Z /27 class is detected by the fermion parity under PBC [16]:

(D" [¥)p = £[Y)p. 92)

Also, assume that |v) is invariant under translation under
APBC,

Tap|¥)ap = 1Wap & Y(it,...,iL)
= (D", i) (93)

for any system size L. Since (Tap)* = (—1)F holds, Eq. (93)
implies that for APBC, irrespective of the Z /27 class, the
fermion parity of the ground state is always even:

DI 1Y) ap = 1¥) ap- (94)

2. Fermionic MPS

We introduce translation invariant fMPSs in such a way
that (91), (93), (92), and (94) are satisfied.

In the case of fermionic systems, the local Hilbert space is
7 /27 graded by the fermion parity

b =h @b, (95)

where the superscripts (0) and (1) indicate the even and odd
fermion parities, respectively. The femrion anticommutation
relation implies that this space has the Z/27Z-graded tensor
product, which is a tensor product with the nontrivial braiding
rule

v ®gr w = (_1)|U\|w\w ®gr v, (96)

where v € VD and w € W*D are elements of Z /27-graded
vector spaces V and W with the fermion parities |v| and
|w|. We call the basis that diagonalizes Z /27 grading the
standard basis. The total Hilbert space is the Z/2Z-graded
tensor product space H = @), bi.

For fMPSs, not only the physical Hilbert space,
but also the bond Hilbert space V is Z/27Z-graded
V=vOgv® vO and VI need not be of the

13For translation-invariant fermionic states with fermion parity per
site, irrespective of the Z /2Z class, the Bloch momentum depends on
the number L of sites as in Tp|y)p = (— 1) Y)p and Tap|ir)ap =
(—D)E|y) ap. Even when this is the case, by regarding two sites as a
unit cell, the fermion parity per site can always be removed. There-
fore, the assumption in the main text should not lose the generality
for the purpose of studying pumps of fermionic states.
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same dimension, but to represent a nontrivial adi-
abatic pump, we assume dimV® =dimV® =n.
We introduce the grading matrix Z such that Zv = (—1)'v
for v e VO (i =0, 1). Tt holds that Z> = 1,, and ZT = Z.
To implement the fermion parity in fMPSs, we impose the
following constraint on matrices {A’};:

(—DHA" = ZAZ, 97)

in the standard basis of the physical Hilbert space. In the
basis of the bond Hilbert space V such that Z = 0, ® 1,, the
matrices A’ are in the forms as

i (B G
A_< cf) for |i| =0, (98)

i B o
A = (Ci ) for |i| =1. 99)
Then an fMPS for {A’}; is introduced as
(A}, Q), = Ztr[szA"' c AR iy, i) € M, (100)
{ix}

where €2 is a matrix only with virtual legs, called the boundary
matrix [18] to be determined depending on the boundary con-
dition and the Z /27 class of the state. For the fMPS to have a
definite fermion parity, €2 is taken as ZQ = +QZ, i.e., ZQ =
QZ for even parity, ZQ2 = —QZ for odd parity. The translation
invariance further constrains 2. Under APBC, from (94), the
fermion parity of fMPSs should be even, so the translation
invariance in (93) yields tr[QA™ - .- AL] = tr[QA” . . . ALA].
For example, this condition is satisfied for the trivial boundary
matrix Q = 1,,. However, under PBC, from (92), the fermion
parity of fMPSs depends on the Z /27 class, so does €2, which
is determined so to obey the translation invariance in (91). We
give the explicit construction of €2 for PBC in Sec. III B 3.

We here settle what kind of space we regard as the set of
fMPSs. We abbreviate the unitary equivalence of two matrices
A and B to A ~, B. Namely, A ~, B means there exists a
unitary matrix U such that A = U'BU.

Definition 2 (Space of fMPS). For a given local Hilbert
space including fermions spanned by a standard basis |i), we
define the space M! of fMPSs with bond dimension 2n as
sets of 2n x 2n matrices {A’}; equipped with a grading matrix
defined by (97). Explicitly,

M= ({A)PZ ~, 0, ® 1, s.t.(—=1D)IAT = ZA'Z). (101)

We note that the grading matrix Z is not unique in general.
We introduce the gauge equivalence condition in the space of
fMPSs as the equivalence of physical states in APBC.

Definition 3 (Gauge equivalence condition of fMPS). We
define that {A'};, {B'}; € M! are gauge equivalent {A7}; ~
{B'}; if there exists a U (1) phase ¢/ for any L € N such that

{AY:, Lan) = € “[{B)i, Lan)r (102)
holds. This is equivalent to the wave function equalities
tr[A" - - - A%] = ¢ tr[B" - - - B't] (103)
forany L € N and iy, ..., .

Note that this definition does not depend on the Z /27 class
of states, although as we will see later, the boundary matrix €2
in PBC depends on the Z /27 class.

3. Irreducible fMPS

In the next section, we introduce the injectivity of fMPS to
represent fermionic unique gapped ground states with finite
range correlation. Before doing so, it would be helpful to
introduce the irreducibility of fMPSs [18,41] as a necessary
condition for the injectivity, in view of its relation to the
graded algebra.

A set of matrices {A’}; € Mfl generates an algebra 4 that
is spanned by linear summations of products ¢;, ,-,A"1 Al
with ¢;,;, € C for [ € N. The algebra A is a graded al-
gebra A = A® @ AD of which the grading is defined by
S lixl (mod.2) € {0, 1} for elements A’ -.-A"."* Thus,
A© = Span({A" - -- A" ) _, lix] = 0(mod.2), [ € N}), and
AD = Span({A" - - A" Y4, lix] = 1(mod.2), [ € N}). We
note that grading matrices Z can be used to detect even and
odd elements of A. If Za = aZ (Za = —aZ) for a € A, then
ae A9 (ae AD),

We define a set of matrices {A'}; € M! to be graded
irreducible if the graded algebra A generated by {A’}; is
graded central simple [18].!> (We give a brief review of the
graded central simple algebra in Appendix A 2.) Note that
the above definition does not depend on choices of grading
matrices Z. It is known that graded central simple algebras
are classified into two types: (+)-algebra and (—)-algebra
[45]."® For each type of algebra, there is a characteris-
tic matrix u which is essentially unique up to a sign. We
call the type of algebra the Wall invariant and u the Wall
matrix.

If A is a (4)-algebra, then A is central simple as an
ungraded algebra. In addition, there is a unique element u €
Z(A©) up to a phase factor so that u® is proportional to
1 and u itself is not proportional to 1 [45]. Here Z(A®)
is the center of A®. In terms of the matrices {A’}; € M!,
the ungraded central simplicity of A is rephrased as that the
set of all possible products of matrices A" ---A" span the
vector space My, (C). This is equivalent to the absence of left
invariant subspace of A;s, i.e., there is no proper projectors
P such that A’P = PA'P holds for all i. The matrix « should
be proportional to the grading matrix Z since Z € Z(A©).
We note that the grading matrix Z is unique up to a sign.
In fact, if Z’ is also a grading matrix satisfying (97), then
ZZ7'a = aZZ' holds true for any a € A = M,,(C). From the
Schur’s lemma we have ZZ' o 1, thus, Z' = +Z. Along the
line of thought above, we define the graded irreducibility with
the Wall invariant (+) as follows.

Definition 4 (Irreducible fMPS with Wall invariant (+)). A
set of matrices {A'}; € ./\;l,fl is graded irreducible with the
Wall invariant (+) if the set of products A" --- A" with all
possible / € N and iy, ..., i; span the vector space M,,(C).
The grading matrix Z is unique up to a sign, and the Wall
matrix u is given by u = +Z.

!“Here we impose that A has the unit element and A and A" are
nonzero.

13Tn other word, irreducibility is a condition that there are no graded
invariant subspace. See Def. IV.1 in Ref. [41].

16In [18], (+)-algebra is called even algebra and (—)-algebra is
called odd algebra.
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If Ais a (—)-algebra, then A is not ungraded central simple
but A? is ungraded central simple. In addition, there is a
unique element u € Z(A) N A" up to a phase factor so that
u?* is proportional to 1 and AQy = AD [45]. In terms of
matrices {A'};, A being the (—)-algebra implies that there is a
proper left invariant subspace of A’s. Let S| be the left invari-
ant subspace that contains no smaller left invariant subspaces
of A’s, and let P be the orthogonal projector onto S;. P satisfies
P> =P, P' = P,and A'/P = PA'P for all i. Let Z be a grading
matrix satisfying (97). We find that [P, Z] # 0, otherwise, A
is not graded central simple. From (97), Q = ZPZ is also an
orthogonal projector onto a different ungraded left invariant
subspace S, = ZS;. It is found that PQ =0, P+ Q = 1,,,
P — Q is unitary, the matrix u is given explicitly by u =
P —Q=2P —1,and [u, A'] = 0 forall i [18,41]. In the basis
where Z = 0. ® 1, solving u” = u, u> = 1,{Z, u} = 0, u can

be written as
Ut
“=\u >

with U € U(n) a unitary matrix. Solving A'P = PA'P, we

have
(" p)eren (' )

(" wpw) =0
(UBI‘ Bim) (|i|=1)’

where B's are n x n matrices. The condition that A©®
is central simple and A" = Ay can be expressed
for the matrices {B'};; Both the even subalgebra
{B" .- B Y_ li] =0(mod2),/ € N} and the odd
subalgebra {B" ---B|Y}_, |it| = 1(mod.2),/ € N} span
the vector space M,,(C). Along the line of thought above, we
define the graded irreducibility with the Wall invariant (—) as
follows.

Definition 5 (Irreducible fMPS with Wall invariant (—)).
A set of matrices {A’}; € /\;lfl is graded irreducible with the
Wall invariant (—) if there exists a unitary matrix u € U (2n)
such that the following two conditions are fulfilled: (i) u is
unitary equivalent to o, ® 1,. (ii) Let W € U(n) be a unitary
matrix that diagonalizes u as u = W(o, ® 1,)WT. Then the
matrices A’ are written as

A =W(ol' ® B)YWT,

(104)

Ai

(105)

(106)

and both the even subalgebra {B"...B"| Zizl liy] =
0 (mod.2),! € N} and the odd subalgebra
{B'...BI| Zi:l lix] = 1(mod.2),/ € N} span the vector
space M,,(C).

The matrix u is unique up to a sign, as shown below.
Suppose that it = W (o, ® 1,)W' is another Wall matrix in
Definition 5. The matrices A’ can also be written as A’ =
W (o' ® B)YWT, and the even and odd subalgebras generated
by {B'}; span M,,(C). Set X = W'W. We have

X(1, ®b) = (1, ® b)X, (107)

X (0, ® b) = (0, @ b)X (108)

for any b € M,(C). Let us write X in a block form X =
¢ o) If x is invertible, (107) leads to b = x'bx, and from
the Schur’s lemma we have y = Ayx, z = Asx, 7 = Agx with
A2, Az, &g € C. Substituting them into (108), we get Ag = 1
and A3 = nX, with n a sign n € {£1}. When x is nonin-
vertible, one can show X is in the form X = (:\ o) with
n € {£1}. Therefore, X can eventually be written as X =

(,ﬁ\‘zxx ,;\fl):) with A1, 1, € C and n € {1}. We conclude that
Xo, = no,X, and thus, &t = nu.

The sign ambiguity of u is the origin of the Z/27Z-
nontrivial pump in the (—)-algebra. To see this, let us consider
a periodic one-parameter family of the set of graded irre-
ducible matrices {A()} in the basis such that Z = 0. ® 1,,.
We have two orthogonal projectors P(6) and Q(6) which also
depend on 6. By a one cycle 8 = 2, the projector P(2m) is
equal to either P(0) or Q(0), and the latter case indicates a
nontrivial pump.

Now we can represent a translation invariant fMPS with
PBC by using the Wall matrix u as the boundary operator
regardless of the type of the algebra (4) and (—) [18]:

(A ) =A™ - AT)iy, i) € H = (X) b
k

{ix}
(109)

It is easy to show Tp|{A'};, u); = |{A"};, u);. Remark that an
MPS given by a (+)-algebra is fermion parity even and an
MPS given by a (—)-algebra is fermion parity odd. Note also
that although the Wall matrix u has sign ambiguity in general,
it only affects the MPS by an overall sign, so the physical
state is uniquely determined. We also introduce another equiv-
alence condition in the space of fMPSs as the equivalence of
physical states in PBC.

Definition 6 (Gauge equivalence condition of irreducible
fMPS in PBC). We define that two irreducible fMPSs
{A'};, (AT}, € M" are gauge equivalent in PBC {A}; ~ppc
{A'}; if there exists a U (1) phase ¢/ for any L € N such that

HAY, u)p = ™ [{A"), ity (110)

holds. Here u and i are Wall matrices for {A’}; and {A'};,
respectively. This is equivalent to the wave function equalities

tr[uA’ - - At] = et tr[aAD - - - At (111)

forany/ e Nandij,...,ir.

4. Injective fMPS and fundamental theorem

For each type of the Wall invariant, we further impose the
following graded injectivity on graded irreducible fMPSs as
follows, which we call the injective fMPS. One can show
that an injective fMPS is essentially unique up to conjugate
transformations. First, we discuss the case of (+)-algebra.

Definition 7 (Injective fMPS with Wall invariant (4)). A
set of matrices {A’}; € ./\;l,ﬂ is graded injective with the Wall
invariant (+) if the set of all possible products of matrices
A’ ... Al with a fixed [ € N spans the vector space M,,(C).
The grading matrix Z is unique up to a sign, and the Wall
matrix u is given by u = +Z.

Before moving on to the fundamental theorem of injective
fMPS, it is useful to introduce the canonical form of fMPS.
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Since {A’}; is also ungraded irreducible, one can normalize
{A"} to be the canonical form [30]

ZA"A"T = 1o

Theorem 3. (Fundamental theorem for fMPS with Wall
invariant (+4))

Let {A'}; and {A’}; be injective fMPSs with the Wall in-
variant (+) in the canonical form (112). They give the same
physical state in APBC, in other words, {A'}; ~ {A"}; holds if
and only if there exist a unitary matrix V € U(2n) and a U (1)
phase ¢’ € U(1) obeying that

(112)

Al = PVTiAlY. (113)
The unitary matrix V is unique up to U(1) phase, and e’ is
unique. A B

Furthermore, if we take the Wall matrices for {A'}; and {A'};
to be u and i1, respectively, they are connected by

i=nViuv (114)
with n € {£1} a sign.

This theorem holds even if the assumption {A}; ~ {A?}; is
changed to {A"}; ~ppc {A'};.

The former part is the same as the fundamental theorem
of injective MPS in Theorem 2, since {A’}; and {A}; are also
ungraded injective. It is easy to show Eq. (114) as follows.
Substituting (113) into the relation (—1)"A? = fiAii, we have
A" = ¢V TuA'uV ii. The uniqueness of V and it? = 15, gives
us (114). For a proof of PBC, see Appendix B.

We note that the sign i depends on the choice of signs of u
and #i. Replacing the signs u and & with u +— pu and i — [ii,
n changes to n — nufi. The sign n plays the central role in
the pump invariant. See Sec. V A.

Next, we will discuss the case of (—)-algebra.

Definition 8 (Injective fMPS with Wall invariant (—)). A
set of matrices {A'}; € /\712 is graded injective with the Wall
invariant (—) if there exists a unitary matrix u € U (2n) such
that the following two conditions are fulfilled: (i) « is unitary
equivalent to o, ® 1,. (ii) Let W € U (2n) be a unitary matrix
that diagonalizes u as u = W (o, ® 1,)WT. Then the matrices
A' are written as

Al =W(o!"®B)WT, (115)

and both the even subalgebra (B ---B'|Y\_, |it] =
0 (mod.2)} and the odd subalgebra {B" ---B"| Zi:l liy] =
1 (mod.2)} with a fixed / € N span the vector space M,,(C).

The matrix u is unique up to a sign. Since the matrices
{B'} is ungraded irreducible, one can normalize {B'} to be the
canonical form ), B'B'" = 1,, that is, we have the canonical
form (112) for {A%};.

Theorem 4. (Fundamental theorem for fMPS with Wall
invariant (—))

Let {A}; and {A’}; be injective fMPSs with the Wall in-
variant (—) in the canonical form (112). They give the same
physical state in APBC, in other words, {A’}; ~ {A?}; holds if
and only if there exist a unitary matrix V € U(2n) and a U(1)
phase ¢’ € U(1) obeying that

Al = PVIAlY. (116)

The U (1) phase ¢’ is unique. The unitary matrix V is unique
up to multiplications V > e“Ve/®" where ¢ and e/*" are
any unitary matrices in the centers of the algebras generated
by {A’}; and {A’};, respectively.

Furthermore, if we take the Wall matrices for {A’}; and {A?};
to be u and i1, respectively, they are connected by

i=nViuv (117)
with n € {£1} a sign.

This theorem holds even if the assumption {A’}; ~ {A'}; is
changed to {A’}; ~ppc {A};.

We sketch the proof. Set A’ = W (0! ® BYW' and A" =
W (o)l ® B' )W'. Correspondingly, the Wall matrices for {A"};
and {A};areu = W(o, ® 1,)W and it = W (o, ® 1,)WT, re-
spectively. Then {A’}; ~ {A"}; ({A"}; ~prc {A'};) implies that
{0l ® B'}; ~ {o)' ® B'}; ({o)!! ® B'}; ~ppc {0 ® B'};). In
Appendix C we prove the following lemma.

Lemma 1. Let {c! ® B'}; and {o)! ® B'}; be injective
fMPSs with the Wall invariant (—) in the canonical form
(112) If either {O')li‘ ® Bi},' ~ {O'Jil ® Bi}i or {O')li‘ ® Bi}l’ ~PBC
{o)il ® B'}; holds true, then there exist a U(1) phase ¢/, a
unitary matrix v € U(n), and a sign n € {£1} such that

B = Pyl Biv. (118)
Moreover, the U(1) phase e# and the sign 7 are unique, and

the unitary matrix v is unique up to U (1) phases.
1-n

Setting V = W(o,”> ® v)W' yields the desired relations
(113) and (117). The matrix V is not unique. To see
this, suppose that a unitary matrix V' € U(2n) also satis-
fies the relation (113) with the same U(1) phase ¢'?. Then
we have the equality (o, ® BYWVV'IW = WiVV'IW (0o, ®
BY). Since both the even and odd subalgebras generated
by {B'}; produces the matrix algebra M,(C), the matrix
WTVV"'W can be written in the form WVV W = ¢~ @
1, with 6 € [0, 27]. Therefore, V' = WeloW1ty = ¢y .
This ambiguity of V does not affect the relation (117). Using
(117), the ambiguity can also be written as "V = Ve,

We note that the sign 7 depends on the choice of signs of u
and ii. Replacing the signs v and i with u — pu and i — fii,
n changes to n — nufi. The sign n plays the central role in
the pump invariant. See Sec. V B.

We would like to point out that these theorems naturally
include the fermion parity symmetry

Al (—DTAT (119)
when we take V = Z, a grading matrix and ¢’# = 1.

In the rest of this section, we give three examples of injec-
tive fMPSs.

5. Example 1: The Kitaev chain in the nontrivial phase

Let’s compute the MPS that represents the Kitaev chain
[18]. In the case of 6 = 0, the expression that characterizes
the ground state of the Kitaev chain is Eq. (20), which can be
rewritten in terms of complex fermions as

(ajajn +dlaj —ajal,, —alal,)|GS) = |GS).  (120)

This is a local condition. Therefore, if we denote the basis of
the single particle Hilbert space by |0) and |1), and expand the
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state with respect to site j and j + 1 as

x110)10) 4+ x210)[1) 4 x3]1)|0) + x4[1)[1), (121)
the conditions on the coefficients are
X1 = —X4, X2 = X3. (122)
Therefore, an fMPS of the Kitaev chain is given by
o_ (1 1 -1
A° = < 1) A = 1 . (123)

In fact, we can verify that A’A? = —A'A! and AA! = A'A°
hold at the level of matrices, so we can see that the fMPS
constructed from them satisfies the condition (122). The alge-
bra generated by these matrices is A >~ CA® @ CA' which is
Z/27Z-graded central simple with the Wall invariant (—). In
this case, the Wall matrix u is given by

-7
u=1\. s
1

up to a phase factor.

Since it will be used in a later analysis, we will examine
how the MPS changes with respect to the phase shift of the
gap function. The phase shift of the gap function A > e A
can be regarded as that of the complex fermion

(124)

i T —i§
aj > ezaj a;r>e 2a, (125)
so the conditions on coefficients are modified as
x=—e"x, x=xs. (126)

Therefore, for example, the MPS of the Kitaev chain for
general 6 € [0, 2] is given by

(127)

6. Example 2: A domain wall counting model

Let’s compute an fMPS matrices of a domain wall counting
model which is introduced in Sec. I C 1. By introducing the
Majorana fermion c;, the Hamiltonian Eq. (40) recast into

1 + cos(9) . 1 —cos(9) .
H(®) = Z —T oy iej10j = T 02054
J

sin(0)
2

for 6 € [0, 2 ]. This Hamiltonian can be obtained from the
Kitaev chain in the trivial phase by unitary transformation

H() = ZUG(_iCZj—ICZj)UT’
J

(128)

—1i

(c2j—2C2j — C2j-1C2j41)s

(129)

. . _jg e
with a unitary operator Uy = [ jez € "2 2

An fMPS of this Hamiltonian is given by

A%D=<ﬁ aﬁ,Amh=<lﬁ f)(nm
e'z -

1 —e'2

In order to obtain this matrices, we recall that the ground state
in the open chain of this model was a state with a phase factor
on the domain wall:

Y (1t ova))(1+ 02a)) - (1 + 0r.a})10),

02,...,0L—1

(131)

where Npw = Y _; 17‘7’% This is a variant of the cluster
model, and fMPS matrices for the state (131) is given by

i2 0 0
BH,+=((1) 602>’ 39’=<eig 1)’ (132)

in the basis of |o)---01) = (1 +01a])--- (1 +0.a])|0).
When 6 # 0, the algebra generated by these matrices is A >~
M, (C) which is Z/27Z-graded central simple with the Wall
invariant (4). In this case, the Wall matrix u is given by

()

up to a sign.'” When 6 = 0, the algebra A4 ~ C. This is a
central simple algebra, but the odd part is zero. In this case,
u which is not proportional to 1 does not exist, so we will take
1 as the boundary operator. Therefore the ground states with
antiperiodic boundary condition is

> @B’ B )oy, ... o).
{or}

(133)

(134)

Rewriting this into a basis of fermion occupation basis, we get
Z:tr(uB(”(rl < BPYay, ..., op)
{ox}
= 3 @B B B 0, o)

{ok}

+> t@B” B B~ 0y, ..., 00)

{ox}
= Ztr(u(39~+ + B )B% ... B%9)|0, 03, ..., 01)
{ox}

+ Z tr(u(B>* — B»)B*® ... B")|1, 04, ..., 0p)
{ox}

(135)

(136)
= Z tr(uA" (0)B*7 .. B>y, 09, ..., 01), (137)
{ox.i1}
where i; =0, 1 and
8
AO(Q) — BQ,Jr +BQ,7 — < }Q e 2)’
ez 1
i¢
Al@) = B+ — B~ = < Lo« 2). (138)
—e'z —1

7Since Z /27 grading is given by whether the fermion parity is
even or odd, it gives the action of swapping + and — in the 0 = £
basis. This is confirmed by the fact that the MPS in the occupation
basis is given by A°(@) = B®* 4+ B~ and A'(§) = B** — B%~, as
we will see later.
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By applying this operation to all sites, finally we get the fMPS
representation with matrices

o (1 el

A(e)_<€l‘2} 1)1

A'(@):( L eiz), u:( 1). (139)
—e'z —1 1

If we diagonalize u, we obtain

0 1+€i%
A%(0) = o ]
1—eé

l_ei2>, u:(l _1). (140)

7. Example 3: The Gu-Wen model

Let’s compute an fMPS of the Gu-Wen model [46,47] as
an example of graded irreducible fMPS. The Hamiltonian of
this model is defined by

Al = »
) (He,z

Hgy-Wen = — Z(aj’ - aj)r;c+%(aj+l + a;-H)

J
=2t (= 2aja)T . (141)
i

where 7%, t7, and t° are the Pauli matrices. This model has
a Z/27Z x 7/2Z symmetry generated by Ugpin = [ |

and Usermion = [ | j ez(1 — 2a;aj). This model can be obtained
by applying the Jordan-Wigner transformation to one of the
Z.)27 of /27 x Z /27 symmetry of the cluster model de-
scribed in Sec. IIT A.

First, we investigate the ground state of the Gu-Wen model.
Any terms of the Hamiltonian commutes with each others, and
the eigenvalue is +1. We call the first term in Eq. (141) as the
fluctuation term and the second term as the configuration term.
The configuration term is minimized by placing fermions only
at domain walls of spins:

letototelolet.,

where o (resp. o) denote the state without (resp. with) fermion
and 1 (resp. |) denote the state whose eigenvalue of t° is 1
(resp. —1). We call such a state the decorated domain wall
(DDW) state [48].

The fluctuation term, on the other hand, map a DDW state
to another DDW state by the following processes:

- telet--S.itotot.,
ifotel S telol-.

X
jez+1 T

(142)

(143)

(144)
|

M],anN = {{A"}fv= 1 € M£|{Ai}§\’=1 is injective fMPS and in the canonical form}.

For a fermionic system with Np flavors, N = ONF | Let A be
the graded algebra generated by the set of matrices {A'}Y .
By Wall’s structure theorem (Appendix A2, Theorem 8), a

Because no additional weight is given to the state by the
fluctuation term, the ground state is given by the summation
of all DDW states with the equal weights. The ground state is
unique and gapped, so it is an SRE state,

The MPS of this ground state is given as follows: Corre-
sponding to the 1, |, o, and e configurations in Eq. (142),
we introduce A", AT, B°, and B°®. Here the Z /27 grading is
even for AT, AV, B° and odd for B®. Since the ground state
is invariant under the maps in Eqgs. (143) and (144), these
matrices obey

telet=totort«— A'BA'B°AT =ATB°ATB°A"
(145)

totel=telol) «— ATB°ATB'AY = ATB°AYB°AY
(146)

and all other products are zero. In the standard basis of the
entanglement spaces, these matrices are written as

at at
e

o __ a® o a*
B - ( bo)s B - (bo )a (147)
so the above conditions read
b =a' = a’a’a’ = £b°b*a’, (148)
b'b° = +a°at, bbb = +aa'b. (149)

When the matrix size is 2, we can easily solve the above

relation as
1 0
- U
v=( o) (")
o (1 . 1
() ()

The algebra generated by these matrices is A ~ M,(C),
which is central simple with the Wall invariant (+). In this
case, the Wall matrix u is given by

(" )

IV. COMPUTATION OF THE SPACE OF SRE
STATES USING FMPS

(150)

(151)

up to a sign.

In this section we compute the topology of the space of
injective fMPSs for a few cases. Our strategy is as follows.

First, let M\, be the set of N 2n x 2n matrices {A'}Y; such
that they are graded injective in the canonical form:

(152)

(

Z,/27Z-graded central simple algebra is isomorphic to either
My, (C) [called (+)-type] or M,(C) & M, (C) [called (—)-
type], which physically correspond to the trivial and nontrivial
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fermionic SPT phases, respectively [18,45]. Thus /\;l;,"JN con-
sists of two connected components

My = M U MR (153)
defined as
A = {{AT}Y, € M| A := Span({A'}) > My, (C)}
(154)
and
v r?,(z)\?_triv = {{Al = ./\/lmJ A = Span({A’})
~ M,(C) & M,(C)}. (155)

As we saw in Sec. IIIB 4, injective fMPS has gauge redun-
dancy. Thus it is necessary to divide /\;l;fJN by the gauge
redundancy, and then we can obtain an approximate space

M,y of the space of SRE states M:

ln_]/N.

Finally, by taking n and N large enough, one would expect
to obtain the space of SRE states M. Although determining
such a space is in general difficult, it is possible in the non-
trivial phase to perform a specific analysis under appropriate
assumptions, as we will see later. Thus, in the following sec-
tions, we determine the space of injective fMPSs with the Wall
invariant (—) for several cases with small matrix sizes n and
compute the fundamental group of it. A more general charac-
terization of the pump in the trivial and nontrivial phases is
given in Sec. V.

My = (156)

A. Gauge-fixing condition
We compute the space M % v M“"“ V- /)~ for a few
cases with small matrix sizes. By takmg the unitary matrix
V € U(2n) in Theorem 4 to be W itself, the matrices A’ can
be in the form

Al=0ol"®B. (157)

Under this gauge-fixing condition, the Wall matrix is given by

u==0,®1,, (158)

and from Lemma 1, the residual gauge transformation is given
by

B ~ ¢PylilyBiy, (159)
where ¢, v, and 5 are U(1) phase, U(n) matrix, and a
sign, respectively. We note that the gauge transformation B' ~
(—D)B" is nothing but the fermion parity symmetry. The
condition for the matrices {0l ® B'}Y | to be in the canonical
form (112) is

N
ZB’B” =1, (160)
i=1
B. For 2 x 2 matrices and 1-flavor,n = 1, Ny =1

Consider the above problem for 2 x 2 matrices and 1-
flavor (i.e., n = 1, Nr = 1). Under the gauge-fixing condition

@ ' o 'O

11> 11>

FIG. 4. (a) The space of parameters of fMPS with the Wall in-
variant (—) when the matrix size is 2 and the number of flavors is 1.
Since the north and south poles belong to the trivial phase, the space
is homotopic to the space of §? with two points removed. There still
remains the gauge transformation of the fermion parity symmetry
A’ — (=DA?, which leads to the identification a' ~ —a!. (b) The
space of injective fMPSs when the matrix size is 2 and the number
of flavors is 1. By the gauge transformation of the fermion parity
symmetry A’ — (—1)"A’, the antipodal points at each circle that
appears when the sphere in the left figure is cut by a constant latitude
plane are identified.

(157), the matrices A°, A! are given by

R——
1L £ a2 a)

1 1
Al — o, %), & dec. 6D
/|a0|2+|a1|2 a

The graded injectivity requires a® # 0 and a' # 0. Using the
residual gauge transformation by ¢’ € U(1), a° can be a real
positive number a® > 0. Furthermore, since A’ and A' depend
only on the ratios a°/|a’|, a'/|a°|, a° can be set as a° = 1. We
considered the case where both a” and a' are nonzero because,
in fact, the fMPSs with a® = 0 ora' = 0 are ) |0) and ) |1)
respectively, which belong to the trivial phase. As a result, the
parameters of the fMPS are in C U {oo} = S2. Thus, at this

stage, the space M“O“l%"‘a‘zl is recast as the two-dimensional

sphere minus the north and south poles S?\2pts [Fig. 4(a)].
The remaining gauge transformation is the fermion parity
symmetry A’ — (—1)/A7| which leads to the identification
a' ~ —a'. This transformation acts on the space S*\2pts by
swapping the antipodal points at each circle that appears when
the sphere is cut by a constant latitude plane, which results in
the topologically same space S?\2pts. Now we have identified
all gauge redundancy, and the space of injective fMPSs in the
nontrivial phase M4 is homotopic to a sphere with two
points removed S\ 2pts [Fig. 4(b)].

Let’s compute the classification of the Thouless pump in
nontrivial phases. M“O"‘“V‘a] := §?\2pts corresponds to the
nontrivial phase and its’ fundamental group is isomorphic
to Z:

m (M) ~ Z.

n=

(162)

This result suggests the existence of a nontrivial Thouless
pump classified by Z. It can be seen that the 27 rotation of
the gap function of the Kitaev chain defines a path |a'| =1
in M“O“frﬁ‘alz (see Sec. III B 5), which defines the generator of
the fundamental group above. In the case of a free fermionic
system, such a path of the Kitaev chain also generates a
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nontrivial Thouless pump [15] and, in particular, when the
flavor number is 1, it is known that pumps are classified by
Z generated by the loop. Therefore, this result is consistent
with [15]. We also calculated the Berry phase of the ground
state for the nontrivial path in this space, and confirmed that
the ratio of the values calculated under the periodic boundary
condition and the antiperiodic boundary condition converges
to —1 in the limit of increasing the size of the system. See
Appendix F for details of the calculation.

C. For 2 x 2 matrices and generic flavors,n = 1, Ny > 1

Keep the size of the matrix 2 x 2 (i.e., n = 1) and firstly
consider the case of 2-flavors (i.e., Nr = 2).'® We define

00 _ (a n_ (b

=" a=(" )
0 _ c o1 _ d
oo el )

with a, b, ¢, d € C. The condition for the canonical form is

(164)

(163)

lal* + |b1* + |c|* + |d|* = 1.

The graded injectivity is met if both the conditions (a, b) #
(0,0) and (c, d) # (0, 0) are satisfied. Here we suppose that
a # 0. Then, using the residual gauge transformation by
e’ € U(1), a° can be a real positive number a° > 0. Let us
parametrize (a, b, c,d) by a real parameter ¢ € (0, 1), unit
2-sphere (n;, ny, n3) € S%, and unit 3-sphere (nf, nh, ny, ny) €
S3 asin

(a,b) =t(n3, ny +iny), (165)
(c,d) =1 —1t>(n} + iny, nj + in}). (166)

Here t = 0, 1 are excluded from the graded injectivity. Also,
a > 0 implies that (nj,ny,n3) runs only over the north
hemisphere, namely, a disk D?. Note that this map is home-
omorphic. The gauge transformation B ~ (—1)/IB leads to
the identification n’ ~ —n’, that is, we have the real pro-
jective space RP® = §%/(n’ ~ —n’). Therefore, MOYUY | =
/\;lfl‘i‘]'f}\i,":4 / ~, the space of injective fMPSs with n = 1 and
Np = 2 divided by the gauge transformation, is found as

Myt = (0, 1) x D* x RP?, (167)

and this is homotopy equivalent to RP3. It is easy to generalize
the discussion above to generic flavor number Ny > 1. The

nontrivial : : :
space anl’ NNy -, 18 homotopically equivalent to the real

projective space RP?" ! We get the first homotopy group'”
T (MRS ) = Z/2L. (168)

This result suggests the existence of a nontrivial Thouless
pump classified by Z/2Z. In the case of the free Hamilto-
nian, a path that turns the phase of the gap function of the

8 An example of a Hamiltonian corresponding to these fMPSs is
given in Sec. VIB 2.

YWe will show in Sec. VI B 2 that a loop wrapped twice can be con-
tinuously transformed into a loop wrapped zero times, specifically in
terms of Hamiltonians.

Kitaev chain (see Sec. IIIB5) by 27 generates a nontrivial
Thouless pump, and, in particular, when the number of flavors
Np is 2 or more, it is known that pumps are classified by
Z /27 [15]. It can be seen that the the 27 rotation of the
gap function of the 2-flavor Kitaev chain model defines a path
inf €[0,27] witha = 1/+/2,b=0,c = ¢?/?/y/2,d =0in
Muoniivial, (see Sec. VI), which defines the generator of the
fundamental group above. Therefore, this result is reasonable.

D. For 4 x 4 matrices and 1-flavor,n =2, N =1

Consider the above problem for n = 2, Np = 1. It is diffi-
cult to analyze the case of 4 x 4 matrices in general. So we
consider the following special case:

o (1 L (0 A
A—< L) A= o)

for arbitrary 2 x 2 matrix A'. Since A? is the unit matrix, the
graded injectivity is the same as that the algebra A generated
by the set of matrices {A°, A'} is graded central simple. In this
case,the following theorem holds:

Theorem 5.

Let A be the algebra generated by A° and A'. When A°
equals to the unit matrix, the following conditions are equiva-
lent:

(A) Ais a Z/2Z-graded central simple algebra

(B) (i) det(A") # 0 and tr(A") = 0 or (ii) det(4') # 0 and
tr(A")? — 4tr(A') =0
where A' is a 2 x 2 matrix defined as the off-diagonal block
element of A!.

The proof of this theorem is given in Appendix D. Using
this theorem, we can determine the structure of a part of the
space of MPS as follows.

Theorem 6.

Consider the same situation as in Theorem 5, and let

~ 1< ivi A
MpSrentvial] | be the space of MPS in this case. Then
~n<2,nontrivial
M5 |

(169)

the topology of A0=1, 18

~n<2,nontrivial
MN\—Q |A =14

S' x {S2UZ/27)
Z/2Zdiag

where Z /27, is subgroup £1, in SU(2) and Z /27 4, is center
of U(2). In particular,

~R.g x CR.yxUER), (170)

S x 7/)27 - .
(l) R>0 % Z/Zzg c M;zvgﬁz,nonmvnal' 1, (17])
iag
is parameterized by
A0 — ! (12 )
VI+22 L,
Y +1
ré! +1
1 __
A= e |+ (172
+1
fork € R.g,0 € [0,27), and
St x 82 - .
(”) R>0 % Z/zzd c ./\/17\;:22,nonlrlvml|AO:14 (173)
iag
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is parameterized by
A’ =

A‘)

(174)

) e
1+ 22 L) 7T Ty \A
il (icos(x) —e i sin(x))

e?sin(x)  —icos(x)

forA € Rog,0 € [0, ), ¢ €[0,27), x € [0, ].
The proof of this theorem is given in Appendix E.
First, consider case (7). In this case, the matrix A! is

1
| 1 =kei9(1 1)@12, (175)
1

Al — )Leiﬁ

so this can be regarded as an embedding of the case n = 1.
This is natural because a 4 x 4 matrix can represent a 2 x 2
matrix, and this component is ignored in the following. There-
fore, the space of MPS in the case of n = 2 is essentially

~ . St x §?
M n=2,nontrivial _ ~R o X ) 176
N=2 |AU_14 0 Z/zzdiag ( )
Next, we consider the redundancy of the space

Mp=nonuivial As in the case of n =1, the action

of fermion parity symmetry is

=14+

Al (=DAT, (177)

and states areNinvariant under this transformation. Therefore,
by dividing M’=3 | 0—y, by this transformation, we obtain

M[nvzﬁz,nomrivial |AU=14 /Z/zzdiag
Ry x S X5 /2122
>0 X Z/szmg / f.p.

~R. x RP! x RP%. (178)

Note that we used the following relation in the last equation:

L[2Zs
(e, U) ~ (e U)

7./27 ging 2 2 7.)27 girg.-
(=e®,=U)  ~ (€, =U)
Z/zzf.p.

(179)

Here the RP? coordinates are redundancies that can be elimi-
nated by unitary transformations and do not change the fMPS.
In fact, the fMPS is given by

HA'0). u(®)}) = > tr(uA” - A")]iy, ...ii)
(i}

- Z (DXl i), (180)

{ix},0dd

so the fMPS does not depend on x and ¢, which are coor-
dinates of RP2. Therefore, the topology of the space of SRE
states is

./\/l];1\’::22,n0m;rivial|A0:14 ~ R>0 % RPI (181)

This has the same structure in the case of n =1, N =2, and
the classification of the Thouless pump in the nontrivial phase
is given by Z.

It is difficult to do the same computation for the case of
Nr > 2. We can, however, partially compute the topology of
the space, and confirm that the Z classification is reduced to
7Z./2, as in the case of n = 1.

V. INVARIANTS

In this section, we define the topological invariants that
detect the pump in trivial (in Sec. V A) and nontrivial (in
Sec. V B) phases. Each invariant is defined heuristically based
on the free Hamiltonian model introduced in Sec. IIB and
Sec. II C. Applications of invariants to interacting systems are
given in Sec. VL.

A. Topological invariant of pump in the trivial phase

The pump invariant in the trivial phase is the same as the
pump invariant for bosonic MPS with Z, onsite symmetry
constructed in Sec. IIT A 3.

Let {A'(8)}; for 6 € [0, 27] be a family of injective fMPS
with the Wall invariant (4) in the canonical form (112).
Suppose that the physical state is periodic in the sense that
{A'(2m)}; ~ {A'(0)};. Let u(®) for 6 € [0, 2] be a continu-
ous family of grading (Wall) matrices for {A/(6)},. By using
Theorem 3, there exists a U(1) phase ¢#, a unitary matrix V,

and a sign nt(‘;;) € {£1} such that

AlQ2n) = PVTAN 0V, (182)

u2r) = nHOviuoywv.

. (183)

Since u(0) is continuous for 6 € [0, 2r], the gauge transfor-
mation u(0) — pu(f) with u € {£1} does not change the
sign nf;;)), meaning that the sign nt(;;,) is gauge invariant. Thus,
the sign nf;; defined in (183) serves as the topological invari-
ant of pump.

Let us compute the pump invariant nt((;) for the domain wall
counting model (128). As we saw in Sec. III B 6, we have a
gauge such that the fMPS is given by

o 1 ]—|—ei%

2
) (t )

(184)

for each .20 We find that AY(6 + 27) = 0,A (8)0,. There-
fore, the pump invariant is computed as r;t(;;) = sgn[u(6 +
2m)ou(@)o,] = —1, as expected.

Relaxing the condition u(8 )2 = 1 for the Wall matrix u(6),
we obtain an alternative expression of the pump invariant. As
discussed in Sec. III A 3, there always exists a 2w -periodic

R 1
A<9>—5(1+ef2

20This fMPS is not injective at & = 0. However, since it can be
made injective by an infinitesimal perturbation, the pump invariant n
is well defined.
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global gauge for {A’(#)}, which we denote them by {A(6)},
such that A/(27r) = A’(0) for all is. In the global gauge, the
grading matrix u(0) is also 2w periodic up to a U(1) phase.
Namely, for the global gauge, there is a 2 -periodic unitary
matrix (6 ) such that

(DAY 0) = u(©)"A'(0)ir(6), (185)
and 1(0)? o 1 holds true. We have an integer-valued quantity
nit) as the U (1) phase winding of ii(6)?,

1
nG) = o 7§ dlogtr[i(0)*] € Z. (186)
i
The 27 periodicity of i#(6), however, remains satisfied even
after U (1) phase replacement i1(6) > 1(0)x(6) with a U(1)
valued periodic function «(f). Under this replacement the

winding number ngg, changes as n\) nt(op + 2m where
(+)

top
defined up to 2Z and n'") takes a value in Z /2Z. It can be

top
shown that the two pump invariants nt(;,) E;;)

to each other by nf;;,) =(— 1)”“’?
For the domain wall counting model (128), with a gauge
transformation, a 2m-periodic fMPS {A'()}; and a 2m-

periodic Wall matrix #(6) are given by

op

m= f dloga € Z. Therefore, the winding number n. '’ is

and n; '’ are related

el el
2 2

Ai@) = & TIA )T T,

T(he)n 11(0)> = €1, and the winding number is found to be
+
Ny = 1.

B. Topological invariant of pump in the nontrivial phase

The construction of the pump invariant in the nontrivial
phase is parallel to that of the trivial phase.

Let {A(6)); for 6 € [0, 27] be a family of injective fMPS
with the Wall invariant (—) in the canonical form (112), and
we assume the physical state is periodic {A'(2)}; ~ {A/(0)},.
Let u(6) with the condition u(8)> =1 for 6 € [0, 2] be a
continuous family of the Wall matrices for {A’(6)},. By using
Theorem 4, there exists a U (1) phase e, a unitary matrix V,
and a sign nl(o_p) € {£1} such that

AlQ2r) = PVTAI 0, (188)

u(2) = )V u(0)V. (189)

As with the trivial phase, the sign nwp is gauge invariant and
serves as the topological invariant of pump.

Let us compute the pump invariant n[((;,) for a free Kitaev
chain model (23). As we saw in Sec. I[II B 5, the 2 x 2 fMPS
of this Hamiltonian is given by

1 /1 e —1
A0) = — , Al = — ,
@ ﬁ( 1) @ f( )

(. )

for each 6. We have A'(2) = 0.A (0o, and thus, u(27) =
—o,u(0)o,. The pump invariant is found as r)t((;)) =—1.

(190)

In the same way as for the trivial phase, relaxing the
condition u(0)?> =1 for the Wall matrix u(0) gives us an
alternative expression of the pump invariant. Suppose that we
have a 27 -periodic global gauge of fMPS {A/(9)} satisfying
Ai(2m) = A'(0) for all i. In the global gauge, the Wall matrix
11(6) without any constraint on the U(1) phase can also be
27 -periodic

i1(27) = i(0). (191)

We have an integer-valued quantity nlop as the U(1) phase
winding of (6 )2 as in
- _ 1 o2
Ny = ,%dlogtr[u(@) 1€ Z. (192)
2mi

The replacement i(0) — 1(0)x(6) with a U(1)-valued pe-
riodic function «(@) yields nt(o_p) — nl(o_p) +2m with m =
[dloga € Z, implying that ntop takes a value in Z/27. It
is easy to see the two pump invariants nlop and n are related

to each other by ntop = (_1)”mp .
For the Kitaev chain model (23), a 2m-periodic fMPS
{Ai(0)}; and a 27 -periodic Wall matrix i#(9) are given by

.. 1 : 1
Ai0) = ( e,-g>A’<e>( e_,.g),
o 1 1
ﬁ(@) = ¢'2 ( el.g)u(@)( e_iezi), (193)

where we put €% on the Wall matrix u so that i) is 2w
periodic. Then it(6)* = €1, and the winding number of the
proportional constant is a nontrivial value

nGy = —flogtr(u(@) )= 1. (194)

C. Geometric interpretation

We have defined invariants heuristically in the previous
sections. From a geometric point of view, this topological
invariant can be regarded as a monodromy. First, let us explain
this interpretation.

The generalized Thouless pump is given by a loop y =
{|A1(6))}o~2x in the set of SRE states M. When the state goes
around the loop vy, it returns to the original one, but the matrix
representation of the MPS can only return to its original one
up to a unitary,

ANO =2m) = PVA (O = 0)VT, (195)
for some V and e’ of the form in Theorem 3 or 4.

The space of SRE states M can be constructed by dividing
the space of MPS M by redundancy. Let .A(#) be the algebra
generated by {A’(6)} and Autz»z(A) be the Z/2Z-grading-
preserving automorphism group of fMPS, which is generated
by a unitary matrices of Theorem 3 or 4,

Autz »7(A)

={V e PUQRn)|uV =Vu} U{V € PUQ2n)|uV = —Vu},
(196)
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and for both (+) and (—) cases. We call an element of the first
component of Autz,7(A) an even unitary, and an element
of the second component an odd unitary for both (4) and
(—) cases. Let s : Autzz(A) — Z /27 be the function that
measures whether it is even unitary or odd unitary. s is group
homomorphism.
Then M is the principal Autg, 22, (A)-bundle over M,
Autzpz,(A) > M — M, (197)
and {A'(0)}o~2r gives the lift 7# of y in M. In particular,
as a general theory of fiber bundles, it is known that the
fundamental group of the base space acts on the fiber, that
is, there exists a group homomorphism

m: (M) — Autz )z (A). (198)

As we saw in Sec. V A and Sec. V B, if the topological in-
variant np, = 0, then MPS matrices are glued with an even
unitary matrix and if nyp = 1, then MPS matrices are glued
with an odd unitary matrix. This means that s o m(y ) coincide
with .. In other words, np, is an invariant that measures
the Z /27 monodromy for y.

Such quantities are mathematically described as character-
istic classes of the Z /27Z-graded central simple algebra bundle
over a parameter space X = S' [49].2! Here a Z/27Z-graded
central simple algebra bundle over X is a bundle over X whose
typical fiber is a Z/27Z-graded central simple algebra. In the
case of X = S!, such bundles are classified by characteristic
class u;(A) defined in [45]. When going around the circle
X = S' from 6 = 0 to 27, u; (A) is defined as 1 if the fibers
are glued together by an even unitary matrix, and —1 if they
are glued together by an odd unitary matrix. Therefore, our
topological invariant can be regarded as the characteristic
class of Z/2Z-graded central simple algebra bundle u;(A)
over S'.

Note that these are invariants for families of SRE states
but are not detectable in the higher dimensional Berry cur-
vature, which was recently proposed in [25,26]. In fact, for
(1 4 1)-dimensional systems, the higher Berry curvature give
an invariant for three-parameter families and is an invariant
for the free part of the integer coefficient cohomology, so the
torsion part cannot be detected as in this case.

D. Stacking

It is not a coincidence that the classification of pumps in
the trivial phase coincides with that of pumps in the nontriv-
ial phase. This is because by stacking a trivial pump in the
nontrivial phase, it is possible to go back and forth between
the pump in the trivial phase and the nontrivial phase. As an
example, consider the Kitaev chain with nontrivial pumps

L
H®)=- (@},,a;+e%aja;+He).  (199)

j=1

2'We would like to thank Mayuko Yamashita for telling us about
7 /27.-graded central simple algebra bundles and twists of K theory.

The MPS representation of this model is given by

1 /1
A’9) = — ,
@ ﬁ( 1)

u®) = (l. _i>.

Now take the tensor product with the Kitaev chain without
parameter. The MPS representation of this model {A’} is given
by replacing 6 by 0 in Eq. (199). In terms of fMPS, it is shown
by Bultinck et al. [18] that this can be achieved by taking
the graded tensor product of the fMPS matrices A"/ (9) :=
A'®A/(9), and its explicit formula is

1/1 1
o=t e[ )

i0

A'0) = 1( ‘1),
V2 1

(200)

Al(0) = %(1 1) ® (1 ‘1), (201
e? -1 1

w03 el" )
| 1 |

A%0) = §<1 ) ® ( 1). (202)

The algebraic structure of these matrices should be a Z/2-
graded central simple algebra with type(+), and in this case,
the algebra generated by these matrices is isomorphic to
M, (C). In fact, by applying a gauge transformation with

0 —i i O
Ifo 1 1 0
2li 0 o =i (203)
1 0 0 1
the above MPS matrices become
00 1 11 e% . .
A”(0) = 512 dl,, A= 7102 P io,, (204)

0
g 1
A% () = %iay ®—ioy.  A"0) = 50, @ —oy, (205)

and this is essentially equivalent to
00 1 11 e% . 01 e% .
A™(0) = 512, A(0)= — oz, AV (0) = — iy,

1
10

A7) = 2Ux.
The topological invariant of this family is rp, = 1.

Assuming that pumps can be classified by a general-
ized cohomology, it can also be explained mathematically.
The classification of one-parameter families is given by
(IQ4pin)*(S"). By using the reduced cohomology IS, it
split into

(IQpin ) (S") 2= (Ui (S1) © (I Qpin)* (PL.),  (207)
=~ (I9pin)*(S") ® Z/2. (208)

(206)

The choice of whether to consider pumps in the trivial or non-
trivial phase corresponds to whether the second component is
taken to be O or 1, respectively. Therefore, it is expected that
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the pumps in either phase will be classified in the same group
u Q;pin YSH~7Z /2. In the above example, the Kitaev chian
with nontrivial pump is the element (1,1) on the right-hand
side, and the Kitaev chian with trivial pump corresponds to
the element (0,1). The above computation implies that (1,0)
can be constructed by adding (0,1) to (1,1).

VI. EXAMPLES OF THOULESS PUMP

In this section we will calculate the invariants of pump
formulated in the previous section for a concrete system.

First, as an example of pumps in the trivial phase, we
implement the Kitaev’s canonical pump construction for the
fermionic case and confirm the existence of the nontrivial
pump (in Sec. VIA). We also show that a fermion parity
pump can be obtained in the Gu-Wen model by rotating
bosonic spins and give a physical interpretation of the pump
(in Sec. VIA2).

Next, as an example of pumps in the nontrivial phase, we
consider a loop that rotates the phase of the gap function of
the Kitaev chain, and construct the corresponding families of
fMPSs and verify the existence of the nontrivial pump (in
Sec. III B 5). We also compute the fMPS of the multiflavor
Kitaev chain and give the homotopy of the Hamiltonian that
transforms the model with winding number 1 into the model
with winding number —1 (in Sec. VIB 2). This gives us a
concrete confirmation that the classification of the pump in
this model is given by Z /27Z.

A. Examples of the Thouless pump in the trivial phase
1. Kitaev’s canonical pump

As an example of the calculation of the pump in the trivial
phase, we derive the fMPS describing the Kitaev pump:

1x210)10)10) 10)10)10) 1)
R R R
L 10 1 10 O 1O ) 10
L R R
10)10) 10} 10) 0)10) 10} 10)

Let’s consider the BAG Hamiltonian

Nimat(0) = cos(9)1, — sin(0)1.0y, (209)

where t acts on Nambu space and o acts on flavor space, and
total Hamiltonian is defined by

H@©) =Y h;®). (210)
J

where

— (T i a;
hi(0) = (q] ,aj)hmat<e)<aiT>, 211)

J

d and i =1, |, and we regard 1 and | as odd site and even
site, respectively. The ground state of the local Hamiltonian

hi(0) is

212)

0 0 -
(cos <§) + isin (E)ajﬁajl.) [00) ,

where |00); is vacuum state at site j, defined by aJT. aj. |00); =
0. Therefore, the variation of 8 from 0 to 27 gives the vari-
ation of ground state from [00); to [11); := ajﬁaj.”OO)j and
regarding 1 and | as two sites, this is the half of the Kitaev
pump from to in the case of | x) = |1). For the remaining half
of the process, we perform the same transformation for one
shifted site.

It is easy to compute the fMPS in each process and there is
a2 x 2 representation labeled by i, j € {0, 1}

A00:00s<§>, A”:isin(g), A% =0, A"Y=0,

(213)
for 6 € [0, 7] and
o0 _ (cos(%) n_ (0
=0 ) =" )
A0 — cos (£) sin (%)
0 ,
A" = ° (214)
— \Jcos (%) sin (%) ’

for 6 = [m, 2]. For 6 € [0, ], this MPS is already in the
canonical form. To get MPSs for 6 € (7, 27) to be in the
canonical form, we only need to find a positive and invertible
eigenmatrix of the CP map £(X) := Y, A’XA [30]. In fact, if
we find a positive and invertible matrix X such that £(X) = X,
then X “2A’X "2 is in the canonical form. In particular, the
existence of such a matrix is always guaranteed when the MPS
is central simple as ungraded algebra [30,50].%% In the case of
cos( % )

sin(%)
positive and invertible eigenmatrix of the CP map. Therefore,
the canonical form of Eq. (214) is given by

() = (0 )
ey ) (e )

For any 0 € [0, 2], however, they are Z /27Z-graded cen-
tral simple with the Wall invariant (4), in order to connect
these matrices continuously, we embed the matrices at 6 €

Eq. (214), we can easily check that X = ( )isa

22The existence of a positive eigenmatrix X of the CP map is
guaranteed in Ref. [50]. In the proof of Theorem 4 in Ref. [30] it
is shown that {A'} is reducible if X is noninvertible. Therefore, if {A'}
is central simple as ungraded algebra, X is invertible.
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[0, ] in a 2 x 2 matrix as follows:

A°°=(O cos(g))’ A”=<O isin(%))’
A01=<0 Sin(%))’ Am:(O COS(%)>, (216)

where we embed it in the (2,2) component so that it is contin-
uous at = m. Then the Wall matrix u is given by

()

for 6 € [0, 2 ]. Nevertheless, the size of the matrix algebra
generated by the matrices still differs when 6 € [0, 7] and
0 € [0, r]. To avoid this difficulty, we introduce a perturba-
tion terms

o 0
A% () = i€ cos (§> 1, 8A'™(0) = esin <5> 1o,

sA1°(0) = 8A° (0) = ie |:cos (9) — sin <§)}r (218)
- - 2 2 X

for a small number € and redefine
y A (9) 4+ SAY (6
AY () — ©® + © (219)
\/1 + €2+ €[ cos (§) —sin (§)]

for [0, 27 ]. Here we chose these perturbation terms so that
the fMPS after perturbation also represents the same state
at 6 =0 and 6 = 2m. Note that the matrices are still in the
canonical form. Since the algebra generated by the matrices is
isomorphic to M, (C) for all 8 € [0, 2], this is a perturbation
within the trivial phase.

Since this fMPS is not 27 -periodic as matrices, we perform
the unitary transformation

217)

- All(9) 0 €0, 7]
AY(0) = 0T =% 0-T) Aij(9)eiFO-T) € [, 2]
(220)

to compute the topological invariant of this pump.?* Then we
can take a 2 -periodic Wall matrix, for example,

‘) 0 € [0,7])
ao)y=1' ~" I ) |
( ) {ez(e—n)e—zax(ﬂ—n)(l _1) (0 c [7[’ 27_[]) ( )
and the topological invariant (186) is
ni) = / dlogtr(ii®) = 1. (222)

Therefore, this is a nontrivial pump in the trivial phase.

The algebraic pump invariant nt(;;) defined in (183) is
equivalent to the pump invariant by the winding number, but
this one is easier to compute. For the gauge equations (215)
and (216), the transition function at 6 = 27 is V = o,, and
the Wall matrix is given in (217). Thus, the pump invariant is

Nty = —1, and this is consistent with Eq. (222).

2If we choose the perturbation terms §A'® and §A”' to be propor-
tional to o,, we cannot take a gauge that is exactly 2w periodic.
In that case, however, the above gauge also gives a periodic MPS
up to €.

2. The Gu-Wen model

In Sec. III B we derive the fMPS of the Gu-Wen model.
In this section, we show that a fermion parity pump can be
obtained in the Gu-Wen model by rotating bosonic spins and
give a physical interpretation of the pump.

Let’s consider the Hamiltonian

H®) =~ (@) —a)T, (@ +a},,)
J

z,0 T ooN+20
— Z ) 1 - Zaja.,)rj%, (223)
j

where 6 € [0, 7] and rj‘?’e is defined by

—isin (0)
— cos (9)). (224)

The periodicity of 6 is . Let |1)y and || )¢ be the eigenvectors

sz —i9rr _ (cos(0)
¢ = \isin(9)

of %9 with eigenvalues 1 and —1, respectively:
1) = [M)gs (225)
11)g = =) (226)
Since the action of 7* on them is
1) = o, (227)
™) = e (228)

the structure of the ground state is the same as in the original
Gu-Wen model. Therefore, the fMPS of this model is

D w(AB - ATBIiy)glji) - lin)glj),  (229)
where the matrices are defined by
1 0 1
- I o _
(o) =) ()
. 1
B* = (1 ) (230)

We rewrite this fMPS in the basis of 7°. Since |i)y = el i)
fori =1, |,

.9 9 0
1) = €'2|1) = cos (5>|T) + isin (5>|¢) (231)
and

.0 2] 0
e =e'2]]) =isin (5)”) + cos (§> 11). (232)
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By substituting Eq. (231) and (232) in |i;) of Eq. (229), we obtain

> (A" B
. o 0 6
= Ztr(ATBfl . -A’LBJL)|:COS <§)|¢> +isin <§)|¢)}|j1) o lin)eljr)

SABM) i)l ji) - lin)el L)

) o 0 0
L tr(AYBI .. .A”‘B]")[i sin (5) [1) + cos (5) |¢)} [j1) - lir)eljr)

= wr(A"BAPB ..

AN =cos(5)AT +isin(§HAY  and AV =
lsm( AT +cos( )A¢ By applying this operation to all
sites, the fMPS of H (0) is given by

T A A I G N

() ()

Let’s compute the topological invariant of this fMPS. In
order to have translational symmetry, we combine the sublat-
tices into one and consider (i, j) as one site. Therefore we
consider the following fMPS:

where

(234)

1 1 (cos (%)
1,0 — 0 po _
o= 707 = 5" )
R 1 R 1 lSln(Q) )
cv°0) = —A"B _—< 2 , (235
V=7 2 cos (3))
. 1 .1 cos (Q)>
Cch* @)= —A"B =—<.. 27,
©) \/§ b} zsm(%)
1 1 isin (%)
1.0 — 1.0 pe _
Ch*(0) = —AYIB* = 2<COS(%) 2). (236)

In order to make the matrices to be  periodic, we perform a
gauge transformation as follows:

CHi(0) = e 53 CH (B)e 3, (237)

where o, = (| 1) acts on a virtual index of the fMPS. Then
a w-periodic Wall matrix is given by

_it 0 i 1
1)6 i50x _ ezﬁa@m(

Since ii(9)* = —e'?’ 1,, the topological invariant is n,
Therefore, {H (6)}ye0,~1 has a nontrivial pump of the fermion
parity.

The algebraic pump invariant nt“ defined in (183) is
equivalent to the pump invariant by the winding number, but
this one is easier to compute. In the gauge equations (235) and
(236), the transition function at 8 = & is given by V = o,
which anticommutes with the Wall matrix u(6) = o,. There-
fore, the invariant is given by 771(;;) =—1

Let’s consider the physical description of this pump. When
6 = 0, the ground state contains the following configuration:

totot---, teletn,

o) = ei9ei§"x<1 _1>. (238)

+)
op = 1

(239)

.A“Bj[)|l]>|]l)|lz>0|]2) e

liL)eljL), (233)

(

where 1, | are bosonic spin and o and e is fermion unoccupied
and occupied state. Performing m -rotation on the middle spin,
we obtain

oot fetet - (240)

Comparing two configurations (239) and (240), we can see
that the fermion parity of both sides of the middle site is
flipped. By applying this operation to even sites, the fermion
parity of all fermions is flipped. This state corresponds to the
intermediate state in the Kitaev pump. Then, by applying the
same operation to odd sites, the fermion parity of all fermions
is flipped again and the ground state return to the original
state. This corresponds to the final state of the Kitaev pump.
Therefore, if we consider a system with edges, the fermion
parity is pumped to both edges of the system.

As a concrete example, consider a system with edges.
Assuming that the number of sites is four, and the spins at
both edges are fixed to up as a boundary condition, then the
ground state at & = 0 is a superposition of

tototot, totelet,

teletot, telolet, (241)
and the ground state at & = 7 is a superposition of

tetotet tetelot,

toletet, tololot. (242)

Comparing configurations (241) and (242), we can see that the
bulk (i.e., the middle fermion and two spins) is in the same
state and the fermion parity flips only at both edges. This is
nothing but a pumping of fermion parity, and this result does
not change when the number of sites is increased.

B. Examples of the Thouless pump in the nontrivial phase
1. The interacting Kitaev chain in the nontrivial phase
Let’s consider the Kitaev chain with interactions
H= Z —t(a';ajﬂ + a}Haj) + |Al(ajap1 + a;a;+l)
J
7
- —(2nj -D+U@2n; -

D@nj = 1), (243)

where n; = a ja ; 1s a number operator at site j and U > 0 is
the strength of the nearest-neighbor repulsive interaction. It is
known that the model is frustration free [51], at

2_ (A2
po=pt = 4\/U2+tU+%, (244)
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and its ground state in PBC is given by

il il
_)Lale_)‘aZ e

|1/f0dd> — ekaiela; . e)»azl(» —e e—ka2|0>, (245)

where A = (/cot(¢*/2) and ¢* = arctan(2|A|/n*) [52,53].
It is easy to check that the fMPS matrices of this ground
state is given by

ol )
1+ 22 Ly

iz -1 —i
2 (I (R

In fact, explicitly, the fMPS is

HAL, u}) = Ztr(uA” o Aiy, i)

= Z ATl i),

{ix},0dd

(247)

and this is nothing but the state (245) (up to a normalization
factor). We can show that, as with the interaction-free Kitaev
chain, this model gives rise to a fermion parity pump by
rotating the phase of the gap function |Ale”. Actually, the
fMPS matrices of this path is given by

el )
VTR Ly
ire'? -1 —i
Al:—l—i-kz(l ) u:(l. ) (248)

J

A%, 1) = 1y,

_Ala _ g P Q . i,
AVYO, 1) = cos > isin 7 iop = e '2ios,

which gives a model of winding —1.

Similar to the calculation in the case of free Kitaev chain (see
Sec. V B), we can easily check that the pump invariants nt(;;)) =

(-1 )”g’) of this path is nontrivial.
This result indicates that the fermion parity pump is stable
to the interaction.

2. The homotopy of the Hamiltonian

Let’s show that the two laps of the path that turns the phase
of the Kitaev chain is a trivial path. For this purpose, it is
sufficient to construct a homotopy that connects the model
with a winding number of 1 to the one with a winding number
of —1.

First, consider a homotopy of fMPS. Let ¢ € [0, 7] be a
parameter of the homotopy and at # = 0, the fMPS is given by

A°0) = 1,, AM0) = etio, (249)

where a is a label of a flavor and 6 € [0, 2] is a parameter of
the path. To deform this path, let’s introduce a second flavor b
and define

A%0,1) = 1,,

0= o (5) () oo
AV%(0,t) = | cos 3 + isin 3 cos (t) lion, (251)

A0, 1) = isin (6—)) sin (¢)io (252)
b - 2 2?

(250)

which will be
A%0,1) = 1,

Ab4@0,1) = |:cos <Q> — isin <€>}'az (254)
2 2

at t = . By multiplying a by —1 using fermion parity sym-
metry, we get

(253)

(255)

(256)

Next, consider a Hamiltonian which corresponds to the fMPS (250)—(252). Such a Hamiltonian is given by

H©O.0)=) al"O.0a%0.0)+ Y _a"0.0d)0.1).
J J

where complex fermions ajf(é?, t) and a? (0, t) are defined by

<a?(0,t)> _ (cos( %) +isin (§) cos (1)

a‘}(@,t) —isin (%) sin (1)

and virtual complex fermion a“(0, t) is defined by replacing a
and b with & and b in Eq. (258) respectively.

Before showing that the ground state of this Hamiltonian
is given by the MPS above, we note that this Hamiltonian is a
homotopy connecting the Kitaev chain with a winding number
of 1 and that with a winding number of —1. In fact, at r = 0,

(257)

(258)

isin (%) sin () aj
—cos (% )—i—zsm(a)COS(f))( >’

the Hamiltonian reads to
H@®,t =0)

_ i P i -0t
_—Z(a.aj+1+aj+laj+e ajajii +e aj+laj)

+Za'b b

(

(259)
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Since the second term is a Kitaev chain in the trivial phase
without 6 dependence, it does not affect the pump. Therefore,
this is a model with winding number 1. Similarly, at r = 7,
the Hamiltonian reads to

HO,t=m)

t —if 0+
=— Z(ajajH + ajﬂaj +e Yajaj + € aHla;)

J

b b

+) ajta;,
F

and this is a model with winding number 1.
We conclude this section by proving that the ground state
of the Hamiltonian is given by fMPS (250)—(252). Let |0)4; be

(260)

J

a vacuum state of a?(@, t) and a?(@, t)ie., a_‘]?(é, )0)y, =0
and a?(@, 1)|0)g s = 0. Then fermionic MPS representation of
the ground state |GS(@, t)) is given by

|GS(@8, 1))

=Y w(QA" - AM)(a® (0, 1)) -+ (@O, 1)) 10V,
(261)

where A = 1, and A' = io,. Here Q is a boundary operator.
Remark that since the transformation (258) is invertible, the
vacuum |0)y , for a?(@, t) and a?(@, t) is equal to the vacuum
|0) for aj and af ie., |0)p, = 10).

Now, substituting a(f8,t) of Eq. (258) for site 1 in
Eq. (261), we get

GS(6. 1)) = Y tr(QA% - A™)(a5T(6.))" - (af (6, 1))"10)
+ ) (@A .AiL)[cos (%) +isin (g) cos (t)]a‘l"T (@0, 0)" - (a0, )"10)

+ Ztr(QAl -~ A)isin (g) sin (1)a" - (a7 (0, t))iz o (ad o, t))iLIO)

= t(QAM (0, )AR - Aty (@a] ) (a5 @.1)" - (T 6.0)"10),

(262)

where {A'(6, t)}i=0.(1.0).(1.p) is defined by (250)—(252). By applying this operation to all sites, we see that the ground state of

H(6,1) is given by TMPS (250)—(252).

VII. SUMMARY AND DISCUSSION

A. Summary

We used the fermionic MPS to study the space of (1 4 1)-
dimensional interacting SRE states M. In particular, using
this, we study the generalized Thouless pump in the nontrivial
phase in interacting systems, which has not been investigated
before. As a result, for approximations with matrix sizes up
to 4 x 4, we obtained the topology of the space of SRE states
M in several cases, and revealed the existence of nontrivial
Thouless pumps classified by Z or Z/27Z. As a special case,
this result includes the pumping of the fermion parity in
the Kitaev chain [16], which was already known in the free
fermion system, in a manner consistent with previous studies
[15,17], and this study shows that this pump is stable in the
presence of the interaction.

In addition, we used MPS to construct invariants of the
pump in the trivial and nontrivial phases. This invariant also
works in models with interactions, and we used this invariant
to construct models of the fermion parity pump: Kitaev’s

J

GBrU(X) := {isomorphic class of a Z /27Z.-graded central simple C-algebra bundle over X }/ ~,

(

cononical pump model, the Gu-Wen model, a domain-wall
counting model, and the interacting Kitaev chain. We also
showed that this invariant is related to the characteristic class
of Z/27Z-graded central simple algebra bundles that have
been studied mathematically in the context of a twist of K
theory [49].

B. Discussion and future direction

In this paper we studied the pumping phenomenon in the
trivial and nontrivial phases of the SRE state using MPS.
The fundamental and important problem is to generalize our
approach to a more general symmetry.

It is also an interesting problem to investigate the classi-
fication of pumps parameterized by a more general X. This
is a difficult problem in general, but mathematically there are
several known results for the classification of Z /27Z-graded
central simple algebra bundles [49]: let X be a parame-
ter space. Then the graded Brauer group over X is defined
by

(263)

where [LA] ~ [B] if and only if there are vector space Ey, E;, Fy, F such that A ® End(Ey & E;) >~ B ® End(Fy & F;). GBrU(X)
has a group structure under the graded tensor product, and the isomorphism

GBrC(X) ~ H(X;Z/27) x H' (X, Z/27) x H*(X; Z)or.

(264)

is known as a group. Here H3(X; Z),o,. is the torsion subgroup of H*(X;Z) and the group structure of the right-hand side is

defined by

(ab)+',d,b)y=[l+1!,a+d,b+b + BaUad)

(265)
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using the Bockstein map B : H*(X; Z/27) — H*(X; 7).

We do not know whether the equivalence relation in the definition (263) is appropriate from the perspective of pump
classification. However, the E, page of the Atiyah-Hirzebruch spectral sequence (AHSS) of the Anderson dual of spin bordism
group (IQspin)""%(X), a candidate for the group that gives the classification of (n + 1)-dimensional SRE states (predicted by

field theory [10,54]), is given by

EYT = HP (X; (IQspin)?) = (1Q2spin)"7(X)

3 Z./27.

2 7/27. H' (X;7Z/27)

1 0 0 0

0 Z H! (X;7Z) H? (X;7Z) H3 (X;7Z)
0 1 2 3

and the right-hand side of Eq. (264) is a subset of a line corresponding to (IQSpin)3(X ) (i.e., a line with p + g = 3). In this sense,
we expect to be able to construct some nontrivial pumping models by using GBrC (X).

Similarly, for

GBrO(X) := {isomorphic class of a Z /27-graded central simple R-algebra bundle over X }/ ~,

it is known that there is an isomorphism of a group

GBrO(X) ~ H(X; Z/8Z) x H'(X; Z/2Z) x H*(X; Z/27),
(267)

where the group structure of the right-hand side is defined by

(yab)y+U,d,b)=(1U+1U,a+d,b+V +aUd).
(268)

Physically, Z /27.-graded central simple R-algebra describes a
(1 + 1)-dimensional SRE state with time-reversal symmetry,
so GBrO(X) is expected to be related to the Anderson dual of
a Pin-bordism group. In fact, the right-hand side of Eq. (267)
is the same as a line corresponding to (IQp;,- )*(X) (i.e., a line
with p 4+ g = 3) in the E, page of the AHSS of coefficients
(I2pi- ) (pt):

EyT = HP (X; (Ip;,-)7) = (IQp,- )P (X))

2 7.)27.
1 7.)27. H' (X;7/27)
0 Z H! (X;7) H? (X;7)
0 1 2
Actually, the isomorphism
GBrR(X) ~ (IQpin- )*(X) (269)

as a group has been mathematically proven in [55]. Therefore,
we expect that the invariant of pumps can be defined by a

(266)

(

similar construction for the interacting fermionic SRE state
with time-reversal symmetry.
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APPENDIX A: CENTRAL SIMPLE ALGEBRAS
AND THE BRAUER GROUP

In this section we summarize the classical results on central
simple rings in mathematics, with the minimum definitions
and theorems needed for this paper.

1. Central simple algebras over k

Let k be the field. First, we give the definition of a central
simple algebra over k.

Definition 9. Let A be the algebra over k.

(1) A is simple if and only if there are not nontrivial both-
side ideals.
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(2) Ais central if and only if the center Z(.A) of the algebra
A is isomorphic to k.

An algebra which is simple and central is called a central
simple algebra. For example, the matrix algebra M, (R) is
central simple as an algebra over R, and C is not central
simple algebra over R because the center of C is C itself and
not isomorphic to R. There are two different characterizations
of central simple algebras.

Theorem 7. (Wedderburn)

Let A be an algebra over k, dim(A4) = n < oo and A # 0.
Then the following conditions are equivalent:

(1) A is central simple.

(2) There exist the a division algebra D over k and m € N
such that

A =M, (D). (AD)

(3) The map
A ®; A%® — End(A) ~ M,z (k)

gives an isomorphism, where A is the opposite algebra of
A, that is, AP is the algebra that is the same as A as a set but
whose product o is defined byao b =b - a.

The tensor product of two central simple algebras is again
central simple. Therefore, it is expected that the set of all cen-
tral simple algebras Mcsa has a group structure with respect
to the tensor product. However, this does not make it a group,
so the following equivalence relation is introduced.

Definition 10. Let A and B are central simple algebras.
They are the Brauer equivalence if and only if there exist
integers p, g € N such that

A Qi My (k) =~ B Qi My (k).

(A2)

(A3)

We denote A ~ 5 when A and B are the Brauer equivalence.
Then, we can define the Brauer group as follows:
Definition 11. Let Mcsa be the set of all central simple

algebras and ~ be the Brauer equivalence. The Brauer group

is the Abelian group defined by

Br(k) = Mcsa/ ~

with the unit [k] and inverse [A]~! = [A°].

One way of understanding the Brauer group is to consider
it as a group that classifies division algebras. In fact, there is a
one-to-one correspondence between the Brauer group and the
set of equivalence classes of the division algebra.

For example, it is known that Br(C) =~ 0. Therefore the
only division algebra over C is C itself, and the algebra A is
central simple over C if and only if there exist m € N such
that A ~ M,,(C).>* For another example, it is known that
Br(R) >~ Z /27 ~ {[R], [H]}. In fact, H ® H is known to be
isomorphic to My (R), indicating that [H]? = [R].

(A4)

2. Z[2Z-graded central simple algebras over k

The theory of central simple algebras and Brauer groups is
known to be extended to the Z/27Z-graded algebra [45]. We
will first define a Z /27Z.-graded algebra.

24In addition, it is known that if an algebra over C is simple, then it
is central simple.

Definition 12. An algebra A is 7 /27Z-graded if and only
if there exists a direct product decomposition

A A0 @ AD

such that AD - AV ¢ A fori, j € {0, 1}.

Simplicity and centrality for Z/27Z-graded algebras are
extended as follows.

Definition 13. Let Abe a Z/27Z-graded algebra over k.

(1) A is simple if and only if there are no Z/2Z-graded
nontrivial both-side ideals.

(2) A is central if and only if the even part of the center
Z(A) N A is isomorphic to k.

An 7 /27Z-graded algebra which is simple and central is
called a Z /27-graded central simple algebra. For example, let
A be the Z /2Z-graded algebra over C generated by matrices

o (1 0 L (0 -1
A—(o 1)’ A_<1 0>

with Z/27Z-grading 0 and 1, respectively. This algebra is
neither simple nor central as an ungraded algebra. In fact, this
algebra has nontrivial ideals>

£ =A%+ iAh),

(AS5)

(A6)

(A7)

and since 4 is a commutative algebra, the center Z(A) is
isomorphic to A itself and not to C. However, this algebra is
simple and central as Z /27Z-graded algebra. In fact, the only
nontrivial ideals of A are the ideals of Eq. (A7), these are not
7./27-graded, and the even part of the center Z(A) N A is
isomorphic to C.

As we observed above, an algebra that is not central or
simple as an ungraded algebra may be central or simple as
a 7Z/27Z-graded algebra. Given a Z/2Z-graded algebra, the
pattern of breaking centrality and simplicity as an ungraded
algebra is classified by the following structure theorem [45].

Theorem 8. Let A be the Z/2Z-graded central simple
algebra. Then either one of the following is satisfied.

(1) A is central simple as an ungraded algebra, there exists
u e AY such that u?> = a - 1 for some a € k, and the center
Z(AD) is isomorphic to Span(1, u).

(2) A© is central simple as an ungraded algebra, there
exists u € A such that u> = a - 1 for some a € k, and the
center Z(.A) is isomorphic to Span(1, u).

In Wall’s paper, the case (1) is called (4), and the case
(2) is called (—). It is possible to define the analog of the
Brauer group for Z/27Z-graded algebra, it is called a graded
Brauer group or Brauer-Wall group denoted by BW (k). The
Brauer-Wall group can be regarded as a group that classifies
three sets of data: (4) or (—), a € k, and division algebra D
such that if A is a (+)-algebra, A ~ Mat,(D) and if A is a
(—)-algebra, A® ~ Mat, (D). For example, BW(C) ~ Z /27
and BW(R) ~ Z/8Z, which is known as the complex and real
Bott periodicity.

APPENDIX B: A PROOF OF THEOREM 3 FOR PBC

For a Wall matrix u of {A’};, the set of matrices {uA'};
is also injective fMPS with the Wall invariant (+) in the

2 Here (a) denotes the both-sides ideal generated by a € A.
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canonical form.2¢ Let us consider the wave functions of the
bosonic MPS |{uA'};); for odd length L,

(A" - - WAD)] = (—DZe [yl AL (B1)

Since the overall sign (—1)Zis”” ] does not depend on
{A’}; or u, the gauge equivalence {A’}; ~ppc {A’}; implies that
the equivalence of two injective bosonic MPSs [{uA};) =
et |{@iA"};) for any odd L. From Theorem 1, there exists a

J

unique U (1) phase ¢’ and U (2n) matrix V such that
aAl = ePviuAlv (B2)
holds. Here V is unique up to U(1) phase. It can also be
written as
A" = P (uVi) uA'(uVi). (B3)
From the uniqueness of V, uVii=¢%V, and u?> =ii> =1
givesus it = £V uV.

APPENDIX C: A PROOF OF LEMMA 1

Before going into the proof of Lemma 1, we prove two lemmas.

Lemma 2. Let {B'};_

n be a set of n x n matrices. For L € N, we introduce

Fy(X):= > w(XB"---B")i1,....iL) (CI)
(i | 2oy ik |=0}
and
TY(X) = Z tw(XB" - BM)iy, ..., iL). (C2)
(i | 224 lix|=1)

Then {B" - - - B™| Y, litl =0} ({B" - - - B™| Y, lix] = 1}, resp.) span the matrix algebra M,,(C) as vector space if and only if (I'f)

(I"7, resp.) is injective.

Proof. (=):Let X be an x n matrix such that I'; (X) = 0. Then

tr(XB" ---Bt) =0 (C3)
forany (i1, ..., i) with ), |ix| = 0. Since (B ...B| >, lix] = 0} span the matrix algebra M,,(C), there are cf.‘l’!’___,l.L € C* such
that e;; = Z{ik‘ Y, lie|=0) Cir... iLBi‘ ...B for any k,I € {1, ..., n}. Here ex.; 1s a matrix in which only the (k, /) component is

1 and the others are 0. By taking a linear combination of Eq. (C3) with weight cfl’

I we obtain 0 = tr(Xex,;) = X; x and thus

seendp

X = 0. Therefore I'y is injective. In the same way, we can also show the injectivity of I'].

(<) : Note that I'¢ : C" — CVL. Taking {e;,;} and {]i, ...

representation of I'} is

(Fi)(il,...,in,(k,n -

., i )thth row vector is identified with the matrix B - - - B'. Since the matrix rank of I'{ is n* from the injectivity of

The (i[, ..

L)l YO8, lix] = 0} as the basis of C”* and CNE, the matrix

(B"---B™) . 4

r¢, {B"-..B| > i lix] = 0} is a basis of the n x n matrix algebra M,,(C). The odd case can be proved in the same way. |
Lemma 3. For L € N, suppose that both {B"---B™|Y", |ix] = 0} and {B" ---B™| )", |ix] = 1} span the matrix algebra

M,,(C) as vector space. Then the same is true for L + 1.

Proof. By Lemma 2, it is sufficient to show that 'y, ; and I'7 | are injective. Let X be a n x n matrix such that I'; , ; (X) = 0.

Then
NaX)=0s Y

i1, lir+11=0

I'{(B+1X) =0,
<\ reBix) =0,

Since {B"---B™t|Y, |ix| =0} span the matrix algebra M,(C), there are ¢

24l 5 lik=0) €i,....ii B B

injectivity of I'7 ;.

CEB= X)liy) + )

By taking a linear combination of Eq. (C5) with weight ¢

Ty (B X)lig+1) =0

iry1slins11=1

(li411 = 0)
(lit1l = 1)

& BiX =0 (any ipq).

(C5)

e C* such that 1=
k.l

i1 yeis?

we obtain X =

We also provide a type of the fundamental theorem for bosonic injective MPS matrices not in the canonical form:

Lemma 4.

Let {A7} and {A’} be injective n x n MPSs. The following are equivalent:

26The products generated by the matrices {uA’}; are written as uA™ - - - uA" o (u) 2

sois {(uA™) - - - (uA")}.

-1}

A? ... Al Thus, if the set {A" - .- A’} spans M, (C),
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(i) They give the same states for any even system sizes, i.e., for any L € 2N there exists a U (1) phase ¢’ such that |{A'}); =
e |{A"}), holds.

(ii) There exist an invertible matrix M and a U (1) phase z € U (1) satisfying A’ = zM~'A'M.

Here z is unique and M is unique up to C*. This statement holds when L rums over odd integers L € 2N + 1.

Proof. To make injective MPS matrices into the canonical form, we can use the following procedure: Let E(X) = ), AIXAT

and £(X) = ZiAiXA”' be the transfer matrices and p, p € R be its spectral radius. It is known that if A is an eigenmatrix
of £ with eigenvalue p, A is unique up to C* and positive definite [30]. It is also known that if A’ is an eigenmatrix of &

with eigenvalue A and || = p, then A’ = A and A = p [34]. Therefore if we define A" = - A=2A/Az, then YLATAT =
p2

% S X TAIAT(ATIAIAT) = A"1XX 2 = 1, so the canonical form. Let A and A be the positive definite eigenmatrix of &

and &. ~
Assume that p = p. Then, since |{A}); = ™ |{A}});,

tr(A" .. ALY = et (AT - ALY & tr(A - ALY = et (A - AT, (C6)

By using the fundamental theorem for bosonic MPS in the canonical form (Theorem 1), there is a unitary matrix U and a unique
U (1) phase z such that

A= UAUY & A = Z(ATUADHA(ATUA"2) !, (C7)
and AzU A~ is unique up to C*.
Finally we show that p = p. The norm of an MPS is given by
GATHATN ) = D (A" AT r(A" AT = 3 T (AT AR (1A - AT
{ic}} {ic} k1

= Y (KIE- kI = tr(E"). (C8)

k,l

Since |{A’}); = e |{A}),, for sufficiently large even integer L,

(fAHAT)) = (ANATY) & u(Eh) = u(Eh) (C9)
pi\" pi\"
@pL<1+Z<;’> )=ﬁL(1+Z<3’) ) (C10)
where p > p; =2 pp > --- and p > p; = pp > - -- are eigenvalues of £ and E. Therefore, if we take the limit of large L, we
obtain p = p. It is obvious that this is true if instead of the condition that L is even, we change it to odd. |

Proof of Lemma 1. First, introduce some notations. We denote products of matrices B's by
B =B ... B for IV = (iy, ..., iL). (C11)

We denote the even and odd sets of L labels of i as

L
T = {(il,...,iL)|Z|ik|50}, (€12)
k=1

L
0 = I(il,...,iL)|Z|ik|El}, (C13)
k=1

respectively. By using these notations, the injectivity of {0/l ® B} is that both the sets of matrices {B'" |I") e Z¢} and {B’ Y10 e
17} span M,,(C) for some I € N. Both sets of matrices (B! “ }iwez; and (B! “ }iwezy can also regarded as injective MPS with the
length / = 1, but not in the canonical form because } _,, ezl B (B'"")" = 1, does not hold in general. The same is true for the

set of matrices {B'},. [ / l
In the following, we denote [ as the smallest integer such that all sets of matrices {B'" [I?) € ¢}, {B'"|I" € T°), {B'" |1V €

=710 . . ~ ~
Zr}, and {B"" |1 € Zp} span M, (C). We introduce weight vectors ¢, ¢%,, &, and &, so that
e 1(1) ) I(I) ~e ~I(l) ~0 ~1(l)
2 qoB = E B = E GoB = 2 CoB = L, (C14)
I10eT 10ep 10e? 1heZp

is satisfied.
We give a proof of Lemma 1 for APBC and PBC separately.
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The case of APBC—Suppose {0l ® B'}; ~ {o)!l ® B'};. This is equivalent to say that for any L € N there exists e** € U(1)
such that

tr[B" - .- B"] = &™tr[B" --- B*] forall (i, ...,i) € . (C15)

For the integer [, we formally think of /) € a /° as a basis at one site and consider the bosonic MPS of the set of matrices

{ B }1<l>eI,’"/”' From (C15), for any even integers M € 2N, we have the wave function equalities

xM

(B - B = eemie B B for (10, ... 1) e (T°) (C16)

Applying Lemma 4 to the bosonic MPSs of {B/"'} 1wezs and {B' ! 10ezy, there exist unique U (1) phases z{), z{"" and invertible
matrices x), x € GL,,(C) such that

B =06 B D for 1V e T (C17)
and
B =06 B XD for 1V e T (C18)

hold. Here x{ and x{) are unique up to C* numbers.

By Lemma 3, we can apply the same argument to the even MPS {B'*""

} ety of length / 4+ 1 and obtain a unique U(1)
phase z{/*" and an invertible matrix x{'*!) such that

~ 7(+1 -1 1+1)
B = O T Y for 10D e T, (C19)

where x{'*1) is unique up to C*. Substituting Egs. (C17) and (C18) into Eq. (C19), we get

Bopl” — Zé“'”(xé“’”)_]BiOB’(/)xél’L') ©20)
B {Zél+l)(zé1))l(xélJrl))lBioxél)Bl‘l)(xé[))lxélH) (for |ig| = 0), o
L @) ) BB ) for il = ).
Taking linear sum Zﬂ/)ezf &, for |ig] = 0 and ZI(I)EI[" &, for |ig] = 1, we obtain
_— {ZéHl)(Zél))—l(xélJrl))—lBioxéHl) (for |ig| = 0)
D () (xHD) T B (for [ig| = 1)
— eiﬂn\io\(xél+l))*lBi0xél+l)’ (€22)

where we have put e/ = z{*D(z{)~! and n = 7 (z{")~".
Next, we show n = £1. Applying the above argument to the MPS {B’
and a matrix x> € GL,(C) such that

1 jenezs, of length 2/, there are a unique z*" € U(1)

B](I)B](l) _ Zéz[)(xéy))—lBI(l)B](l)xe(z[) (C23)
for |[IV| 4 |J?| = 0. Substituting (C17) and (C18) in the left-hand side of (C23) yields the equation
OV (O 10 gI® (1) O = 1JO| =
Zézl)(xézl))_lBl")BJ(”x(zl) — (@) () BB XD (for 1V = 17D = 0),

3 (C24)
e (Zéz))Z(x(()z)) IBIU)BJ(I)x(()l) (for |I(l)| = |J(l)| =1).

0

o, for [IV] = |JO] = 1, we obtain 7’ = 77 =

Taking the linear sum Zl(”,l(”eIf € €5y for IO = 17| = 0 and ZI<,)J(,>€IIO cu
z2. Therefore n = £1.
Finally, we show that xél“) can be unitary. From (C22), we have
i( (41 (LA+D\ T pi I+1) (.(I+1
DBV E) )BT = D (D)

l

F

(C25)

Since the set of matrices {B'}; is injective in the bosonic sense and in the canonical form, 1, is the only eigenmatrix of the
eigenvalue 1 of the transfer matrix g(X) = Y, B'’XB'". Therefore, x{'*D(x!+D)" = 11, with A € C*. Normalizing x!*! to
D (U+DYT = 1, we conclude that x{'*'! is unitary and unique up to U (1) phase.

The case of PBC—Suppose {0)!! ® B'}; ~ppc {0!l ® B'};. This is equivalent to say that for any L € N there exists e* € U(1)
such that

tr[B" - .- B"] = “tr[B" - .- B*] forall (iy,...,i) € I}. (C26)
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From (C26), for any odd integers M € 2N + 1, we have the wave function equalities

xM

twr[BY - B = eme[ B B for (I, .. 1D € (T7) (C27)

Applying Lemma 4 to the bosonic MPS of {B!"'} 1wezp> there exist a unique U (1) phase z{ and an invertible matrix x{ € GL,(C)
such that

B = 0D B XD for 1V e TP (C28)

holds. Here x{) is unique up to C* numbers. Taking the linear sum ) o.ezp &5, we get

Z E?(/)BN) = (Zg))il. (C29)

1OeT?
In the same way, for the length 2/, there are a unique zf)zl ) e U(1) and a matrix x(()y ) € GL,(C) such that
BI(I’BJ(” — Zézl)(X(()zl))_lBl(”B]U)x(()zl) (C30)

for any IV and J© satisfying |[I)| + [J®| = 1. Here x is unique up to C*. Taking the linear sum ) roezy C» We get

~ y( -1 -1 !
B =D (@) B for IO € 17, (C31)
and the linear sum Zl")eIf ¢S, gives us
~ ) 21 N —1
Y B =) )
JOeT?

By Lemma 3, we can apply the same argument to the odd MPS {B! (H”} 10+DeT?,, of length / + 1 and obtain a unique U (1)
phase z{™" and an invertible matrix x/*!) such that

~7( —1 !
Bl( SR z(()lH)(x(()Hl)) BIH”X(()H—I) for 74+ ¢ IIO-H’ (C33)

where x{*1 is unique up to C*. Using (C28) and (C31), we have

~r o~ _1 .
BZOBI“) — Z(()l+l)(x(()l+l)) BzoBl(’)x(()l+]) (C34)
—1 —1,; I 0) —1 .
B {Zglﬂ)(zgl)) (xé”l)) Bmx(()l)Bl (xc()l)) x((’l+1) (for |ig] = 0), ©35)
- —1 -1 ~1(0) -1 .
Z‘()Hl)(Zng)) Z(()l)(x(()lel)) BlOXéZI)BI (x‘()Zl)) x(()l+1) (fOI' |l()| — 1)

The linear sum Zl‘”EII" & for lig| = 0 and Zl")eIf &, for ig] = 1leads to

-1 ~1 5 .
- Z((,ZH)(Z(()Z)) (x(()l+1)) Blox(()l+l) (for |ip| = 0),
N Z(z+1>(Za/))*lz(l)(x(l+1))*131'0)6(1“) (for lig| = 1)
0 (¢ 0 o o ’
— elﬂnllol(x(()l+l)) Btox(()l-i—l)’ (C36)

where we have put ¢ = zI/*D(z(0)~! and n = (z20)~1(zV)%.
We show 7 = +1. Applying the above argument to the MPS {B/"} jenezs of length 31, there are a unique z§" € U(1) and a
matrix x* € GL,(C) such that

~ ~ ~ gl —1 1
BBV BKY — 25,31)()6((,3”) Bl“)BJ“)BK(’x(()N) (C37)

for IO+ JO|+ KD =1. Using (C29) and (C32), the linear sums Y o J0 ke Ean oty and

S sz ez S ol gives L = (D)0 which leads to 1P = 1. .
In the same way as in the case of APBC, x{/*! can be unitary and is unique up to U (1) phases.

[

APPENDIX D: A PROOF OF THEOREM 5 Lemma 5.

Let A° = 14, and let A be the Z/2Z-graded algebra gen-
erated by AY and A'. In this case, the structure of A is given
by

In this section, we prove Theorem 5 and determine the
necessary and sufficient conditions for the algebra A to be
Z./27Z-graded central simple algebra in the 4 x 4 MPS when
A" = 1. First, we prove the following lemma.

A= Clel/ () (DD
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as a Z/27Z-graded algebra. Here the right-hand side is re-
garded as a Z/27-graded algebra with the degree of ¢ being
1, and ~ means an isomorphism, and f be the minimal poly-
nomial of A!, and (f) denote the two-sided ideals generated
by f.

Proof. Let p: C[t] — Abe the mapt — A'. All we have
to do is show ker(p) >~ (f).

(1) (f) C ker(p): This is obvious.

(2) ker(p) C (f): For any g € ker(p), g(Al) = 0 by def-
inition. Since f is the minimal polynomial, f divides g, so
g € (f).ie,ker(g) C (f).

Therefore, ker(p) >~ (f) and from the fundamental theo-
rem on homomorphisms theorem,

A= Clt1/(f) (D2)

as a Z/27Z-graded algebra. |
From Lemma 5, we need to find the minimal polynomial f
of A'. Since the degree of A' is odd, f has degree 2 at least.

Since
e _ (@AY 0
A) = ( 0 (A1)2>’ (D3)
denoting eigenvalues of (A')?> by « and S, then
a=p= ft)=("—a)—p) (D4)
a#p=f1)=(0"~o). (D5)

Therefore, the structure of the algebra A is determined as
follows.

Proposition 1.

Let o and B be the eigenvalues of —(A')2. Then the follow-
ing holds:

(@ =p)

~ [Clr]/ (% = a)(t* = B)
A= (el — 9 @z#py P9
where ¢ has a degree 1 and >~ means isomorphism as Z /27Z-

graded algebra.
Therefore, the structure of the ideals in A can be classified
as follows:

The case of @ # B.
Using Chinese remainder theorem, we can decompose A
into

Cltl/(t* — a)(t* — B) = C[t]/(t* — a) x C[t]/(t* — p).

D7)

Thus A is not simple since each component is a subalge-
bra of A.

The case of @ = B.
When a = 8 = 0, since A has a nontrivial ideal (¢), A
is not simple. When o = 8 # 0, (t — «) is a ideal of A
but not Z /27-graded algebra. Therefore, in this case, A
is central simple as a Z /27Z.-graded algebra.

The above shows that when A® = 14, the necessary and
sufficient condition for A to be a Z /27Z-graded central simple

algebra is
a=B#0, (D8)

where o and B are eigenvalues of (A!)2.

Next, we denote

~ a b
A1=<C d) (D9)

and rewrite this condition for components a, b, ¢, and d. Since
the square of A' is

2
12 _ [a“+bc ab+bd
ar=(ele wid) oo
the eigenvalue of —(A')? is
det[» — (AH)?]
=0& A
_ (a@* 4+ d? + 2bc) + \/(a +d)?[(a — d)?* + 4bc] ®I11)
= 5 .
Therefore, Eq. (D8) can be rewritten as
(a+d)>[(a—d)P?+4bcl =0
Eq.(D8) & and (D12)

a*+d*>+2bc #0

in terms of components. In particular, we rewrite the first
condition as follows:

In the case of a +d = 0 (& trA! = 0):

a4+ d*+2bc #0 < (a+d)* —2(ad — be)
£ 0 < det(A") # 0. (D13)

In the case of (a — d)* +4bc =0 [& (a + d)? — 4(ad —
bc) =0 & tr(A')? — 4det(d') = 0]

a® +d* +2bc # 0 & tr(A')? — 2det(A")

#0 & det(A') #0. (D14)
Finally, we obtain the following formula:
i tr(A =0
Eq.(D8) < det(A') #0 and or . .
tr(A1)? — 4det(A!) =0
(D15)

This is the claim of Theorem 5.

APPENDIX E: A PROOF OF THEOREM 6

In this section, we prove Theorem 6 and determine the
topology of the space of MPS when A® = 1,. As we saw
in Appendix D, the necessary and sufficient conditions for
A to be a Z/2Z-graded central simple algebra were given
by (i) det(A') # 0, and tr(A') =0 or (ii) det(A') # 0, and
tr(A')> — 4det(A') = 0. In the following, we determine the
topology of the space represented by each of cases (i) and (ii).

() det(A') #0, tr(A") =0

First, recall the polar decomposition theorem for com-
plex matrices.

Theorem 9. Let A € M,,(C) be a n X n matrix, then there
exist a unitary matrix U € U(n) and positive-semidefinite
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Hermitian matrix P such that
A=U"- P (ED)

In particular, if A € GL(n; C), U and P are unique.

Applying the polar decomposition theorem to A', there is a
unique unitary matrix U and positive-semidefinite Hermitian
matrix P such that A' = U - P, since the determinant of A! is
not zero. In addition, since P is Hermitian, it can be diagonal-
ized using the unitary matrix V:

P=V-A-VT, A:(%‘ g) (E2)

I:Iere, from the semipositivity of P, A1, A, € R.(. Therefore,
Al=U.v.a.vi.
Next, we calculate tr(A"). First, from the cyclicity of trace,

trANY =t (U -V-A- V)Y =u(V'U-V-A). (E3)

Any 2 x 2 unitary matrix W € U(2) can be written by

_ i a —b*
W=e (b & ) (E4)

where a, b € C satisfying |a|> + |b|> =1 and 6 € [0, 27).
Therefore, we denote VIUV € U(2) as

ViUV = e (Z _ab ) (ES)

for some a, b, and @ as described above, we can rewrite A! as

wtrors )5 D] v

(E6)

Accordingly, we obtained the following necessary and suffi-
cient conditions:

tr(A') =0 < ar; +a*r, = 0. (E7)

(1) Inthe case of a # 0.
In this case, A; = A, since A = —%Az and A; and A, are
positive real numbers. Therefore,
Al=U .V -A-VI=0U, eR.). (E8)

(2) Inthe case of a = 0. ~
In this case, it is obvious that tr(4') = 0 for any A; and A».
By substituting

00 —=b*\[X 0
T __ o 1
VIUVA =e <b 0 )(O )»2> (E9)

into A' = UVAVT = V(VIUVA)VT, we get

1, o, [0 —b*\ (1 0 ¥
onev(® D)0 L)

We can use continuous deformation to make X, /A; = 1 since
Az/A1 > 0. Accordingly, we obtain

(E10)

(E11)

Pl oyt IR I A U /A
A—VUVA—)»leVb 0 V',

and this comes down to the case of a # 0.

As a result, it was found that the range of A' is
(ReUlL > 0,U e UQ), tr(U) =0]}. (E12)

We need, therefore, to find the topology of this space. Let U €

U(2)be
a —=b*
U= (b a* >
Since tr(U) = 0, a = —a* and therefore a is pure imaginary.
We define x = —ia € R and by using x> + |b|*> = 1, we get

(E13)

_ ix —V1- |x|2e—"‘”) El4
v= <\/1 — |x|%et —ix E1D

_ ([ icos(x) —e¥sin(x)

- <ei“’ sin(x)  —icos(x) )’ (E15)

where ¢ is phase of b and x = cos (x ). We can see that x, ¢
are the coordinates of §2, which is the equator of §3 ~ SU(2).
Note that A does not contribute to the homotopy of M, so
the topology is ZS/;;ZS;“ Also, the case a = 0 can be deformed

smoothly to the equator S by continuous deformation. The

above shows that condition (i) det(A') # 0, tr(A') = 0 is ho-

. S x$?
X =2
motopic to R.¢ X Pl

(i) det(A') #0, tr(A")? —4det(A') =0
By using polar decomposition theorem again, we get

tr(A')? —4det(A') = 0 & tr(UVAVT)? —4det(UVAVT)
=0, (E16)
& tr(VIUVA)? —4det(VIUV)det(A) =0. (E17)
Since VUV € U(2), this can be denoted

ViUV = ¢ (Z _ab ) A= (M xz) (E18)

using 6 € [0, 27) and a, b € C such that |a|> + |b|> = 1. By
substituting this into Eq. (E17), we get

2i0 a —b*\ (M ? 20
e )| — 4 re =0 €19)

& (ah +a r)? —4rar =0 (E20)
& @A+ 2lal*Mry +a?A3 —4ar =0 (B21)
2\ A
& a2<—2> +2(la? -2 + a2 =0.  (E22)
A Al
Therefore,
Mo —laP+2xV1—la® 1+ [b* £2/b|
A a? - a?
1+ |b])?
_ (b E23)
a
In particular, since a € R (due to :\\—; € R.y), we get
1+ |b])? 1 + |b))? 1+|b
( 2II)= (1% 1b]) _ ||. (E24)
a (I+ 1)1 = b))  1F1b|
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Suppose A; > A, without loss of generality,
Ao TH1bl

= =r (1< . E25
Pl a— r (1<r<o0) (E25)

Substituting this into Eq. (E22),
Mra+a) —4x*r=0 (E26)

and simplify the above equation, paying attention to a = a*,
we get

+2 2 —
oo TR b= |1— VT (E27)
147 147 147
Substituting this result into Eq. (E18),
. 2/ el —ip
viuy = e s | (E28)
1+r 14+r
and finally we get
£2/r r=1 —ip
=1 i0 T __re r
14+r 1+r
(E29)

The matrix part is homotopic to two two-dimensional open
disks D? each of which contains £1 >~ Z /27 € SU(2).

open’

The above shows that condition (ii) det(4") # 0, tr(A')? —

4 det(A") = 0 is homotopic to R x Szljzzz/jf.

APPENDIX F: THE BERRY PHASE

In Sec. IV B we construct a nontrivial path {a' = 1|0
[0, ]} in MY ‘1‘\‘,‘5121 In this section, let’s compute the Berry
phase of the ground state along this path. Although, in general,
the Berry phase is not quantized, we claim that the ratio in
periodic and antiperiodic systems is quantized for a large
system size limit and it is a candidate for invariant of the

pump.
The fermionic MPSs with the Wall matrix u are given by
{A'©), w(©)}) = D tr(uA™ - - A)]iy, ...ii) (F1)
{ix}
. ) Dty ligl+1
= Y GeZ T i i)
{ix},0dd
(F2)
= Y iGire”y= Wiy, ip), (F3)
{ix},0dd

where ) (i) Mmeans summing over all combinations of
{it, oyir}, and 3, 4q Means summing over all combina-
tions whose sum is odd. Since the normalized ground state is
given by

1
|D(0)) := WIMPSJ (F4)

1 4 .
- i(iae Yl iy iy,

\/Z{ik},odd()vz)Z* léel iy odd

(F5)

the Berry connection o7 (6) is

0
A (0) = (@O 0(©) (F6)
1 .
R SINEN A I [Coal
Z{ik},odd()‘z)Zk“kl {i}o%]d( Xk: )
(F7)

- - d 22y il F8
= oS\ @ 2 0 (F8)

{i},0dd
2L—l_ - 2L—l
=L(1_(‘+“ (1—22%) ) )

(142" — (1 —a2)*

Note that we used the identity

L
(F10)

T gz - (LA = )

{ix},0dd 2

in the last line. Since the phase of the state differs by a factor
of —1 between 6§ = 0 and 6 = &, the Berry phase in periodic
systems inp, including this contribution, is

. B 1 )\’2 L—1 - )\’2 L—1
e =exp|iln|1— d+2) T ( )L + i
I (1) = (1-22)

(F11)
AT =yt

=exp | —iLw Q2 — (=) +ilL+ D |.

(F12)

Similarly, we can compute the Berry phase in antiperiodic
system

A+ T e -
A+ 22+ =)t

ei’}AP = exp lL7T <1
j JZ( ) ( ) —‘riLJl .

=exp | —iL
b (422" + (1 ="

(F14)

Note that since |[{A’(6), 1,}) is 27 periodic, there is not an
additional phase ir.
The difference of values of 7 is

AT LAA(1+A%)(1 —22)
l 5
(1 4+22)2L — (1 — A2)2L

iT)p — iT)AP =im + (FIS)

and since the second term converges to zero as L to oo, the
ratio

eiﬂP

(F16)

einap

exponentially converges to —1.
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