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Two-component parton fractional quantum Hall state in graphene
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We study the v = £1/2 fractional quantum Hall states in graphene observed by Zibrov et al. [A. A. Zibrov, E.
M. Spanton, H. Zhou, C. Kometter, T. Taniguchi, K. Watanabe, and A. F. Young, Nat. Phys. 14, 930 (2018)]. The
parton construction is employed to provide a valley unpolarized trial wave function for these states. The lattice
scale valley anisotropic terms in the Hamiltonian soften the repulsion between electrons in different valleys to
favor the valley unpolarized state. The validity of our proposal is corroborated by numerical calculations.
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I. INTRODUCTION

The extraordinary properties of graphene and other two-
dimensional materials have sparked intensive research activ-
ities on these systems. One fruitful line of investigation is
about strongly correlated many-body states in high magnetic
field [1,2], for which the fractional quantum Hall (FQH) ef-
fect is a prominent example [3]. The experimental signature
of FQH effect in electric transport is quantized Hall resis-
tance accompanied by exponentially suppressed longitudinal
resistance. The application of an external magnetic field gen-
erates discrete Landau levels (LLs) for the electrons, where
all single-particle orbitals in the same level have the same
kinetic energy. If one Landau level is partially populated and
electron-electron interactions are absent, there is an expo-
nential degeneracy in the many-body spectrum. It is a great
surprise that interactions would lead to energy gaps at certain
filling factors v (i.e., the number of electrons divided by the
number of orbitals in each LL) [4-8].

The most extensively used platform for studying FQH
states has been two-dimensional electron gases (2DEGs) in
GaAs based structures. A variety of FQH states have also been
revealed in graphene and its multilayers thanks to substantial
progress in sample fabrication [9—24]. The characteristics of
graphene that distinguish it from conventional 2DEG include
its Dirac dispersion, the fourfold spin and valley degeneracy,
and direct access to the two-dimensional plane by experimen-
tal probes. The Dirac dispersion and valley degree of freedom
endow the single-particle wave functions in the LLs with
a spinor structure, which leads to effective interaction that
could favor exotic FQH states with non-Abelian anyons [21].
The long-range Coulomb interaction is SU(4) symmetric in
the spin-valley space, but one generally expects spontaneous
symmetry breaking such that the many-body states are spin
and/or valley polarized. In addition, there are are lattice scale
interactions that break the SU(4) spin-valley symmetry. The
interplay of these effects has been analyzed to explain why
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some FQH states are missing or very weak in certain experi-
ments [12,25,26].

This paper focuses on the v = +1/2 FQH states in the
zeroth LL of graphene [20]. To elucidate its nature, the first
question is whether it is one-component or multicomponent.
In the former case, an odd denominator rule has been firmly
established, which can be explained very well using the com-
posite fermion theory [7]. An exception to this rule is the 5/2
state in the second LL of GaAs [27], which could harbor non-
Abelian Ising anyons described by the Moore-Read state or its
variants [8,28—46], but it is not likely to be relevant in the ze-
roth LL of graphene because the projected interaction here is
quite different from that in the second LL of GaAs. For bilayer
systems made of GaAs or graphene, even-denominator FQH
states have been observed in many experiments [22,23,47,48],
which can be understood using two-component Halperin and
Jain wave functions [6,49-52]. As we shall argue below, the
Halperin state is not really a plausible candidate for the states
observed in monolayer graphene.

Instead, we propose that the experimental observation can
be understood using the parton theory. The basic idea is to
break one electron into multiple fermionic partons and each
of them form an integer quantum Hall (IQH) state (or some
other mean-field states in general) [53]. The partons are not
completely free and should be glued together by emergent
gauge fields [54]. In spite of the elegance and generality
of this approach, it does not seem to be relevant to ac-
tual quantum Hall physics for a long time. The composite
fermion theory can be viewed as a special case of the par-
ton construction, but this reinterpretation does not bring out
particularly useful insights. In recent years, several works
have found that some one-component parton FQH states
might be realized in bilayer graphene [55], graphene [21],
and second LL or wide quantum wells of GaAs [56-60].
In contrast, this paper aims to show that a two-component
parton FQH state was realized in Ref. [20]. This state was
originally constructed in Ref. [53] and tested as a candi-
date for the 5/2 state in GaAs [61,62]. At present, most
experimental and numerical results on the 5/2 state suggest
that it is actually spin polarized [28,34,63—66], so the two-
component state is not likely relevant. It was proposed that
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this state features d-wave pairing [67]. We also note that an
explanation completely different from ours has been proposed
in Ref. [68].

The rest of this paper is organized as follows. In Sec. II,
we introduce the model for graphene with valley anisotropic
terms in the Hamiltonian. In Sec. III, we describe the parton
FQH state and demonstrate that it could be realized in certain
parameter regimes. The paper is concluded in Sec. IV.

II. MODELS

We consider a graphene sheet in the x-y plane with the two
Dirac cones denoted as Kt and K~. An external magnetic
field is applied along the z direction so the single-particle
Hamiltonians in the two valleys are

+ 0 i,
HO = Ur [nx:Finy 0 ) (])

where vg is the Fermi velocity and 7, are the canonical
momentum operators. The zeroth LL of graphene includes the
zero-energy single-particle eigenstates

P @)
in the K™ valley and

0

¢ﬂl (3)

in the K~ valley, where ¢,, represent the wave functions in
the lowest LL of nonrelativistic particles. It is customary to
consider an infinite plane with electromagnetic vector poten-
tial A = (—By/2, Bx/2,0). In this case, the argument of ¢,,
is the complex coordinate z = x + iy and m labels its angular
momentum. Numerical calculations are commonly performed
on the sphere rather than the disk because there is no com-
plication due to open boundary [5]. A radial magnetic field
through the surface of the sphere is generated by a magnetic
monopole at the center. The single-particle wave functions are
labeled by the total angular momentum and its z component
[69,70].

The zeroth LL is of our interest and all operators in the sub-
sequent discussions are projected to it. The kinetic energy is a
constant that may be neglected. The interaction Hamiltonian
can be separated to the long-range Coulomb potential

Vir—r)=

“
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that respects the SU(4) spin-valley symmetry and some other
terms that break this symmetry [25]. The spin rotation symme-
try is broken by the Zeeman coupling and the valley symmetry
is broken by the following two terms:

Hy =% [ar @ @edmr
Hiy =& f BRI OLETO) N C)

a=x,y

where the electron creation operator @T(r) is a four-
component spinor:

[y (0, W, (0), P (0, Y- (O], 6)

HY, arises from electron-electron interactions and Hyj, arises
from both electron-electron and electron-phonon interactions
[71-73]. We note that there are fewer terms here compared
to the general results because the single-particle eigenstates
have only one nonzero component. The valley anisotropic
terms only penalize two electrons that coincide in space. In
other words, their valley indices make a difference if the
distance between them is comparable to the lattice constant.
It is helpful to express the Hamiltonian using the Haldane
pseudopotentials P;;(RAM) [5], which characterize the en-
ergy cost associated with putting two electrons in definite
relative angular momentum (RAM) states. The Coulomb po-
tential is decomposed to a summation of pseudopotentials in
all possible RAM channels, but the valley anisotropic terms
only generate the pseudopotential with zero RAM [26]. The
Pauli principle forbids two electrons with the same spin and
valley indices to have zero RAM, so the valley anisotropic
terms only penalize two electrons with different spin and/or
valley indices.

A full description of the zeroth LL physics is quite
involved, and the model should be simplified based on
experimental evidence to make it numerically tractable [20].
To begin with, the v = £1/2 states are related to each other
by particle-hole symmetry within the zeroth LL, so we shall
only consider the v = —1/2 state. It is beneficial to inspect
the v = —1 and O states. The v = —1/2 state can be obtained
by adding electrons to the v = —1 state toward the v =0
state. The spin and valley indices of these electrons should be
chosen in such a way that the v = —1 and O states are con-
nected. The v = —1 state is relatively straightforward as the
Hamiltonian almost certainly favors a state with complete spin
and valley polarizations. In other words, the electrons occupy
the same sublevel of the zeroth LL to produce a ferromagnetic
state that is expected to have the lowest energy. The nature
of the v = 0 state is much more complicated. The proposed
candidates include a spin polarized ferromagnetic state, a
valley polarized charge density wave state, a canted antiferro-
magnetic state with broken spin symmetry, and a density wave
with partial valley polarization [74-77]. It is quite difficult to
distinguish between them in experiments. One piece of useful
information is that the v = —1/2 state should be spin polar-
ized since applying an in-plane magnetic field does not change
it [20]. In contrast, there is no simple way to directly probe
the valley index. The physical picture is transparent if spin
or valley canting is absent [20]. When electrons are added on
top of the v = —1 state, they need to populate the same valley
to generate a charge density wave but the opposite valley to
generate an antiferromagnet. In the transition regime between
the charge density wave and the antiferromagnet, the electrons
may have equal probability of occupying both valleys. This
suggests that we can try to search for the v = —1/2 FQH state
in a two-component system with Coulomb potential modified
by the lattice scale valley anisotropic terms. In second
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quantized notation, the Hamiltonian is

Z Z mlmzmzm4ca m,Cf; mzcﬁ,mszaﬂm

aﬂiml

F
+ Z Wmlmzm;nuCJr m Cj mch,m4c+,m3 ) (7)
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where C;m creates an electron in the K* valley with index
m, the coefficients V,,, ,m,m, are derived from the Coulomb
potential, and W, ;,m,m, are derived from the zeroth Haldane
pseudopotential [5]. The energy is measured in units of
e?/(elp) with dielectric constant ¢ and magnetic length
Lp = /hc/(eB). The factor F, is determined by microscopic
physics in a complicated manner, but it will be treated as a
phenomenological tunable parameter in our discussion. The
eigenstates of this Hamiltonian can be computed using exact
diagonalization (ED) and density matrix renormalization
group (DMRG). ED is quite straightforward as it employs
sparse matrix diagonalization methods to find a few low-lying
eigenvalues and the associated eigenstates. DMRG is a
variational method that searches for the optimal matrix
product representation of the ground state [78-84]. The
exponential growth of the Hilbert-space dimension limits the
usage of ED, but DMRG can partially mitigate this problem.
The total angular momentum L? and its z component L, are
conserved quantities on the sphere. It is obvious that the
eigenstates of the two-component system with only Coulomb
potential are SU(2) symmetric. One may worry that the valley
anisotropic terms break the SU(2) symmetry, but this is not
the case because electrons with the same valley index are not
affected by the zeroth Haldane pseudopotential.

III. RESULTS

The total number of electrons is denoted as N, and elec-
trons are distributed equally in the two valleys. To distinguish
them, the coordinates of electrons in the Kt valley are de-
noted as vi, va,...,vy,2 and those in the K~ valley are
denoted as wy, wy, ..., wy, 2. Itis also useful to combine and
relabel them as A =V1,22=0V2,...,2N,/2 = UN,/2, AN, 2+1 =
Wi, ZN, /242 = W2, - . ., TN, = WN,/2- The FQH state to be in-
vestigated is

@ ~ Da({vhxifwhlhe(zhxi(zh), ®)

which occurs on the sphere at the monopole flux Ny = 2N, —
4 [53]. The number 4 is called the shift and the ratio N, /Ny
is not exactly 1/2 in finite size systems. This wave function
can be interpreted using the parton theory as illustrated in
Fig. 1. One electron is decomposed to three types of partons
A, B, and C that carry charges e/4, e/4, and e/2, respectively.
The A type partons inherit the valley index of the electrons
while the B and C type partons do not carry such an index. In
other words, the electron creation operator is rewritten as

Yy () @,ﬁ(r)} S ;
[ i (r)} [Iﬂ;,K(r) Yg(r) Ye(r). 9)

The two components of the A type partons form the v = 1
IQH states x;({v}) and x;({w}), the B type partons form
the v =2 IQH state x»({z}), and the C type partons form

(a)
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FIG. 1. Schematics of the valley unpolarized parton state in
graphene. (a) In addition to the long-range Coulomb interaction,
there is a short-range valley anisotropic interaction between electrons
in different valleys. (b) The electrons are decomposed to partons that
form their respective IQH states.

the v = 1 IQH state x;({z}). The elementary quasihole and
quasiparticle of the state should carry charge e/4. To see this,
one may increase the magnetic flux by one unit on top of the
ground state. Because the state has filling factor 1/2 and is
incompressible, this operation creates a localized object with
charge e/2. In the parton framework, one quasihole was cre-
ated in both the x;({v}) and x;({w}) factors or two quasiholes
were created in the x»({z}) factor. The total charge of two
quasiholes is e/2 so each one has e/4.

The many-body state Eq. (8) is not completely in the lowest
LL, to which it should be projected in numerical calculations.
This is why we have used a ~ sign instead of an equal sign be-
cause there are different approaches to the projection [85-87].
We have considered two different projection methods given
by

@ = Pu{ba D xi{wPDlx2({z)) x1 ({zD) (10)

and

Do = [xi({v) 1 QwPIPreL bz x1 ({z))]. (11)

The first one means that we multiply the three IQH states
of partons, expand it in the Fock space basis, and drop the
terms that are not completely inside the lowest LL. The second
one means that we multiply the two IQH states of B and C
partons, expand it in the Fock space basis, drop the terms that
are not completely inside the lowest LL, and then multiply it
with the IQH state of A partons. These calculations are very
time consuming so we have only reached N, = 10 for ®; and
N, = 12 for ®,. One can claim with certain confidence that
both wave functions capture identical topological properties,
but it is not a priori clear which one has better overlap with
exact eigenstates of a specific Hamiltonian. In fact, it is pos-
sible that two wave functions in the same universality class
have negligible overlap. The overlaps between ®; () and
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FIG. 2. Exact diagonalization results for the cases with N, = 8, 10, 12 and F, € [—0.40, —0.30]. (a) The overlap between @, in Eq. (10)
and the exact ground state. (b) The overlap between @, in Eq. (11) and the exact ground state. (c) The neutral gap A,,. (d) The charge gap A..

the exact eigenstates for a range of Fy are presented in Fig. 2(a)
[Fig. 2(b)]. It turns out that either wave function provides
a reasonably good approximation at sufficiently negative Fp.
The maximal value achieved by ®; is somewhat lower than
that of ®,, but the former one performs better in a wider
range of Fy. An important difference is that the overlap of
@, increases monotonically as Fy decreases but that of &
displays a weak peak around Fy & —0.38. There is actually a
third possibility

@3 = x1({zDPrLeUzhha (vhxa (wh1l,

but we find that it does not have appreciable overlaps with
exact eigenstates.

To establish incompressibility of the state, it is necessary
to study the energy gaps of the system. For this purpose, the
energy scale should be chosen properly. We have mentioned
that the energy is expressed in units of &2 /(elp), but £p varies
with the system size on the sphere. This problem can be reme-
died if we rescale the energy eigenvalues using the magnetic
length in the thermodynamic limit [88—90]. The neutral gap

A, = E((N,, 2N, — 4) — Eo(N,, 2N, — 4) (13)

(12)

is shown in Fig. 2(c). It measures the energy difference
between the first excited state, which belongs to a branch

of collective magnetoroton modes [91-94], and the ground
state. One can see a peak around Fy ~ —0.38 in Fig. 2(c),
which basically coincides with the relatively weak peak in
Fig. 2(a). This implies that ®; is a more reliable characteriza-
tion of the exact ground state. The charge gap A, is shown in
Fig. 2(d). It is the energy cost associated with a well-separated
quasiparticle-quasihole pair, which is closely related to the
transport gap measured in experiments [88,89]. The appear-
ance of a peak around Fy ~ —0.39 in Fig. 2(d) again implies
that @, is a better representation of the exact ground state.
The neutral gap and charge gap have also been computed for
N, = 14 at Fy = —0.38 using DMRG. As shown in Fig. 3, the
gaps do not exhibit very good linear scaling versus 1/N,, but
it is quite plausible that they saturate to finite values in the
thermodynamic limit.

The parton interpretation also helps us to understand the
edge physics [95]. It is helpful to recall some results in
the hydrodynamic approach to quantum Hall edge physics.
The edge wave is described by a one-dimensional density
function p(x) with the equation 9, p + vd,p = 0. After canon-
ical quantization, we obtain the U (1) Kac-Moody algebra

k
[p(k), p(k')] = Voo Stk (14)
T
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FIG. 3. Energy gaps A, and A, for the cases with N, =
8,10, 12, 14 at Fy = —0.38. The lines are linear fits of the data
points.

for the momentum space density function p(k). In the parton
construction, a subscript is introduced to distinguish the dif-
ferent types of partons, and the commutation relation becomes

k
(o (K), pu (K] = 2y Ot as)

The partons in Eq. (8) have five edge modes: p; from x;({v}),
p2 from yi(fw}), p34 from x>({z}), and ps from x;({z}).
These modes are not independent and they should be sub-
jected to the constraint that relative density oscillations vanish
[95]. To this end, we introduce an operator pc = Ci(p; +
2) + Ca(p3 + pa) + C3ps. I Y0 Cy = 0, De must com-
mute with any physical operator because the fluctuations
associated with pc are unphysical. One can check that the
edge density operators

, 1 1
Jo = \/;[5(,01 + p2) + 5(,03 + p4) + :051|7

1 1
= \/;(m N \/;(,03 — p4) (16)

commute with 0¢, so the physical edge excitations have three
branches. This means that the thermal Hall conductance of
this state should be 3 in units of nzkgT/ (3h). It should be
emphasized that our exploration of the edge physics is pre-
liminary and things could be much more complicated in actual
samples. If the confinement potential due to positive charges
is not sharp enough in a system, its edge may be reconstructed
such that additional modes are generated [96—102]. In the
simplest scenario, edge reconstruction does not change the
thermal Hall conductance. The presence of strong disorder
further complicates things as electric and thermal transport
properties could become sample-size dependent [103—105]. It
is also desirable to search for other probes that can be used in
combination with thermal Hall conductance. Shot noise has
been proposed as a good indicator for the 5/2 state [106] and
may also be useful in the current context.

Besides the parton state Eq. (8), there are two other cel-
ebrated two-component FQH states at filling factor 1/2. The

first one is the Halperin 331 state [6]
O3y = [ [o; — v’ [ Jw; —w’ [ Joj —w) (17

Jj<k Jj<k J.k
with parent Hamiltonian

P+ Y P+

i,jeK+ i,jeK~

> P0).  (18)

ieKt,jeK~

The second one is the Haldane-Rezayi state [107]

1

Oyr = Det[—] (z; — ) (19)
(vj — we)? E !

with parent Hamiltonian

> Py, (20)

i,jek*
We believe that they are not reasonable candidates for the
v = £1/2 states in graphene. One important reason that dis-
favors @33 is that it does not have the same SU(2) symmetry
as the exact ground state. In previous studies, it has been
found that ®33; can be realized in bilayer systems when the
interspecies interaction is reduced to some extent compared to
the intraspecies interaction [49]. This scenario is also different
from the graphene system because only the zeroth Haldane
pseudopotential is reduced. The Haldane-Rezayi state can be
constructed using nonunitary conformal field theory and it is
most likely gapless in the thermodynamic limit [108-111].
The shift of ®33; is 3 and that of ®yr is 4, so the former
cannot be compared directly with the parton state but the latter
can. The two trial states with N, = 12 have been generated
numerically. The overlaps with the exact ground state are
not impressive: the maximal value is 0.2339 for ®33; (at
Fy = —0.30) and 0.4376 for ®yr (at Fp = —0.40). Thermal
Hall conductance of the 331 state is 2 in units of 72k27 /(3h),
which can be used to distinguish it from the parton state in
experiments. If the Haldane-Rezayi state is really gapless,
there would be no quantized thermal Hall conductance.

IV. CONCLUSIONS

In conclusion, we propose that the v = =+1/2 states
observed by Zibrov et al. [20] can be understood using the
two-component parton wave function Eq. (8). This claim is
supported by numerical calculations in a model of graphene
with valley anisotropic interactions. The importance of valley
anisotropic interactions calls for more in-depth studies. The
parton framework can generate many non-Abelian FQH
states and some of them may be experimentally relevant. It is
natural to ask how to construct multicomponent non-Abelian
FQH states using the parton theory and search for appropriate
conditions to realize them. We hope that this paper will
motivate further investigations of parton FQH states in
various platforms.
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