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A rank-2 toric code (R2TC) Hamiltonian in two dimensions can be constructed as a Higgsed descendant of
rank-2 U(1) lattice gauge theory. As noted by the authors recently [Y.-T. Oh, J. Kim, E.-G. Moon, and J. H.
Han, Phys. Rev. B 105, 045128 (2022)] the quasiparticles in that model show unusual braiding statistics that
depends on the initial locations of the particles which participate in the braiding. We show that this kind of
statistical phase captures the total dipole moment of quasiparticles encompassed in the braiding, in contrast to
the conventional anyonic braiding seeing the total charge. An Aharonov-Bohm interpretation of such dipolar
braiding statistics is made in terms of emergent, rank-1 vector potentials that are built out of the underlying
rank-2 gauge fields. Pertinent field theories of the quasiparticle dynamics in the R2TC are developed, and the
accompanying conservation laws derived. A dipolar BF theory of the rank-2 gauge fields is constructed and
shown to correctly capture the dipolar braiding statistics, in contrast to the conventional BF theory capturing the
monopolar braiding statistics of anyons in the rank-1 toric code.
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I. INTRODUCTION

The Chern-Simons (CS) field theory [1] made its entry
into condensed matter physics as an effective field theory
of the fractional quantum Hall system [2,3] and encodes the
mutual statistics of anyonic quasiparticles [4,5]. A variant of
the CS theory known as the BF theory captures the mutual
statistics among different species of anyons, such as those of
electric and magnetic quasiparticles in toric code (TC) or of
vortex and quasiparticle in superfluids [6]. In both CS and
BF theories, the phase factor picked up in the process of
braiding one anyon around other anyons is proportional to
the number of anyon charges enclosed and can be understood
within the flux attachment picture in which one anyon sees the
effective magnetic flux tied to other anyons and picks up the
corresponding Aharonov-Bohm (AB) phase.

Recently, subdimensional topological order embodied in
various exactly solvable spin models has emerged at the fron-
tier of quantum matter research [7—14]. These subdimensional
topological orders are characterized by excitations such as
fractons or lineons with constrained mobilities. Various exotic
field theories attempting to capture aspects of fracton physics
are under vigorous pursuit [15-23]. It was also realized that
applying the Higgsing procedure to a lattice gauge theory
(LGT) yields an exactly solvable spin model while lowering
U(1) gauge symmetry to Zy [24-27]. A well-known X-cube
model of fractons [8] is obtained by Higgsing the rank-2
LGT composed of gauge fields with only off-diagonal indices
[15]. On the other hand, Higgsing the symmetric rank-2 LGT
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with both diagonal and off-diagonal gauge fields on the two-
dimensional square lattice yields the rank-2 toric code (R2TC)
[24-26]. In contrast to the parent gauge theory hosting immo-
bile fractons or lineons, the excitations in R2TC are mobile
and can hop by N lattice spacings in the previously forbidden
directions due to the condensation of charge-N excitations
in the Zy gauge theory. An interesting consequence of it is
the dependence of the ground-state degeneracy on the linear
system size (L, Ly) mod N, studied in detail in recent works
[26,28-30].

In this paper, we focus on the other exotic property of
R2TC, i.e., mutual braiding statistics among the quasiparticles
that seems to break the conventional wisdom of Abelian anyon
braiding as well as the flux attachment picture. In R2TC, the
braiding phase was found to depend on the initial positions
of the quasiparticles participating in the braiding [26]. Recall
that the conventional anyon braiding counts the total charge
of anyons inside the loop, and the statistical phase is encoded
in the BF field theory. We call this framework the monopolar
braiding statistics. Here we develop a field-theoretic formal-
ism consistent with what we call the dipolar braiding statistics
and develop the associated dipolar BF theory of braiding. This
field theory is constructed from the rank-2 gauge fields, as the
conventional BF theory is made out of rank-1 gauge fields.
The flux attachment picture is similarly modified to that of
dipole attachment.

We begin by giving a quick review of the R2TC model
in Sec. II. In Sec. III, we define this anomalous position-
dependent statistics as the dipolar braiding statistics. Con-
struction of effective field theory is done in two steps. First,
in Sec. IV, we construct the effective Lagrangian for matter
fields minimally coupled to the rank-2 gauge fields. Then, in
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Sec. V we construct the full dipolar BF theory and derive
dipolar braiding statistics from it. Summary and discussion
follow in Sec. VL.

II. REVIEW OF R2TC

The R2TC model is obtained by Higgsing the rank-2 U(1)
LGT in two dimensions employing a pair of canonically con-
jugate fields A% and E® obeying [A, E] =i for the same
site and indices. There are three independent components
(A¥*, A7, AY") per site i (similarly for E). Several mutually
commuting operators called generators can be constructed in
the rank-2 LGT as

Gi = Eify — B+ ED, B = )
~ E™ + 0,E”,

Y _ Xy gy o _ gy — Y
G =L —E +E—E" =p;

~ QEY + ,E”,
Bi = Affy + Ay — 2A7 + A7 + A, - 247
2

Xy Xy Xy Xy _
—A7 HA Ail_\‘x —Aili = Wp:m

~ 0JAT + 07AY — 09,47 2.1)

The theory contains a vector of electric charges (o7, p;.")
and a scalar magnetic charge p!", tied to the gauge fields
through the Gauss law constraints GY = pf (a = x,y) and
B; = (2n /N)p;" for some integer N > 2. They generate the
gauge transformations A% — UfA%U, and E®* — UJE®Uy
which result in

A A S [ @ =),
AV > AT+ = L+ - 1L
E™ — E™ + givs + 8i-5 — 28,
E” — E” + gips + 8ios — 28is

A

EP = E” + it + 8ivs — & — &itits- (2.2)
The two unitary operators are
Uy = e Z,’(ﬁ‘G?‘FﬁVG;‘-V)’ Up = eiZi 8iBi (2.3)

Generalized Pauli operators are obtained from Higgsing
the gauge fields as [24,25]
Zo; = TSN

N ’
X, =M, 7y, = PTENN,

— 2MEPIN

Xpi =N, 7y, (2.4)

They operate on the N-dimensional local Hilbert space de-
fined by

Xlg) =g+ 1), ZIg) = w®lg), ZX = wXZ, (2.5)

where |g) = |0), [1), ..., |[N —1), and w = >N Apply-
ing the Higgsing formulas in Eq. (2.4) to the three mutually
commuting generators in Eq. (2.1) results in three types of

commuting spin operators:

x — ,(2ni/N)G} —1 —1
a; =€( /NG =Zlin1,i+)gZO_,-Zo_i_y,

y _ ,Q2ri/N)G) —1 -1
a = NG =2, 2514320,y ; ;)

b = ¢ = X5 Xo,i-+Xo0.i-5X5 15—
X X2,i7£X2T,-2X2,i+ch1,ifyX;,-ZXl,iJrﬁ (2.6)
The R2TC Hamiltonian is constructed as
= ' = '
X x\J v\ J
Aiz—Z(ai), Af:—Z(d?),
N “ N 4
j=0 Jj=0
=
B, =— Y (b)), H=— AT+AY +B;). (27
N2 ® 2 (A+AHB). 2

This model has the ground states characterized by A7|GS) =
A;Y |GS) = B;|GS) = |GS). An excited state is obtained when
one of the stabilizers a7, af , or b; takes on the eigenvalue w’
with nonzero integer j. We use ey, e,, and m to denote the two
electric and one magnetic charges associated with a7, af , and
b; excitations, respectively. The e, (e,) monopole can move
freely in the x (y) direction, but can hop only by N lattice
spacings in the y (x) direction; the magnetic monopole can
only hop by N spacings in both directions [26].

II1. DIPOLAR BRAIDING STATISTICS

It was shown [26] that nontrivial braiding statistics arises
between (ey, m) and (e,, m) monopoles' with phase factors
given by

eid)(‘x-’” — w(y.xo_ym()) ei¢ey.m — w(xm()_xyo)' (3.1)
The e, e;, and m monopoles are located at
Fro = (Xx0, )’xo), ry = (-xyOs )’yo), Fin = (Xm0, ymO) (3.2)

at the start of the braiding, respectively.
The following integral representations of the phase factors
can be given for the braiding of e, and e, particles around m:

2
b =2 [ &1 0 = "),

¢ev,m = 277[ / d2r (x _-xyO)pm(r)' (3.3)
The magnetic monopole density inside the contour is p™(r).
The phase factors in Eq. (3.1) are recovered for a single m
monopole p™(r) = 82(r — o). The initial position of the e,
or e, particle that does the braiding enters explicitly in the
above integrand. The familiar anyonic statistics is obtained
instead from integrating the monopole density; in contrast,
Eq. (3.3) can be thought to integrate the dipole density of the
enclosed particles.

The phases ¢, ., and ¢, ., for braiding the m monopole
around e, and e, monopole, respectively, have similar integral

'We often refer to e, ey, m quasiparticle excitations as
“monopoles” in order to distinguish them from dipole excitations
that are composites of the monopoles.
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expressions:
2
¢m,e,x = W/aar (y _ymO)px(r)a

2 2 !
Pme, =7 f dr (xuo — x)p* (r). (34
The densities of e, and e, are p*(r) and p”(r), respectively.

A lattice-model interpretation of the integral formulas in
Egs. (3.3) and (3.4) can be given. Discretizing the phase
integrals in Egs. (3.3) and (3.4) and invoking the Higgsing
formula in Eq. (2.6),

) 2
iBey.m — ; m
ePerm > W, .. =ex — 0 — Vi) P;
p(lNE (o y)p,)
icA
| | (bi))’xo—)’i’

icA

2w ,
= exp (ZW Z(x,- — xyo)pin>

icA

eld’ey,m — We}.,m

J

=[T@y .

icA
I Yi—Ym
ePmes Wye, = 1_[ (aic) 0
icA
i P\ Xm0 —Xi
ety > W, = H (a])™ . (3.5)
icA

Each operator W is given as a product of various stabilizers
over the area [ [, , inside the braiding path. When acting on
the ground state this yields 1, but not so if some monopoles
reside in the area. Inserting explicit expressions for b; from
Eq. (2.6) into W, ,, and W, , shows that all the operators
in the interior of A cancel out, leaving only the product of
X operators along the boundary, hence qualifying them as
Wegner-Wilson operators of sorts.

In the case of a rectangular boundary A = [xg, x;] X
[yo, y1] one finds

Wem = Te(xo = x11y0)Te(vo = y11x)ITe(xo = x1lyD] ™' [Tevo = yilxo)l ™,

W, m = Ty(xo = x11y0)Ty (00 = yilx)[Ty(xo = x1lyD)] ™ [Ty(vo — yilxo)] ™",

where the e,, e, translation operators are defined as

Xz*l Xz*l

(3.6)

T — xnly) = [ [ )™ (XX L) ™" =exp <z‘ D (=AY + (0 — 30 AN y) — Ay — 1)]}),

X=X] X=X

»n-l »n-l
T — o) = [ | KoiXo X5, Xaiz) ™ = exp (i D6 = o)A@ y) — AV y — 1) = AV (x,y) + AV (x — 1, y>]>,

=1 y=N

xzfl xzfl

T = xly) = [ (XoiXo,-eXi Xiims) " = exp (i D = x0AY (L y) = AT (= 1) — A¥ () + AV y — 1)]) :

-1 ya—1
T,on — yalo) = [ | G ™ (XeiXs,e) ™" = exp (z‘ D =AY (6, y) + (x — x0) A7 (x, y) — A (x — 1,y>1}>. 3.7)
y=N Y=

The T,(x; — x,|y) translates the e, quasiparticle from (x, y)
to (x2,y). On the other hand, T, (y; — y»|x) translates e,
from (x,y;) to (x,y2) only if y; —y,o mod N =0 and y, —
yyo mod N = 0 [26]. Recall that the e, monopole is able to
hop only by N lattice sites in the y direction. Nevertheless,
one can define the operator 7, (y; — y,|x) for any pair of co-
ordinates yj, y», under a new interpretation: for general y;, y»,
the translation of e, embodies the simultaneous creation and
motion of some auxiliary dipoles that are necessary to main-
tain the overall dipole moment conservation mod N. Similar
statements apply to 7;(x; — x2|y). Details can be found in
Appendix A.

On taking continuum limits of Eq. (3.7), the braiding
phases become line integrals

¢ex,m = %d" “Qy, (be_v,m = fdr -y

with a pair of emergent vector potentials defined by

(3.8)

a, = (—AJCX + (y _ yxo)ayAxx’ (y _ yxo)(ayAxy . axAyy))’

ay = ((x — x,0) (A — 9,A™), —A” + (x — x,0),A™).
(3.9)

The meaning of a, and a, is clarified on taking their curl,
2 m
V xae = —(x0 = y)p"

21
V xa, = W(x — Xy0)p"™", (3.10)

where we used the constraint
OTAY + 0JA™ — 3,0,A% = (2 /N)p™.

In an ordinary flux attachment scenario, the curl of the emer-
gent vector potential equals the charge density. Here it gives
either the x or the y component of the dipole density. The
initial positions of the e, and e, monopoles appear explicitly
in the formulas as a result.
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Next, we turn to the braiding operators W,, .. and W, .
It turns out W, ,, and We,.m individually do not have the nice

J

Wine = Tu(xo = x110)Tu (o — 11X Tn(xo — x1 1y [Tn(vo — y1lx0)]1 ™",

with

s _ o 27
Tn(x1 = x2ly) = l_[ (Z2,))7" (Zp,i—3 )™ =exp [lﬁ

x=x+1

2 ‘ 2 ,
Tun =yl = ] (Zl,i)”yW(Zo,iy)"mo"“=eXp[iWn > ((y—ymo)E’”‘(x,y)—(x—xmo)Ex"'(x,y—l))].

y=yrtl

The overall braiding phase ¢y, . = @.e, + Pp.e, for m around
both e, and ey, can be written ¢,, . = f dr - a,,, where

2 ! .
W((X _me)E}y - (y _)’mO)E }»

X (y - ymO)EXX —(x— xm())EXy),

a,, =

27
Vxa, = F[(y—ymo)px — (X = xmo) P 1. (3.13)

The constraints
RE™ +0EY = p*, LEV +0,E” =p’

were used in the last line.

To sum up, a dipolar AB phase formulation of the dipolar
braiding statistics is possible in terms of some emergent vector
potential a,, a,, and a,,, which are functions of the underlying
rank-2 fields A%, E® as well as the initial locations of the
quasiparticles. For completeness we mention that under the
gauge transformation

A > A 40, fi, EY — EY + Bfg,
AY — AV + 0, fy+0,fr, E¥ — EY — 0,0,8,
A — AY 4+ 9, f,, E” — EY + d’g

of the rank-2 fields, the emergent vector potentials transform
as

a.—a,+VFE, ay— a,+VF, a, — a, + VG,
where

(Fy, F;) =(—L+0- yXO)ayf)m fy —(x— xy())axfy)a
G=((x—xn0)0g+ (- ymO)ayg — &

IV. MATTER FIELDS WITH MINIMAL COUPLING

There are three matter fields in the R2TC, represented
by field operators (v, ¥y, ¥,,), which are related to the
monopole density by p¢ = w;' Y, (a = x,y, m). Appropriate
field theory for these can be constructed by exploiting the
gauge transformation properties in Eqs. (2.2) and (2.3) and
identifying proper covariant derivatives of the matter fields.

Taking the continuum limit of the unitary operators
in Eq. (2.3) and invoking the constraints G¢ = pf and

cancellation of bulk terms but their product Wy, o = Wy o, W, e,
does, and become a product of boundary operators

(3.11)
3 (=50 E (s )= (=30 E (x— 1, y))} :
x=x+l
2
(3.12)
y=yrtl

(

B; = (2 /N)p!" from Eq. (2.1), one can show that the matter
fields ¥, (a = x,y, m) and the gauge fields (A%, E%) trans-
form as

if, if, iZg
(Wm Tﬁy’ 1ﬂm) - (e XWX? e ’1/fy, e Wm)»
AL — AP (B, fr, B fy 0y frr Dy fy)s

E® E‘”’—i—(a)?g, —0,0y8, 8fg). “.1)

Identifying the covariant derivatives and constructing a gauge-
invariant Lagrangian is a straightforward exercise [27]. For e,
(¥x) and ey, () particles they are

wax = (ax - iAxx)l/fxs
Dyyry = (9y — iA) Yy,

nywxy = wxaxwy + I/fyayl/fx - iAX'V%Wy, (4.2)
and
Le=Y_ Y10
a=x,y
1
- E(aemxw + e[ Dy Yy I* + Bl Dy iy 1) (4.3)

Similarly for the m particles,

2
Dxxwm = lﬂmaf‘ﬁm - (8XWm)2 - i%E}'ywr%“

2 2 2T o
Dyywm = 'ﬁmay Y — (aﬂﬁm) - IWE lﬁm,

Dy ym = Yin0:0y¥m — (0xYm) (9y¥m) + i%ﬂE”ﬁ, 4.4
and
Ly = iYr},0: ¥
~ 1@l DV’ + @ |Dyy¥inl* + Bl Dy Yl *) (4.5)
define the appropriate matter field theory. Various constants

(o’s and B’s) appear, which do not change the generic features
of the field theory.
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Continuity equations for the quasiparticles follow as
00" 4+ 0t + 00 =0,
90" + 0,0 + 98,7 =0,

™ 4 BT+ 0c0y ) + 00T =0, (4.6)

where

Jo = —%aewf; Buta — DV Wal (@ =1xy),

i . '
I = =SB (dthy + Y9 + He. = 1%,

3 = L (W02, — 00+ B, (@ = x. ),

= SV Wy + He. = I
@.7)

i . .
J,fqy = _Zﬂm(wyllaxa\l/fyll

Both the covariant derivatives and the conservation laws de-
part significantly from those of particles in the rank-1 U(1)
gauge fields.

Several conserved quantities can be identified from the
continuity equations. Writing the three monopole charges
Q0 = [d°r p® (a = x, y, m), and three dipole charges

ILmZ/errpm’

pe = f Lrice’ — ypd), 438)

one can show their time derivatives vanish identically under
the appropriate boundary conditions at infinity. The existence

J

of six conserved quantities in the theory is closely tied to the
existence of (up to) six independent holonomies and (up to)
NS ground-state degeneracies in the R2TC.?

Finally, the covariant derivatives and the accompanying
Lagrangians we constructed can be cast in the lattice model.
Writing (Y, ¥y, ¥ — X;, Yi, M;), we obtain

D ? = XX ™" 4+ Hec.,
Dy, |* — Y,-TYi ;eA' +H.c,
Dy ey —
\Depm|* — MIM] M &

— Y Yo X X 5™ 4+ Hec.,
+H.c.,

|Dyywm| g Mile'I_i_ﬁMT_ﬁelE’{v + H.C.,

IDayml® — MiMi i 5M], M/, e

e +He.

4.9)

Similar expressions have been suggested in the tight-binding
model of higher-order topological insulator [23].

V. DIPOLAR BF THEORY

Comparing the temporal derivatives of the constraints in
Eq. (2.1) with the continuity equation in Eq. (4.6) allows the
identification of several identities:

2 :
J = —E®, W”J;,‘j‘ = —9,A”,

2 2
%J;‘} = BAY, ;JW — _A™ (5.1)

The Lagrangian that encodes all these constraints as well as
the commutation [A??(r), E®*(r)] = i8%(r — r') is

: , : : , 2
Lapr = A" (3 E™+3,EY — p*) + AY (3, EV +,E” — p*) + E° (82A‘y+82A’”‘—8 A" — W”p’”)

2 , oy
+ E* <atAxx+FjTJ;vny> + EX <3,A”—

This action is the dipolar BF theory (dBF) in contrast to the BF
theory of the rank-1 TC. The Lagrange multipliers transform
as

A% 5 A% L5 EY 5 E'4 44 (5.3)

The conservation laws of Eq. (4.6) are recovered from the
gauge invariance of the action.

The dipolar AB phase factors follow straightforwardly
from the dBF action, but before doing so one must first
address the important conceptual question: How can one adi-
abatically move a particle when its motion is constrained?
For instance, the m particle cannot move at all in the limit
N — oo due to the dipole conservation, and e, (e,) can
only move smoothly in the x (y) direction. Nevertheless, by
making use of the translation operators defined in Egs. (3.7)

There is an intricate relation between the six conserved quantities
mentioned here and the holonomies that generate the ground-state
degeneracy. They will be discussed in an upcoming paper [31].

2”J >+E‘y<8A”+2 JE ) AV AV A
N e e *

(5.2)

(

and (3.12), it seems as though the monopoles can be freely
moved around. Upon careful analysis of the lattice transla-
tion operators, we realize that such motion becomes possible
at the expense of creating an auxiliary dipole that com-
pensates for the changes in the dipole moment during the
monopole motion, as explicitly demonstrated in Appendix B.
The composite particle of a monopole and an auxiliary dipole
carries a net dipole moment of zero, and is free from con-
straint.

We show how to derive the dipolar braiding phase
explicitly in the continuum theory. As an m particle ini-
tially at 7,,0 = (X0, Ymo) is moved to r,,(t) = (%, (1), yu (1)),
the monopole and auxiliary dipole composite have the
density

P (r) = [1+ ru(t) = o) - VI8 [r — 1 (0)].

The second part reflects the dipole contribution. Details of
the derivation can be found in Appendix B. The total dipole
moment i, = f d*rrp”(r) is indeed conserved. When the
position r,, varies over time, the time derivative of the total

(5.4)
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density p™ becomes
90" (r) = —s[ (m — X037 8%(r — 1)
+ Om — Ym0)3x 08> (r — )]
— V[ (o — Xn0)0:0,8%(r — 1)
+ Om — Ym0)3;8°(r — )]

m

(5.5)

Invoking the continuity equation for o™ in Eq. (4.6), one can
deduce the accompanying current density

J')rclx = xm(-xm - xm0)82(r - rm)v
I = Ui = X%0) + Y O = ¥m0)18> (= 1),
ley = )}m(ym - ym0)52(" - rm)- (56)

Finally, inserting the obtained current density into the dBF
action gives

2 .
W” f dr / A r[ESTY — EVJY + BV

= %drm 'am(rm)a (57)
precisely equal to the statistical phase ¢y, , from braiding m
around ey, e, quasiparticles.

Likewise, when the e, monopole is translated from r,y =
(%20, Yx0) to () = (x(t), y<(?)), or the e, monopole from
ryo = (Xy0, Yyo) tory(t) = (x,(¢), yy(¢)), the net monopole and
auxiliary dipole composite have the density

p*(r) = 82[r — ()] + (1) = y:018,8%[r — 1 (1)),
pY(r) = 82[r — ry()] + [xy (1) — x,010:8°[r — 1y (1)]. - (5.8)

The net electric dipole moment . = [ d*rixp’(r) — yp*(r)]
is conserved during the motion.

The current density accompanying the adiabatic motion of
e, 1s

I =g 1+ 0 — 200187 (r — 1),
I = 3y — yx0)3,8%(r — 1),

TP = =3y — ¥:0):8°(r — 1), (5.9)
while that of the e, is

I ==X (x, — xyo)ayﬁz(r —ry),

JY = 5, (xy — x,0)8,82(r — ry),

I =3[+ (xy — x,0)8,18%(r — ry). (5.10)

Inserting the current densities of the e, or e, monopoles in the
dBF action results in

- / dt / dxdy[AYTS + AV + AV Y] (5.11)
equal to either ¢ dry - ay(ry) = ¢, or § dry - ay(ry) = ¢o, m-
The dBF action is thus consistent with the dipolar braiding
phases obtained from the analysis of the lattice model. Impor-
tantly, both the monopole and the auxiliary dipole components
in the density must be kept in order to derive the correct
braiding statistics.

VI. DISCUSSION

Field-theoretic formulation for the dipolar braiding statis-
tics first found in the R2TC model is developed. The statistical
phases count the net dipole moment rather than the charge
of the quasiparticles enclosed in the braiding. The adiabatic
motion of a quasiparticle is possible when accompanied by
the simultaneous motion of auxiliary dipole, which helps con-
serve the total dipole moment. The dipolar braiding statistics
is derived by solving the equation of motion for quasiparticles.

Various field theories of dipolar nature have been proposed
in the past in three dimensions [18,23]. Our paper proposes a
dipolar field theory in two dimensions along with the accom-
panying dipolar statistics.

Note added. Recently, several papers analyzed the ground-
state degeneracy and the dipolar braiding statistics from a
complementary perspective of anyon lattice [29,30], and pro-
posed a Chern-Simons—type field (Ref. [29]) or a combination
of Chern-Simons and dipolar Chern-Simons theory descrip-
tions (Ref. [30]). It remains to explore how the dipolar BF
theory proposed in this work relates to these other theories.
An important part of the specification of the topological field
theory is that of the global structure under the so-called large
gauge transformation. We have not completely worked out
the global structure of the dipolar BF theory or the related
ground-state degeneracy count in this paper. These problems
will be addressed in a forthcoming paper [31].
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APPENDIX A: EMERGENT GAUGE FIELDS
FROM LATTICE CONSIDERATION

In this Appendix, we elucidate the procedure by which the
emergent gauge fields are obtained from the lattice consider-
ation. Initially, the discretized phase integrals were written as
areal products W,_,, and We,m:
Weom =[] @7, Wem=]]@)".  (AD

icA icA
By substituting the definition of b; in terms of spin operators,
we obtain equivalent, Wegner-Wilson (WW) loop expressions
as a product of various X operators along the boundary. We
consider the case of a rectangular boundary A = [xg, x1] X
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FIG. 1. Schematic diagram for the operators (a) W, ,, (c) and Weym in Eq. (A1). The boundary of WW operators is expressed by the navy

lines.

[yo, ¥1] as depicted in Fig. 1. We can further decompose them
into products of four line operators as

We,m = Te(xo = x11y0) Te(vo = yilx)[Te(xo — x1ly1)]™!
x [Te(yo = yilxo)] ™",

We,.m = Ty(xo — x1lyo)Ty(vo = yilx)[Ty(xo — x1ly)] ™"
x [Ty (yo — yilxo)] ™. (A2)

For instance, T,(xo — x1]yg) involves the product of opera-
tors at x = xo through x = x; for a fixed y = yy. Specifically,

xzfl
T — xaly) = [ ] a0~ (X)) ™,
X=x|
-1
_ _ —
71()’1 g )’2|x) = l_[ (XO*iXO,il—j"XZYI'lXZ,ifQ)’ Vx0 (A3)
Y=
and
xn—1
— — X—Xy
L = xly) = l_[ (Xo.i Xg Lo X Xiims)
X=X
y2—1
o=y =[] e (e L) ™ ad

Y=

The shape of the boundary can be relaxed. For any type of
boundary made by putting together several rectangles of arbi-
trary sizes, one still finds complete cancellation of operators
except those at the boundary, which can be decomposed into
the products of T operators given in Egs. (A3) and (A4).

The first operator in W, _,, is T (xo — xi|yo), which is
illustrated in Fig. 2(a). It reduces to ]_[f_l(le,-)’1 when

=X
yo — ¥xo mod N = 0 and creates e, monopol%:s with charge

—1 at (xp, yo) and charge +1 at (x1, yo). In other words, the
operator translates the e, monopole of charge 41 from (xq, yo)
to (x1, yo). For yo — yxo mod N # 0, we need to take account
of the action by the auxiliary factor (X, infil_{,)yO’yXo as well,
which is the creation of a pair of e, dipoles. One of the dipoles
created consists of two e, monopoles with charges (yo — yx0)
at (xo, yo) and —(yo — yx0) at (xo, yo — 1). The other dipole
consists of two e, monopoles with charges —(yp — yy) at
(x1, yo) and (yo — yxo) at (x1, yo — 1).

We next look into the action of T,(yo — yilx;) oper-
ator, which is illustrated in Fig. 2(b). First of all one
can write T(yo — y11x1) = Ti(yo = yxolx1)Tx(yxo = y1lx1).
When both yg — y,o mod N =0 and y; — y,0 mod N =0,
one can think of it as a product of two translation operators of
ey, namely, T (yo — yxolx1) and T:(yxo — yilx1), moving ey
from (x1, y9) to (x1, yx0) and then subsequently from (x, yxo)
to (x1,y1). When yp — y.o mod N # 0 or y; — y,o mod N #
0, either the action of T.(yo — yxolx1) or Tx(yxo = y1lx1)
is accompanied by the creation of an auxiliary dipole near
(x1, yo) or (x1, y1), respectively. We can understand the action
of 7, and its inverse 7,' as performing the translation of e,
monopole while either creating or annihilating an auxiliary
dipole. At the end of the W, , operation, all the auxiliary
dipoles disappear and the e, monopole has completed a loop.

By following the same procedure, one can interpret 7, as
the translation operator moving the e, monopole from one
point to another and with or without the accompanying dipole
depending on the modality of the coordinates with respect to
N. The auxiliary dipoles are aligned in the x direction and
disappear at the completion of the loop.

The operators W, .. and W, .. are defined as

W =TT W = [

icA ieA

(A5)
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FIG. 2. Graphical illustration for (a) 7,(xo — x|yo) and (b) 7,(yo — y1|x1). The navy line represents the domain of 7,. The cyan square
represents e, monopole with charge +1 together with other charges comprising the auxiliary dipoles. The orange square represents the other
pair that makes up the auxiliary dipole. The auxiliary dipoles are connected by the gray line.

In the case of the rectangular boundary A = [xg, x;] X
Do, ¥11, Wine, and W, . are expressed in Fig. 3. The pres-
ence of Zj operators in the interior of the boundary makes it
impossible to decompose W, . and W, . into the product of
line operators as was the case in W,_,, and W, ,,. On the other
hand, on inspecting Fig. 3, one realizes that the Z, operators in
the interior cancel out by multiplying W, .. and W, . . Hence,
we can decompose W, . = W, e W e, as the produét of line
operators: '

Wine = Tu(xo — X11y0)Tu (o — y11x0)[T(xo — x1ly)] ™!

x [T(vo = yilxo)] ™" (A6)

Here, the T, operator is defined by
Tu(xi — x2ly) = [[1L, 41 (Z.) ™ (Zo 27,

Y2
Tui = wl) = [] @ @)™ (A
y=y1+1

The complete cancellation of Z; takes place for other shapes
of the boundary as well, and W, , can always be decomposed
into the product of 7,,’s.

The first operator in W, . is T;,,(xo — x1[yo), which is il-
lustrated in Fig. 4(a). Its role is to translate the m monopoles
from (xg, yo) to (x1, yo) and creating the auxiliary dipoles de-
pending on the modality of the coordinates with respect to N.

When yy — y,,0 mod N # 0, two auxiliary m dipoles aligned
in the y direction are created near (xg, yo) and (x1, o), respec-
tively. The dipole near the point (xy, yg) has dipole moment
Yo — Ymo, and the other dipole near the point (x;, yo) has dipole
moment —(Yo — Yimo). When xg — x,,0 mod N # 0, T,,(xo —
x1|yo) creates an x-directed auxiliary dipole near (xg, o)
with the dipole moment xy — x,,0. When x| — x,,0 mod N #
0, T,,(xo — x1]yo) creates an x-directed auxiliary dipole near
(x1, yo) with the dipole moment is —(x; — X,,0). In contrast
to T, or T, creating the auxiliary dipole only with the x-
or y-component dipole moment, the auxiliary dipole cre-
ated by 7,, has both x and y components and it consists of
three monopoles. For example, the auxiliary dipole created
by T..(xo — x1]|yo) near (x, yo) consists of three monopoles
with charge —(yo — ymo) at (x1, yo + 1), charge —(x; — x0)
at (x; + 1, o), and charge (Yo — Ymo) + (X1 — Xno0) at (x1, yo).

The graphical illustration of 7,,(yo — yi|x;) is given in
Fig. 4(b). After the application of T,,(xo — xi|yg) to the
vacuum, applying 7,,(yo — yilx1) in succession translates
the m monopole with charge +1 and the auxiliary dipole
from (x1,y9) to (x1,y1). Subsequently, applying [7,,(xo —
x1lyD1™! and [T,,(yo — y1lx0)]~! moves the m monopoles
and the auxiliary dipole from (x;, y;) to (xo, y1) to (xo, yo),
which completes the entire loop. In summary, during the op-
eration of W, ., the consecutive 7,,’s operation braids the m
monopole and the accompanied auxiliary dipole around the
boundary of the W, , operator.

155150-8



EFFECTIVE FIELD THEORY OF DIPOLAR BRAIDING ... PHYSICAL REVIEW B 106, 155150 (2022)

Yy _ [ _
vi—y A1 =Yl — Ym P Al =1 Tm
(]/:.E.v,*,m (]//. m— Ly Ii
(a) [T (af) Ag:yo—ym (b) IT (af) Ag—l‘o—l’m
1 1 1 T 1 1 T
| | | | | | I
N N AY | | | | I
1Zy ! 1Zy ! Zy ! | | | | |
¢ —"F - "® - - —"F "¢ - -~ - ® " "® - - "¢ - -
I | I | I | I
—AY | [ AY | ! —AZ ] —AF2| J1-AT | —AT |
zZ, ! | | Zit | Zy, 0 . 0 )14 Zy7
u T u i
| | | | | T1, Y1
[ [ 1 (x17:y1) [EETUN | | ( 7\y —)A‘“
124 124 Zy | 1 Zy 0 | Zo 1 Zo 1 Zy L
- e e~ L e e U B S
| | | | | | I
N | | N | | | I
Z, ! | | 2 | | | |
2;27Ag ZIA"+2
T 1 T T 1 1 T
| I I | I I I
I I I I w I | I aw
Zyt Zy ! zZy! | \ZéJrAO 1 Z, 1 Z, \ZDAl
- "® - - F  — * - F-——* """ ——"°*® " "\ ~""*®" "~""¥§¥F " * -
| | | | | | I
C1_Av | | AVLl | | | | I
Z, 0 | | P | | | |
i 1 T T 1 1 T
| | I | | I I
| _AY_q | _AY_1 —AY_1 | | x | | I Az
Zy 0 Zy ° Zy ° | | Z3+AU | Zo | Zo | Z, A1
. . . . . . . .
| I I | I | I
| I I | I I I
| | | | | | I
1AL 2407 AT-1 AT
(z0,%0) (zo,90) 2" Zy 0 4yt 2"

FIG. 3. Graphical illustrations for the operators (a) W, ., and (b) W, ., in Eq. (A5). The boundary of WW operators are expressed by the
navy lines.
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APPENDIX B: AUXILIARY DIPOLES
AND CONTINUITY EQUATIONS

In this Appendix, we show how to write the charge den-
sities of ey, e,, and m quasiparticles in the presence of their
auxiliary dipoles in the continuum theory, and solve the appro-
priate continuity equations to find the corresponding current
densities that match the charge densities. In Appendix A we
have shown that in the spin system, the translation of ey, e,,
and m monopoles is accompanied by the auxiliary dipoles.
The auxiliary dipole moment for e, (e,) varies in a way that
conserves the y component (x component) of the total dipole
moment as the e, (e,) monopole is translated. The auxiliary
dipole for m varies in a way that conserves both the x and
y components for the m monopole and the accompanying
dipole.

First, consider the m monopole of unit charge moving
around by the applications of 7, operators. When the m par-
ticle is translated from the initial point 7,0 = (X0, Ymo) tO

J

(xm - xm())
A
(ym - ymO)

o (r) =

some point r,,, = (X, Y), it is accompanied by the auxiliary
dipole. The auxiliary dipole, according to the lattice calcula-
tion, consists of three m monopoles with charge —(x,,, — x,0)
at (xm + ]’ YWL)’ Charge (xm _me) + (Ym - ymO) at (xmv ym)’
and charge — (¥, — Ymo) at (X, Y + 1). The combined dipole
moment of the auxiliary dipole is

m

n = —(Xm — Xmo, Ym — ym0)9 (B1)

which precisely compensates for the dipole moment incurred
by the motion of the m particle from r,,g to r,,.

To take the continuum limit we switch the lattice constant
from 1 to A and take the limit A — 0. The positions of three
monopoles composing the auxiliary dipole become (x,, +
A, Vm)s Ky Ym), and (X, ¥ + A). The monopole charges
are modified accordingly to —%(xm — Xm0), %(xm — Xmo) +
%(ym — Ymo), and —%(ym — ymo), respectively. We can write
the charge density for the auxiliary dipole as

[—6(x — X — A)S(Y — ym) + 8(x — x)8(y — Ym)]

+ [0 = X)) — Y — A) + 8(x — x,)8(y — Y], (B2)

A

which becomes, in the A — 0 limit,

P (1) = (o — X0) (X — X)8QY — Ym)
+ Om — Ymo)d(x — xm)aya(y = Ym)
= (rm — o) - VO (r — 1), (B3)
where 82(r —r,,) = 8(x — x,,)8(y — y,»). Together with the

original m monopole density p"0r) = 82(r — ry,), the net
density becomes

p"(r) = p"0r) + p" (1)
=820 —rp) + I —Two) - V2 —1y). (B

Similar consideration applies to the two electric
monopoles. When the e, monopole is translated from
1o = (X0, ¥x0) to ry = (Xy, yx), it is accompanied by an

(

auxiliary dipole consisting of e, monopole with charge
(Xx — Xx0) at (xy, y» — 1) and charge —(x; — xx0) at (xx, yx)-
By following the same procedure for taking the continuum
limit as before, we obtain the charge density of e, particle as

P ="+ pt = 82— 1) + (= 2:0)3 87 (r = 1),

p* =0, (B5)
where p*0(r) = 8%(r —r,) is the e, monopole density, and
o™ is the density of the auxiliary dipole. Note that we need to
consider the density of the e, monopole simultaneously, albeit
p” = 0, since it is coupled to p* by the continuity equations in
Eq. (4.6). For the motion of e, we find

P’ ="+ p" =8 —r) + (xy — x,0)0:8°(r — 1),

o= 0. (B6)
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