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Tunable range of terahertz oscillations triggered by the spin Hall effect in a biaxial antiferromagnet
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We present a theoretical study on the current and frequency windows of self-oscillations induced by the damp-
inglike spin-orbit torque in a biaxial antiferromagnet. By the linear stability analysis and averaging technique,
we analytically formulate the lower and upper thresholds and the frequency of self-oscillations. We find that
the self-oscillation range is highly sensitive to the damping and magnetic anisotropies, which have a variety of
options in abundant antiferromagnets. Beyond a critical damping, the self-oscillation can arise after the instability
of an antiferromagnetic state, with its range widening for a heavier damping. Below it, a spin-flip transition
occurs when increasing the current, similar to the spin flip under an increasing magnetic field. Meanwhile, we
examine the role of anisotropies. With the spin polarization along the easy axis, the weak easy- and hard-axis
anisotropies allow self-oscillations, the range of which is broadened for weaker anisotropies. At the same time,
the spin-flip transition is permitted for strong anisotropies. If the spin polarization coincides with the hard axis,
the transition types are mainly determined by the easy-axis anisotropy. For a weak easy-axis anisotropy, the
self-oscillation can develop with its range expanding for a stronger hard-axis anisotropy. Finally, we envision

that (tunneling) anisotropic magnetoresistance may act as an effective means to probe the oscillations.
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I. INTRODUCTION

Self-oscillation is a ubiquitous nonlinear phenomenon [1],
where a periodic motion is self-sustained under a nonperiodic
driving force. For a magnetic system, this driving force can be
spin torques, including spin-transfer torques [2] and spin-orbit
torques (SOTs) [3]. This magnetic self-oscillation produces
sustainable ac signals from dc inputs, acting as spin-torque
oscillators. For the past two decades, with the aim of de-
veloping microwave emitters [4,5], intensive research efforts
[6-17] have been deployed to understand the properties of fer-
romagnetic self-oscillations, such as the phase diagram [6—8],
the thermal effects [6,12], the threshold currents [9,10,15,16],
the stability [11,13,14,16], and the relaxation [17]. In a
single-domain ferromagnet (FM), when the dampinglike spin
torque balances the damping on average, the magnetization
precession is propelled by the anisotropy fields or the exter-
nal magnetic fields, with frequencies of the order of a few
gigahertz.

Terahertz (THz) waves, because their frequency range has
not been technologically exploited and has fascinating poten-
tials for many applications, are attracting increasing attention
from the spintronics community. Obviously, it is impractical
to generate THz oscillation in FMs. So, the focus in recent
years has been shifting towards the films and multilayers
with antiferromagnetic (AFM) coupling. Considerable efforts
have been made on the self-oscillation or linear oscillation in
synthetic [18-22], collinear [23-37], and noncollinear AFMs
[38—42], as well as ferrimagnets [43—45]. In these devices,
when the adjacent magnetic moments are inclined relative
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to one another, the strong exchange torques drive their pre-
cession. Furthermore, when the damping is compensated for
by the dampinglike spin torque, a self-oscillation arises, the
frequency of which is in the THz region in view of the strong
exchange.

In particular, some interesting results have been achieved
for collinear AFMs. For example, in the strong exchange limit,
the oscillation frequency is proportional to the spin-torque
strength, while it is inversely proportional to the damping con-
stant [23,25,27,33,37]. It can be concluded that the exchange
interaction mainly propels the precession in the promise of
an average balance between the spin torque and the damping.
The oscillations can be adjusted by the spin-polarization di-
rections [33] and a weak Dzyaloshinskii-Moriya interaction
[27,30,31]. The lower and upper thresholds of self-oscillation
have been derived analytically for uniaxial AFM [37]. In
addition, given the abundance of AFM materials, these
works investigate AFMs with different types of magnetic
anisotropy, including the uniaxial [30,31,33,36,37] and biaxial
[23-25,27,34] AFMs, the AFM with a perpendicular uniax-
ial anisotropy and an in-plane fourfold symmetric anisotropy
[32], as well as the AFM with biaxial and cubic anisotropies
[35].

While extensive work has already been performed on the
self-oscillation of collinear AFMs, the influences of damping
and anisotropies on the range of self-oscillation remain poorly
understood. Considering the diversity of AFM materials [46],
different anisotropies and damping can be chosen, which can
be used to adjust the current to excite a self-oscillation and
its frequency. These properties are essential for successful
application of spin-torque nano-oscillators in THz signal gen-
eration. Therefore, in this paper, for two cases with spin
polarization along the easy or the hard axis, the thresholds
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Case I: u, || ug,

Case IT: u, || up,

FIG. 1. Sketch of HM/AFM bilayer with the spin polarization
(u,) along the easy axis (u,) or the hard axis (up,). j. and j; are the
electric and spin currents.

are calculated analytically by the linear stability analysis
and averaging technique (Melnikov’s method) [47,48]. The
latter is fit for analyzing the self-oscillation of a weakly
perturbed system with periodic orbits. For the ferromagnetic
self-oscillations, the good agreement between the analytical
and numerical results substantiates the validity of this aver-
aging technique [7-17]. Moreover, apart from the thresholds,
the frequencies are also derived by the averaging technique.
Based on these analytical expressions, we will investigate
the effects of damping and anisotropies on the current and
frequency windows of self-oscillations.

The paper is organized as follows. After the introduction
Sec. I and a model description Sec. II, we formulate the
thresholds and frequency of self-oscillations for the case with
the spin polarization along the easy axis, and we analyze its
current and frequency ranges; see Sec. III supplemented with
Appendixes A and C. Then, similar derivations and analyses
are performed for the case with the spin polarization along the
hard axis; see Sec. IV supplemented with Appendixes B, D,
and E. In Sec. V, we calculate the self-oscillation thresholds
and the corresponding frequencies for several typical AFMs,
and we discuss the possible detecting approaches. Section VI
is devoted to conclusions.

II. MODEL

We consider a bilayer consisting of a heavy metal (HM)
layer acting as a spin-current source and a layer of an AFM
with biaxial anisotropy; see Fig. 1. According to the mech-
anism of the spin Hall effect [3], when the electric current
flows through the HM layer, the spin-orbit interaction causes
a deflection of electrons according to their spin orientations
into opposite directions. This transverse spin current exerts
a spin-orbit torque (SOT) on the AFM layer. Magnetization
dynamics in this AFM layer is ruled by a pair of Landau-
Lifshitz-Gilbert-Slonczewski (LLGS) equations,

dm,- m x 5 + am; X dm,’ 4 (1)
— =M X —— oMy X —— T T,
dt dm; dt

where two unit vectors m; (i = 1, 2) represent the directions
of the sublattice magnetic moments, and « is the Gilbert
damping constant.

The magnetic energy includes the contributions from the
antiparallel exchange coupling and the biaxial anisotropy,

2 2
€ = wexMy - My — Wey Z (m; - uey)” + Wha Z (m; - up,)”,
i i

(2
where the exchange, easy-, and hard-axis anisotropic energies
are scaled in units of the frequency. Expressed by correspond-
ing effective fields, they are wex = Y Hex, Wea = Y Hea, and
wha = Y Hp,, with y being the magnitude of the gyromagnetic
ratio. The unit vectors u., and uy, denote the directions of easy
and hard axes. Here, the shape anisotropy (demagnetization
effect) is not considered, because the normal component of
the total magnetization (m = m; + my) is zero, as derived in
the following sections.

The dampinglike SOT is written as

T; = —wsorm; X (M; X u,). 3

Here, the strength of SOT is also scaled by the frequency,
which is
B
eMd

with d being the thickness of the AFM layer, up the Bohr
magneton, e the element charge, M the sublattice saturation
magnetization, and j, the electric current density. £ is the SOT
efficiency, which is equal to T;,0qn [49,50], with 6y, being the
spin Hall angle, and Tj,; the spin transparency of the interface
[51]. u, is the unit vector of the spin polarization, which is
perpendicular to both directions of the spin current and the
charge current.

Ejes “

WsOT =

III. CASEI: u, || ue,

For this case, we choose a coordinate system in which the
easy axis (uc,) and the spin polarization (u,) are along the z
direction, and the hard axis (uy,) is along the x direction, as
shown in Fig. 1.

A. Lower and upper thresholds of the self-oscillation

Now, we define the stability regions of all the stable equi-
libria, which can be confirmed from numerical integration of
the coupled LLGS equations [Eq. (1)] for case I. As detailedly
derived in Appendix A, solving the equilibrium equation de-
fined by dm,/dt = 0 yields two kinds of stable equilibria.

One is two equivalent AFM states with m; along the z
(—z) direction and m; along the —z (z) direction. Utilizing the
linear stability analysis (see Appendix A 1 for detailed deriva-
tions), this equilibrium is stable if |wsor| < wlsow where

! 1 2 .2 2
Wsor = NG 4oy, 0 +AL — A, ®)
with
Ar = (wex + za)ea)(wex + za)ea + 2a)ha)
£ 0? 20es + W) 20ex + 2000 + Wra).  (6)

In the absence of the hard-axis anisotropy, Eq. (5) is reduced

as wlSOT = 20/ Wea(Wex + wea), Which coincides with the re-
sult of the uniaxial AFM in Ref. [37].

134427-2



TUNABLE RANGE OF TERAHERTZ OSCILLATIONS ...

PHYSICAL REVIEW B 106, 134427 (2022)

wsot = 0.0230 THz

wsor = 0.0231 THz

wsot = 0.0560 THz
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FIG. 2. Evolutions of x-components (upper panel), y-components (middle panel), and z-components (lower panel) of m, , for the AFM
state (the first column), the precession (the second column), and the FM state (the third column) of case 1. The parameters of NiO [52,53] are
adopted: wey = 27.4 THz, w., = 1 GHz, wp, = 23 GHz, and @ = 0.001. Putting these parameters into Egs. (5) and (7), the lower and upper
thresholds of precession are w§q; = 0.0230 THz and w!,; = 0.0548 THz, which are in good agreement with the numeric results. The insets
show the evolutions in the time interval between 1000 and 1001 ps. Here, m; (m,) coincides with u, (—u,,) initially.

The others are two FM states with m; , along the z or
—z direction. Using the same method (see Appendix A 2 for
detailed derivations), the stability condition of these equilibria
is derived as |wsor| > w§yr, where

wgor = A(2Wex — 2Weq — Wha)- @)

In the above derivations, the exchange interaction is assumed
to be much stronger than the easy- and hard-axis anisotropies.

The other two kinds of equilibria are unstable for all values
of wsor (see Appendixes A 3 and A 4 for details) and are not
considered in the main text.

If wiyr < wlyp, in the interval that wly; < |wsor| <
w¢qors there is no stable equilibrium. So, in this region, a
precessional state may emerge. This can be justified by inte-
grating Eq. (1) numerically, as exemplified in Figs. 2(b), 2(e),
and 2(h).

Below a)ZSOT, the system remains in the stationary AFM
state, as shown in Figs. 2(a), 2(d), and 2(g). Inevitably, m,
(my) oscillates slightly around e, (—e;), generating a linear
mode.

Across the lower threshold, there is a discontinuous change
of the magnetization direction, similar to the spin-flop transi-
tion [54,55] of AFMs under an applied magnetic field parallel
to the sublattice magnetization. This transition comes from
the instability of the linear mode [24], which breaks the static
equilibrium among the SOT, the exchange torque, and the
anisotropic ones. Then, for a positive (negative) wsor, the SOT

slants m, (m;) to e, (—e;). Correspondingly, the emerging
exchange torque between m; and m, propels their precession
around e, or —e;, producing a self-oscillation.

If wsor > ngT (wsor < —ngT), m; (m;) ﬂlpS to e,
(—e,), as shown by Figs. 2(c), 2(f), and 2(i).

B. Frequency of the self-oscillation

One interesting observation is that, during the self-
oscillation, m; and m, remain antiphase. Namely, m;, =
—Mmyy, My, = —myy, and my, = my,. This can be seen by
comparing the insets of Figs. 2(b) and 2(e). On the other
hand, when taking a substitution my, — —nix, myy, — —my,,
and mp, — my;, we find that the equation for sublattice
1 is equivalent to that for sublattice 2. Therefore, by
setting

Mmix = —HMyy = Hy, mpy = —hipy = ny,

mj; = My, = Ng, (8)

we can transform the coupled LLGS equation [Eq. (1)] into
a single-vector one, which makes it easy to analytically deal
with the self-oscillations. Then, taking u, = e_, u., = e, and
up, = e, (see Fig. 1), Eq. (1) is reduced as

dn N dé, +on dn n ©)
— =NnX — 4+ aon X — + T,.
dt dn dt
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Dropping an inessential constant, the reduced magnetic en-
ergy reads

En = (Wex — Wea)( - €.) + Wpa (1 - ). (10)
In addition, the reduced SOT is
T, = —wsorh X (N X €;). (11)

To calculate the frequency of a self-oscillation, an
averaging technique (referred to as Melnikov’s method)
[7-17,47,48] is applied to solve Egs. (9)—(11). This method
is suitable for treating the self-oscillation in weakly perturbed
conservative systems. Here, in view of the strong AFM ex-
change, it is reasonable to assume the damping and the SOT as
perturbations (wsor/wex < 1072 and & < 1072 in our consid-
eration). Then, when the energy supplied by the SOT balances
with the dissipation due to the damping during a precession, a
self-oscillation can be maintained. n approximately precesses
along the orbits given by Eq. (10), which conserves the mag-
netic energy.

When n settles into a constant-energy orbit, an average
balance between the energy gain and dissipation results in

d&,
f 14t = Wy + Weor =0, (12)
r t

where I' denotes the precessional orbit. Omitting the high-
order terms of @ and wsor, the energy dissipation Wyamp and
supply Wsor read

d&,\’
Weaamp = ozfé (n X dn) dt, (13)

&,
WSOT = (,L)SOT% (n X e-) . <n X 4 >dt (14)
r

n

Completing these two loop integrals (see Appendix C), the
balance equation (12) gives the SOT strength wsor to excite a
self-oscillation on the &, orbit,

4o/ En(Wex — Wea)
7T (Wex — Wea — En)
— (& — wna)K(K)], (15)

where E(k) and K(k) are the complete elliptic integrals of the
second and first kinds, with the modulus

k — \/wha(a)ex — Wea — En) (16)

En(Wex — Wea — Wha)

wsor(&,) = [(Wex — Wea — wna)E(K)

When &, approaches its maximum wex — @e,, the limit of
wsor [Eq. (15)] coincides with the threshold wgyy [Eq. (7)].

Due to the balance between the SOT and the damping,
the self-oscillation is driven by the exchange torque and the
anisotropy ones. So, the precession period can be derived from
the conservative parts of Eq. (9). As calculated in Appendix C,
the frequency is

\/g_n Wex — Wey — Wha
f&) = . (17
2K (k)
At the upper threshold, &£, = wex — wea, and the correspond-
ing frequency

1
fu = ;\/(wex — Wea)(Wex — Wea — Wha)- (18)

Equations (15) and (17) give the dependence of f on wsor
by eliminating &,. Due to the elliptic integrals in Egs. (15)
and (17), an explicit analytic relation between f and wsor is
untractable for a general case. In the absence of the hard-axis
anisotropy, f = wsor/(2mwa), which coincides with the result
of Ref. [37].

C. Range of the self-oscillation

Here, based on Egs. (5) and (7), we will discuss the influ-
ences of the damping and anisotropies on the range of wsor in
which a self-oscillation exists. The corresponding range of the
frequency can be analyzed by Egs. (15) and (17). In view of
the abundance of AFM materials [46] and in order to analyze
the general features, the parameters used in the following
discussion do not correspond to a specific substance, but they
are estimated moderately in an experimentally feasible range.

First, let us talk about the effect of the damping on the
range of self-oscillations. In Figs. 3(a)-3(c), we plot the
surfaces of wiy; and Wiy on top of the wey-wha plane for
different . In the spaces in which Wiy, < wsor < Wy
there exist self-oscillations. Otherwise, the stationary states,
such as AFM or FM states, exist. Additionally, as plotted
in Fig. 3(g), the isosurface in a-wey-wp, parametric space,
derived from wlSOT = w§yr, separates the regions where the
self-oscillations are allowed (above the surface) and cannot
exist (below the surface). For certain «, this boundary de-
generates to a curve in we,-wh, plane, corresponding to the
contours in Figs. 3(a)-3(c). Comparing Figs. 3(a), 3(b), and
3(c), it can be observed that the self-oscillation range expands
for stronger damping, as also shown by contour curves of
wkor = oo This can be attributed to the balance between
the SOT and the damping, which is necessary for a stable
self-oscillation. For fixed anisotropies, if strengthening the
damping, a much stronger SOT is needed to offset it. So, the
range of wsor for self-oscillations is enlarged.

To illustrate the effect of the damping more clearly, we
also show in Fig. 4(a) the dependence of the lower and upper
thresholds on o while keeping the anisotropies unchanged.
For small v, when increasing wsor, the AFM state becomes
unstable at the lower threshold a)’SOT. Then, one sublattice
magnetization reverses, like the spin-flip transition [54] of
an AFM induced by a magnetic field in the presence of a
strong anisotropy. Namely, the system switches directly from
an AFM state to a FM one. For a relatively large o, with wsor
increasing, the two sublattice magnetizations (m; and m,)
start to precess at wlsop as shown in Figs. 2(b), 2(e), and 2(h).
There is a jump from the AFM state to a precession, where m,
and m, form a cone around the spin polarization u,,. This jump
is similar to the spin-flop transition [54,55] of AFM induced
by a magnetic field in the presence of a weak anisotropy. The
difference is that the magnetic field-induced spin-flop state is
static and nonprecessional. Because no external torques can
offset the damping one, the precession cannot sustain. So,
after reaching a balance between the exchange torque and the
magnetic-field one, a static spin-flop state is arrived. Under the
SOT, if increasing wsgr further, the cone angle of precession
decreases. Finally, the system enters the FM state at the upper
threshold w§y, as shown in Figs. 2(c), 2(f), and 2(i), just like
the saturation of an AFM by further increasing the magnetic
field beyond the spin-flop transition.
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Wsot / Wex
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FIG. 3. Range of the self-oscillation for case L. (a), (b), and (c) The lower (wéOT) and upper (wgqy) thresholds of self-oscillations as functions
of the easy-axis anisotropy (w.,) and the hard-axis one (wp,) for & = 0.01, 0.02, and 0.04, respectively. (d), (e), and (f) The frequencies (f'
and f") at the lower and upper thresholds for @ = 0.01, 0.02, and 0.04, respectively. (g) The isosurface of wiy; = @iy The curves in the
Wea-Wha plane of (a)—(g) are contours of w’SOT = w§or- In (g), along the wy,-axis, the contours correspond to « varying from 0.01 to 0.05 with
an increment 0.01.

Second, the easy- and hard-axis anisotropies considerably system into a FM state, just like magnetic field-driven spin-flip
affect the self-oscillation range. As indicated in Fig. 3, the  transition [54] in the AFM with a strong anisotropy.
self-oscillation may appear only in a corner of small we, and From the condition that @}y, < @iy, we can derive that
wha- This range can be extended by a heavier damping. As there exists a critical damping constant, only above which the
examples, Fig. 4(b) [(c)] shows the dependence of the lower self-oscillation can develop. Namely, o > o, where
and upper thresholds on we, (wh,), While maintaining wp, (we,)

and « unchanged. It can be observed that, for a small w,, or 1 1

wna, the AFM state is switched to the self-oscillation when oA = —

increasing wsor. With we, or wp, increasing, the adjustable V2 20ex = 20000 — 0

range of wsor for the self-oscillation is shrunk. For a large we, >

or wn, above the critical value determined by whr = ¥y, \/ 207, Wex 20ex — 2Wea — Wha) LB _B. (19
the SOT flips one sublattice magnetization and compels the 2wex — 3(2wey + wha) ’

a b N
0.04 @ 0.025 (b) 0.04 sot
U
wsot
0.02
0.03 0.03/
8 FM $0.015 S
3 3 3
~~0.02 Prec. ;T 5002 u
2 Weot 2 0.01 3 sot
3 3 3
0.01 AFM 0.01"
0.005
AFM
0- 0 0
0 0005 001 0015 002 0 01 02 03 04 05 0 001 002 003 004 005
« Weq /wez Wha/wex

FIG. 4. Phase diagram of case I in the parametric plane spanned by wsor and « (a), wsor and we, (b), as well as wsor and wy, (¢). In (a),
Wea = 0.1wex and wp, = 0.01we. In (b), @ = 0.01 and wy, = 0.01wey. In (¢), @ = 0.01 and we, = 0.1wex. The lines correspond to Egs. (5) and
(7). The circles and crosses are plotted by numerically solving Eq. (1) for Case L. “Prec.” denotes the precession state, i.e., self-oscillation. The
dashed parts of g, curves are not the phase boundaries, just for showing the complete curve of wgqy, i.e., Eq. (7).
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wsot = 0.0563 THz

wsor = 0.000811 THz

Wsot = 0.000812 THz
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FIG. 5. Evolutions of x-components (upper panel), y-components (middle panel), and z-components (lower panel) of m; , for the AFM
state (the first column), the precession (the second column), and the FM state (the third column) of case II. The parameters are the same as
Fig. 2. Putting them into (21) and (22), the lower and upper thresholds of the self-oscillation are wiq, = 0.000 847 THz and w,; = 0.0549
THz, which is consistent with the numeric results. Here, m; (m,) is initially directed towards the y (—y) axis.

with
B = (wex + 2wea)(@ex + 2weq + 2wha). (20)

In the absence of the hard-axis anisotropy, «, = 0. The self-
oscillation range is independent of the damping. For this
case, from wly; < oy, we obtain we, < 1/3wex. As seen
in Fig. 3(g), all the contour lines converge to the point at
which we,/wex = 1/3. In other words, it we, > wex /3, no self-
oscillation can arise for any wy, and «.

In the absence of the easy-axis anisotropy, the self-
oscillation range is related with the damping. Keeping the
leading-order terms of o and wy, /@y, the inequation a)’SOT <
wior yields wp, < 2awe. As illustrated in Fig. 3(g), the
boundary lines are located in different points (wp,/wex =~ 2¢¢)
of the wp,-axis, which are evenly arrayed according to .

Finally, let us discuss the range of the frequency. The upper
threshold of the frequency (f*) can be expressed as an analytic
equation (18), which is also the resonant frequency of the
FM state. In view of the strong exchange, f* depends weakly
on we, and wy,, as shown by the surfaces marked by f* in
Figs. 3(d), 3(e), and 3(f). On the other hand, it is not possible
to obtain analytically the lower threshold of the frequency
(f"). So, we resort to numerically solving Egs. (17) and (18)
with wsor(&,) = wlyr. Then, we plot the surface of f! based
on the we,-wp, plane, as shown by the surfaces marked by f!
in Figs. 3(d), 3(e), and 3(f). Inspection of these figures reveals
that, unlike £, f' is highly sensitive to the easy- and hard-axis

anisotropies. The window of the self-oscillation frequency
narrows with the anisotropies increasing.

IV. CASE1II: u, || upa

For this case, as shown in Fig. 1, the hard axis (uy,) and the
spin polarization (u,) coincide, assuming they lie along the z
direction. The easy axis (u.,) is along the y direction.

A. Lower and upper thresholds of the self-oscillation

By the linear stability analysis or the averaging technique,
we now define the stability region of all the stable equilibria,
which can be confirmed from numerical integration of the
coupled LLGS equations [Eq. (1)] for case II.

Without the SOT, m; (m;) prefers to line up along the
y (—y) direction. After applying a small SOT, m;, are
slightly perturbed away from the easy axis, as shown in
Figs. 5(a), 5(d), and 5(g). As calculated in Appendix B, m;
(my) rotates in the x-y plane to the direction at an angle of
1/2 arcsin(wsor/wea) With respect to the y (—y) axis. Because
m,; and my still remain antiparallel, this equilibrium is named
after a tilted-AFM state, which is stable if |wsor| < a)ISOT,
with (see Appendixes B 3 and E for details of the derivation)

2\/ Wea + Wha + Wex [a)ea + 20{\/ a)ea(a)ha + a)ex)]
T /@y + Wex '

wlSOT =
(2D
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Another stable equilibrium emerges under the large SOT.
As demonstrated in Figs. 5(c), 5(f), and 5(i), the large SOT
directs my » towards the spin polarization u, finally. By the
stability analysis, we can infer that m; , reach a ferromagnetic
saturation when |wsor| > w§qr, where (see Appendix B 2 for
details of the derivation)

Wior = AQ2wex + Wea + 2wha). (22)

There are two other kinds of equilibria, which are unstable
for any wsor (see Appendixes B 1 and B 4 for details) and not
presented here.

If wéOT < w§yr» NO stable equilibrium exists in the interval
in which @}y, < lwsor| < w4sr. Then, a precessional state
may appear, as demonstrated in Figs. 5(b), 5(e), and 5(h).

Below a)’SOT, a weak SOT tilts m; (my) from e, (—e,), i.e.,
the easy axis. Then, driven by the exchange and anisotropy
torques, m; (my) rotates around e, (—e,). Once m; and m,
rotate to the x-y plane, they restore antiparallel. In this scene,
the exchange torques vanish. The SOT is balanced by the
anisotropy torque, and the system remains a tilted AFM state,
as shown in Figs. 5(a), 5(d), and 5(g). In general, under pertur-
bations, m; (m;) rotates around its equilibrium direction with
a small amplitude, forming a linear oscillation.

When |wsor| > whyp, the anisotropy torque cannot bal-
ance the SOT, accompanied by an instability of the linear
mode. This relative strong SOT tilts both m; and m, to e,
(—e,) for wsor > a)ISOT (wsor < —a)ISOT), bringing about a
conic precession (self-oscillation) around e, (—e;) driven by
the exchange torques. With wsor increasing, the conic angle
becomes smaller.

If wsor > w§gr (wsor < —w§yr), the self-oscillation dis-
appears, and m, , point to e, (—e;) together, as indicated in
Figs. 5(c), 5(f), and 5(i).

B. Frequency of the self-oscillation

By a procedure similar to that in Sec. III B, and taking u,, =
e;, U, = e,, and u,, = e, (see Fig. 1), the coupled LLGS
equation (1) is reduced to a single-vector equation (9), just
replacing the energy by

& = (Wex + wha)(M - 62)2 — Wea(M - ey)2~ (23)

Then, from Egs. (12)-(14), we can obtain wsor of a self-
oscillation in the &, orbit (see Appendix D for details of the
derivation),

405\/(0)63 + gn)(wex + Wea + wha)
7T (Wex + Wha — &)
X [(@ex + wna)E(k) — £,K(K)], 24)

wsor(&,) =

where the modulus k of the elliptic integrals reads

_ \/wea(wex + Wha — &) (25)

(wea + En)(a)ha + gn) )

The frequency is calculated as (see Appendix D for details of
the derivation)

_ \/gn(wex + Weq + Wha)
f&) = K . (26)

Eliminating &, from Egs. (24) and (26), we can calculate
the dependence of the frequency on the SOT. At the upper
threshold, &, = wex + wha, and the corresponding frequency

1
fu = ;\/(wex + wha)(a)ex + Wea + a)ha)- (27)

C. Range of the self-oscillation

Here, from Egs. (21) and (22), we analyze the dependence
of the self-oscillation range of wsor on the damping, the easy-,
and hard-axis anisotropies. In addition, the frequency range is
inferred from Eqs. (24), (26), and (27).

When a spin current with u, || uy, is injected into the
biaxial AFM, the AFM state is disturbed and we observe
either a tilted-AFM state or self-oscillations depending on
the magnitude of the SOT, as well as the strengthes of the
damping and the magnetic anisotropies. First, similar to Case
I, the self-oscillation range becomes wider for a heavier damp-
ing. Comparing Figs. 5(a), 5(b), and 5(c) reveals that, along
with an increasing «, the region of why; < ¥ expands.
Namely, the self-oscillation range is enlarged. This feature
is also illustrated in Fig. 7(a), where we plot the lower and
upper thresholds as a function of o while keeping we, and wp,
constant. For a small damping, with an increasing SOT, the
system switches directly from the tilted-AFM to the FM state
at a)lSOT. For a large damping, the self-oscillation occurs first.
Then, if the SOT increases further, the system enters the FM
state at wgqy.

The critical damping constant, beyond which the self-
oscillation can then exist, is easily gotten by solving a)lSOT =

2 \' wexa) f‘wm
= (28)

2Wex +Wea+20n
As shown in Fig. 6(g), this critical damping is depicted as
an isosurface in the o-we,-wn, parametric space. Above this
surface, the self-oscillation happens when the tilted-AFM
state becomes unstable. Below this surface, no self-oscillation
occurs and a FM state emerges after an instability of the
tilted-AFM state at wéOT.

Second, the influence of anisotropies on the self-oscillation
range differs from Case I, as observed by comparing Figs. 3
and 6. In particular, the hard-axis anisotropy enlarges the
self-oscillation range, as shown in Fig. 7(c). By contrast,
the easy-axis anisotropy shrinks the self-oscillation range,
as indicated in Fig. 7(b). In the absence of the easy-axis
anisotropy, the lower threshold becomes zero. This means that
an infinitesimal current can excite the self-oscillation for this
highly symmetric case.

Finally, the frequency range of the self-oscillation is shown
in Figs. 6(d), 6(e), and 6(f). It can be observed that the range
of frequency becomes wider with increasing wy,, while it
becomes narrower with increasing we,. The hard axis up,
coincides with the spin polarization u,, which is also the
precessional axis. So, the torque of the hard-axis anisotropy
[@ha(M; - Uy, )(M; X uy,)] propels the magnetic moments to
rotate left-handedly, playing the same role as the exchange
torque. Thus, a stronger hard-axis anisotropy favors a wider
frequency range.

u
@sor>

o = T
T

134427-7



YA-QI ZHAO, PENG-BIN HE, AND MENG-QIU CAI PHYSICAL REVIEW B 106, 134427 (2022)

0.
@, 025 0

4‘*/(0 00 |wes
€2 wed

FIG. 6. Range of the self-oscillation for case II. (a), (b), and (c) The lower (a)’SOT) and upper (wgyy) thresholds of self-oscillations as
functions of the easy-axis anisotropy (we,) and the hard-axis one (wy,) for o = 0.01, 0.02, and 0.04, respectively. (d), (e), and (f) The
frequencies (f' and f") at lower and upper thresholds for & = 0.01, 0.02, and 0.04, respectively. (g) The isosurface of wiy, = @iy The
curves in the we,-wn, plane of (a)—(g) are contours of a)’SOT = w{gr- In (g), along the w,-axis, the contours correspond to o varying from 0.01
to 0.05 with an increment 0.01.

V. DISCUSSION can be treated analytically by the averaging technique. The
analytic expressions are verified by comparing with numerical
results by solving the original LLGS equations numerically.
However, difficulties arise when an attempt is made to gen-
eralize this method to arbitrary spin polarizations [33,56,57].
Although we do not consider arbitrary spin polarizations, a
further investigation about this case may be valuable.

Second, to show flexibility in SOT control of the AFM
self-oscillations, we do not select parameters that correspond
precisely to a specific AFM in analyzing the ranges of the fre-
quency and the strength of SOT. However, it is instrumental to
calculate the values of the frequency and the exciting current

First, it should be mentioned that the orbits of self-
oscillation are located in the upper hemisphere (m, > 0) for
wsot > 0, while they are in the lower hemisphere for wsor <
0. Taking into account the similarity of precessions for posi-
tive and negative wsor, we restrict our discussion to positive
wsor- Moreover, we only study two special cases with the spin
polarization along the easy and hard axes, for which the sys-
tem is symmetric with respect to the x-z and y-z planes. Com-
bining this symmetry with the evolutions of m; ,, we reduce
the coupled LLGS equations to a single-vector one, which

(b) (¢)

0.04 0.04 0.04
]
e FM
0.03 0.03 FM . 0.03 Wi
3 3 S Wi 3
> 0.02 Y 0.02 =5 0.02
5 5 P 5
3 3 rec. 3 Prec.
0.01 A — 0.01 tilted AFM 0.01 I
tilted AFM ° ° T o s Wyt
o tilted AFM
0L 0 0
0 0005 001 0015 002 0 001 002 003 004 005 0 01 02 03 04 05
(6% W@a/wem wha/wez

FIG. 7. Phase diagram of case II in the parametric plane spanned by wsor and « (a), wsor and we, (b), as well as wsor and wy, (c). In (a),
Wey = 0.02wex and wp, = 0.1wex. In (b), @ = 0.01 and wy, = 0.1wey. In (), @ = 0.01 and w,, = 0.01w,y. The lines correspond to Egs. (21) and
(22). The circles and crosses are plotted by numerically solving Eq. (1) for Case II. “Prec.” denotes the precession state, i.e., self-oscillation.
The dashed parts of @}, curves are not the phase boundaries, just showing the complete curve of @4y, i.e., Eq. (22).
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TABLE I. Magnetic parameters of several typical AFMs and their self-oscillation thresholds of the current and frequency. For Case I, the
current thresholds are calculated from Egs. (4), (5), and (7), and the frequency thresholds from Egs. (5), (15), (17), and (18). For Case II, the
current thresholds are calculated from Egs. (4), (21), and (22), and the frequency thresholds are calculated from Egs. (21), (24), (26), and (27).
The values in the parentheses are obtained by solving the LLGS equation [Eq. (1)] numerically. The critical damping constants are calculated
from Eq. (19) for Case I, and Eq. (28) for Case II. For all listed AFMs, the SOT efficiency & = 0.1, the damping constant & = 0.001, and the
thickness of the AFM layer d = 4 nm.

Current and frequency thresholds of self-oscillations

Magnetic parameters Case I: u, || ue, (u, L uy,) CaseII: u,, || uy, (u, L ug,)

Wex  Wea  Oha M, Jt i 1! 1 Jt s f! I
(THz) (GHz) (GHz) (kA/m) &  (TA/m?) (TA/m?) (THz) (THz) o  (TA/m?) (TA/m?®) (THz) (THz)
Nt 7412 oo B0 e G0 G000 S0 o G
MnF,* 779 136 0 47.7 0 (8:8223) (%'.55(;) (%.333311) éj;g) 0.0061  2.92 0.52
€05 424 12 0 286 0 ((())'.3?0) (1167'.81) ((())'.222267) (1132'.55) 0.000091 (11'.68?)) (1167'.82) (11.3166) (]133.55)
MnPt 305 0 387 632  0.0063 167 26.5 0 (2277'2) (99'?1)

2References [24,25,52,53].
bReferences [58-61].
‘References [62,63].
dReferences [64—68].

for some typical AFM materials. The preceding calculations
are also suitable for the uniaxial AFMs, including the easy-
axis and easy-plane types. Then, in Table I, taking the biaxial
(NiO), easy-axis (MnF, and Cr,03), and easy-plane (MnPt)
AFMs as examples, we list the lower and upper thresholds of
electric currents and the corresponding frequencies for the two
cases. For comparison, except for the magnetic parameters,
the damping constant, the SOT efficiency, and the thickness
of the AFM layer take the same values. In particular, we plot
the frequency as a function of the current density in Fig. 8 for
the biaxial NiO.

From Table I and Fig. 8, several conclusions are imme-
diately seen. (i) The frequency lies in the range of THz and
increases with the current nearly linearly. (ii) For a biaxial
AFM (NiO), the current and frequency ranges of Case II are
wider than those of Case I. However, the opposite happens
for an easy-axis AFM (Cr,03). This is related to the role of
hard-axis anisotropy on the self-oscillation. In the absence of
a hard axis (such as Cr,0Os3), until the SOT tilts m; , from
the antiparallel state enough, the exchange torques between
m; and m;, propel them to rotate around the spin-polarization
direction (u,). In the presence of a hard axis (for example,
NiO), if u, coincides with the hard axis (namely, for Case
II), the hard-axis anisotropy torque drives m,, precessing
left-handedly, just like the exchange torque. But, the tilting
of m; , is not required. Even for an antiparallel state, m; »
can precess around the hard axis. Thus, the self-oscillation
occurs just for a slight tilting of m;,, which results in a
smaller lower threshold. (iii) For easy-axis AFMs, the critical
damping constant («.) vanishes for Case 1. For easy-plane
AFMs, o, vanishes for Case II. (iv) When o < «,, the lower
current threshold (j’) is greater than the upper one ( Jo), as
shown in Table I for Case I of MnPt and Case II of MnF,.
So, the self-oscillation window is closed for this scenario. As

argued in Secs. III C and IV C, the system flips from an AFM
state to a FM at the lower threshold.

f (THz)

f (THz)

je (TA/m?)

FIG. 8. The dependance of frequency on the current density for
Case I (a) and Case II (b). The magnetic parameters of NiO are
adopted. Other parameters are the same as Table 1. The inset shows
magnified views around the lower threshold for Case II. The dotted
lines are analytic results, of which the corresponding self-oscillations
are unstable.
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Third, we discuss the possible approaches to detect the
self-oscillations, during which m, = —mo,, my, = —m;,, and
my, = mj,, remain, and the z-components are almost constant.
As such, for methods based on the spin Hall magnetoresis-
tance [46,69] and the inverse spin Hall effect combining with
the spin pumping [24,25], of which the output signals depend
on > .(m; - u,)? (=mi, + m3,) [46], it is difficult to generate
detectable ac signals.

Fortunately, the anisotropic magnetoresistance (AMR)
[46,70] depends on the angle between the electric current and
the magnetization direction, ~ Zi(m,- -j¢)? [46]. Then, an ac
signal can be extracted from the THz oscillations of sublat-
tice magnetizations. In view of the periodic variation of the
angle between m, , and the current j,, two electrodes can be
attached on end points of the metallic AFM layer to probe the
self-oscillation. Because the detecting current mostly passes
through the AFM layer, it barely affects the longitudinal cur-
rent in the HM layer, which induces the SOT via the spin Hall
effect. Hence, in the single-domain formalism, the detecting
current cannot influence the magnetic dynamics driven by
the SOT. Furthermore, to avoid the influence of the detecting
current on the dynamics, it is useful to add a capacitor on the
probing branch circuit and a solenoid on the input dc one.

On the other hand, for the insulating AFM/HM bilayer
structures, tunneling AMR may be a choice to probe the self-
oscillations. It has been proposed [71] and realized [72] that
the AFM dynamics can be detected by the measured tunnel-
ing AMR in the FM/metallic AFM /insulator/HM spin-valve
structures. A similar scheme has been put forward to produce
a THz signal in a Pt/metallic AFM/MgO/Pt structure [73].
Besides, it has been revealed that [74], in a junction composed
by a ferromagnetic insulating barrier sandwiched between
nonmagnetic electrodes, there is a remarkable angular de-
pendence of the tunneling AMR. Here, the magnetization
direction in the magnetic insulating barrier affects the resis-
tance. A similar effect has been found in a multilayer based
on an AFM barrier [75], where switching of the AFM order
parameter in the barrier leads to a substantial change of the
resistance of the junction. Inspired by these works, it is natural
to conjecture that the AFM self-oscillation does influence
the tunneling current through it, generating an ac signal via
the tunneling AMR in the nonmagnetic electrode/insulating
AFM/HM structure.

Finally, it is worth mentioning that the effective damping
constant is determined by the spin pumping mechanism, and
it relies on the thickness of the AFM layer [25]. Moreover,
the anisotropy constant can be controlled by a voltage [76,77].
Therefore, besides choosing different AFMs, the damping and
anisotropy constants may be adjusted even for a particular
AFM.

VI. CONCLUSION

In conclusion, for the AFMs driven by a dampinglike SOT
with the spin polarization along the easy axis (case I) or the
hard axis (case II), we analytically formulate the lower and
upper thresholds of self-oscillations by the linear stability
analysis or the average technique. Additionally, we derive the
dependence of the self-oscillation frequency on the strength
of SOT.

Based on these analytic results, we analyze the influences
of the damping and the easy- and hard-axis anisotropies on the
adjustable range of a self-oscillation. We find that enhancing
the damping can expand the adjustable range of the current
and the frequency. This is because a stable self-oscillation
is sustained by the balance between the dampinglike SOT
and the damping. Along with the damping increasing, the
SOT also increases to oppose the damping. This results in an
expanding of the adjustable range. Moreover, there exists a
critical damping, only beyond which the self-oscillation can
occur. If the system is axial symmetry, for example, wh, =
0 for case I and we, = 0 for case II, this critical damping
vanishes. Also, a)’SOT =0, i.e., an infinitesimal current can
generate a self-oscillation. In addition, the adjustable range
shrinks with w., and wy, increasing for case I, while for
case II, it shrinks with w., increasing, and broadens with wp,
increasing.

Next, by changing the values of damping and anisotropies,
we discover that there exist two kinds of transitions of the
magnetic states when increasing the current. For both cases,
an AFM-FM transition can happen for a weak damping, sim-
ilar to the spin-flip transition [54] of AFMs with a strong
anisotropy under an increasing magnetic field. For a heavy
damping, the AFM state is switched to the self-oscillation
with the current increasing. For case I, the spin-flip transition
occurs for large easy-axis and hard-axis anisotropies, while
the transition from AFM to self-oscillation occurs for small
ones. For case II, which transition happens is determined by
the easy-axis anisotropy.

AFM materials are more abundant than FMs [46]. There
are more choices of the magnetic parameters, such as the
damping constant, and the easy-axis and hard-axis anisotropy
constants. Moreover, these parameters can be tuned in experi-
ment for one AFM. These offer a possibility to adjust the AFM
oscillators over a broad frequency range for realistic material
parameters and electric currents. So, it can be expected that
our results can not only enrich the current-driven nonlinear
magnetic dynamics, but also serve as a guideline to design the
THz AFM oscillators.
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APPENDIX A: EQUILIBRIA AND THEIR STABILITIES
FOR CASE 1

In this case, the spin polarization is along the easy axis. So,
we can take u, = U, = e, and uy, = €, as shown in Fig. 1.
The equilibria are obtained when the SOT balances out the
precessional torques, i.e.,

d&€
m; X —— = wsorM; X (M; X u,).

am, (A1)

To solve these equilibrium equations (A1), it is convenient to
parametrize the unit magnetization vectors m; in terms of the
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polar angle 6; and the azimuthal one ¢; according to m; =
(sin 6; cos ¢;, sin 8; sin ¢;, cos 0;). Then, one has

(CUSOT — Wha sin 2(15[0) sin 910

= wesin (@) — @3_;) sin 6y, (A2)
[@ex 08 0_; — 2(@eq + wha cOS” @7 cos 6] sin 67
= wex €08 (97 — ¢3_;) cos 6] sin 6. (A3)

Obviously, Gio = 0 or 7 solves Egs. (A2) and (A3), generating
two FM states. Similarly, 69 = 0 () and 69 = 7 (0) compose
the AFM states.

For sin 91.0 # 0, there exist other kinds of solutions, which
satisfy sin 2¢? = wsoT/ ®ha, sin(qﬁ(l) — q)g) =0, and cos 91-0 =
0. These yield four FM states in which 60 = /2 and ¢ =
#°, and four AFM states in which 6; = 7/2, ¢? = ¢°, and
¢g =1 — ¢". ¢ reads

¢ = l[(P — Dz — (=1)" arcsin ‘“SOT], (A4)

2 Wha

with P = 1, 2, 3, 4. For these two kinds of equilibria, m; are

located in the x-y plane and deviate from the easy axis. So, we

name them tilted-FM or tilted-AFM states. In the following,

we will derive the stable regions of the above four kinds of
equilibria by the linear stability analysis.

1. Stability analysis of AFM states

For these states, 9? =0 (;r) and 6‘;’ = 1 (0). In the spheri-
cal coordinate system, these equilibria are two singular points,
because qb? is not defined. So, we use the Cartesian coordinate
instead, in which the equilibria are expressed as m(l) = ne,
and my = —ne, with n = £1. Under a small perturbation,
the magnetic moments deviate from the equilibria slightly,
ie.,m; = m? + dmje, + Sm;ye,, with §m;, and 6m;, being the
responses to the perturbation.

To linearize Eq. (1) in the vicinity of these equilibria, we
rewrite it in the component form. Considering the constraint
of unit norm for m,, we only need to use the x- and y-
component equations, which read

Mix — o (myyiitiz — mizrgy) = f7 (AS5)

2 (A6)

mjy — a(mizmix - mixmiz) =Ji»

where the dot convention for the time derivative has been
adopted, and

fix = wex(miym(S—i)z - mizm(S—i)y)

— 2WeaMiymi; — WSOTMi My, (AT)
1 = wex(mimi_iy — mpma_,)
— 2(Weq + Wpa)MizMy — wsoTMM;z.  (A8)

By use of m} +m} + mlzz =1, the z-component equa-
tions can be obtained from Eqs. (A5)—(A8).

Inserting the ansatz m; = m) + Sm;.e, + Sm; e, into
Eqgs. (A5)—(AR) and keeping the linear terms of m;, and dm;,,
the obtained linearized system near the equilibria is governed

by
Ax = Bx, (A9)

where x = (Bmlx,(Sm]y,(szX,szy)T, with 7' denoting the
matrix transpose,

1 no 0 0
a1 0 0
A= 0 0 1 na |’ (A10)
0 0 —na 1
and B is the Jacobian matrix at the equilibrium,
aff - aff B AfF
amy, amyy me amyy
off - Aff B B
_ amlx aml‘. 8mzx amzv
B=1ay s o an : (A1)
omy amyy 3171sz amyy
T ) A ) f
amy, amiy Imy, amyy m;=m?

Then, taking the oscillating ansatz (§my, dm;, M) into
Eq. (A9), the existence of a nontrivial solution leads to the
secular equation

aoM* + a1 + ar? + ash +as = 0, (A12)

where
ap = (1 +a?)y?, (A13)
ay = 405(1 + az)(wex + 2wea + wha), (A]4)

ay = 2{2[(20)63 + wha)a)ex + 2a)ea(wea + wha)]
+2a? [a)gx + 32wes + Wha)Wex + 6a)§a

+ 6Weawhna + a)ﬁa] —(1 - az)wgm}, (A15)
a3 = 42(Wex + 20eq + ®ha)[40ea(@ea + @na)

+2(2weq + ®ha)@ex + W50 ] (A16)
as = [4wea(@ea + Oha) + 0507 | [H(@ex + @ea)

X (Wex + Wea + Wha) + W37 ] (A17)

It should be noted that the secular equation is independent of
n. This is due to the equivalence of the two AFM states.

If all the roots of A have a negative real part, the corre-
sponding equilibrium state is stable. This can be judged by
the Routh-Hurwitz criterion [78—80], which defines a series
of determinants,

Ay =ay, (A1)
_lar  ao
Ay = ay  a)’ (A19)
a ap 0
Ay=lay a ail, (A20)
0 ag as
Ay = asAs. (A21)

If all A are positive, the real parts of all roots of A are negative.
Namely, this equilibrium state is stable.
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Inserting Eqgs. (A13)-(A17) into Egs. (A18)—(A21), the
Routh-Hurwitz determinants for the AFM states read

Ay =4a(l+ az)(a)ex + 2wea + Wha)s (A22)
Ay = A {2[(20)%1 + Wha)Wex + 2Wea(@ea + @ha)l
+20%[200%, + 5(2weq + Wha)ex
+ 2(54()2a + Sweana + a)ﬁa)]
— (3 — a”)wsor} (A23)

1+ o?
X (Za)ex + za)ea + c’)ha) - wéOT] [(a)ex + za)ea)
X (a)ex + 20)6& + 2wha) + a)g()”[]}a (A24)

Az {4w}21aw§x + 4[a2(2wea + Wha)

A4 = (,14A3. (A25)

It is apparent that a4 > 0 and A; > 0. Thus, the stability
conditions are simplified as A, > 0 and A3 > 0.

In view of o2 <« 1, it can be inferred from A, > 0 that
lwsor| < Wiy, where

V2
ot = e {[Qoes + ) wex + 20ea(@ea + Wha)]
+ a2[2w§X + 52wes + Wha)Wex
+2(50% + 5weaon + o) |}, (A26)
To solve A3 > 0, we rewrite it as
A7 2 2
Az = — T+ a2 (a)SOT — r+)(a)SOT — r,), (A27)
where
re =3(* 4ol +AL A, (A2B)
with

A:t = (wex + zwea)(wex + Zwea + 2wha)
+ az(zwea + Wpa) 2wex + 2eq + wha). (A29)

Given the strong exchange and the small damping, wex >
Weathay @and @®> < 1. Then, Ay >A_ >0 and r_ <0 < ry.
Therefore, the solution of A3z > 0 is |wsor| < wéOT, with
WSor = /T4

Combining the solutions of A, > 0 and Az > 0, the sta-
bility condition is |wsor| < min(wfqyy, whyr). By rearranging
terms and squaring, it can be proved that w{y, > w8y by
a straightforward derivation. Finally, we conclude that these
two equivalent AFM states are stable under the condition that
lwsor| < @y, where

1
whor = E\/,/40)12136,); +A2 —A_.

2. Stability analysis of FM states

(A30)

For these states, Gio =0 or m, in a Cartesian coordinate
system, corresponding tom? = ne, with n = £1. By the same

procedure as that in Appendix A 1, the secular equation is
derived as

(apA* + a1h + a2)(agh?> + a1h + ax) = 0, (A31)
where

ap=1+a?, (A32)

a) = 2[a(2wes + wna) + Nwsor], (A33)

a4y = dwea(Wea + @na) + W31 (A34)

by =1+a?, (A35)

by = 2[—a(Qwex — 2wea — wha) + nwsorl,  (A36)

b2 = 4(a)ex - a)ea)(wex — Wea — a)ha) + a)g()”p (A37)
In light of the Routh-Hurwitz criterion [78-80], if a;, a»,
by, and b, are all positive, the equilibrium state is stable.
For a realistic AFM, the exchange coupling is generally
stronger than the anisotropy. So, it is reasonable to assume that
Wex > Wey + wpy. Then, it is obvious that a; > 0 and b, > 0.
Solving a; > 0 and b, > 0 yields nwsor > max[—a(2we, +
®ha), & (2wex — 2wey — Why)]. Finally, the FM state with m? =
e is stable if wsor > Wy, While wsor < —w{yy is the stable
condition of the FM state with mY = —e,. The critical value
is

ngT = a(2wex — 20ea — Wha)- (A38)

3. Stability analysis of tilted-AFM states
For these kinds of states, 6, = /2, ¢{ = ¢°, and ¢3 =
+7 + ¢°, with ¢° being Eq. (A4). To linearize Eq. (1) in
the vicinity of these equilibria, we express it in the spherical
coordinates

0 +asinb;g; = f7, (A39)
—ab; + sin 6 = f7, (A40)
where
f{ = wexsinOs_; sin(g; — ¢3-)
+wh, sin 6; sin 2¢; — wsor Sin 6;, (A41)
fl.d’ = —wex[Sin B; cos B3_; — sin B3_; cos H; cos(¢p;
— $3-)] + (@ca + wpa cOs” ) sin 26, (A42)

Including the small disturbance (§6; and §¢;) from equi-
librium, we assume that 6; = Gio + 66; and ¢; = q‘)? + 6¢;.
Inserting this ansatz into Eqs. (A39)-(A42), and keeping the
linear terms of §6; and 8¢;, the linearized equations are written
as

Cy =Dy, (A43)
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where y = (661, 6¢1, 66>, 8T, with T denoting the matrix
transpose,

I o« 0 O
-« 1 0 O
C= o o 1 ol (A44)
0 0 —a 1
and D is the Jacobian matrix at the equilibrium,

off o af o]
9, 9¢ 96, 3¢
arf ot art o
96, ¢y 06y ¢

301 91 00, g
aff o A A
30, 3¢ 06, O 0,00 1=
Then taking the oscillating ansatz (86;, §¢; o< €*') into
Eq. (A43), the existence of a nontrivial solution demands
that A satisfies the secular equation as Eq. (A31), where the
parameters are listed as

ap = 1+ a2, (A46)

a1 = U 20ex — 20ey — Wiy + 3(=1)'M1,  (A4T)
@ = =2[we + (=1)"M]

X [20eq + wha — (—1)FM], (A48)

bo = 1 +a?, (A49)

bl = a[zwex - 2a)ea — Wha + 3(_1)PM]7 (ASO)

by = ZM[(_l)P(Za)ex — 2wey — wna) + M],  (AS51)

where M = Vi, — wkyp. It is easy to observe that a, <
0 for P =1,2,3,4. Thus, taking into account the Routh-
Hurwitz criterion [78-80], these four tilted-AFM states are all
unstable.

4. Stability analysis of tilted-FM states
The equilibria are 6, = 7/2 and ¢ = ¢°, with ¢° being
Eq. (A4). Using the same method as in Appendix A 3, a secu-

lar equation such as Eq. (A31) is obtained with the parameters
listed as

ap = 1+ a?, (A52)

a1 = —a[20e + wha — 3(—1)"M], (A53)

ay = 2M[M — (—1)" Qwea + opa)], (A54)

by = 1 + a2, (A55)

by = —a[4wey + 20ea + wny — 3(—=1)'M],  (A56)
by = 2[wex — (—1)"M]

X [20¢x + 200 + 0pa — (—1)"M].  (A57)

Apparently, if wex > wna, b1 <0 for P =1, 2, 3,4. So, ac-
cording to the Routh-Hurwitz criterion [78-80], these four
tilted-FM states are all unstable.

APPENDIX B: EQUILIBRIA AND THEIR STABILITIES
FOR CASE II

In this case, the spin polarization is along the hard axis.
So, we can take u, = u,, = €; and u., = e,. The balance
between the SOT and the precessional torques produces the
equilibrium equation, using spherical coordinates, which read,

(a)SOT — Wey SIN 2¢f-)) sin 9io

= we sin (¢ — @3_;) sin65_,, (B1)

0 2 40 07 <t g0
X — a ca
[@ex €08 05_; + 2(wha + weq sin” @) cos 6] sin 6,

= Wex COS (¢? - d)g_i) cos 6! sin Qg_i. (B2)
Inspection of Eqgs. (B1) and (B2) leads to a first kind of
solutions that satisfy sin Gio = 0. This yields the u,-FM states
(6 = 0 or ) with m? in the direction of u,, and the u,-AFM
states in which 6) = 0 () and 69 = 7 (0).

For sin 91.0 # 0, Egs. (Bl) and (B2) allow sin 24)? =
WsSOT/ Weas sin(¢? — ¢(2)) =0, and cos Gio = 0. These generate
four tilted-FM states in which 6 = /2 and ¢ = ¢°, and
four tilted-AFM states in which 6; = /2, ¢) = ¢°, and ¢ =
7+ @Y. ¢° reads,

@WsoT

¢° = l[(p — D — (—=1)F arcsin ] (B3)
=3 :

ea

with P =1, 2, 3, 4. For these equilibria, m; are located in the
x-y plane and deviate from the easy axis. In the following,
we will derive the stable regions of the above four kinds of
equilibria by the linear stability analysis.

1. Stability analysis of u,-AFM states

For these states, m(l) = ne, and mg = —ne, with n = £1.
Following the same procedure as in Appendix A 1, and taking
u, = uy, = e; and u., = e, in the derivation, a secular equa-
tion such as Eq. (A12) is obtained with the parameters listed
as

ap = (1+a?)?, (B4)

a; = 4a(l + o) (@ex — Wea — 20, (BS)

a = 2{4wha(wea + Wha) — 2(@ea + 2Wha )Wex
+ 202 [a)gx — 3(weq + 2wha )Wex
+, + 6weaona + 6y, | — (1 — a®)wgor ], (BO)

a3 = 40 (Wex — Wea — 2Wha)[4Wha(Wea + Wha)

- 2(wea + 2wha)wex + wéoT]a (B7)

as = [40na(Wea + ®na) + 0501 ]

X [4(wex — Wha)(Wex — Wea — Why) + wéoj‘]' (BB)
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By use of Egs. (A18)-(A21), the Routh-Hurwitz determinants
are derived,

Ay = da(l + o) (@ex — Wea — 20na), (B9)

Ay = A —2(f1 —a?f2) — 3 — aP)wior], (B10)
4N
A3 = o2 [weawex —o f3f4
— (f3 4 o> fHwior — ot (B11)
A4 = (l4A3, (B12)
where
i = (Wea + 20ha)Wex — 20ha(Wea + Wha), (B13)
f2 = zng — S5(Wea + 2wha )wex
+ Z(a)ga + Sweana + Sa)ﬁa), (B14)
S3 = (Wex — 2na)(Wex — 2Weq — 2ha), (B15)
Ja = (Wea + 2040) Lwex — Wea — 2wha). (B16)

If A; > 0, we have wex > Weq + 2wh,. This results in a4 > 0,
f1 >0, and fy > 0. By now, the stability requires positive
A, and Aj. Considering a? < 3, the necessary condition for
Ay > 0is fi —a?f> < 0.If f» < 0, this inequality is unsatis-
ﬁed and A, < 0.If f, > 0, we obtain the necessary condition
a? > fi/f> for Ay > 0. Additional]y, if f3 > 0, the necessary
condition for Az > 0 is &® < wZw? /(f3f4). So, to ensure
Ay >0 and Az >0 51multaneously, the damping constant
must satisfy fi/f> < a? < a)ea e 2 /(f3f4). Unfortunately, it
can be proved that fi/f > w202 /(f3f4) for wex > wea +
2wna- Ap and A3 cannot be positive simultaneously for f3 > 0.
If f3 <0, we have wey + 2why < Wex < 2Wen + 2wh,. In this
range, it is easy to infer that f, < 0 and A, < 0. In summary,
whether f, and f5 are positive or negative, A, and A3 cannot
be positive simultaneously. Finally, it can be concluded that
the u,-AFM states are unstable.

2. Stability analysis of u,-FM states

For these states, m) = ne, with n = £1. After taking u, =
up, = e; and ue, = e, in the derivation, like Appendix A 2, the
secular equation is factorized into the product of two second-
order polynomials such as Eq. (A31) with the parameters

ap =1+ a2, (B17)

a1 = 2[—o(Wea + 20ha) + nwsorl, (B13)

a2 = 40n,(0ea + ha) + V3o, (B19)
bo=1+0a?, (B20)

by = 2[—aQwex + Wea + 2wna) + nwsor],  (B21)
by = 4(@ex + ®ha)(@ex + Wea + ©ha) + W5or.  (B22)

If nwsor > @(2wex + Wea + 2wna)], a1, az, by, and b, are
all positive. Thus, in view of the Routh-Hurwitz criterion

[78-80], the u,-FM state with m) = e, is stable if wsor >
wgor» While wsor < —wgyy is the stable condition of the FM
state with m? = —e,. The critical value is

wsor = 0(2Wex + Wea + 21,). (B23)

3. Stability analysis of tilted-AFM states
For these states, 9?’2 =m/2, ¢? = ¢°, and ¢g =1+ ¢°,
with ¢° being Eq. (B3). By the method used in Appendix A 3,
and taking u, = up, = e; and u,, = e, in the derivation, a
secular equation such as Eq. (A31) is obtained with the pa-
rameters listed as

ap=1+a?, (B24)

= a[20ex + Wea + 2000 + 3(=1FN],  (B25)

ay = 2N[(—=1)" Quex + wea + 201) + N1, (B26)

by = 1 + a2, (B27)

by = a[20ex + wea + 201 + 3(=1’N],  (B28)

by = 2[wex + (— 1) N[@ea + 201 + (—1FN],  (B29)

where N = Vo a)SOT Evidently, a;, a;, b, and b, are
all positive for P = 2,4. According to the Routh-Hurwitz
criterion [78-80], these two equivalent tilted-AFM states
are stable, which is expressed as 67, = 7 /2, ¢{ = 1/2[r —
arcsin(wsor/@ea)], and ¢9 = 7 + @Y.

4. Stability analysis of tilted-FM states

For these states, 9{)2 =m/2, qbl , = = ¢°, with ¢° being
Eq. (B3). By the method used in Appendlx A3, and taking
u, = uy, = e; and U, = e, in the derivation, a secular equa-
tion such as Eq. (A31) is obtained with the parameters listed
as

ap = 1+a?, (B30)

a1 = o[wey + 20n, + 3(—=1)FN], (B31)

ay = 2N[(— 1)’ (wea + 201a) + N1, (B32)

by = 1+ a2, (B33)

by = —a[4wex — Wea — 20n, — 3(—1)'N],  (B34)
by = 2[wex — (—1)"N]

X [20ex — weq — 20ha — (—1)°N].  (B35)

Obviously, a; <0 for P =1,3. For P =2,4, from b, >
0, we have 4wex < Weq + 2wWha + 3V a)ga — a)ZOT, while from
by > 0, dwex > 2wey + dwpa + 2V a)gal — “)§0T~ These two in-
equalities are conflicting. Thus, a;, a;, by, and b, cannot
be positive simultaneously. Taking into account the Routh-
Hurwitz criterion [78-80], these four tilted-FM states are all
unstable.
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FIG. 9. Schematic view of the constant-energy orbits (black solid
curves) around the spin polarization u,. The red dashed curves are
through the saddle points of Eq. (10). The right panel is the projection
of the orbits on the y-z plane. We should emphasize that the orbits
are made to be seen clearly, and the corresponding values of adopted
parameters are not used to analyze self-oscillations in the main text.

APPENDIX C: DERIVATIONS OF EQS. (15) and (17)

In this Appendix, for Case I, we use the averaging tech-
nique [47,48] to derive the strength of SOT [Eq. (15)] to excite
a self-oscillation and the corresponding frequency [Eq. (17)].

To perform the integrals of Eqgs. (13) and (14), it is essential
to define the constant-energy orbits, which are the intersection
of the hyperbolic cylindrical surfaces [Eq. (10)] and the unit
sphere (Jn| = 1), as shown by the black solid curves as ex-
amples in the left panel of Fig. 9. These orbits are identified
by the energy &,. For certain &,, there are two branches on
both sides of the equator. When &, = wex — @e,, these orbits
shrink to points in the north or south poles. When &, = wp,,
these orbits degenerate to those through the saddle points of
Eq. (10), as shown by the red dashed curves in Fig. 9.

The exchange torques drive m; and m; to rotate left-
handedly. So, the damping torques drive m; and m, far away
from the z axis. For the upper (lower) orbit, only the SOT with
wsor > 0 (<0) can counteract the damping torque and sustain
a stable oscillation.

Projecting on the y-z plane, the orbits are parts of
the hyperbolic curves, as shown in the right panel
of Fig. 9. From Eq. (10), the curves are defined by
ng/ag - ng/ag = 1 with a; = \/Sn - wha/\/wex — Wea — Wha,
and a, = /&, — Wha//@na. Observing the curves on the
sphere surface, when n, = 0, n; is maximum. When n, = 0,
n, is minimum. Then, the maximal and minimal values of n,
are obtained as

a = L’ (C1)

Wex — Wea

b= ﬂ (C2)

Wex — Wea — Wha
By use of Eq. (10) and the unit constraint of n, we express
ny and n, by n; and replace dt by dn;/(dn;/dt) with dn_/dt
obtained by Eq. (9). Then, considering the reflection symme-
tries along the x and y axes, the loop integrals of Egs. (13) and
(14) can be divided into four equivalent parts. Finally, keeping

the first-order terms of o and wsor, Eqs. (13) and (14) are
written as

Wdamp = 8 |:\/wex - wea\/a)ex — Wea — Whal2

E(&E, —
_ ( Wha) Ll ©3
\/wex - wea\/wex — Weaq — Wha
_ —&,
Wsor = 4wsor Pox — Pea Iy, (C4)
«/wex - wea\/wex — Wea — Wha
where
“ (nz)’dn;
I, = , C5
r Va2 —n2/n? — b ©)
with p=0,1,2. Taking a substitution n, =
— (a® — b*)s?, Eq. (C5) becomes
1 1 — k2s2)?
L=a [ as YT e
V1 — 521 — k252
with the modulus
_ ll _ b_2 _ Wha(@Wex — Wea — En) (C7)
a? gn(wex — Wea — Wha) '

Specifically, the three integrals are calculated as

= [P " Pk, (c8
/«/1—52 1— k22 En (k) (C8)

1 -, C9
' /«/1—s2 2 )

/ V1= k2s2 &,
L=a ds

V1T =52

E(k), (C10)
— Wea

where E(k) and K(k) are the complete elliptic integrals of
the second and first kinds. Substituting Egs. (C8)—-(C10) into
Egs. (C3) and (C4) yields Eq. (15) from Eq. (12).

By a similar procedure, the precessional period is derived
as

T — 4/“ dnz _ 2]0
p dng/dt \/wex - a)ea\/wex — Wea — Wha ’
(C11)

Inserting Eq. (C8) into Eq. (C11), Eq. (17) is obtained via
f=1/T.

APPENDIX D: DERIVATIONS OF EQS. (24) and (26)

Here, for Case II, we derive the strength of SOT [Eq. (24)]
to excite a self-oscillation and the corresponding frequency
[Eq. (26)], with the same procedure as Appendix C, just tak-
ing different reduced energy, which is Eq. (23). From it, the
maximal and minimal values of n, are obtained as

a = En + Wea
Wex + Wea + Wha '
En

b= |——, D2
Wex + Wha ( )

(D1
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and the integrals of Eqgs. (13) and (14) are expressed as

Wdamp = 8a |:\/wex + wha\/a)ex + Wea + Whala

B En(&n + wea)
\/a)ex + wha\/a)ex + Weq + Wha
Wex + Ona — &y
N Wex + Whan/Wex + Wea + Wha

Io], (D3)

Wsor = 4wsor I, (D4)

where
“ (n;)Pdn;
I, = , D5
b b Ja? —n2/n? —D? (03)
with  p=0,1,2. Taking a  substitution n, =
Va% — (a*> — b?)s?, Eq. (D5) becomes
1
. WT=K5y
L=a""' | ds , (Do)
g 0 N1T—2V/T—k2s?
with the modulus
k= ll _ b_z _ Wea(Wex + Wha — &) . (D7)
a (@ea + E)(@na + &)
Specifically, the three integrals are calculated as
P fl ds
"Taly V- TR
Wex + Weq + Wha
— [ Zex T Tea T Wha e gy, D8
E T o (k) (D8)
L= / A _m (DY)
T Vi—s2 2
RVA Iy 22 & ,
L= af ds g TP Egy. (D10)
0 Vl—SZ Wex + Wea + Wha

Substituting Eqs. (D8)—(D10) into Eqgs. (D3) and (D4) allows
us to get Eq. (24) from Eq. (12).
Additionally, the precessional period is derived as

T _4/a di’lz _ 210
B » dng/dt B \/wex + wha\/a)ex + Wea + wha.
(D11)

Inserting Eq. (DS8) into Eq. (D11), Eq. (26) is obtained via
f=1/T.

APPENDIX E: DERIVATIONS OF EQ. (21)

Unlike Case I, the lower threshold of the self-oscillation
cannot be determined by the linear instability of the tilted-
AFM state for case II. To make sense of the tilted-AFM
state physically, Eq. (B3) implies that wsor < @§or = @ea. In
Fig. 10, we take we, = 0.01wex. A self-oscillation emerges
when increasing a)ISOT to 0.0079w.x, which is smaller than
wior (0.0lwex). So, this wgyr is not the lower threshold of
the self-oscillation.

To derive the lower threshold analytically, we utilize an
averaging technique [16], which is in good agreement with the
numeric result for the FM self-oscillation. Before doing that,
we need to define two fixed points for the considered nonlinear

(a) (b)

focus  gqddle |

m -
- miy o4, My

miy S

FIG. 10. Evolutions of m; (a) and m, (b) at the lower threshold
(wISOT = 0.0079w,y) of the self-oscillation for Case II. The arrow
denotes the spin-polarization direction. The black dots represent the
initial states without the SOT. The red curves are the final orbits of
evolutions. The dashed curves are the constant-energy orbits passing
through the saddle points (£, = 0). Here, to identify clearly the
curves, the parameters are taken as o = 0.01, w., = 0.01we, and
wha = 0.1we. Putting them into Eq. (21), the lower threshold wém =
0.0077weyx, which agrees well with the numerical calculations except
for a slight difference.

magnetic system without the SOT. From Eq. (23), it is easy
to infer that n, = 1 (m;, = —my, = 1) is a focus, as marked
by the black dots in Figs. 10(a) and 10(b). Correspondingly,
the energy Enin = —Wea. Also, n, = 1 (my, = —my, = 1) is
a saddle, as marked by the blue circles, whose energy is
8saddle =0.

Then, we maintain our attention on the evolutions of m,
at the lower threshold, as plotted in Figs. 10(a) and 10(b). In
the absence of the SOT, m; (m;) prefers to line up along the
y (—y) direction initially, i.e., they are located at its focus.
Applying a SOT at the lower threshold, m; , evolve from
the foci to the saddle points, then enter their own constant-
energy orbit. The trajectory between the focus and the saddle
is not a constant-energy one. Therefore, before precessing in
a constant-energy orbit, m; » (n) should overcome an energy
barrier Eggale — Emin = Wea- In this startup stage, besides off-
setting the damping, the SOT should do extra work to cross
this barrier. On average, this work-energy relation reads

saddle
d&,
wSOT/ (n x BZ) . <ll X )dt
focus dn

saddle dE 2
= (x/ <n X ) dt + e (ED)
focus dn

The absence of an explicit expression for this part
of the trajectory makes an exact analytical solution of
Eq. (El) untractable. Fortunately, in view of the strong
exchange, wex > we, generally. The constant-energy or-
bit through the saddle is very close to the x-y plane,
as indicated in Figs. 10(a) and 10(b). By setting &, =
Esaddle = 0 in Eq. (23), we obtain the intersection points
(Fy) between this orbit and the y-z plane, which are
(0, £71y, £i1;), with iy, = /Wex + Wha//@ex + Wea + Wha and
i, = /Wea/ N/ Wex + Wea + Wha). Obviously, in view of we, K
Wex, 1; K 1. So, F4. are very close to the focus, and the integral
can be approximately completed along the constant-energy
trajectory from F; or F_ to the saddle point.

134427-16



TUNABLE RANGE OF TERAHERTZ OSCILLATIONS ...

PHYSICAL REVIEW B 106, 134427 (2022)

Adopting this approximation, taking m, as the integral
variable, and utilizing Eq. (23), Eq. (E1) becomes

0
2m.dm
CUSOT\/CUex + wha\/wex + Wea + Wha #
N Wex + @ O dm
ex ha T Wy (EZ)

z
=
N Wex + Wea + Wha i, \/17122. —m%

Performing integration and solving Eq. (E2) for wsor yields
the lower threshold, i.e., Eq. (21).

The analytic lower threshold Eq. (21) agrees very well with
the numeric result. This is because the constant-energy orbit
through the saddle points is very close to the x-y plane, i.e.,
Wea K wex- Fortunately, Fig. 6 shows that the self-oscillation
exists for small we,, especially when o < 0.01. Therefore, the
approximation is self-consistent in performing the integrals of
Eq. (E1).
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