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Theory for shear displacement by light-induced Raman force in bilayer graphene
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Coherent excitation of shear phonons in van der Waals layered materials is a nondestructive mechanism to
fine-tune the lattice structure and the electronic state of the system. We develop a diagrammatic theory for the
displacive Raman force and apply it to the shear phonon’s dynamics. We obtain a noticeable light-induced Raman
force of the order of F ∼ 10–100 nN/nm2 leading to a large rectified shear displacement Q0 in bilayer graphene.
In analogy to the photogalvanic effect, we decompose the Raman force to circular and linear components where
the former vanishes due to the lattice symmetry in bilayer graphene. We show that the laser frequency and
polarization can effectively tune Q0 in different electronic doping, temperature, and scattering rates. The finite
rectified shear displacement induces a Dirac crossing pair in the low-energy dispersion that photoemission
spectroscopy can probe. Our systematic formalism of Raman force can simulate the coherent manipulation of
stacking order in the heterostructures of layered materials by laser irradiation.

DOI: 10.1103/PhysRevB.106.155405

I. INTRODUCTION

In van der Waals (vdW) layered materials, e.g., the family
of graphene and transition-metal dichalcogenides (TMDs),
the stacking order of layers is crucial for the ground-state
characteristic features. The physical properties of an AB stack
bilayer graphene [A-sublattice on top of B-sublattice; see
Fig. 1(a)] are different from that of an AA-stack one [1–8]. In
trilayer graphene, two common structures are with ABA and
ABC stacking with and without a center of symmetry, respec-
tively [9–15]. In twisted two-dimensional (2D) materials with
an asymmetric layer rotation, e.g., twisted bilayer and trilayer
graphene [4,16–20], the ground state depends strongly on the
twist due to the flat-band formation at magic twist angles
[4,21,22]. The relative lateral layer shift in a small twist-angle
incommensurate bilayer, with a large moiré lattice constant,
can be gauged away by a unitary transformation [4]. However,
its impact is significant for a large twist-angle. A rigid rel-
ative displacement along the armchair direction by one C-C
bond length a0 ∼ 0.14 nm or a 60◦ relative layer twist can
switch between AA and AB prototypes. The relative lateral
displacement of top and bottom layers versus the middle one
in twisted trilayer graphene can drastically change the density
of states and superconducting critical temperature [15,23,24].
Although there is a surge of interest in twisted multilayers, the
impact of the relative lateral shift in vdW layered materials is
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less highlighted in the literature. This work aims to fill that
gap.

Shear phonons in vdW layered materials correspond to the
lateral asymmetric sliding of atomic layers [25–33]. The dou-
bly degenerate Raman-active shear mode in bilayer graphene
has a soft frequency h̄�0 ≈ 3.9 meV [25] due to the weak
vdW interlayer coupling. In trilayer there are two doubly de-
generate modes: Raman-active ≈3.9 meV and infrared-active
4.7 meV [25]. The stimulated Raman effect is an efficient
mechanism to excite Raman-active vibrational modes [34,35].
The photoinduced structural transition in layered quantum
materials such as multilayer graphene, WTe2, and MoTe2

is rapidly evolving using the ultrafast pump-probe setup
and time-resolved second-harmonic-generation spectroscopy
[36–40]. Shear phonon dynamics can manipulate the stack-
ing order of layers [38,40] and the electronic topology [37].
A displacive coherent excitation of the Raman-active shear
phonon in MoTe2 causes a first-order phase transition from
inversion symmetric 1T ′ structure to the noncentrosymmetric
1Td phase [38,39]. A structural phase switch from ABA to
ABC stacking is experimentally obtained by laser irradiation
on trilayer graphene [36]. Many physical phenomena, such
as optical switching of polar metals, moiré ferroelectrics, and
superconductivity, are directly correlated to the shear phonon
dynamics in the heterostructures of layered quantum materials
[15,41–47]. The relatively low frequency of shear phonons
makes them highly susceptible to displace significantly under
a light-induced Raman force.

In this paper, we study coherent shear phonon dynam-
ics employing a diagrammatic framework in vdW layered
materials. Collective macroscopic oscillation of atoms in a
crystalline solid, i.e., coherent phonons, facilitates a nonde-
structive control [48,49] of physical properties by irradiating
ultrashort laser pulses and employing transient optical spec-
troscopy [50–61]. We provide a theory for the displacive
Raman force (DRF), and we implement it to excite coherent
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FIG. 1. Schematic of coherent shear phonon in bilayer graphene.
(a) The y-component of shear phonon mode in bilayer graphene. We
illustrate the fundamental hopping mechanism in bilayer graphene
denoted by γ ′

i s. The intralayer carbon-carbon bond length is a0 ≈
0.14 nm, the interlayer distance is c ≈ 0.34 nm, and the bond length
for γ3 and γ4 hoppings is given by b = √

c2 + a2
0 ≈ 0.38 nm. Hop-

ping parameters are given as γ0 ≈ 3 eV, γ1 ≈ −0.4 eV, γ3 ≈ 0.3 eV,
and γ4 ≈ 0.1 eV [7]. (b) Impulsive (blue curve) and displacive (red
curve) coherent phonon. (c) Schematic of the lattice potential V (Q)
in bilayer graphene vs displacement field along an armchair (y-axis)
direction. Starting from the stable AB stack phase at QAB = 0, we
can achieve the equivalent BA stacking phase or the metastable AA
structure by sliding the top layer to the right or left, respectively. The
light-induced shear displacement is depicted by Q0.

shear phonons in bilayer graphene (BLG). The excitation
of coherent shear modes can change the electronic structure
and trigger a structural transition to another quasiequilibrium
state. We obtain highly efficient tunability of Raman force by
altering electronic doping and temperature as well as laser
frequency, polarization, and power. The harmonic equation of
motion for the coherent phonon displacement Q reads

∂2
t Q(t ) + �2

0Q(t ) = F (t )/ρ, (1)

where ρ stands for the mass density of the 2D material, and
F (t ) is the light-induced force density.

For an ultrashort δ-function pulse, the Raman force density
can have impulsive F I(t ) ∼ Fδ(t ) and displacive FD(t ) ∼
F�(t ) characters where �(t ) = ∫ t

−∞ dt ′δ(t ′) is the Heaviside
step function [55,59–61]. The impulsive force leads to the
coherent vibration of ions around equilibrium positions, while
under a displacive force ions shift away from the equilibrium
positions to a new local equilibrium and then vibrate around
the new equilibrium positions [see Fig. 1(b)]. The real and
imaginary parts of the Raman susceptibility contribute to the
impulsive and displacive forces, respectively [59–61]. For the
laser frequency larger than the optical transition edge, the
imaginary part is finite and thus DRF is nonzero [61]. In what
follows, we evaluate DRF and demonstrate its relevance for
the light-induced shear displacement in BLG.

II. MODEL

The dipole moment of the Raman-active phonon μa =
αabEb is linearly proportional to the light electric field Eb

where the polarizability tensor αab depends on the phonon
displacement vector Q. The electromagnetic potential energy
then yields U = −μaEa = −αabEaEb. The corresponding
Raman force thus reads Fc = −∂U/∂Qc = σ R

abcEaEb with
the Raman susceptibility σ R

abc = ∂αab/∂Qc|Q→0 [34,35]. We
adopt Einstein convention for summation on repeated indices.
Although the lowest-order Raman effect is a second-order
nonlinear optical process, it does not require an inversion
symmetry breaking. This is because the Raman-active mode
in a centrosymmetric system is even under parity [35].

The displacive (rectified) force will displace ions to a
new equilibrium position Q0 ≈ FD/(ρ�2

0). Then ions vibrate
around the new equilibrium with the phonon frequency �0;
see Fig. 1. Apparently, the rigid displacement is more pro-
nounced for the soft shear phonons with shallow frequency
relative to other energy scales such as temperature and elec-
tronic chemical potential. The displacive force is governed by
the rectification process FD

a ∼ ∫
dtFa(t ), and it is given by

FD
a = σ R

abc(ω,−ω)Eb(ω)E∗
c (ω), (2)

where ω is the light frequency and σ R
abc is the Raman response

function that is the correlation function of electron-phonon
and light-matter couplings.

Having the in-plane displacement Q(�)(r) of two layers
� = 1, 2, the shear phonon displacement is the asymmetric
component:

Q = Q(1) − Q(2)

√
2

. (3)

The shear displacement vector is even under parity P since
P{Q(1), Q(2)}P−1 = −{Q(2), Q(1)}, which leads to PQP−1 =
Q. Therefore, it is a Raman-active and IR-inactive phonon.
The second quantized form of the shear phonon displacement
reads Q̂λ,q = √

h̄/ρS�λ,q(b̂λ,q + b̂†
λ,−q), where λ indicates

two Cartesian components λ = x, y. We recall boson statistics
[b̂λ,q, b̂†

λ′,q′] = δλλ′δqq′ and [b̂λ,q, b̂λ′,q′] = 0. Note that S is the
2D material area. The leading Hamiltonian of finite-q phonon
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FIG. 2. Feynman diagrams for Raman force. Dashed and wavy lines represent external phonon and photon fields, respectively. The solid
lines represent electron propagators.

b̂λ,q interacting with electron spinor fields ̂k is given by

Ĥ =
∑

k

̂
†
kĤk̂k +

∑
λ,q

h̄�λ,qb̂†
λ,qb̂λ,q

+
∑
k,q

∑
λ

̂
†
k+qĝλ(k, q)̂k(b̂λ,q + b̂†

λ,−q), (4)

where the electron-phonon coupling is given in terms of the
matrix-element M̂λ as

ĝλ(k, q) =
√

h̄

2ρS�λ,q
M̂λ(k, q). (5)

The hermiticity of the Hamiltonian implies that M̂†
λ (k +

q,−q) = M̂λ(k, q). Using the Heisenberg time-evolution re-
lation 〈∂t b̂λ,q〉 = (i/h̄)〈[Ĥ, b̂λ,q]〉, we arrive at the classical
equation of motion for the coherent phonon Qλ,q(t ) = 〈Q̂λ,q〉.
The coherent phonon equation motion follows Eq. (1) for
q = 0. The Raman force density is given as the expectation
value of the electron-phonon coupling

Fλ,q(t ) = −1

S

∑
k

〈̂†
k−qM̂λ(k,−q)̂k〉 (6)

that is related to the excitation density if M̂λ is proportional to
the identity matrix; see also Ref. [58]. In general, the force is
given as the expectation value of the electron-phonon matrix
element that can be written in a perturbative expansion in
terms of the light electric field [62]. The light-induced elec-
tron density generates a force acting on ions. For the normal
incidence of light, only the q = 0 phonon is Raman-active.

The light-matter coupling is incorporate by minimal cou-
pling transformation h̄k → h̄k + eA(t ) using a homogeneous
dynamical vector potential A(t ). The corresponding electric
field reads E(t ) = −∂t A(t ). The light-matter interaction con-
sists of photon-electron and photon-electron-phonon coupling
terms:

Hlm = −
∑

k

̂
†
k

{
ĵaAa(t ) + 1

2
γ̂abAa(t )Ab(t )

+ �̂abAa(t )Qb(t ) + 1

2
�̂abcAa(t )Ab(t )Qc(t )

}
̂k, (7)

where ĵa(k) is called the paramagnetic current operator
and γ̂ab(k) is known as the diamagnetic current operator
as well as the Raman vertex in the effective-mass ap-
proximation [63]. The photon-electron-phonon interaction
couplings are parametrized by �̂ab(k) and �̂abc(k). The
photon-electron-phonon couplings originate from the minimal

coupling transformation in the electron-phonon matrix ele-
ment M̂λ(k + eA(t )/h̄, q) and then expanding it up to second
order in the light field. We follow the standard many-body
perturbation theory and utilize a diagrammatic framework
[64–67]. Accordingly, the Raman force response function σ R

abc
consists of four diagrams, as shown in Fig. 2. Having defined
the key aspects of the model, we calculate DRF and the result-
ing shear displacement in bilayer graphene.

III. SHEAR PHONON IN BILAYER GRAPHENE

Bilayer graphene consists of two single layers of graphene
sheets offset from each other in the xy-plane. The low-energy
quasiparticles in BLG follow a two-band Hamiltonian around
the corners of the hexagonal Brillouin zone [68],

Ĥp = − 1

2m

{(
p2

x − p2
y

)
σ̂x + 2τ px pyσ̂y

} − μÎ, (8)

where p = h̄k is the momentum vector, τ = ± stands for two
K and K ′ valley points, the identity matrix Î and Pauli matrices
σ̂x,y are in the layer pseudospin basis, and μ is the chemical
potential. The x-direction indicates a zigzag orientation of the
hexagonal crystal in our convention [69]. The effective mass is
given by 1/2m ≈ v2/γ1 with v = 3γ0a0/2h̄ ∼ 106 m/s. Note
that γ ′

i s are hopping energies in the lattice model illustrated in
Fig. 1(a), and their numerical values are given in the caption.
We neglect trigonal warping and effective mass asymmetry in
the energy dispersion of chiral fermions in BLG. In pristine
BLG, two degenerate shear modes correspond to the sliding
motion in two Cartesian directions.

To evaluate the Raman force, we consider electron-photon
couplings ĵα = −e∂pα

Ĥp and γ̂αβ = −e2∂pα
∂pβ

Ĥp. In the low-
energy model, the couplings of electrons to shear phonons are
given by (see Appendix A)

(M̂x, M̂y) ≈ M(τ σ̂y, σ̂x ),

(�̂xy = �̂yx, �̂yy = −�̂xx ) ≈ −�(τ σ̂x, σ̂y). (9)

The electron-phonon couplings are obtained using a four-
band tight-binding model following the approach presented
in Refs. [70–72]—we refer to Appendix A for the detailed
derivation and discussion on electrons coupling to shear
phonons in BLG. After neglecting electron momentum p, we
obtain (see Appendix A)

M = γ3
3a0√
2b2

β3,

� = eγ3

h̄

3a2
0

2
√

2b2
β3 = ea0

2h̄
M, (10)
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where β3 = −∂ ln γ3/∂ ln b is a Grüneisen parameter, and

b =
√

c2 + a2
0 with c ≈ 0.34 nm and a0 = 0.14 nm are the

interlayer distance and the intralayer bond length, respec-
tively. An ab initio analysis based on the density functional
calculation estimates the dependence of γ3 on the bond length
as ∂γ3/∂b ≈ −0.54 eV/Å [71] and therefore one can obtain
the Grüneisen parameter β3 = −(b/γ3)∂γ3/∂b ≈ 6.84. The
vertical hopping derivative ∂γ1/∂c does not contribute to the
leading-order electron-phonon interaction.

IV. RESULTS AND DISCUSSION

In analogy to the linear and circular photogalvanic current
[73], we decompose the Raman force density into linear and
circular components (see Appendix B):

FLDR
a = γ LDR

abc (ω)Re[Eb(ω)E∗
c (ω)],

FCDR
a = γ CDR

a (ω)[iE(ω) × E∗(ω)]z. (11)

For an electric field polarization in the xy-plane, the linear dis-
placive Raman (LDR) and circular displacive Raman (CDR)
response functions read (see Appendix B)

γ LDR
abc (ω) = Re

[
σ R

abc(ω,−ω)
]
,

γ CDR
a (ω) = Im

[
σ R

axy(ω,−ω)
]
. (12)

A generic elliptical polarization of the incident laser field
E(t ) = E0{cos(ϑ )x̂ ± i sin(ϑ )ŷ}e−iωt contains both linear
and circular counterparts: [iE(ω) × E∗(ω)]z = ± sin(2ϑ ) and
Re[Eb(ω)E∗

c (ω)] = δab(δax cos2 ϑ + δay sin2 ϑ ). Considering
the inversion and rotational symmetries of the low-energy
model, we find nonvanishing real-valued tensor elements

σ R
yyy = σ R

xxy = σ R
xyx = −σ R

yxx, (13)

where we have dropped the frequency argument σ R
abc(ω,−ω)

for the sake of shorthand notation. Accordingly, the symmetry
implies that σ R

axy is either zero (a = y) or real-valued (a = x)
leading to a vanishing circular DRF in BLG: FCDR = 0. To
have the CDR force finite, we need to break rotational sym-
metry for instance by applying a uniaxial strain. Furthermore,
considering the nonvanishing matrix elements of σ R

abc given
in Eq. (13), we can easily obtain the LDR force contribution
in response to an elliptically polarized incident laser, which
reads

FLDR = −ŷF0�(ω̄1, ω̄2) cos(2ϑ ). (14)

Therefore, the Raman force vanishes for a circularly polar-
ized light ϑ = ±π/4. Note that F0 = Nf M(eE0)2/(4πμ2)
with Nf = 4 for spin-valley degeneracy. For μ = 0.2 eV
and E0 = 1 V/nm, we obtain the force density unit F0 ≈
2.3 nN/nm2. For linear polarized incident light E(t ) =
E0{cos(θ )x̂ + sin(θ )ŷ}e−iωt , the Raman force follows:

FLDR = F0�(ω̄1, ω̄2){sin(2θ )x̂ − cos(2θ )ŷ}, (15)

where the force vector is not necessarily parallel to the
driving electric field. In Fig. 3(a), the Raman force orien-
tation is compared to the incident laser polarization. The
frequency dependence of the Raman force is captured by the
dimensionless function �(ω̄1, ω̄2). There are topologically

distinct contributions to the Raman force, which are illus-
trated diagrammatically in Fig. 2. Using Kubo’s formalism,
we analytically calculate Raman response functions at zero
electronic temperature (see Appendix C),

�(ω̄1, ω̄2) = ω̄1 + 2ω̄2

(ω̄1 + ω̄2)ω̄2
2

ln

[
4 − ω̄2

1

4 − (ω̄1 + ω̄2)2

]

+ ω̄2 + 2ω̄1

(ω̄1 + ω̄2)ω̄2
1

ln

[
4 − ω̄2

2

4 − (ω̄1 + ω̄2)2

]

− 3

2ω̄1ω̄2
ln

[
1 − (ω̄1 + ω̄2)2

4

]
. (16)

Notice that ω̄ j = (h̄ω j + i�e)/|μ|, where �e stands for the
phenomenological scattering rate of electrons. The above
expression stems from the triangular diagram and a bubble
diagram shown in Figs. 2(a) and 2(b), respectively. The con-
tribution from the Feynman diagram depicted in Fig. 2(c)
vanishes within the low-energy model analysis. The last di-
agram shown in Fig. 2(d) is frequency-independent, and its
value is fixed by enforcing the gauge invariance where the
response to a static homogeneous gauge potential must vanish
due to the gauge invariance, i.e., χR

abc(0, 0) = 0. For the dis-
placive force, we set ω1 = −ω2 = ω and therefore it scales as
FD ∼ 1/�e. In Fig. 3(b), we illustrate the magnitude of DRF
versus frequency h̄ω/|μ| for different values of phenomeno-
logical scattering rate �e. The displacive force is finite in the
interband regime h̄ω > 2|μ|, and at the large frequency, the
force density scales as FD = 2M(eE0)2/(π h̄ω�e).

Due to the electron-electron scatterings, the nonequi-
librium photoexcited electrons reach a quasiequilibrium
condition with a high electronic temperature of the order
of Te ∼ 103–104 K depending on the incident pump power
and electron-phonon coupling strength [74–78]. It is worth
mentioning that for a slow enough repetition rate of the pump
laser, the absorbed power of the individual pulses does not
add to a considerable energy accumulation to heat the lattice.
Thus, even with a very high electronic temperature, the lattice
will remain at the experimental temperature that can be am-
bient or even cryogenic. The displacive force and interband
optical absorption occur coincidentally. Thus, we anticipate a
quasiequilibrium hot-electron state with high electronic tem-
perature in a metal for an intense incident laser. Using the
standard Maldague’s formula (see Appendix D), we calculate
the Raman force in finite electronic temperature Te and we
illustrate the results in Figs. 3(c) and 3(d), which show an en-
hancement of the displacive force in the intraband regime and
a robust Drude-like tail emerging at low frequency. However,
the interband force is diminished at finite Te.

Using Q0 ≈ FD/(ρ�2
0) and ρ = cρgr for the mass den-

sity of BLG, with ρgr ≈ 2.267 kg/cm3 being the three-
dimensional graphite density, we estimate the strength of
the displacive shear displacement as depicted in Fig. 3(d).
This displacement is robust and tuneable by altering the
Fermi energy, incident laser frequency, and laser intensity.
We find giant values for Q0 in our leading-order theory con-
sidering realistic experimental values for laser intensity and
carrier doping. The saturation value of shear phonon displace-
ment was measured to be around Qmax ∼ 8 pm in layered
WTe2 using intense infrared laser with electric field strength
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(a) (b) (c)

(d) (e) (f)

Δ

FIG. 3. Displacive Raman force and rectified shear displacement in bilayer graphene. (a) Orientation of DRF in comparison to the incident
laser polarization. (b) Raman force vs the driving frequency for different values of electronic scattering rate �e at zero electronic temperature
Te = 0. As seen, the zero-temperature Raman force is finite in the interband regime where h̄ω > 2|μ| and for large frequency it scales as F ∼
1/(�eω). (c) Raman force vs the driving frequency for different values of the electronic temperature Te at �e = 0.01|μ|. At finite temperature,
the displacive force is finite even in the intraband regime h̄ω < 2|μ|. (d) Rectified shear displacement vs chemical potential for realistic
experimental values of frequency h̄ω = 100 meV, electric field strength E0 = 2 MV/cm, and electron scattering rate �e = 20 meV. (e)
Low-energy dispersion of bilayer graphene under rigid shear displacement Q0 = 0.15a0. The original band touching at p = 0 is lifted, and a
pair of Dirac crossings form at ±p0. The inset shows the 3D energy dispersion. (f) The band splitting �ε at p = 0 and the new Dirac crossing
location p0 are tuneable by the shear displacement Q0 as depicted in this double-sided plot.

E0 ∼ 7.5 MV/cm [37] and E0 ∼ 10 MV/cm [40]. Although
the earlier experiment [37] does not support a Raman mech-
anism, the latter [40] measures a linear power (P ∼ E2

0 )
dependence of the shear displacement consistent with the
Raman force FD ∝ E2

0 . Such a linear power dependence is
also reported in Ref. [38].

In a bilayer graphene system with the chemical poten-
tial μ = 200 meV and considering the interband regime
h̄ω = 2μ, we estimate the shear displacement Q0 ∼ 0.19a0 ∼
27 pm for E0 ∼ 2 MV/cm by setting electronic tempera-
ture Te = 1000 K and scattering rate �e = 20 meV. This
value of Q0 is clearly immense and motivates further exper-
imental investigation of displacive Raman force for coherent
control of stacking order in bilayer graphene and other 2D
material heterostructure. In reality, the significant value of
shear displacement enhances nonlinear corrections where the
higher-order terms in the electric field and phonon anhar-
monicity give rise to the shear displacement saturation, which
is observed experimentally [37]. We sketch a schematic non-
linear lattice potential versus the shear displacement in bilayer
graphene in Fig. 1(c) with the stable AB (or BA) stack-
ing phase and the metastable AA stacking structure as local
minima at higher energy. Since we neglect anharmonicity,
the validity range of our theory is for small enough shear
displacement Q0 < a0 around the stable AB structure. Such
coherent control of the lattice potential minimum can have
implications for the optical switching of ferroelectricity and
superconductivity in layered materials [23,47].

The rigid shear displacement (frozen shear phonon)
induces a perturbation to the electronic Hamiltonian accord-
ing to Eq. (4) that, for instance, at the K-point (τ = +)
reads δĤ = M(Q0,xσ̂y + Q0,yσ̂x ). As a result of this frozen
shear phonon, the band touching point at p = 0 splits
by �ε = 2MQ0 and a Dirac crossing pair forms at p0 =
±p0(cos φ0, sin φ0) in the Cartesian coordinates, where we
find [see Fig. 3(e)]

p0 =
√

2mMQ0, tan(2φ0) = Q0,x/Q0,y. (17)

For linear polarized incident laser, the rectified shear dis-
placement is Q0 = Q0( sin(2θ ),− cos(2θ )), with θ being the
incident laser polarization angle. Therefore, we find φ0 = −θ ,
which implies that the new Dirac crossing points are aligned
to the incident laser polarization. The energy splitting �ε

and the position of the crossing point p0 depend on the rigid
shear displacement as illustrated in Fig. 3(f). In principle, this
change in the dispersion is significant enough to be exper-
imentally measured utilizing angle-resolved photoemission
spectroscopy.

V. REMARKS AND OUTLOOK

Considering the linear absorption coefficient α, we create
one photoexcited electron in the conduction band for each
absorbed photon and leave a hole in the valence band. In
the steady state, we have a vanishing rate of carrier density
ṅ(t ) = Iabs/h̄ω − δn/τe = 0. Therefore, one can estimate the
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photoexcited carrier density δn = Iabsτe/h̄ω, where Iabs =
αIpump is the absorbed intensity in which Ipump ∝ E2

0 is the
pump laser intensity and τe = h̄/�e is the electronic relaxation
time. From the analytical result of the photoinduced displacive
Raman force, one can notice that it is directly proportional to
the photoexcited carrier density FD ∼ E2

0 /(h̄ω�e) ∼ δn.
The timescale during which a large enough shear dis-

placement can be induced depends on the microscopics of
the materials. The displacive Raman force is finite during
the recombination time that can certainly reach a picosec-
ond depending on the magnitude of the photoexcited density,
the photoexcitation energy, and the equilibrium density [75].
Exotic photoluminescence in graphene indicates an asymptot-
ically long-lived quasiequilibrium condition of light-induced
hot electrons and hot optical phonons [74]. Moreover, time-
resolved differential optical transmission experiments in
graphene confirm a light-induced band structure renormaliza-
tion on a timescale of a few picoseconds, τ > 1 ps [79–81].
The subpicosecond response of the lattice to the laser pulse
is reported in different experiments (e.g., in MoTe2 [38,39]
and in diamond [54]). Therefore, the recombination timescale
of photoexcited density in bilayer graphene and other van
der Waals layered materials is long enough to sustain a large
light-induced shear displacement.

The proposed mechanism of displacive Raman force can
strongly impact the Raman-active shear phonon dynamics
in twisted systems, particularly in trilayer graphene. The
theory can be generalized to investigate displacive coherent
dynamics of other collective modes, such as magnons [82]
and superconducting Higgs mode [67], driven by a rectified
light-induced force field. In future studies, we will develop
a higher-order Raman force mechanism to manipulate chi-
ral valley phonons [83,84] in hexagonal 2D materials. In a
separate study, we will discuss the saturation of rigid shear
displacement using a higher-order Raman force scheme. The
light-induced rigid shear displacement can basically switch
the ferroelectric polarization in moiré ferroelectrics [42–44]
and 2D ferroelectrics (polar) metals [41,45–47]. Having an
optical switch of electric polarization can have technological
applications for ferroelectric memories.
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APPENDIX A: ELECTRON COUPLING TO THE SHEAR
PHONONS

We recall the four-band tight-binding model to describe the
electronic Hamiltonian of electrons in bilayer graphene [7],

Hk =

⎡
⎢⎣

εA1 −γ0 fk γ4 fk −γ3 f ∗
k−γ0 f ∗

k εB1 γ1 γ4 fk
γ4 f ∗

k γ1 εA2 −γ0 fk
−γ3 fk γ4 f ∗

k −γ0 f ∗
k εB2

⎤
⎥⎦, (A1)

where the form factor reads

fk =
3∑

�=1

eik·δ� = eia0ky + 2ie−a0ky/2 cos(
√

3a0kx/2). (A2)

The intralayer nearest-neighbor vectors are δ1 = a0(0, 1),
δ2 = a0(

√
3/2,−1/2), and δ3 = a0(−√

3/2,−1/2). Note
that a0 ≈ 0.14 nm is the carbon-carbon bond length. The two
valley points (τ = ±) are at the corner of the hexagonal Bril-
louin zone: τK = τ 4π√

3a0
x̂. The low-energy model is obtain

by momentum expansion near the valley point: k = τK − q
for q  K , which leads to fq = 3a0γ0

2 (qx − iqy). The electron-
phonon coupling is obtained by considering the dependence
of hopping parameters on the phonon displacement.

Shear mode vibration only affects interlayer hopping ele-
ments: γ1, γ3, and γ4. In this Appendix, we calculate one- and
two-phonon couplings to electrons in bilayer graphene in both
four- and two-band models. In the main text, we only consider
the impact of one-phonon coupling. The contribution of two-
phonon coupling on electrons will be discussed elsewhere.

1. Impact of shear displacement on γ1

The shear phonon displacement Q changes the bond length
corresponding to γ1 interlayer hopping as shown in Fig. 1(b).
However, this correction is second order in Q:

γ1(�) = γ1(c) + ∂γ1

∂c
(� − c) + · · · , (A3)

where c and � stand for the A2-B1 bond length in the pristine
and displaced system, respectively. Therefore, we have

� − c

c
≈ Q2

2c2
→ δγ1

γ1
≈ −β1

Q2

2c2
. (A4)

We define β1 = −∂ ln γ1/∂ ln c. Accordingly, in the leading
one-phonon-electron coupling we can neglect the impact of
shear displacement on the vertical γ1 hoping.

2. Impact of shear displacement on γ3

The shear phonon displacement Q changes the distance of
the bond corresponding to γ3 interlayer hopping as shown in
Fig. 1(b). The change in the hopping γ3 is shown by δγ3,
which leads to

δγ3(d�)

γ3
=

(
1

γ3

∂γ3

∂b

)
�d� + 1

2

(
1

γ3

∂2γ3

∂b2

)
(�d�)2 + · · · .

(A5)

Note that d� = δ� + cẑ corresponds to three A1-B2 bond

lengths in the pristine system and b = |d�| =
√

c2 + a2
0. The

change in the bond length then follows:

�d� = |d� + QA(R) − QB(R − d�)| − |d�|, (A6)

in which QA is the displacement of sublattice A in layer 1 and
QB is the displacement of sublattice B in layer 2 at the lattice
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point R. We define the shear displacement Q as follows:

QA(R) − QB(R − d�) =
√

2Q. (A7)

Therefore, the change in the bond length reads

�d� ≈
√

2d� · Q
b

. (A8)

We find the correction δγ3 up to second order in the shear
displacement field Q:

δγ3(d�)

γ3
= −β3

√
2(δ� · Q)

b2
− κ3

(δ� · Q)2

b4
, (A9)

in which we define

β3 = −∂ ln γ3

∂ ln b
, κ3 = −b2

γ3

∂2γ3

∂b2
. (A10)

Accordingly, the correction to the form factor for the γ3 hop-
ping term reads

∑
�

δγ3(d�)

γ3
eik·δ� = −

√
2β3

b2
Q ·

∑
�

δ�eik·δ� − κ3

b4
QaQb

∑
�

δa
� δ

b
�eik·δ�

= −
√

2β3

b2
Qa(−i∂ka )

∑
�

eik·δ� − κ3

b4
QaQb(−i∂ka )(−i∂kb )

∑
�

eik·δ�

= −
√

2β3

b2
Qa(−i∂ka ) fk − κ3

b4
QaQb(−i∂ka )(−i∂kb ) fk, (A11)

which simplifies as follows:

∑
�

δγ3(d�)

γ3
eik·δ� = −β3

√
2a0

b2
ga(k)Qa − κ3

a2
0

b4
hab(k)QaQb,

(A12)

and we define

ga(k) = 1

a0
(−i∂ka ) fk, hab(k) = − 1

a2
0

∂ka∂kb fk. (A13)

3. Impact of shear phonon displacement on γ4

Similar to the case of γ3, one can obtain the correction to
γ4-related form factors as follows:

∑
�

δγ4(d�)

γ4
eik·δ� = −β4

√
2a0

b2
ga(k)Qa − κ4

a2
0

b4
hab(k)QaQb,

(A14)

where

β4 = −∂ ln γ4

∂ ln b
, κ4 = −b2

γ4

∂2γ4

∂b2
. (A15)

4. One shear phonon’s coupling to electrons

In the four-band model, the coupling of one shear phonon
to electrons can be written as follows:

Hep =
∑

k

∑
a

̂
†
kM̂a(k)̂kQ̂a, (A16)

where the electron-phonon matrix element is given by

M̂a(k)=

⎡
⎢⎣

0 0 −α4ga(k) α3g∗
a(k)

0 0 0 −α4ga(k)
−α4g∗

a(k) 0 0 0
α3ga(k) −α4g∗

a(k) 0 0

⎤
⎥⎦,

(A17)

where we define αi = (
√

2βia0/b2)γi.

5. Two shear phonons’ coupling to electrons

In the four-band model, the coupling of two shear phonons
to electrons reads

Ĥep =
∑

k

∑
ab

̂
†
kŴab(k)̂kQ̂aQ̂b, (A18)

where the electron-phonon matrix element is given by

Ŵab(k) =

⎡
⎢⎣

0 0 −η4hab(k) η3h∗
ab(k)

0 0 −η1δab −η4hab(k)
−η4h∗

ab(k) −η1δab 0 0
η3hab(k) −η4h∗

ab(k) 0 0

⎤
⎥⎦, (A19)

where we define

η1 = β1

2c2
γ1, η3 = κ3a2

0

b4
γ3, η4 = κ4a2

0

b4
γ4. (A20)

6. Low-energy two-band model

In this subsection, we obtain a two-band model Hamilto-
nian for the electron couplings to shear phonons up to second
order in electron momentum and phonon displacement field.
We follow the effective Green’s-function approach [68] to
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drive to effective Hamiltonian. Consider a 4 × 4 Hamiltonian
and Green’s function written in terms of 2 × 2 blocks Ĥi j and
Ĝi j :

Ĥ =
[

Ĥ11 Ĥ12

Ĥ21 Ĥ22

]
, Ĝ =

[
Ĝ11 Ĝ12

Ĝ21 Ĝ22

]
. (A21)

Note that the Green’s function is defined as Ĝ(Ê − Ĥ ) = Î .
One can simply show

Ĝ11{E − Ĥ11 − Ĥ12(E − Ĥ22)−1Ĥ21} = Î. (A22)

At low energy of a gapless system, we can set E = 0 and thus
we rewrite

Ĝ11
{
E − Ĥ11 + Ĥ12Ĥ−1

22 Ĥ21
} = Ĝ11(E − Ĥeff ) = Î, (A23)

where the effective Hamiltonian reads

Ĥeff = Ĥ11 − Ĥ12Ĥ−1
22 Ĥ21. (A24)

We follow the above steps and obtain the low-energy Hamil-
tonian

Ĥeff =
∑

k

̂
†
k

{
Ĥk +

∑
a

M̂a(k)Qa +
∑

ab

Ŵab(k)QaQb

}
̂k.

(A25)

The two-band kinetic Hamiltonian thus reads

Hq = − h̄2

2m

[
0 (τqx − iqy)2

(τqx + iqy)2 0

]
, (A26)

in which the effective mass is related to both intra- and inter-
layer hopping energies

h̄2

2m
= 9a2

0γ
2
0

4γ1
. (A27)

The electron-phonon interaction at q = 0 is given by

(M̂x, M̂y) = M(τ σ̂y, σ̂x ). (A28)

Accordingly, we obtain the value of the parameter M given in
Eq. (10) of the main text:

M = 3α3

2
= 3β3a0√

2b2
γ3. (A29)

Although the analysis of this manuscript does not require
multiphonon couplings, we also calculate the coupling for the
two-phonon-electron term at q = 0, and the only nonvanish-
ing terms are given by

Ŵ =
[
Ŵxx Ŵxy

Ŵyx Ŵyy

]
= 3

2

(
3α2

4

γ1
− η3

)[
σ̂x τ σ̂y

τ σ̂y −σ̂x

]
. (A30)

7. Photon-electron-phonon couplings

To calculate the mixed vertex coupling for photon-
electron-phonon couplings, we start with minimal transfor-
mation k → k + eA(t )/h̄ in the electron-phonon interaction
Hamiltonian given in Eqs. (A31) and (A19). For instance,
the photon-electron-phonon vertex coupling is obtained as
follows:

M̂a(k + eA(t )/h̄) =

⎡
⎢⎣

0 0 −α4ga(k + eA(t )/h̄) α3g∗
a(k + eA(t )/h̄)

0 0 0 −α4ga(k + eA(t )/h̄)
−α4g∗

a(k + eA(t )/h̄) 0 0 0
α3ga(k + eA(t )/h̄) −α4g∗

a(k + eA(t )/h̄) 0 0

⎤
⎥⎦

≈ ea0Ab(t )

h̄

⎡
⎢⎣

0 0 −iα4hab(k) −iα3h∗
ab(k)

0 0 0 −iα4hab(k)
iα4h∗

ab(k) 0 0 0
iα3hab(k) iα4h∗

ab(k) 0 0

⎤
⎥⎦. (A31)

Afterward, we follow the previous section’s procedure and
obtain a low-energy two-band model for the above photon-
mediated electron-phonon interaction in order to obtain �ab

mixed photon-electron-phonon coupling elements. At leading
order in electronic momentum, we obtain the parameter �,
which is given in Eq. (10). A similar approach can be used
to obtain two-phonon-electron coupling mediated by photons
starting from Ŵab(k + eA(t )/h̄).

APPENDIX B: CIRCULAR AND LINEAR DISPLACIVE
RAMAN FORCE

The rectification (displacive) Raman force is obtained by
setting ω1 + ω2 = 0. In response to a monochromatic external
electric field E(t ) = 2 Re[E(ω)eiωt ], it can be formally written
as follows:

Fdc
a = σ R

abc(ω,−ω)Eb(ω)E∗
c (ω), (B1)

where σ R
abc(ω,−ω) = σ R

acb(−ω,ω) = χR
abc(ω,−ω)/ω2 is the

gauge-invariant displacive Raman response function. The re-
ality of the electric field in the time domain implies E(−ω) =
E∗(ω). We decompose linear and circular rectification pro-
cesses by utilizing the following relation:

Eb(ω)E∗
c (ω) = Eb(ω)E∗

c (ω) + Ec(ω)E∗
b (ω)

2

+ Eb(ω)E∗
c (ω) − Ec(ω)E∗

b (ω)

2

= Re[Eb(ω)E∗
c (ω)] + 1

2
ε�bc[E(ω) × E∗(ω)]�,

(B2)

where the first and second terms on the right side of the above
relation lead to the linear and displacive Raman force, respec-
tively. In analogous to the linear and circular photogalvanic
effect [73], the Raman response function can be decomposed
into symmetric and antisymmetric parts standing for the linear
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and circular displacive force contributions, respectively,

σ R
abc(ω,−ω) = σ R

abc(ω,−ω) + σ R
acb(ω,−ω)

2

+ σ R
abc(ω,−ω) − σ R

acb(ω,−ω)

2

= σ LDR
abc (ω,−ω) + σ CDR

abc (ω,−ω). (B3)

Note that LDR/CDR indicates the linear/circular displacive
Raman force. Considering the electric field in the xy-plane
and for the case of CDR, we have

FCDR
α = γ CDR

a (ω)[iE(ω) × E∗(ω)] · ẑ, (B4)

where the circular displacive Raman response function is
given by

γ CDR
a (ω) = σ R

axy(ω,−ω) − σ R
ayx(ω,−ω)

2i
. (B5)

The intrinsic permutation symmetry [85] implies that
σ R

αyx(ω,−ω) = σ R
αxy(−ω,ω) and thus we obtain

γ CDR
a (ω) = σ R

axy(ω,−ω) − σ R
axy(−ω,ω)

2i
= Im

[
σ R

axy(ω,−ω)
]
.

(B6)

Due to the reality of the electric field and the current, we have
E∗(ω) = E(−ω) and [σ R

axy(ω,−ω)]∗ = σ R
axy(−ω,ω). For the

LDR, we find

FLDR
a = γ LDR

abc (ω)Re[Eb(ω)E∗
c (ω)]. (B7)

Using the permutation symmetry and the reality of current
and electric field [85], we have σ R

acb(ω,−ω) = σ R
abc(−ω,ω) =

[σ R
abc(ω,−ω)]∗. Therefore, we obtain

γ LDR
abc (ω) = σ R

abc(ω,−ω) + σ R
acb(ω,−ω)

2
= Re

[
σ R

abc(ω,−ω)
]
.

(B8)

APPENDIX C: RAMAN FORCE CALCULATION

The Raman response function to the external light electric
field σ R

abc is given in terms of χR
abc, which is the response to the

vector potential

σ R
abc(ω1, ω2) = −χR

abc(ω1, ω2)

ω1ω2
. (C1)

Here, we provide details of calculations for the Feynman
diagrams given in Fig. 2 which stand for the χR

abc(ω1, ω2)
response function. The total Raman response function is ob-
tained as follows:

χR
abc(ω1, ω2) = χ

triangle
abc (ω1, ω2) + χ

bubble−γ

abc (ω1, ω2)

+ χbubble−�
abc (ω1, ω2) + χbubble−�

abc . (C2)

The contribution of photon-electron-phonon coupling �abc

depicted in the diagram in Fig. 2(d) is frequency-independent
and therefore it can be fixed by enforcing the gauge

invariance that implies that a response to the static ho-
mogeneous gauge field must vanish due to the gauge
invariance, i.e., χR

abc(ω1 = 0, ω2 = 0) = 0. Since gauge in-
variance requires χR

abc(ω1 = 0, ω2 = 0) = 0, we have

χbubble−�
abc = −χ

triangle
abc (0, 0) − χ

bubble−γ

abc (0, 0)

− χbubble−�
abc (0, 0). (C3)

Therefore, we find

χR
abc(ω1, ω2) = χ̄

triangle
abc (ω1, ω2) + χ̄

bubble−γ

abc (ω1, ω2)

+ χ̄bubble−�
abc (ω1, ω2), (C4)

in which we define χ̄abc(ω1, ω2) = χabc(ω1, ω2) − χabc(0, 0).
In the following, we explicitly calculate these three remaining
diagrams using the low-energy two-band model of bilayer
graphene given in Eq. (5) and electron-phonon couplings
Eq. (6).

1. Calculation of χ̄
triangle
abc (ω1, ω2 )

The triangle diagram Fig. 2(a) can be written in terms of the
electronic Green’s function Ĝ(k, ikn) and the electron-phonon
matrix-element M̂a and paramagnetic current operator ĵb, ĵc:

χabc(iωm1 , iωm2 ) = 1

S

∑
k

1

β

∑
ikn

Tr[M̂a(k)Ĝ(k, ikn) ĵb(k)

× Ĝ(k, ikn + iωm1 ) ĵc(k)Ĝ(k, ikn

+ iωm1 + iωm2 )], (C5)

where the trace operator Tr[· · · ] sums over all spinor degree of
freedom, β = 1/kBTe, and ikn (iωm) stands for the fermionic
(bosonic) Matsubara frequency. From now on, we adopt a
shorthand notation ikn → n and iωm → m for the sake of
simplicity. The electronic Green’s function is given as follows:

Ĝ(k, ikn) = [ikn − Ĥk]−1. (C6)

Because of the inversion symmetry, the Raman response ten-
sor elements with odd Cartesian index x vanishes, χxxx =
χyxy = χxyy = χyyx = 0, while those with odd Cartesian index
y can be finite. This symmetry consideration is confirmed by
an explicit calculation using the low-energy two-band Hamil-
tonian. The remaining tensor elements are also related to each
other due to the rotation symmetry of the system:

χyyy = χxxy = χxyx = −χyxx = χ1. (C7)

It may seem counterintuitive to have a finite second-order
response in an inversion-symmetric system. For instance, the
second-order current response j (2)

a = η
(2)
abcEbEc vanishes due

to the inversion symmetry, i.e., η
(2)
abc = 0. This is because the

current operator is odd under parity, P ĵaP−1 = − ĵa. But the
Raman-active phonon displacement field is even under parity
as discussed in the main text, PQaP−1 = Qa. Moreover, it
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may seem nontrivial that χabc with an odd number of x index
vanishes, but those with the odd number of y index are finite.
We explain this issue within the low-energy model picture.
Following Eqs. (8) and (9) at a given valley point (e.g., K val-
ley), we find that M̂x evolves like a diamagnetic (two-photon)
current vertex γ̂xy = γ̂yx ∼ σ̂y. Therefore, the Raman response
function χxxx ∼ 〈M̂x ĵx ĵx〉 is given in terms of a third-order
current response function 〈γ̂xy ĵx ĵx〉, which consists of an odd
number of x and y indices and thus it vanishes, χxxx = 0, due

to inversion symmetry. On the other hand, we can see that M̂y

evolves like γ̂xx = −γ̂yy ∼ σ̂x in the low-energy model, which
implies χyxx ∼ 〈M̂y ĵx ĵx〉 evolves as the third-order current
response function 〈γ̂xx ĵx ĵx〉. The latter consists of an even
number of Cartesian index x, and thus it can be finite in an
inversion-symmetric system. A similar argument can be used
for other vanishing tensor elements of χabc.

After performing the integration on the azimuthal angle of
electronic wave vector k and using the low-energy dispersion
εk = h̄2k2/2m and kdk = (m/h̄2)dε, we find

χ1(m1, m2) =
(

Nf mM

2π

)(
e

m

)2( m

h̄2

) ∫ ∞

0
dε

1

β

∑
n

× 8ε2ξ (n)ξ (m1 + m2 + n)[2ε2 − ξ (m1 + n)2 − ξ (m2 + n)2]

[ε2 − ξ (n)2][ε2 − ξ (m1 + n)2][ε2 − ξ (m2 + n)2][ε2 − ξ (m1 + m2 + n)2]
, (C8)

where ξ (n) = μ + n. After performing Matsubara summation, integrating over ε at zero temperature, and then performing the
analytical continuation mi → h̄ωi + i0+, we find

χ1(ω1, ω2) = Nf Me2

4π h̄2

{
A1 ln

[
4ε2 − ω2

1

] + A2 ln
[
4ε2 − ω2

2

] + A3 ln[4ε2 − (ω1 + ω2)2]

}ε→∞

ε→μ

. (C9)

Here by ωi we mean h̄ωi + i0+, and Ai factors explicitly read

A1 = ω1(ω1 + 2ω2)

ω2(ω1 + ω2)
, A2 = ω2(ω2 + 2ω1)

ω1(ω1 + ω2)
, A3 = − (ω1 + ω2)2

ω1ω2
= −1 − (A1 + A2). (C10)

By subtracting the zero-frequency contribution, and after some simplifications, we find

χ1(ω1, ω2) − χ1(0, 0) = Nf Me2

4π h̄2

{
A1 ln

[
4ε2 − ω2

1

4ε2 − (ω1 + ω2)2

]
+ A2 ln

[
4ε2 − ω2

2

4ε2 − (ω1 + ω2)2

]
− ln

[
4ε2 − (ω1 + ω2)2

4ε2

]}ε→∞

ε→μ

.

(C11)

Eventually, we obtain χ̄
triangle
yyy (ω1, ω2) = χ1(ω1, ω2) − χ1(0, 0) as follows:

χ̄ triangle
yyy (ω1, ω2) = Nf Me2

4π h̄2

{
ln

[
1 − (ω1 + ω2)2

4μ2

]
− A1 ln

[
4μ2 − ω2

1

4μ2 − (ω1 + ω2)2

]
− A2 ln

[
4μ2 − ω2

2

4μ2 − (ω1 + ω2)2

]}
. (C12)

2. Calculation of χ̄
bubble−γ

abc (ω1, ω2 )

The bubble diagram in Fig. 2(b) can be written in terms of the electronic Green’s function Ĝ(k, n), the electron-phonon
matrix-element M̂a, and the Raman vertex γ̂bc:

χabc(m1, m2) = −1

S

∑
k

1

β

∑
n

Tr
[
M̂(1)

a Ĝ(k, n)γ̂bcĜ(k, n + m1 + m2)
]
. (C13)

The over-all minus sign originates from the standard rules of Feynman diagrams [86]; also see [64]. Similar to the previous
diagram, we have χxxx = χyxy = χxyy = χyyx = 0 by symmetry. The other nonvanishing tensor elements read

χyyy = χxxy = χxyx = −χyxx = χ2. (C14)

After performing the integration on the azimuthal angle of the electronic wave vector k and using the low-energy dispersion
εk = h̄2k2/2m and kdk = (m/h̄2)dε, we find

χ2(m1, m2) =
(

Nf M

2π

)
e2

m

m

h̄2

∫ ∞

0
dε

1

β

∑
n

2ξ (n)ξ (m1 + m2 + n)

[ε2 − ξ (n)2][ε2 − ξ (m1 + m2 + n)2]
. (C15)

After performing the summation on the Matsubara frequency n and subtracting the zero-frequency contribution, we find

χ2(ω1, ω2) − χ2(0, 0) = −Nf Me2

8π h̄2

{
ln

[
4ε2 − (ω1 + ω2)2

4ε2

]}ε→∞

ε→μ

. (C16)
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Finally, we obtain

χ̄bubble−γ
yyy (ω1, ω2) = Nf Me2

8π h̄2 ln

[
1 − (ω1 + ω2)2

4μ2

]
. (C17)

3. Calculation of χ̄bubble−�
abc (ω1, ω2 )

The bubble diagram in Fig. 2(c) can be written in terms of the electronic Green’s function Ĝ(k, n), the photon-electron-phonon
vertex �̂ab, and the paramagnetic current ĵc. Considering the permutation symmetry, we have

χabc(m1, m2) = − 1

2S

∑
k

1

β

∑
n

Tr[�̂abĜ(k, n) ĵc(k)Ĝ(k, n + m2)]

− 1

2S

∑
k

1

β

∑
n

Tr[�̂acĜ(k, n) ĵb(k)Ĝ(k, n + m1)]. (C18)

Using the isotropic approximation for the photon-electron-
phonon vertex given in Eq. (6) and after performing the
integration on the azimuthal angle of electronic wave vec-
tor k, we obtain a vanishing result for all tensor elements.
Therefore, within our low-energy model analysis, the mix
photon-electron-phonon coupling does not contribute to the
Raman force:

χ̄bubble−�
abc (ω1, ω2) = 0. (C19)

APPENDIX D: FINITE ELECTRONIC TEMPERATURE
Te EFFECT

At finite electronic temperature, we first need to calculate
the temperature dependence of the chemical potential. Using
the isotropic two-band model of bilayer graphene, we can
easily show that the chemical potential is equal to the Fermi
energy: μ = εF [87]. We summarize this derivation as follows:
The total charge density is given in terms of electron and hole
density −en = −e|ne − nh|, where

n = Nf

S

∑
p

[nF(εp) + nF(−εp) − 1] = Nf mkBTe

2π h̄2

×
∫ ∞

0
dx

{
1

1 + ex− μ

kBTe

− 1

1 + ex+ μ

kBTe

}
= 2mεF

π h̄2 .

(D1)

Note that we have used εp = p2/2m. We can simplify the
above relation as follows:

εF

kBTe
=

∫ ∞

0
dx

{
1

1 + ex− μ

kBTe

− 1

1 + ex+ μ

kBTe

}
, (D2)

and thus we find

εF

kBTe
= ln[1 + e

μ

kBTe ] − ln[1 + e
−μ

kBTe ]. (D3)

One can quickly solve the above relation and find μ = εF . For
finite electronic temperature Te, we can utilize the following
identity [88]:

1

ex + 1
=

∫ ∞

−∞

�(y − x)

4 cosh2(y/2)
dy, (D4)

where �(x) is the Heaviside step function. Using the
above identity, we calculate the finite-temperature response
function by integrating over the zero-temperature one.
Accordingly, we replace �n(z, μ) = |μ|n ln[(z − 2|μ|)/(z +
2|μ|)] with Ln(z, μ, T ) and we numerically solve the
integration:

Ln(z, μ, Te) =
∫ +∞

−∞
dx

�n(z, x)

4kBTe cosh2
( x−μ

2kBTe

) . (D5)
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