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Motivated by recent experimental observations of correlated metallic phases and superconductivity in rhombo-
hedral trilayer graphene (RTG), we perform an unbiased study of electronic ordering instabilities in hole-doped
RTG. Specifically, we focus on electronic states energetically proximate to Van Hove singularities (VHSs), where
a large density of states promotes different interaction-induced symmetry-breaking electronic orders. To resolve
the Fermi surface near VHSs, we construct a fermionic hot-spot model and demonstrate that a perpendicular
electric field can tune different nesting structures of the Fermi surface. Subsequently, we apply a renormalization
group analysis to describe the low-energy phase diagrams of our model under both short-range repulsive
interactions as well as realistic (long-range) Coulomb interactions. Our analysis shows instabilities towards
either intervalley coherent metallic phases or superconducting phases. The dominant pairing channel depends
crucially on the nature of Fermi surface nesting—repulsive Coulomb interaction favors spin-singlet d-wave
pairing for relatively small displacement field and spin-singlet i-wave pairing for larger displacement field. We
argue that the phase diagram of RTG can be well-understood by modeling the realistic Coulomb interaction
as the sum of repulsive density-density interaction and ferromagnetic spin-triplet intervalley coherence (IVC)
Hund’s coupling, while phonon-mediated electronic interactions have a negligible effect on this system, in sharp

contrast to twisted graphene multilayers.
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I. INTRODUCTION

The recent observations of superconductivity and spin-
valley symmetry broken phases in rhombohedral trilayer
graphene (RTG) [1-3] establish it as an interesting platform
for studying strong electronic correlations in graphene-
based materials [4,5]. Previous studies on twisted multilayer
graphene have found a rich phase diagram, including robust
superconductivity, arising from enhanced electronic interac-
tions due to the large density of states (DOS) in the flat bands
hosted by these materials [6—16]. Compared to such moiré
graphene systems, RTG samples are remarkably clean and
free from local strains; thus RTG is much more accessible and
reproducible experimentally [17], while still featuring a high
electronic DOS under a large vertical electric field (also called
a displacement field). More specifically, the band structure of
RTG contains Van Hove singularities (VHSs) with divergent
DOS in the vicinity of charge neutrality [18], near which sev-
eral isospin (spin/valley) polarized metallic phases have been
found via quantum oscillation measurements [1,2]. There are
two superconducting phases (SC) at the phase boundary of
two distinct isospin symmetry-broken phases. In particular,
the large region of the so-called SC1 phase appears to be
a spin-singlet SC closely proximate to a spin-unpolarized
symmetry-breaking metallic phase [2].

Among many theoretical proposals [19-28], one promis-
ing pairing mechanism of the superconductivity in multilayer
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graphene systems is the Kohn-Luttinger mechanism that
drives the initial repulsive electron interaction to change sign
[29,30]. Using the renormalization group (RG) approach,
prior study in Ref. [24] identified spin-singlet and spin-triplet
superconductivity in RTG in different parameter regimes.
However, the pairing symmetry of the SC phase remains
unclear since the RG approach in Ref. [24] lacked further
resolution of the Fermi surface within each valley, e.g., s, d or
p, f wave pairing could not be distinguished. Moreover, the
consequences of two distinct forms of symmetry-allowed in-
tervalley Hund’s coupling, namely, the spin Hund’s coupling
[24] and the inter valley coherence (IVC) Hund’s coupling
[19] proposed in the previous works are different and yet to
be determined beyond perturbative considerations. In spite of
their similar appearance, they can have a drastically different
impact on the physical phase diagram, e.g., by favoring differ-
ent pairing symmetries.

In this work, we use the hot-spot renormalization group
developed in Ref. [31] as well as other subsequent works
[32,33] to study the infrared phases of hole-doped RTG at
doping close to the VHSs under different types of electron
interactions. While previous studies often assumed a hierar-
chy of interaction scales, our RG approach enables us to treat
all symmetry-allowed interaction vertices on an equal footing.
Within our hot-spot model, we find that the perpendicular
electric field can tune between three distinct nesting structures
of the Fermi surfaces. For each scenario, we develop a system-
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atic approach to generate RG equations that respect the space
group (lattice) and isospin (spin/valley) symmetries. We find
that ferromagnetic (antiferromagnetic) spin-Hund’s coupling
favors spin-triplet f-wave (spin-singlet s-wave) pairing, while
ferromagnetic spin-triplet IVC Hund’s coupling favors spin-
singlet d /i-wave pairing depending on the nesting structure.
The ferromagnetic spin-singlet IVC Hund’s coupling favors
either spin-singlet IVC ordering or spin-triplet p, f'-wave
pairing depending on the nesting structure.

General understanding of electronic instabilities from RG
flows in hand, we consider the physically relevant interaction
vertices in RTG. To this end, we project the realistic Coulomb
interaction onto the interaction vertex basis. We find that it
is a combination of a repulsive density-density interaction
and a small ferromagnetic spin-triplet IVC Hund’s coupling,
which favors spin-singlet d /i-wave pairing for different nest-
ing structures. We also consider phonon-mediated electronic
interaction, which takes the form of an attractive density-
density term. However, in RTG it is parametrically quite
weak compared to the Coulomb interaction. Therefore, when
we take into account both Coulomb repulsion and phonon-
mediated attraction as bare interactions in the renormalization
group analysis, the weak phonon-mediated interaction gets
dominated by the repulsive density-density interaction part
of the strong Coulomb term, and the effect of the phonon-
mediated interaction is negligible. Consequently, the infrared
fate of RTG is always characterized by a spin-singlet d /i-wave
superconductor.

The remainder of this paper is organized as follows. In
Sec. II, we present the Hamiltonian that determines the band
structure of RTG and then projects the Hamiltonian to the
Fermi pockets in the vicinity of VHSs. We discuss the nesting
structures of these Fermi surfaces and the various resulting
instabilities in Sec. II B. In Sec. III, we present a systematic
way to represent the four fermion interactions with respect to
lattice symmetry and spin/valley symmetry by constructing
the interaction vertex basis in Sec. III A. We discuss different
types of local interactions, especially the spin Hund’s and
IVC Hund’s coupling in Sec. III B and realistic Coulomb
and phonon mediated electron interaction in Sec. III C. The
hot-spot RG is introduced in Sec. IV, and the procedure to
generate RG equations is presented in Sec. IV A. We present
the infrared phase diagrams under these interactions and dis-
cuss the effect of each interaction term in Sec. IV B. Finally,
we conclude in Sec. V with a summary of our main results
and an outlook for future experiments.

II. BAND STRUCTURE AND HOT-SPOT MODEL

Rhombohedral trilayer graphene (RTG) consists of three
layers of graphene with ABC-stacking. Its electronic band
structure is accurately modeled by six-band model per val-
ley and spin [18,34,35]. However, the low-energy electronic
states that are the most relevant to the various ordering
instabilities can be described well by a relatively sim-
pler two-band model. In the following calculations, we
focus on the two-band model, which captures essential low-
energy features of the more complicated six-band model.
The electronic states near Fermi level mainly reside on top
A; and bottom Bj sites, the effective two-band model is,

FIG. 1. (a) Unit cell of RTG, where the B;/A, and B,/A; are
strongly hybridized such that the active sublattices A;/B; form a
triangular lattice. (b) Fermi surfaces around K (red) and K’ (blue)
valley, the momentum K,,, Q are illustrated schematically. (c) Den-
sity of state (DOS) vs the chemical potential in the two band model
with displacement field u, = 30 meV. Insets show the K valley
Fermi surfaces at the corresponding doping level. The annular Fermi
surface transitions to Fermi pockets via the Van Hove singularity.
[(d)—(f)] Fermi surfaces with VHSs under different displacement
fields u;. The generic Fermi surface (e) at u; = 30 meV only has
Cooper pairing. The Fermi surface (d) at u, &~ 26 meV has additional
particle-particle nesting as shown in (g), where the Fermi surfaces
near VHS 1, 6 in the K valley (or K1 and K’6) overlap under the
translation. (f) at u; ~ 34 meV has additional particle-hole nesting
as shown in (i), where the Fermi surfaces near K1, K6 (or K1, K'6)
share the same edge. (h) Patches around the hot-spots which are used
to implement the renormalization group calculation, the momentum
relative to the hot-spot is p.

Hy=Y 5o cikm [ (k)]s.0'Cekso'» Where ¢, ¢ are electron
creation and annihilation operators, respectively, T = K/K’
labels valley, s =1 / | labels spin and 0 = A, /B3 is the sub-
lattice index and related to the top/bottom layer as shown
in Fig. 1(a). The full form of the two-band Hamiltonian
can be found in Appendix A. The Hamiltonian contains two
model parameters: the displacement field u, (the perpendicu-
lar electric field) and the total chemical potential p, which are
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experimentally tunable by applying different gate voltages in
a dual gate setup.

At a fixed displacement field u,, upon hole doping, the
spin-degenerate Fermi surface in each valley transitions from
three (or six) pockets related by Cs rotation to an annular
Fermi surface through a Van Hove singularity (VHS) where
the density of states (DOS) diverges logarithmically, as shown
in Fig. 1(c). The most significant contributions to the diverg-
ing DOS come from the electronic states around the band
dispersion saddle points in the momentum space where the
Fermi pockets touch and merge together to form the annular
Fermi sea. These saddle points will also be referred to as
hot-spots or ordinary Van Hove singularity points (VHSs)
[36], where the adjective “ordinary” is to indicate that they
are not higher-order VHSs [36]. In RTG, there are typically
six hot-spots per valley.

Various low-energy instabilities, such as superconductivity
and spin-valley symmetry breaking order, can arise from the
almost-degenerate electronic states around these hot-spots.
Indeed, experiments found that the superconductivity occurs
proximate to the isospin breaking phase on the hole-doped
side, where the chemical potential rests in the regime between
the annular Fermi surface and the disjoint Fermi pockets, i.e.,
near the VHSs. To investigate the instabilities caused by these
hot-spots, for any given displacement field u,, we fine-tune
the chemical potential  to the energy level of VHS, and
perform a hot-spot renormalization group (RG) analysis.

A. Hot-spot model

We denote the momentum space location of the «th VHS
invalley t by K., (¢ = 1,2, ...,6,7 = K, K’). The Brillouin
zone momentum k can then be decomposed as k = K., + p,
where p is the momentum relative to the VHS. The low-
energy effective Hamiltonian can be obtained by projecting
the two-band Hamiltonian onto the valence band and expand-
ing around these VHSs,

HO = Z w:awe;awrapsa (21)

T,a,p,s

where € is the energy dispersion near the VHS labeled by
the valley index t and the hot-spot index o, and ¥,y are
the Bloch electron creation and annihilation operator such
that ¢f, = u’, (0)¥),,, with u%, (o) being the Bloch wave-
function of the valance band which is relevant to hole-doped
RTG. To the leading order of p, the energy dispersion €,* =
(5% - p)@™ - p) takes the general form of a hyperbolic sur-
face, where ¢t1* specifies the tangent directions of the two
crossing Fermi surfaces near the hot-spot.

B. Nesting structures of the Fermi surface

The Fermi surface nesting structure crucially affects the
type of leading instability. Here we investigate three repre-
sentative nesting structures of the Fermi surface at the VHS
in the valence band of the RTG system, which correspond
to uy =~ 26, 30, and 34 meV, respectively. Since the contri-
bution to low-energy physics is dominated by electrons near
the VHSs, the nesting we considered here only concerns the

Fermi surfaces very close to the VHSs, where linearized dis-
persion is a good approximation for ordinary VHSs.

As shown in Fig. 1(e), the generic Fermi surface within
the experimental parameter regime can be represented by
ug ~ 30 meV, which contains six hot-spots per valley. The
hot-spots in opposite valleys are related by time-reversal sym-
metry. The generic case does not have any nesting, therefore,
the only diverging channel is the Cooper pairing channel.

There are two special cases, when u; ~ 26 meV, Figs. 1(d)
and 1(g) shows Fermi surfaces around hot-spots 1, 6 and other
symmetry related pairs overlap with each other, this causes
additional diverging susceptibility in the particle-particle
channel with momentum transfer that connects K1, K6 or
K1, K'6. The effect of this particular nesting is different from
the Cooper pairing since this type of particle-particle nesting
connects more pairs of VHSs, therefore, it opens the possi-
bility to have superconductivity with less symmetry. We will
show in some parameter regimes of the fermion interactions,
that the infrared phases would be p-wave pairing and d-wave
pairing.

Additionally, Figs. 1(f) and 1(i) shows the six hot-spots
are related by an emergent Cg rotation symmetry when u,; ~
34 meV, the Fermi surface around 1, 6 in K valley and other
symmetry related pairs share the common edge, which causes
diverging susceptibility in the particle-hole channel and favors
charge ordering. Indeed, in some parameter regimes, the IR
phase appears to be the spin-singlet intervalley coherent state
(IVC), which microscopically corresponds to a charge density
wave.

III. INTERACTION VERTICES

The electrons in the system can interact with each other
via the Coulomb interaction or other interactions mediated by
fluctuating bosonic fields, such as phonons. Those interaction
terms can be generically written as four-fermion interac-
tion. As discussed in the previous section, only the electrons
near the VHS will contribute most to low-energy physics.
We assume the general interaction term is projected to the
closet hot-spots. Therefore the interaction vertices do not have
continuous momentum dependence. Due to momentum con-
servation, four fermion interaction vertex will be generally
labeled by three hot-spot momenta, as V(K o,, K14, , K1305),
where K., denotes the momentum of the hot-spot « in 7
valley.

A. Interaction vertex basis

The interaction vertices in the Hamiltonian should obey
the global symmetries of the system. Besides the momentum
conservation, the system also have reflection symmetry with
respect to x-axis Ry(ky, k) = (ky, —k,), time reversal symme-
try T (ky, ky) = (—ky, —ky), and threefold rotation symmetry
C; which can be enlarged to Cg in the special case of
ug ~ 34 meV. These discrete symmetries relate to different
hot-spots. Then the interaction vertices should be identified
if they are related by symmetries, V(K o,, K0 Kryay) =
V(K10 8K)0rs 8Kries), Vg€ G, where G=T x R, X
C3/6. We omit the fourth momentum since it is fixed
by momentum conservation. Under this identification, the
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FIG. 2. Various interactions are projected onto interaction basis, the colored squares refer to the coefficients. The coefficients of each
interaction vertex are normalized such that the maximal absolute value is 1. There are five categories of the interaction vertices, the first and
second categories are intravalley processes, and the last three categories are intervalley processes. Intra-V Phonon stands for the phonon-
mediated intravalley electron interaction, which is 10~ times the Coulomb interaction.

non-equivalent interaction vertices can be labeled by represen-
tatives among the momentum conserved interaction vertices,
and the group action of G on these representatives forms the
orbits of the representatives in the group theory sense.

The low-energy Hamiltonian also possesses valley U(1)
particle number conservation symmetry, and spin SU(2)
symmetry which can be broken down to spin U(1), for ex-
ample, in presence of easy-axis or easy-plane anisotropy.
When adding back the spin indices to interaction vertices,
the interaction vertices obeying the spin U(1) and valley
U(1) symmetry fall into 9 categories, as labeled by *, y” =
{(17 1)5 (17 _1)1 (_11 1)},

s,T 058,057
S SS, \"s VT SS, VT
Mes,nin; 1S, 3.1)

where —t, —s refer to the opposite valley or spin. We sys-
tematically enumerate all the interaction vertices obeying
the lattice symmetry G, spin U(1), and valley U(1) symme-
tries. For six hot-spots per valley, there are 99 inequivalent
interaction vertices, and they span the space of interaction
vertices. However, they are not linearly independent, for ex-
ample, w:lﬂ;wzwl is equal to —1/41//11#21#1. By Gaussian
elimination, we obtain 43 linearly independent basis elements,
the details can be found in Appendix B. These 43 linearly
independent basis elements span the space of momentum con-
served interaction vertices with respect to discrete symmetries
and at least spin U(1), valley U(1) symmetry. The set of
interaction vertices in presence of enhanced symmetry, e.g.,
spin SU(2) symmetry, then corresponds to a special subspace
in this space of interaction vertices. In the RG calculation,
we will keep track of the flow of these 43 interaction vertices
among the hot-spots.

The linearly independent interaction vertex basis can be
grouped into five categories as shown in Fig. 2. The first
two categories are intravalley processes, where the first one
also keeps the spin indices. Due to the anti-symmetry of the
interaction vertices and the fixed valley, spin indices, the only
possible process in the first category corresponds to a finite
momentum process among four different hot-spots. The sec-
ond category corresponds to local intravalley density-density
interactions. The last three categories are intervalley scattering
processes with and without spin-flips.

B. Hund’s coupling and other interactions

Among the four-fermion interactions, the intervalley
Hund’s coupling Eq. (3.3) is essential for determining the
isospin symmetry-breaking phase [1,2]. Moreover, a ferro-
magnetic Hund’s coupling is consistent with spin-polarized
phases found in the phase diagram of RTG. Short-range
density-density interactions, like an on-site Hubbard interac-
tion, can give rise to intervalley Hund’s coupling [19].

Before analyzing realistic Coulomb interaction and
phonon-mediated interaction, we first build intuition from the
local interaction whose strength is uniform in the momentum
space, namely the coupling constant does not depend on the
momentum transfer. The are two versions of Hund’s couplings
in the existing literature: the spin Hund’s coupling

Hy=—Ju Y Sk(q)-Sx/(—q). (3.2)
q

where Si(q) =Y 4 v l/f:k + qxas"s, Yks; and the intervalley co-

herence (IVC) Hund’s coupling

Hy=—Jy > 1" I(g). (33)
q

where 1'(g) = 3y o Vi gs0a Wicks- The TVC Hund’s cou-
pling can be derived from the short-range component of the
Coulomb interaction [19]. One can view this Hund’s coupling
as a projection of density-density interaction onto the valence
band. Both forms of Hund’s coupling break the independent
spin rotation symmetries in each valley SU(2)} x SU(2)%,
down to physical spin SU(2), symmetry.

Besides the Hund’s couplings, symmetry allowed interac-
tions also include the intravalley density-density interaction

Hy =U Y ne(qn.(—q),

7.9

34

where n.(q) = Y 4, WZkJrqs Yeks; and two forms of intervalley
density-density interactions

Hy =V ) nk(@ng(—q), (3.5)
q

Hy ==V Y 1) I°(@). (3.6)
q
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where 1°(q) =

netic spin-singlet IVC Hund’s coupling when V > 0.

The set of {U, Jy, V}and {U, Jy, V} in the hot-spot model
are related by Fierz identity, and the interaction strengths are
related by (J7, V)T = (‘jf fj‘z‘)(JH, V)T. As shown in Fig. 2,
one can check that the linear combination of Jy, V gives rise
to Jy, V. Based on these considerations, we can write down
the following model interaction:

st Ilflzk n qslﬁKrk_Y. Hy describes the ferromag-

HYY' = Hy + Hy + Hj.

nt

(3.7)

Compared to realistic Coulomb interaction and phonon-
mediated interaction, the model interaction HIEIVJ is short-
ranged and does not take the momentum-space form factor
into account. Nevertheless, as we will show in the rest of the
paper, this simple interaction still captures all the essential

physics of leading instabilities in the hot-spot model.

C. Coulomb and phonon mediated interaction

We will also consider the more realistic Coulomb inter-
action and phonon-mediated interaction between electrons in
RTG. The Coulomb interaction is a density-density interaction
with both intra and intervalley components,

1 /
Ho= 223 V@+ @ =00 pev(@pee(—q) i, (3.8)

7,79

where :: denotes normal ordering, Q is the momentum transfer
between two valleys (upto reciprocal lattice vectors), A is the
sample area, V(q) = ¢ tanh(|q|D)/(2¢|q|) is the dual gate-
screened Coulomb interaction with gate-sample distance D,
and

=l rtrae = DA ROV Wrekigs (3.9)

kso kso

,On/(Q)

is the Fourier component of the electron density operator,
with Ag ] Y (k) = (ur x|Py |t k+q) being the sublattice projected
form- factor

In RTG, the most relevant phonon mode is the in-plane lon-
gitudinal acoustic (LA) mode. Since the primary effect of the
in-plane intervalley optical mode at low momenta is to couple
to electrons by distorting the AB bond in each graphene layer,
the lack of any spectral weight of the electrons in the valence
band on both A and B sites within a single layer implies that
the coupling to such a phonon mode is strongly suppressed
(see Appendix C 1 for details).! Starting from the Frohlich
Hamiltonian and neglecting retardation effects, we can obtain
the electron-electron interaction mediated by LA phonons as

1 1
Hp = —— : —q) :, 3.10
P 24 2 2pa n(@)n(—q) (3.10)
7,79
where w; = c|q| is the phonon energy, and
@) =Y Mig(hgn () Yy Vs 3.11)

tkso

' A more general symmetry analysis can be found in Ref. [37].

with My , = a|q| being the electron-phonon coupling matrix
element. Taking o = 3.25 eV, cpq4 =21.2 x 103 m/s, and
p=76x10" kg/m2 from ab initio calculations [38,39],
we find that the phonon mediated interaction is parametrically
much weaker than the Coulomb interaction.

If we consider projecting the realistic Coulomb interaction
and phonon-mediated interaction between electrons to the
interaction basis discussed earlier, the Coulomb interaction is
similar to the sum of a repulsive density-density interaction
(both intravalley and intervalley) and a small ferromagnetic
spin-triplet IVC Hund’s coupling, i.e., Hc ~ Hy + Hy + Hj,
while the phonon mediated interaction is similar to the sum
of an attractive intravalley and intervalley density-density
interaction, i.e., Hp ~ —Hy — Hy (Fig. 2). However, the
strength of the phonon-mediated interaction is relatively small
and it barely modifies the density-density interaction part of
the Coulomb interaction, therefore, we neglect the effect of
phonon-mediated interaction in the following analysis.

IV. RENORMALIZATION GROUP ANALYSIS

To explore the interaction effects, we follow the Wilsonian
renormalization group approach, starting with the Hamilto-
nian in Eq. (2.1) with bare four-fermion interactions at UV
cutoff Ayy, and gradually integrating out the high energy
modes to get the effective action at the running energy scale
A. The bare interactions will be dressed by one-loop correc-
tions and their strengths depend on the running energy scale
A. At a certain critical energy scale A., some interaction
may diverge and lead to corresponding instabilities, or if no
interaction diverges, then the system remains in Fermi liquid
phase. To implement the RG, we consider patches around
the hot-spots as shown in Fig. 1(h), assuming that the main
contribution of the low-energy physics comes from electronic
states inside the patches since the DOS near these hot-spots
diverges as p(A) ~ In(Ayy/A).

We assume the Fermi surface is not changed under RG,
namely, the self-energy correction is neglected. To study dif-
ferent bare interactions at the UV cutoff Ayy, we derive
the one-loop RG equation for the coefficients of the inter-
action vertex basis introduced in Sec. III A. Then the bare
interactions at the UV cutoff are represented in terms of the
interaction vertex basis, the coefficients are the initial condi-
tion of the RG equation.

A. Renormalization group equation

It is convenient to use Majorana fermion basis ¥; = ;| +
ix;2 in the calculation (i stands for the generic label of the
valley, hot-spot and spin), because the interaction vertices of
Majorana fermion are totally antisymmetric, it will reduce the
number of Feynman diagrams we need to evaluate in the one-
loop calculation. The general interaction term is expressed as
Vascp XA XBXc Xp, Where the capital letter index refers to the
combined index of the valley, hot-spot, spin and particle/hole
indices of Majorana fermion,

Xa = [,ﬂ ®la=1~6]® m ® [Eﬁi] .
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FIG. 3. The interaction vertex in Majorana fermion basis is rank-
4 totally antisymmetric tensor denoted by the cross with a solid
black dot. The parallel two lines represent the susceptibility, which
can be viewed as a tensor product of two propagators. The single
one-loop diagram is equivalent to five one-loop diagrams in the
complex fermion basis, since particle/hole are on equal footing in

the Majorana basis and the projection matrices in the susceptibilities
enforce the contribution from correct channels.

As shown in Fig. 3, the one-loop correction for the interaction
vertex Vypcp is simply,

dVapcp(N)

dA
d i A TR A
= Ven(A) [XMaJ(di]CB DA

where duplicate indices are contracted automatically, and the
energy scale dependent susceptibility in Majorana basis is the
summation of susceptibility in particle-particle channel and
particle-hole channel with projection matrices. More explic-
itly, the susceptibility in Majorana basis carries the indices
[xvaj (A)]eapa = [y o (A)]epaa Where lower case letters
run over spin and partlcle/hole indices, the susceptibility
in Majorana basis is decomposed as, XMy = Xpp" P et

o Pl With PR = [(0f) ® 00 £ 0 ® 0)/2] and
o'/ is the Kronecker product of Pauli matrices o’ and /. We
note that the contraction of this single one-loop diagram is
equivalent to the usual five one-loop diagrams in the complex
fermion basis, because the projection matrices and totally
antisymmetry of the interaction vertex in Majorana fermion
basis automatically take care of the symmetry factors and
contributions from various channels. This enables us to use
a computer program to generate the RG equations for all the
43 linearly independent interactions more reliably.
The susceptibilities with momentum transfer relating to
two hot-spots are given by

Vapep(D),  (4.2)

Ta) _ _td
X;: o’ (A) — Z nF(EIJ )Ta nF(T/a,éfp )
7 —Gp —E_p
(\Era+era|_ ) (43)
‘L'Ol o’ (A) — Z ng (E;aza_ nFT(/Zz/g,)
k —6 ey
O (|ex — ™| = A), (4.4)

where ®(x) is the step function, ng(¢) is the Fermi-Dirac dis-

tribution, in the zero-temperature limit, np(€) =9 O(—e).
The second line of each term is used to impose the infrared
running cutoff A. More details of the derivation can be found
in Appendix D.

Without any nesting of the Fermi surface, the susceptibility
in particle-particle channel with two VHSs at opposite mo-

menta and different valleys always diverges as X;;"‘*K Y(A) ~
p(A)In(A), which is the Cooper pair susceptibility. It is
convenient to define the RG scale y to be the Cooper pair

o dyfek'(y) .
susceptibility, such that —#——— =1 by definition. If the
Fermi surface has other nesting, then the corresponding sus-
ceptibility x satisfies 4 d is constant, otherwise, £ ~ y~12,

Similar to using symmetry to relate lnteractlon vertlces, the
susceptibility among symmetry related pairs of VHSs should
be the same. The independent susceptibilities for different
displacement fields are shown in Appendix D 5.

As explained at the beginning of this section, we can ex-
press the RG equation Eq. (4.2) in terms of interaction vertex
basis in Sec. IIL A, by Vagep(y) = vi(y)ut)ypcp, Where upop
denote the fixed interaction vertex basis, and v;(y) are their
corresponding coefficients (coupling strengths) which flows
with the RG scale y. The RG equation for the coefficients
reads as

dvi(y)

& = —C/ o)),

(4.5)

jk _ Maj k ol
C™ = Wypopy Xeppaapep8itUpepas (4.6)

where repeated indices are contracted, and the metric g;; is the
inverse of g/ = ul,ppul, -5, Equation (4.5) basically states
the one-loop correction of the interaction vertex is given by
the operator product expansion of two other interaction ver-
tices, the OPE coefficient is given by Cij Kin Eq. (4.6).

The bare interaction Vagcp(Yuv)xa xsXc xp at the UV cut-
off Ayv sets the initial condition for the RG equation,

ViVuv) = Vasep (Yuv)€ijUncpa- @7

Under the RG flow, if all the coupling v;(y) flow to zero,
then the interaction V is an irrelevant perturbation, the system
remains in the Fermi liquid phase. However, if some of the
couplings diverge at the critical RG scale y., we can stop
the RG equation and obtain the infrared diverging interaction
vertex Vapep(ye) = Zi Ui()’c)”iugcp- The infrared diverging
interaction vertex can be viewed as a matrix and each entry
corresponds to the fermion bilinear, then the eigenvector of
the leading eigenvalue of such matrix is precisely the order
parameter of the corresponding instability. Alternatively, the
corresponding instability is measured by the fermion bilin-
ear operator which on condensation results in the maximum
energy gain for the system, more details are presented in
Appendix D 6.

B. Phase diagram

The bare interactions discussed in Sec. III B will cause
different instabilities under the RG flow. To better under-
stand their behaviors, we first focus on the toy model with
local interaction terms {U, Jy, V}. Since the real Coulomb
interaction can be modeled as the combination of intravalley,
intervalley density-density interaction, and ferromagnetic spin
triplet IVC Hund’s coupling, we consider the two-dimensional
phase diagram with U = Jy = J and V associated with the
following interaction,

Hy = Hy + Hj + Hy (4.8)
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FIG. 4. [(a)—(c)] Phase diagrams in the J — V plane with displacement field u, ~ 26, 30, 34 meV and U = Jy = J. The spin configura-

tions of the superconducting order parameters are labeled by S = 0 for spin-singlet and S = 1 for spin triplet. There are only superconducting
phases when u,; = 26, 30, but positive Jy and V in (a) favor d-wave or p-wave superconductivity when u; ~ 26 meV due to the additional
particle-particle nesting as shown in Figs. 1(d) and 1(g). Positive J;; and V favor spin singlet IVC order 1//,2_1 Yx 6 when uy; ~ 34 meV in (c) due
to the additional particle-hole nesting. (g)—(I) show various pairing symmetries appearing in the phase diagram, the pairing symmetry is with
respect to the I" point. The red and blue dots refer to the VHSs in K and K’ valleys respectively. i and f’ pairing have relative 7 phase rotation
within the pair of VHSs. d-wave and p-wave pairing are two dimensions representations and the relative phases within the pair of VHSs are
27”. (h) and (1) are calculated when u; = 30 meV, others are calculated when u; ~ 26 meV. (d)—(f) show the phase diagrams with realistic

Coulomb interaction Ec.

The system with bare interaction at the UV level will flow
to different stable IR phases under the renormalization group
flow. We find the bare interactions in the J-V plane will lead
to different IR phases as shown in Figs. 4(a)—4(c) with u; ~
26, 30, 34 meV.

As shown in Figs. 4(a)-4(c), the different superconducting
phases and singlet IVC phase compete with each other. The
pairing symmetries are always defined by the winding of
the pairing order parameter with respect to the I' point [see
Figs. 4(g)-4(l) for an illustration of different pairing sym-
metries]. All the phase diagrams contain spin-triplet f-wave
superconductivity and spin-singlet s-wave at the bottom and
top-left of the phase diagrams. These two phases are separated
by a line corresponding to the change from ferromagnetic
spin-Hund’s coupling Jy to antiferromagnetic spin-Hund’s
coupling —Jy. As discussed in Sec. III B, the phase diagram
tuning parameters J; and V are related to the intervalley
spin Hund’s coupling Jy and the intervalley density- dens1ty
interaction V by a linear transformation, and Jy — —V >0
corresponds to the ferromagnetic spin Hund’s couphng, which
covers the spin-triplet f-wave superconducting phase. On the
other hand, Jy — %‘7 < 0 favors spin-singlet s-wave pairing
due to the antiferromagnetic spin Hund’s coupling.

For the phases to the right of the phase diagrams, it is rather
unusual that the positive J with small V, corresponding to
the ferromagnetic IVC Hund’s coupling, favors spin-singlet
pairing i-wave or d-wave. As explained in Ref. [19], and
in analogy to the cases in cuprates and magic angle twisted
bilayer graphene [31,40,41], the ferromagnetic IVC Hund’s
coupling Jy actually promotes spin antiferromagnetic pair-

ing Hp ~ —AikAk with Ay =ickx1cg,x,, and a sign
changing form factor Ay = —A_g, which in turn leads to
spin-singlet superconductivity with phase difference among
these points, such as i-wave pairing in Figs. 4(b) and 4(c)
and d-wave pairing in Fig. 4(a). If the singlet IVC coupling
V increases, it then favors spin-triplet pairing with phase
difference among the hot-spots as in Figs. 4(a) and 4(b) or
spin singlet IVC ordering as in Fig. 4(c). The order parameters
of these superconducting states indeed have different phase
structures among the VHSs, for example, the spin-triplet f'-
wave pairing as illustrated in Fig. 4(1), to be distinguished
from f-wave pairing by the relative 7 phase rotation within
the pair of VHSs, say Kk, Kx4. The order parameters are
summarized in Table I.

The phase diagram of u; &~ 26 meV in Fig. 4(a) is different
from the generic case with u; = 30 meV in Fig. 4(b) due to
the additional particle-particle nesting as shown in Fig. 1(g).
The additional diverging susceptibility turns the f’-wave and
i-wave pairing to the spin-triplet p-wave and spin-singlet d-
wave pairing as illustrated in Figs. 4(i) and 4(j). This type of
nesting is also akin to the case with an annular Fermi surface,
because the particle-particle nesting has a momentum transfer
different from the Cooper-pairing channel. From our hot-spot
model, we cannot determine whether the pairing symmetry is
nodal p-wave or the chiral p, + ip,, since the hot-spot model
does not have the full information of the Fermi surface. We
find that p, and p, are degenerate, and thus the supercon-
ducting order parameter can be any linear combination of
these two. However, the chiral p, +ip, would be the most
energetically favorable since it is fully gapped (non-nodal), a
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TABLE I. List of regions and dominated interactions in Fig. 5. The dominated interactions will develop different instabilities depending
on the displacement field u, as shown in Fig. 4. The phases and their order parameters are summarized in the 3rd to 5th column. The operators
of each order parameter should be combined with their hermitian conjugate and summed over k. Pauli matrices are acting on the spin indices
of the fermion operators. Q,_ denotes the momentum that connects hot spots 1 and 6 as well as other symmetry-related momenta.

Region Interaction Phase Order parameter Form factor

A - Zq I;“'Ig spin-triplet SC fk)cg xio?o e p, ' -wave
spin-singlet IVC C;{’,k+qGOCK=k =0,

B + 2, Skq - Sk—4 spin-singlet SC f)ck xioc*cgr g s-wave

C =>4 Skq - Sk~ spin-triplet SC fk)cgxio?o 2 3cp 4 f-wave

D -2 IZI' -y spin-singlet SC f)ck xioc*cgr g d, i-wave

similar situation happens for d-wave pairing. The transition
between the spin-triplet p-wave and spin-singlet d-wave is
also driven by the competition between the ferromagnetic IVC
Hund’s coupling H; and singlet IVC coupling Hy.

When u; ~ 34 meV, the Fermi surface has additional
particle-hole nesting as in Fig. 1(i). This additional diverging
susceptibility in the particle-hole channel will cause charge
ordering, and indeed the IR phase has spin-singlet IVC order
that physically corresponds to a charge-density wave [19]
instead of spin-triplet pairing as shown in the blue region of
Fig. 4(c). The spin-singlet IVC order parameter is w;lo'olﬂ‘[(/(,
and other symmetry related fermion bilinears, where o is the
2 x 2 identity matrix acting on spin indices.

The competition between spin Hund’s and IVC Hund’s
coupling almost entirely determines the phase diagram in
Figs. 4(a)-4(c). All possible pairing symmetries in RTG
are shown in Figs. 4(g)—4(l), among which the p-wave and
d-wave can be either chiral or nodal [42]. Which pairing
symmetry shows up in the system is dominated by differ-
ent Hund’s terms decomposed from the bare interactions in
different parameter regimes. We summarize the dominating
interaction and possible resultant phases in different parame-
ter regimes in Fig. 5 and Table 1.

In Fig. 5, the horizontal and vertical axes in blue are
ferromagnetic spin-triplet J and spin-singlet V IVC Hund’s
coupling, while the red ones are intervalley density-density
interaction V and antiferromagnetic spin Hund’s coupling Jy.
These two sets of axes are related by the linear transformation
discussed in Sec. III B. Region B (see Fig. 5) is dominated
by the antiferromagnetic spin Hund’s coupling, which favors
spin-singlet pairing with a sign-preserving form factor. Then
the only possible pairing symmetry once the system enters
the superconducting phase is s-wave. A similar argument can
be applied to Region C, which is dominated by ferromag-
netic spin Hund’s coupling and favors the spin-triplet f-wave
pairing.

On the right side of the diagram, the phases are separated
by the positive V axis (Jy = 0). Region A is dominated by
ferromagnetic spin-singlet IVC Hund’s coupling, which in-
terestingly favors spin-triplet pairing superconductivity with
sign-changing form factors (or spin-singlet IVC ordering).
In this case, p-wave and f’-wave pairing are both possible
from a symmetry perspective and their relative susceptibil-
ities determine the dominant instability. We identified both
of them in different nesting structures as shown in Figs. 4(a)
and 4(b). Finally, the most experimentally relevant region D

is dominated by the ferromagnetic spin-triplet IVC Hund’s
coupling and favors spin-singlet pairing superconductivity
with sign-changing form factors (or spin-triplet IVC order-
ing). d-wave and i-wave pairing are both consistent with the
symmetry and we identified both of them in Figs. 4(a)-4(c).
Those tendencies to different orderings are further enhanced
by fermion susceptibilities under the renormalization group
flow and therefore yield the IR phase diagrams in Fig. 4.
Figures 4(d)—4(f) shows the phase diagram with realis-
tic Coulomb interaction. The realistic Coulomb interaction
is roughly the combination of intravalley and intervalley
density-density interactions, and a relatively small ferro-
magnetic spin-triplet IVC Hund’s coupling. The repulsive
Coulomb interaction schematically resides at the green point
in Fig. 5 which is below the V axis and in the ferromagnetic
spin-triplet IVC Hund’s coupling dominated region (the yel-
low region). We note that the small portion of ferromagnetic
spin-triplet IVC Hund’s coupling in the Coulomb interaction
is crucial for the system to reside in the yellow region. Then
the repulsive Coulomb interaction would favor spin-singlet
d-wave pairing for u; ~ 26 meV and spin-singlet i-wave

._0t,0
A3

%
BH'SKq'SK’-q

D:-Illq J,,

C:—SKq'SK-_q

FIG. 5. The different regions are dominated by the interaction
terms shown in the figure, and the interaction strengths are normal-
ized to 1. The red (purple) region is dominated by antiferromagnetic
(ferromagnetic) spin Hund’s coupling. The blue region is dominated
by spin-singlet IVC Hund’s coupling and the orange region is dom-
inated by spin-triplet IVC Hund’s coupling. The realistic Coulomb
interaction (the green dot) resides below the V' axis in the ferromag-
netic spin-triplet IVC Hund’s coupling dominated region.
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pairing for u; > 30 meV. If the density-density interaction is
rendered attractive, then it favors spin-singlet s-wave pairing
for all three cases. More details are summarized in Table 1.

V. CONCLUSION

In this paper, we have used hot-spot RG to study the corre-
lated electronic behavior of hole-doped RTG in the presence
of VHSs on the Fermi surface. The DOS diverges near the
VHSs and the large DOS will renormalize the interactions and
cause various instabilities to symmetry-broken phases at low
temperatures. The resulting phases depend on the initial in-
teractions and the nesting structures of the Fermi surfaces. In
the experiment parameter regime, we study different nesting
structures of the Fermi surface with six VHSs (hot-spots) in
each valley. As discussed in Sec. II B, generic Fermi surfaces
(e.g., when the displacement field u; = 30 meV) feature di-
vergence only in the Cooper pairing channel, and the resultant
instability is towards various superconducting phases. When
the displacement field is tuned to u; &~ 26 meV, the Fermi
surface has additional particle-particle nesting which will
enhance the superconducting order and affect the dominant
pairing channel. Additionally, when tuning the displacement
field uy; &~ 34 meV, the six VHSs in each valley have addi-
tional Cs symmetry, and there is an additional particle-hole
nesting which favors charge ordering.

We investigated the low temperature electronic phases
under different types of local interactions, especially the
spin-Hund’s coupling and the spin-singlet or spin-triplet
IVC Hund’s coupling. We find the ferromagnetic (antifer-
romagnetic) spin-Hund’s coupling favors spin-triplet f-wave
(spin-singlet s-wave) pairing. The ferromagnetic spin-triplet
IVC Hund’s coupling favors spin-singlet d-wave pairing for
ug ~ 26 meV and i-wave pairing for the other two nest-
ing structures. As discussed in Sec. IV B, the ferromagnetic
spin-triplet IVC Hund’s coupling promotes antiferromagnetic
fluctuations among the antipodal points on the Fermi sur-
face, and leads to the spin-singlet superconductivity with
phase difference among the hot-spots [19,31,40,41]. The fer-
romagnetic spin-singlet IVC Hund’s coupling favors either
spin-singlet IVC ordering if the interaction is enhanced by
the particle-hole nesting as when u; ~ 34 meV, or spin-triplet
p-wave pairing for uy; ~ 26 meV and f’-wave pairing for
ug = 30 meV.

Armed with a thorough understanding of ordering insta-
bilities caused by local interactions, we considered realistic
Coulomb interaction and phonon-mediated electronic inter-
action in RTG. The realistic Coulomb interaction is like the
combination of repulsive density-density interaction (both in-
travalley and intervalley) and ferromagnetic spin-triplet IVC
Hund’s coupling, and it favors spin-singlet superconductiv-
ity with different phases of the order parameters among the
VHSs, such as d-wave for u; ~ 26 meV and i-wave for the
other two nesting structures with #; > 30 meV. The phonon-
mediated electron interaction in RTG is driven mainly by
acoustic phonons and is roughly the sum of attractive intra
and intervalley density-density interaction, but its strength
is significantly smaller than the Coulomb interaction (by an
approximate factor of 10~%). Therefore it barely modifies the
density-density interaction vertex that is almost solely deter-

mined by the Coulomb interaction, and we can safely neglect
its minuscule effect on the phase diagram.

The results of our analysis are in good agreement with
the experimental phenomenology of the dominant super-
conducting phase (SC1) of RTG, which appears to be a
spin-singlet. Our calculations further identify two distinct
spin-singlet superconducting phases (d-wave and i-wave) as
relevant candidates for SC1. The d-wave superconducting
phase is expected to be fully gapped and chiral, and should
therefore exhibit spontaneous orbital magnetization and edge
currents that can be detected by scanning nano-SQUIDs [43].
The i-wave superconductor is nodal with gapless quasiparticle
excitations and might be diagnosed using low-temperature
thermal transport [44]. In addition, single spin-qubit based
current noise spectroscopy [45,46] may also be used to distin-
guish these different superconducting phases in experiments.

It is worthwhile to critically analyze our approach to
correlated physics in RTG, by comparing with related few-
layered graphene-based heterostructures such as twisted
bilayer graphene (TBG) [6,7]. While both materials show
strong electronic correlations due to enhanced density of
states, such as isospin polarized phases and superconductiv-
ity, there are significant differences that should be kept in
mind. First, unlike moiré graphene which features interac-
tion induced insulators at certain integer fillings of moiré
minibands, RTG always has Fermi pockets away from the
single-particle gap at charge neutrality. Second, resistivity
measurements point to the presence of a strange metal phase
above superconducting 7; in TBG [47-49], whereas quantum
oscillations in RTG indicate that the parent state of the su-
perconductor is a simple Fermi liquid [1-3]. Taken together,
these considerations imply that superconductivity is likely a
weak-coupling instability in RTG, and justify our focus on
low-energy electrons at the Fermi surface. In addition, su-
perconductivity in RTG requires a strong displacement field,
that results in sublattice polarization of the electronic wave
functions in the low-energy bands. As we showed earlier, this
causes the intervalley scattering by phonon modes to be highly
suppressed in RTG, in contrast to TBG where these modes
mediate an attractive interaction between electrons and may
play an important role in pairing [50-52]. This observation
bolsters the case for an all-electronic mechanism of supercon-
ductivity in RTG, as we studied in this work.

Beyond the relevance of our computation to the physics of
RTG, from a purely theoretical standpoint we have simulta-
neously devised a systematic way to represent the interaction
vertices and perform the one-loop renormalization group anal-
ysis for the interactions by using the interaction vertex basis.
This method essentially transforms a highly technical RG
calculation to relatively simple tensor contractions which
can be efficiently implemented on a computer. The use of
the Majorana fermion basis enables us to represent the four
fermion interactions by rank-4 totally antisymmetric tensors.
The one-loop renormalization group equations are obtained
by evaluating 1 diagram in the Majorana basis, instead of
five diagrams in the complex fermion basis. This automated
procedure eliminates the chance of over counting symmetry
factors. It is straightforward to apply to other systems that
feature Van Hove singularities or can be described by hot-spot
models [31-33,53].
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Notes added. While completing this manuscript, related
work appeared [26], which studied superconductivity in
RTG using the functional renormalization group method.
They identified spin-singlet d-wave superconductivity under
Coulomb interaction at the doping level that features annu-
lar Fermi surfaces. Our work focus on a slightly different
doping level that features VHSs. We find spin-singlet su-
perconductivity with possible d/i-wave depending on the
displacement field. In particular, d-wave superconductivity
occurs when u; ~ 26 meV which consists of additional nest-
ing in a particle-particle channel similar to that in the annular
Fermi surface.
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APPENDIX A: FULL HAMILTONIAN
OF THE TWO-BAND MODEL

The RTG consists of three layers of honeycomb lattices
in ABC stacking. Its electronic states near charge neutrality
mainly reside on A; and Bj sites, whose low-energy band
structure can be described by an effective two-band model
[18,34,35]

HO = Z Cikshf (k)crksa

T,k,s

(AD)

where c;xs = (Crksa,» Crksp, )T denotes the electron annihila-
tion operator. T = K, K’ labels the valley, s = 1/ labels the
spin, and k labels the momentum deviation from the corre-
sponding valley center. The band Hamiltonian takes the form
of ho(k) = (g — o+ (raf* + Mo + Bho? + €03,
with o i = Uk, + k)%, 6 = (6 + %) — (2 4

3
ua;—f;)kz, er=12— %kz, and € = uy(1 — ;j—?zkz). T =
+/— for K/K' valley. We adopt the parameters pro-
posed in Ref. [1], namely, yp = 3.1 eV, y; =380 meV,
Yy = —15 meV, y3 = —290 meV, yy = —141 meV, § =
—10.5 meV, u, = —6.9 meV, and v, = ﬁayi/Z (for i =
0, 3,4 with a = 0.246 nm being the lattice constant). Their
physical meanings are well documented in Ref. [18]. In par-
ticular, the parameters u; and p are experimentally tunable
by a dual-gate device [1,2], where u; = (1} — u3)/2 is the
potential difference between the outer layers (which is ap-
proximately proportional to the applied displacement field)
and u = —(u; + up + u3)/3 is the (overall) chemical poten-
tial (assuming u; to be the electronic potential in the /th layer).

APPENDIX B: DETAILS OF INTERACTION
VERTEX BASIS

The momentum conserved interaction vertices can be
greatly reduced by utilizing the symmetries of the system.
In our case, we consider the lattice rotation and reflection
symmetry as well as the time-reversal symmetry. Since we
are focusing on the Van Hove singularities in the Brillouin
zone (BZ), those symmetry actions can be represented as
permutations of the VHSs. If we label the VHSs in the K
valley by numbers from 1 to 6 and VHSs in the K’ valley by 7
to 12, then the symmetries are generated by

G :(1,3,2)4,6,5)7,9, 8)(10, 12, 11), B1)
M, : (1,4)(2,6)(3,5)(7, 10)(8, 12)(9, 11), B2)

T :(1,7)(2,8)(3,9)4, 10)(5, 11)(6, 12), (B3)

where M, is the reflection with respect to the k, axis, M, :
(ky, ky) — (ky, —ky), T is the time-reversal symmetry 7 :
(km ky) g (_km _ky)~

The momentum conserved interaction vertices can be di-
vided into several sets where the elements are related by
symmetry actions. Those sets of interaction vertices can be
further grouped into 3 categories, with different valley struc-
tures,

T nyt
—_—

f —
w(rﬁr)mw(né’r)m wwfz w(ﬂfﬂ%f)al - (B4)

ninzt T i
where n¥ = (1, 1), (1, —1), (—1, 1). We can further add spin
indices back to the interaction vertices with U(1), symmetry,
then there are 9 categories of interaction vertices as shown in
Eq. (3.1).
In the calculation, we turn to the Majorana fermion basis,
in the momentum space,

wr,a,p,s = Xva.ps1 T+ iXT,O{,p,S,Zv (B5)

Iﬂ:,a,_p,s = Xv,a,p.s,1 — in,a,p,s,Z‘ (B6)

and the Majorana fermions satisfy
{Xi> xj} = 264, (B7)

In the Majorana fermion basis, the four fermion interaction
vertices are totally antisymmetric due to the anticommutation
relation of the Majorana fermions. And x4 xp xc xp is denoted
by the cross with black dot,

B C
axsxern = > (B8)
A D

The general interaction vertices is given by rank-4 totally
antisymmetric tensor with the Majorana fermion operators
Vascpoxaxpxcxp- The general rank-4 totally antisymmetric
tensor can be represented by the linear combination of rank-4
totally antisymmetric tensor basis or the interaction vertex
basis i), where i is the ith interaction vertex basis.

The metric of the interaction vertex basis is defined by

g/ = TruZBCDu£CBA’ (B9)
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where repeated indices mean contraction. Then the general
rank-4 tensor of the four-fermion interaction can be expressed
in terms of the interaction basis by

i J
Vascp = Vilapcp, Vi = TrVABCDgijMDCBA, (B10)

where g;; is the inverse of the metric.

Note that the interaction vertex basis may not be lin-
early independent, one can find the linearly independent basis
by Gaussian eliminating the metric g/ and obtaining the
projection matrix Proj with fewer rows. Then the linearly
independent basis is given by

i pep = Proj i pep. (B11)

And the inverse of the metric is g;; = (Projg/ProjT)~!. In the
following, we will always use a linearly independent interac-
tion vertex basis.

In the preceding analysis, we essentially view the inter-
action vertex as a vector, and u',p-, is the basis vector for
representing the general interaction vertex. These interaction
vertex basis i,z span the space of momentum conserved
interaction vertices with respect to the discrete symmetries
and at least spin U(1) and valley U(1) symmetries. It is easy
to check that the addition of two interaction vertex basis and
multiplication of scalar won’t make the “vector” outside the
space. Certain combinations of the interaction vertex basis
may have larger symmetry, say, spin SU(2) symmetry, then
they span a subspace. We also note that interaction vertex
basis are also closed under the contraction in the form of

i j
tr (U o p Uy orep)-

1. More on symmetry actions

In this subsection, we will discuss the interplay between
symmetry and momentum conservation in the interaction ver-
tices. As discussed previously, the VHSs are related by Cs
rotation symmetry, mirror reflection symmetry with respect to
k. axis and time-reversal symmetry. Because of the translation
symmetry, we can arrange the VHSs around the I" point in the
first Brillouin zone. The distance of the VHSs to the I point
are all the same, then the symmetry actions form the discrete
subgroup G of O(2) symmetry. If we denote a VHS as K,
then the other VHSs are obtained by g;K.,, where g; is the
element in the discrete group G. The momentum conservation
is given by

glKroz +82Kra - g3Kra - g4Kra =0, VKm~ (B12)

In other word, g]gzgglgll = 1. We conclude here that mo-
mentum conservation is equivalent to the above identity of
symmetry actions.

The states of the Hamiltonian at the VHSs are transformed
under these symmetry actions. For our two-band model, the
states are in general |to) = (z, @)T under gauge fixing, where
a is a fixed real number for all the states with the same energy
and z is a complex number depending on the valley and VHS.
Then the symmetry actions on the states are,

G |ta) — |td) = |ta), (B13)
M, : |ta) = |td) = |ta)*, (B14)
T :|ta) = |T/a) = |ta)*. (B15)

The symmetry actions effectively only act on the first compo-
nent of the states

Cyiz—2z, My:z—>7" T:z— 7% (B16)
One can further check that the form factors AZT*T® =
(ta| P, |T'a’) in the four-fermion interactions are real as the
consequence of momentum conservation,
T40l4, T 4§ T3003,T2002
A A

= (842)"(812)(£32)"(g22)

=g, 01285 ' <"z (B17)
for elements that add phase to z, g; can be pulled out and by
the identity g,gzgglgll = 1 from momentum conservation,
88183 '8:7°22" 7 = 7*2z*z € R. For elements correspond to
mirror or time reversal symmetry that make z complex
conjugate, the identity g;g>g5 g4 =1 implies g; with i =
(1,4), (2,3),(1,3),(2,4), (1,2,3,4) can be nontrivial ele-
ments, however, they come in pairs and act on z, z*, therefore,
the expression has the same reality as z*zz*z.

APPENDIX C: DETAILS OF THE PHONON MEDIATED
INTERACTION

To obtain the phonon-mediated interaction, we start with
the Frohlich Hamiltonian,

1
H = Z Vs €k Weks + Z hawg (biquq + 5) + Hp,

tks Aq

3 X
Z T/k.»,_qugktqt oo’ Crkso (bxq + bl’_q)v

rtt'kqoo’s

H,, = (C1

where § = ¢ 4+ (' — 7)K is the physical momentum transfer,
hw,4 is the phonon energy, and gqu ‘97" s the electron-
phonon coupling coefficient. Unlike in monolayer graphene,
the valance band of RTG has spectral weight concentrated on
the Bj site, thus the electron-phonon coupling term can be
approximated by

Hypy= Y (A5 ®) & v

rtt'kgs

Ul ras Vs (bag + B ). (C2)

where 2,77 Yy = gfq’ B3-Bs ' which suggests that only intrasublat-

tice phonon scattering is relevant to the low energy physics
of RTG. After integrating out phonons, we get the familiar
phonon-mediated interaction,

hws g
q
q T T 2_ 2.2
(ek/ ep_,) — oy,

A i .
. wr/k+qswrk.¥wfk'7qsz Vewy * -

Hp= Y |[Mp o8y g
rtt'kgs

(€3

Restricting k and k + g to VHSs, we always have sk, =&
then the interaction simplifies to

K —

1
Hp== ) hwkqwéz(")\ Wy &

rtt'kgs

Y /k+qg1/ffks wrk (C4)

Vo

—qs'
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Within the hot-spot model, the phonon-mediated interaction
is always attractive in the Bloch electron basis.
We can further write gqu in terms of the phonon scattering

matrix element M,?;T ,

, h /
~ATT ATT
= |2y Cs
8k 4Apwsq k.q )

Where P is the density of graphene and equals to 7.6 x
10~7 kg/m?. Rewriting Eq. (C4) in terms of M “’ , We recover
the phonon mediated interaction presented in the main text
[Eq. (3.10)].

1. Phonon scattering matrix element in RTG

The momentum structure of the scattering matrix element
M “qf to the leading order in k and ¢ can be obtained by the
symmetry analysis [37]. In this section, we will present a more
restricted approach using the tight-binding model [54,55].
Since only the intrasublattice phonon scattering is relevant in
RTG, we can proceed with a simplified tight-binding model
that only involves the second nearest hopping between Bj site,

Hip =—t, ) |R) (R, (C6)

nnn

where |[R) = |R, B3). Then the perturbative Hamiltonian due
to atomic displacements is given by

dHrp dl2 m e (R)
deg Z Z db  /3b A .

nnn m

— ) IR) (R,

(o0))
where eA(R) =eje ¢4R is the atomic displacement of momen-
tum ¢, b is the graphene bond length, and d,, are six position
vectors pointing from atom Bj to six nearest B3 atoms. The
matrix element M,if;/ can be obtained from the perturbative
Hamiltonian,

, dHrtg
M}n‘[‘[ — /k k
kg = (Tk+q] de | tk)
dtz dm : ég . .
— 2 91— ig-d,, I(TK""k)'dm' Cs
TN (1 —e?%m)e (C8)

Since both k and g are very small compared to the Brillouin
zone scale, we can expand M, ,?qul ink and q,

Arr ~_j dt2 Zq d,

The next step is to write down é; for relevant phonon
modes. The relevant phonon modes at small k and ¢ are the
intravalley (t/ = 7) LA and TA acoustic phonon modes and
the intervalley (" = —7) A}, E’ and A}, optical phonon modes.
Intravalley optical phonon modes are strongly suppressed by
the optical gap compared to the acoustic modes.

1 1 /= / 1 /=1
~LA __ qx STA __ (’Iy> AT < )
é; é:" = — , el =—| .|,

1 Iql< ) 1 Iql(qx 2\t

, 1 /1 Al 1 1
~FE _ ~Ay
“ _iﬁ<i)’ ¢ = ﬁ(—i)'

)\.
'I 1rKd . (Cg)

(C10)

Plugging in d,, = C{'dy, dy = (a,0), and K =

we find

(47 /3a, 0),

_ 33 diy

2db

for A = LA, A/, E’, and A} and otherwise zero.
The deformation potential o of the LA mode has been
studies extensively using ab initio methods [38],

_ 33bdn
2 db
Within the tight binding approximation, it is the same for A =

LA, A}, E’, and A},. Then the phonon-mediated interaction can
be written as

M (C11)

=3.25¢eV. (C12)

1 o Iql 2
= S |
4A'0 rtt'kgs )\q ’
Y kg ks Vg Ve - (C13)

For acoustic phonon modes, we approximate the phonon
energy by wyz ~ ¢, |ql, and for optical modes, w;3 ~ w, with
cra =21.2 x 10° m/s, wy, = 160 meV, wp = 151 meV, and
wp, = 124 meV from ab initio methods [39].

APPENDIX D: DETAILS OF THE RENORMALIZATION
GROUP APPROACH

1. Free fermion propagator

One complication in the renormalization group analysis
is to enumerate all the diagrams in particle-particle channel
and particle-hole channel with correct symmetry factors. This
is due to the discrepancy in complex fermion creation and
annihilation operators and the complication can be overcome
by using the Majorana fermion basis. Moreover, the n-fermion
operator can be expressed as a totally antisymmetric rank »
tensor in Majorana fermion basis, this property largely re-
duces the number of diagrams that we need to sum over.
For the one-loop correction of four-fermion interaction terms,
there are five diagrams in complex fermiom basis correspond
to only one diagram when using the Majorana fermiom basis.

We define the Majorana fermion at each Van Hove singu-
larity as in Eq. (B5). Note that the Majorana fermion may
not correspond to the real fermions in the system, one may
view this as rewriting that facilitates us to derive the renor-
malization group equations. The Hamiltonian in the Majorana
fermion basis is thus

Ta, 2
H = E E Xr.a,—p,s,i[Ep O'j,j']Xr,a,p,s,i’,

T,0,p,S i,i

(D1)

where o2 is the Pauli y-matrix acting on the real/imaginary
part of the Majorana fermion operators. The free fermion
propagator is readily defined as

[Gé’a]s,s’;i,i’(p) == <XPX-—I—P)
j 0 -2
ZZ. Pj.m, Pj=00®a —i—]o.
= ie ey 2
(D2)
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2. Interaction vertices

In the following, we group the valley and hot-spot indices
into T and group the spin and Majorana real/imaginary
part indices into lower case Latin letters, like a, X;q.p5,i —>
Xra,p,a- The general four-fermion interaction can be written as

Hiy = Vapea(T1001, T2002, T303, T404),

Xty ky,a Xt kb Xtsas ks, e Xtsou ks d (D3)

The valley and hot-spot indices cannot take all values since the
momentum needs to be conserved. If we denote the momen-
tum at valley t and hot-spot « as K., and recall that k; are
the momentum relative to the hot-spots, then the interaction
vertices requires

K‘[]O{] +K1'2rx2 - K‘L’3O(3 - K‘L’40t4 =0. (D4)

Similar to the momentum conservation, the interaction ver-
tices also obey spin conservation and valley conservation, for
example, the process which has two spin-1 incoming states
and two spin-| outgoing states is prohibited.

Under these constraints, the valid interaction vertices are
physical, but they are still redundant and can be related under
symmetry actions on the valleys and hot-spots. If there exists
a symmetry G such that the hot-spots are invariant under the
corresponding group transformation g, then the interaction
vertices can be related to the representative ones,

Vabea(g(t1001), ..., 8(T4014))

= Vapea(T1021, ..., T40t4), Vg € G. (D5)

All the representatives and their orbits under the group action
form the basis for the general four-fermion interactions, we
call these interaction vertices fundamental interaction ver-
tices. The real world four-fermion interactions are like general
vectors and can be decomposed into these fundamental inter-
action vertices. Therefore the behaviour of these fundamental
interaction vertices under the renormalization group can de-
termine the behaviour of other arbitrary interaction vertices.

3. Renormalization group equation

For presentation clarity, we further group the indices into
capital letters, Xro,p.a — Xa. We consider the one loop cor-
rection to the general interaction vertices at energy cutoff A,

Hine = Vapep(A) xaxsXc Xp- (D6)

Because the different Majorana fermions are anticommuting,
the interaction tensors are totally antisymmetric,

Vascp = —Vpaco = —Vacsp = Vpcap = .. (D7)

The one-loop correction to the system is obtained by integrat-
ing out the high energy modes. Due to the antisymmetrization,
the one-loop correction for the interaction vertex is obtained
by the contraction of two vertices,

Vapep(A) xaxsXc XD
—(Vusco (M) xaxexce xpVapcep (M) xa XB Xc Xp)

= —Vapco (M) {(xc x8 ) (X X4 )Varsep(A) xaxBXc XD>
(D8)

therefore, the increment of the interaction tensors is

dVapep(A) v dxvaj(M)les:oa
—ga = Vasco A

Vapcp, (DY)
where the indices appeared twice mean contraction. The bare
susceptibility in Majorana basis is actually the summation of
the particle-particle and particle-hole channels with projection
matrices,

Dtva (Mlesoar = [xae™™ ()]

=[x;:”’(A>] [ (a)], (D10)
v —0(e™Y)
To,7'o 14
[ (8)] = /,, _E;a _Ei;,,
O(le;” — A)P™, (D11)
[ rata(A) / @ @(—65’?‘,)
p _Era+€t(x
Ol —eZy| = A)P™. (DI12)

where the valley and hot-spot indices in the C, B = T and
D,A = t'd’ entries are the same respectively, ®(x) is the
Heaviside Theta function. Note that the integration of the
momentum p is relative to the hot-spot and inside a small disk
region.

It is relative easy to obtain the renormalization group equa-
tions for the fundamental interaction vertices from Eq. (D9),
compared to summing over five one-loop diagrams when us-
ing complex fermion basis. The symmetry factor and other
counting factors are automatically dealt with during the tensor
contraction. Despite it is convenience in implementation, the
computational cost is higher than the complex fermion basis.
Since we are writing the 4-fermion interaction vertices in the
Majorana basis, the dimension of each entry of the interaction
tensor is doubled, therefore the interaction vertices are 2%
larger than those in complex fermion basis. Nevertheless, it
can be fast implemented and calculated for 12 hot-spots model
with spin indices on PC (Intel(R) Core(TM) i7-9700 K CPU
@ 3.60 GHz).

4. Derivation of the RG equation

The one-loop correction of the interaction vertices
Vabea (T1001, T2002, T303, Ta0tg) 1S

—/ Vaberar (T1001, To0a, TT(Kk),
k.o

M(—k + 7101 + 1202))[Go (k) ey
x [Go(—=k + 10} + T200) v

X Vapea (TI(—k + Ti0) + T2002), T1(k), 13003, T4014),
(D13)

where I1(k) is the projection operator which projects the mo-
mentum to its nearest hot-spot. Therefore the integration of k
is the summation of possible hot-spots with integration over
the relative momentum near the hot-spots. Let k = K, +
p, such that T1(K,, + p) = ta and TI(— —p+ 1o+

155115-13



LU, WANG, CHATTERIJEE, AND YOU

PHYSICAL REVIEW B 106, 155115 (2022)

o) = t'd’, then

.

(G (=p)], Vavea(T'd, Tat, T303, T4028),

Vabea (Ti0t1, T, tar, T'a)[ GG ()],

(D14)

where t’a’ depends on T, Ty, T due to the momen-
tum conservation. The integration over continuous momentum
only occurs inside the bubble, we define

[ T, 7o

XMaJ ]L’b/;d’a/

= [ ¢pdar [G5 @), (G5 )

1 1 . y
= / Ipdo Y e 5 [P loy ® [P la
I lw — jeg¥ 1w — j'ely
VlF
= [y
JiJ’
= / d’p Z
7

& [P s

]/eil‘f ) — ng (je;"‘)
Je + jep

[P/ loy ® [P N

/ ra)+®(J€ra)_1

[Py
€ry + jer®

(D15)

where np is the Fermi-Dirac distribution function, when
temperature goes to 0, np(x) = @(—x), where O(x) is the
Heaviside Theta function. The projection matrices come from
the propagator in Eq. (D2). In the renormalization group anal-
ysis, we introduce the infrared cutoff for the energy by,

" Mg = [ Z

(|J/ 'a’ +j€;a —A)
X [P/l @ [P urar-

/ ra)+®(]6ra)_1
€l, —i—je;,a

(D16)

Let j/ = kj, then the summation over j, j/ becomes j, k, for
k = +1 (or k = —1), the expressions besides the projection
matrices stay the same. Then the xm,; can be further simpli-
fied to a summation of particle-particle and particle-hole bare
susceptibilities with projection matrices,

D™ (W] = D™ W] + D™ (v, (017
O — ) — O(er¥)
XTO!TO!(A):/ 14 — P
[ pp ] , —epr — e
(|e”’+e”' —A)PP, (D18)
ta,7'd’ ®( - 65;:/)
[ (A) ~/p: Era +€1: ‘!
®(|e @ _ — A)P™, (D19)

Ppp/ph

where hda — [(o9000 £ 0202 /2]¢p:aq- The renormalization

group equation is

dV(tia1, Taory, T3003, T404)
dA

Ta,t’a’
’ d[XMaj (A)]c’b/;d’a/
= —Vaca(tiar, oy, Ta, T'a’) A

X Vawea(T'e, T, 1303, T4ts). (D20)

Note that the renormalization group equation only involves
tensor contraction at each step given the bare susceptibilities
calculated in Eq. (D16), the tensor contraction automatically
generates the momentum conserved and symmetry allowed
interaction vertices since the interaction vertex basis are mo-
mentum conserved and symmetry allowed.

5. Calculation of the bare susceptibilities

The dispersion around the Van Hove singularities is mod-
eled by line crossing,

= eop*(cos 2(0 — ¢™) sec(yr) — 1),

where ¢ is the orientation of the crossing and v is the open
angle of the crossing. The change of bare susceptibilities can
be calculated in the polar coordinates via the general formula,

d /[
£ ( / F(A, 0) d9>
dA\Joy(n)

G(T:cose,psinG) (D21)

do do,
— (AL O1(A)) ‘( D) fea, ooan ™
e df(A, 9)
+ -~ db D22
/eom) dA (b22)

For the Fermi surface without nesting, the most diverging
susceptibility is the Cooper channel, which is x,, 0 ~ In(A)?
due to the nesting and large density of states at the Van
Hove singularities, other channel diverges as In(A ), therefore,
the system would possibly flow to superconducting phase.
For Fermi surface with nesting, the other channels can also
diverge as ~In(A)? but slower than the Cooper channel, in
those cases, instabilities other than superconductivity are ex-
pected.

Since the band structures around the VHSs are modeled
by quadratic polynomials of p,, p, which is the momentum
relative to the VHSs, the Fermi surface around the VHS « in K
valley is the same as that around the VHS « in K’ valley. The
susceptibilities are then labeled by x** in Fig. 6. Due to the
high symmetry, there are only two different processes in each
channel when u; ~ 26 meV, while there are five different
processes in each channel when u; ~ 30, 34 meV.

6. Instabilities

The interaction vertices will diverge or go to zero under
the renormalization group flow, these correspond to relevant
or irrelevant operators respectively. If no diverging interaction
vertices, this means all the interactions are irrelevant, the IR
phase is the Fermi liquid phase.

The instabilities of the system are characterized by the
diverging interaction vertices. Once the interaction vertices
diverge, we can analyze which order will form to minimize the
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(a) ug=26meV (b) ug=30meV (c) Ug=34meV
1.0 - - - 1.0F : i 1.0 i i i
0.8f 0.8} 0.8f
> L L L
3 0.6 0.6 0.6
<
T 04 0.4} 1 04} 1
0.2k 0.2 k 0.2 K
0.0p— : : : : : : ] 0.0L: - - - - 4 00— - - - - - - 1
30 40 50 60 70 80 90 100 80 100 120 140 160 180 30 40 50 60 70 80 90 100
y y y
e 1,2,1,3;1,4;1,5 1,1:1.6 1,1 1,6 1,5 11 1,6 15
Xop ph — Xpp Xpp Xpp — Xop Xpp Xpp
1,21,3;1,4:1,5 1,21,3 14 11 1, 1,213 14 11 1,
ph Xpp — Xpp Xph — Xph Xpp — Xpp Xoh — Xph
15 1,213 14 15 1,2;1,3 1,4
- Xph - Xph - Xph _ Xph - Xph - Xph

FIG. 6. [(a)—(c)] Susceptibilities of particle-particle channels and particle-hole channels with displacement field u, ~ 26, 30, and 34 meV.

energy. The diverged interaction vertices Vigep can be written
as

Hine = Vagep xaxsxexp ~ —OapVascoOcp, (D23)

where Opp = i XAXB- The dlverged interaction vertices can be
decomposed as Vigcp = UypA! ULy, where A/ are the eigen-
values of the matrix Visp)cp) where we combined the first two
and last two indices. Therefore

Hin = —OapUs A U pOcp. (D24)

Hence, when condensing the fermion bilinear U~ Ocp with
the largest eigenvalue, the diverged interaction vertex will
gain the most energy, and the order parameter of the leading
instability is then,

O = IUCD XCcXD- (DZS)

It is often the case that several fermion bilinears have the same
largest eigenvalue, they are in the subspace with remaining
unbroken symmetries.

7. Scaling dimension of order parameters

The asymptotic behavior of the renormalization group
equations around y — y, is

(D26)

When plugging Eq. (D26) into the renormalization group
equation Eq. (4.5), we have

vi=C vy (D27)

Upon iteratively solving the equation, we find several solu-
tions corresponding to different phases, yi(s), where & labels

the different solutions. The coefficients of the interaction ver-
tex basis on each fixed ray behave as

yi(é )

Ye =Y .
The IR behavior of the system is governed by these fixed
rays, since the arbitrary initial bare interactions will eventually

v = (D28)

flow to one of these fixed rays and induce corresponding
instabilities.

We can further extract the scaling dimensions of the order
parameters on these fixed rays. We introduce the fermion
bilinear as the order parameter, O = Xspxa x5, the vertex
correction is given by

Xap(A)xaxs
—(Vasco (M) xaxsxc Xp Xas (M) Xa xp')
= —Vapoo (M) (xc xp )Xo xa)Xap (M) xaxs, (D29)
then the RG equation is given by

dy

dl xmalopas
dy

= —Vasc»r Xup . (D30)

Along these fixed rays of the RG flow, the asymptotic behavior
of the corresponding fermion bilinear O¢) near y — y. is

dO®
dy -

7/(E)

o0® (D31)

3

Ye =Y

whose solution is O®)(y) « (v, —y)"“. In the following
Table II, we show the scaling dimension ) of the order
parameters in different phases. The order parameter is rep-
resented by,

0% =y ™My oy ® (D32)

(rsa)(r s’ a)X’

where M is 6 x 6 matrix acting on the indices of
VHSs, 6""* =o* ® 6" ® o* acting on valley, spin and
particle/hole indices of the Majorana fermion.

8. Projected renormalization group equation

It is hard to analyze the whole set of RG equations for
interaction vertex basis (40+ first order nonlinear differential
equations), we can derive the RG equations for the instabilities
that we are interested in. To reproduce the phase diagram in
the previous section, we only need to keep interaction vertices
that correspond to the present instabilities in the Table II. Each
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TABLE II. The first two columns show the order parameters and their matrix forms. The last three columns show the scaling dimensions of
the order parameters in each phase. For different displacement fields, the phase may not exist, then there is not corresponding scaling dimension
of the order parameter.

Name Matrix form (M ® o*"* acts on («, T, s, a)) Scaling dimension (at 34 meV) (30 meV) (26 meV)
s-wave SC diag(1,1,1,1,1, 1) ® o212 0.706 0.577 0.577
i-wave SC diag(1,1,1, -1, -1, -1) @ o' 0.706 0.577 -
p-wave SC diag(—1,1,0, 1,0, —1) ® ¢233:231,203.201.213.211 - - 0.289
d-wave SC diag(1,0, —1,0, =1, 1) ® o212 - - 0.408
f-wave SC diag(1,1,1,1,1, 1) ® ¢¥33:231,203.201.213.211 0.497 0.408 0.408
f’-wave SC diag(1,1,1, -1, —1, —1) ® ¢233:231,203.201.213.211 - 0.408 -

IVC ¢ MMy 6 =My =Mss =1, sym] ® 20172 0.349 - -
IVCt176 [MlM](, — sz4 — 1‘43,5 — 1’ sym] ® UZIO‘222,230,1]2,120,]32 _ _ _

order parameter corresponds to a four-fermion interaction that Eq. (4.5) is related to 9;(y) by v; = (MTv),,

can be expressed as the linear combination of interaction dAMTH()),

vertex basis, - A
dy

and equations for ¥; are obtained by left-multiplying (M -

o o MT)"'M on both sides, the initial condition is (M -

(0 O" = Mju\gep Xa X8 XC XD (D33)  MT)'Mu(yyy) where v(yyy) is obtained in Eq. (4.7). The

RG equations for ¥; can reproduce the phase diagram in the

previous section, but there are still too many terms. We further

truncate the RG equations by ignoring the terms with coeffi-

where the superscript i labels the different order parameters. cients much less than the leading one. For the displacement

The general interaction vertex in the renormalization group field uy ~ 34 meV with additional particle-hole nesting, we
equation Eq. (D9) is then Vagep(y) = ¥; (y)M.’]i u/ﬁ sep» Vi(y) In obtain the projected renormalization group equation as

J

= —CHMTo());MTEG)),  (D34)

di, diff 2dfi 2d 2d, f'i
6\ +24yiT, — 24 Tys — do T, + dyf'T, — PSS 24ST 245 2di S
dy 7 7 7 7
2d]f/S 2d1i2 4d1iS 2d152
7 7 7 7’
dZ ) ) 9d1f2 9 ff 3difi 3difs
= 12d,1. 3d, f'I, — 3d, fI, + 2d, L;s — 2d,\i1, — —
dy 1Ly + 1f L fLs + 2d\ Igs 1Ly + 28 14 7 7
o, f*  3d\fi 3df 2d,i
n 7 3difli n 1f's 11s’
28 7 7 7
ds 3dyZ1, 9dQItz

== = 12dys® + 2dyZLys — 3doT,s — ,
dy 05" + 2doLys — SdoLes 8 32

di 3dII,  9dyT?
E 124y — 2doiT, + 3doiT, — 205 0%
dy 8 32

df dyI?  dyZI, 5diff  diis
— = 6dyf? — 2dofT, — dof T, s — -,
dy of o fZ, ofZ + 1 + 1 >3 5
df’ dyI?  dyII, 5diff  dis
L = 6dyf? +2dyf'T, + do f'T, s —_—,
a0 of” +2dof Ly + do f'L + 7+t >3 -

where Z,, Z; refer to spin-triplet IVC and spin-singlet IVC, dy = d XK' /dy, d\ = dxgql‘“/dy = d)(;;l’K%/dy are the nesting
parameters and other susceptibilities decay as fast as 1/y'/> which can be ignored.

We can see that both the IVC orders interplay with the different superconducting orders, in particular, the singlet IVC will
enhance s-wave and f’-wave via the terms like +2dyZ;s and +2dy f'Z;, and the triplet IVC will enhance i by the term 3dyZ;i.
This enhancement indeed happens in i-wave superconducting phase with u; =~ 34 meV. As shown in Fig. 7 (d), the spin-triplet
IVC ordering is the leading one at the high energy scale, under the RG flow, the energy scale gradually decreases and the i-wave
superconductivity starts to dominate.
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(@) s-SC (J=20eV, V=20eV) (b) IVCS (J=20eV, V=20eV)

600 600 . . : .
£ 500f 500f :
5 — IVC! ¢

400} 400F :
£ — IVCi,
@ 300} 300f :
c - 8
£ 200} 200f :
8 — f
g 1001 100} J ]
Lt e 0 ;

L N N 100k L N N N
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y y

(© f-SC (J=-20eV, V=-20eV) (d) i-SC (J=20eV, V=0eV)

600 [~ . . . ; . 600 [~ . . ; ]
£ 500} 1 500} :
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5 400 1 400f goo} )/ T — VG
% 300} i 300f 300} ___—7 3
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£ 0 : 0 - ;
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y y

FIG. 7. [(a)—(d)] RG flow of interaction vertices projected to the instability directions. (a)—(c) show the leading divergences are s-wave
superconductivity, spin-singlet IVC and f-wave superconductivity respectively. (d) shows the competition between the spin-triplet IVC and
i-wave superconductivity, the i-wave superconductivity finally diverges faster than any other instabilities.

9. Example of generating the RG equations

We demonstrate the way to generate the RG equations for the model with three VHSs in each valley, this model is relevant to
the twisted bilayer graphene [31]. There are six hot-spots in the first BZ, we label them as in Fig. 8. We first generate the tuples
corresponding to the momentum conserved four fermion interaction vertices,

INtAll = {(t1a1, o2, 13003, T44)|K 70 + Ky, — Kyoy — Koyory = 0} (D35)
5 3 5 3 5 3
1 4 4 4
6 2 6 2
Jaq 914 924 Jar — 931 942 932 911 922

FIG. 8. This figure shows nine different four fermion interactions that satisfy momentum conservation. These are the representatives in
each equivalence class. The naming is referring to [31].
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The VHSs are related to each other via group actions. If we denote the VHSs in the K valley by « and those in the K’ valley by
o + 3, the generators of the group actions can be represented as cycles,

Cs : (132)(465), M, : (23)(56), T : (14)(25)(36). (D36)

These generators generate the permutation group with 12 elements, the elements in IntAll should relate to each other under these
group actions. If two elements in IntAll are related to each other by

(TXI Oy Ty Oy 5 Tz Uy s Tx4ax4) = (g' Ty Oy s 8 Ty, Uyy» 8 Ty Ays, 8+ TYAO[}'4)’ Elg € G, (D37)

then they fall in the same equivalence class, the set IntAll then splits into several equivalence classes and we label the equivalence
classes by their representatives (tjc1, To0t2, T3003, T40tq)', Where i is the index for the equivalence class. On the contrary, all the
interaction vertices can be organized as

IntSym’ = {(g- t1t1, & - 1202, § - T3003, & - T4ats)’, Vg € G}. (D33)

As shown in Fig. 8, it is interesting to draw the process of these representatives.

The IntSym gives all the momentum indices for the interaction vertices and organized by symmetry of the VHSs. Next, we
need to add the flavor indices for the interaction vertices. For the sake of demonstration, we only consider additional spin degrees
of freedom, and consider the four fermion interaction term as

i ¥
Hip = g; Y D Ve Vi Voo Vriare (D39)
(T101, 72002, 7303, T40tg) 00’
€IntSym’

The four fermion interactions related under symmetry and fall in the same equivalence class i will have the same strength g;.
Upon rewriting the complex fermions in terms of Majorana fermions via Eq. (B5), the interaction vertex can be converted to
totally antisymmetric rank-4 tensor, Vagcp xa X8 Xc Xp — Viascp). Where the bracket means antisymmetrization of the indices. It
is convenient to define interaction vertex basis u} 5, as in the main text, therefore, the interaction term is

Hine = gillygep XAXBXCXD- (D40)

Then the one-loop correction for the interaction is given by Appendix D 3. The susceptibilities also have different equivalence
classes under the symmetry of VHSs, for example, the susceptibility of fermion near VHSs K1 and K'1 are the same as K2
and K2, and so on. As derived in Appendix D 3, the susceptibility can also be written as the rank-4 tensor. Therefore the RG
equation is obtained by contraction of the interaction tensor and the susceptibility tensor as shown in Fig. 3. All the tensors and
the RG equations can be automatically generated by a computer and it is straightforward to generalize to the system with more
VH’?}; RG equations for the time reversal symmetric system with three VHSs in each valley are,
Gau=—gy +do (28211 +4gngn + 285, — 485 — 485, + &y — 285 + &y + 4814824 + 2841842),
814 = dlf(—2g214 + 2824814 — 285, + 2831832) — 2d3-g14824 + da (8211 + 2841811 + g4 + 2814844)
gu=di (&4 + &) +ds-(—g1s — &)
+ dr— (=285, + 2811822 + 2841820 — 48u282 — 2854 + 2814824 + 2811842 + 2814844 — 2824844),
841 = —4g31832 — 28418402 + dz_(—Zg%u + 2842841 + 2844841 + 4g11g14),
831 = —2g3183 — 281183 — 2831842 + d1-(—4811831 + 2822831 + 2824831 + 2811832)s
g0 = =285 — 285 — &1 — & + dr— (g% — 2844842 + 481482 + 4811824 — 8822824 + 2841844).
g0 = —g5 — 2841831 — &3 — 2832842 + di_ (2814831 — 4814832 + 2820832 + 2824832),
g = dl—(—28211 + 282811 — 2g§1 + 2831832) —2d3_g11822 + dr— (2811814 + 2841814 + 2811844),
g = di-(&3 + &%) + ds-(—g1, — &2)
+ dr (2814822 — 4824820 — 2844820 + 2811824 + 2824841 + 2814842 — 4824842 + 2811844),

where g; = ‘fl—“’;", where y is the susceptibility of Cooper pair channel. Then the nesting parameter for the Cooper pair channel is

d Xg)""’(/"‘ /dy=1.d,_=d X;g,k’z /dy is the nesting parameter of the particle-hole channel between the VHS K1 and K’2 and
other symmetry related pairs, ds_ is the nesting parameter of the particle-particle channel between the VHS K1 and K2, and d,_
is the nesting parameter of the particle-hole channel between the VHS K1 and K'1.
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