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Magnetic incommensurability, short-range correlations, and properties of Ho7Rh3
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The crystal structure, thermal properties, and magnetic state of the rare-earth intermetallic compound Ho7Rh3

was studied using the measurements of the AC and DC magnetic susceptibility, magnetization, specific heat
and thermal expansion, as well as by neutron and synchrotron powder diffraction. Below the Néel temperature
TN = 32 K, an incommensurate antiferromagnetic (AFM) structure of the spin density wave (SDW) type
was observed, described by the magnetic superspace group Cmc21.1′(00g)0sss and the propagation vector
kIC = (0 0 0.389). Further cooling leads to the spin reorientation transition and squaring-up transformation of the
SDW magnetic structure below Tt1 = 22 K. The spin reorientation transition is accompanied by the emergence
of a ferromagnetic component in the incommensurate magnetic structure upon cooling below Tt2 = 9 K. Using
neutron diffraction, the existence of a short-range antiferromagnetic order was revealed up to temperatures twice
as high as TN. These short-range AFM correlations were found to affect the magnetic susceptibility and thermal
expansion, while the crystal structure retains its hexagonal symmetry below and above the Néel temperature.
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I. INTRODUCTION

Noncentrosymmetric compounds attract much attention in
the cutting-edge research fields due to a plethora of emer-
gent properties such as unconventional superconductivity,
topological phases, nontrivial quantum properties, and other
interesting behaviors related to strong spin-orbit coupling
[1–3]. Among the binary rare-earth intermetallic compounds
a family of R7T3 (R = rare-earth metal, T = Rh, Pd, Ni)
compounds represents a rare example of noncentrosymmet-
ric crystal structure of Th7Fe3 type (SG P63mc) [4–6]. The
crystal structure of R7T3 compounds is built of trigonal prisms
which are formed by R atoms occupying one 2b and two 6c
Wyckoff sites while T atoms occupying another single 6c
Wyckoff site are encaged inside these prisms (see Fig. 1). The
linkage coefficient (LC) was introduced by Parthé et al. [7]
as a measure of interconnection between the trigonal prisms
in the RnTm family. It was estimated to be as low as LC = 2
for R-richest R3T (T = Ni, Co) compounds and LC = 18

7 for
R7T3 family reflecting good isolation of single T atoms inside
of the R-based trigonal prisms. Isolated T atoms do not bear
any magnetic moment due to the filling of their 3d (4d) band
by outer-shell electrons of R atoms [8]. However, long-range
exchange interactions of the Ruderman-Kittel-Kasuya-Yosida
(RKKY) type between localized magnetic moments of R
atoms is considered to be the driving force of magnetic or-
dering phenomena in the R-rich RnTm compounds. Interplay
between strong crystal electric field and competing RKKY-
exchange interactions results in rich magnetic phase diagrams,
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complicated magnetic structures, and enhanced short-range
magnetic order frequently observed in R-rich RnTm com-
pounds [9].

Despite plenty of published data on macroscopic proper-
ties of R7T3 compounds [10–19], not much is known about
their magnetic properties on a microscopic level up to date.
There are a number of neutron diffraction studies reporting
complex incommensurate magnetic structures in R7T3 com-
pounds in terms of propagation vectors and their temperature
dependencies [12,20,21]. However, there are quite a few
works reporting quantitative description of the incommen-
surate magnetic structures observed in Nd7Ni3 [22], Ce7Ni3

[23], Nd7Rh3 [24], and Nd7Pd3 [25]. Among them only
Refs. [23–25] used the representation analysis technique to
simplify refinement of magnetic structure by imposing sym-
metry induced restrictions on the magnetic moments of R ions
residing in the three nonequivalent sites.

The magnetic structure of Ce7Ni3 reported by Kadowaki
et al. [23] was found to be incommensurate with the propaga-
tion vector kIC = (0 0 μ) just below the Néel temperature TN1

while further cooling below TN2 results in emergence of the
commensurate component indexed by kC = (0 0 1

4 ). The high
temperature incommensurate magnetic structure was found to
be of a spin-wave type and described by a combination of
four irreducible representations (irreps): two one-dimensional
irreps �2 and �3 describing the c-axis component of magnetic
structure and two two-dimensional irreps �5 and �6 de-
scribing the in-plane component of magnetic structure. Both
�5 and �6 irreps were brought to fit nonzero Bragg peaks
of (00l ± μ) type with l-even and l-odd, respectively. The
second work of Rayaprol et al. [24] reports an incommen-
surate transverse spin wave (TSW) magnetic structure with a
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FIG. 1. Visualization of a hexagonal crystal structure of R7T3

compounds formed by R-based trigonal prisms encaging T atoms.

propagation vector of kIC = (0 0 μ) in the Nd7Rh3 compound
just below the Néel temperature TN1. The further cooling be-
low TN2 brings the sample to a mixed magnetic state where
high temperature incommensurate magnetic phase coexists
with commensurate magnetic phase described by a propa-
gation vector k = 0. Again, both two-dimensional irreps �5

and �6 (denoted by authors as IR3 and IR6, correspondingly)
were involved in the Rietveld refinement. Finally, a neutron
diffraction study of Nd7Pd3, recently reported by Mudryk
et al. [25], revealed an incommensurate TSW magnetic struc-
ture with a propagation vector kIC = (0 0 μ) just below the
Néel temperature TN1. A further cooling down to TC results
in magnetic phase transition from an incommensurate anti-
ferromagnetic (AFM) structure to a ferromagnetic structure
accompanied by a change of crystal symmetry from P63mc to
Cmc21. Again, a high temperature incommensurate magnetic
structure was refined using basis vectors associated with two-
dimensional irreps �5 and �6. A combination of these irreps
were brought into the refinement of magnetic structures of
Nd7Rh3 and Nd7Pd3 because of the misfit of (000)± satellites
by a model based on a single irrep.

The magnetic superspace group approach was shown to be
a powerful method of analysis of incommensurate magnetic
structures particularly (i) when one deals with the irreps of
dimension N > 1 and (ii) when two active irreps are involved
in magnetic phase transition [26,27]. As far as many members
of the R7T3 family exhibit incommensurate magnetic struc-
tures described by a combination of two-dimensional irreps,
it would be interesting to consider their magnetic ordering
below Néel temperature in terms of the magnetic superspace
group approach. In this work we present a study of the in-
commensurate magnetic structure of Ho7Rh3 performed by
a Rietveld refinement of the neutron diffraction data using
the magnetic superspace group approach. We also used lin-
ear and nonlinear AC-magnetic susceptibility measurements
as a source of complementary data about magnetic symme-
try breaking in Ho7Rh3 below the Néel temperature. Linear
thermal expansion as well as synchrotron diffraction were
employed to check for temperature induced crystal structure
phase transitions in Ho7Rh3.

II. EXPERIMENTAL DETAILS

Ho7Rh3 ingots were prepared by arc-melting of the con-
stituent elements of 99.9% Ho and 99.96% Rh in high
purity argon atmosphere. In total, two Ho7Rh3 polycrystalline
samples were synthesized. The x-ray diffraction attestation
of Ho7Rh3 samples was performed using a Empyrean x-
ray diffractometer (PANanalytical) with Cu-Kα radiation

FIG. 2. Rietvel refinement of the x-ray diffraction data measured
on the first sample. Observed (red circles), calculated (black line),
and difference (blue line) x-ray diffraction patterns for the first
Ho7Rh3 sample measured at room temperature.

(λ = 1.54056 Å) at room temperature. It has been found that
the first Ho7Rh3 sample is single phase while the second
sample contains a trace amount of impurity phases Ho5Rh3 ∼
2 wt.% and Ho2O3 ∼ 4 wt.%. The crystal structure of both
samples was found to be in good agreement with the model
(space group P63mc) previously reported for other com-
pounds of the R7Rh3 series (see Fig. 2) [5,12]. The first
sample was used for heat capacity, magnetic measurements,
and synchrotron diffraction, while the neutron diffraction
measurements were performed on the second sample.

The linear AC and DC magnetic susceptibility data were
measured using MPMS-XL and PPMS instruments (Quantum
Design, USA). The standard PPMS sweep mode was used
for temperature control with a temperature change rate of 1
K min−1. Measurements of the AC magnetic susceptibility
were carried out using driven field amplitude Ha = 2 Oe and
frequencies f = 0.777, 7.77, 77.7, and 777 Hz. Time depen-
dent magnetization of a system M(t ) in response to an external
oscillating magnetic field Hac = Ha cos ωt can be expressed as
follows:

M(t ) = M1ω sin(ωt + θ1ω ) + M2ω sin(2ωt + θ2ω )

+ M3ω sin(3ωt + θ3ω ) + · · · , (1)

where w = 2π f , Mnω = Haχnω is the nth harmonic compo-
nents for integer n = 1, 2, 3, . . . , and θnω is the delay in phase
of each component against the ideal response signal, which is
π/2 out of phase with the driving field signal. M1ω component
represents the linear term of the AC susceptibility. Emergence
of the higher harmonics Mnω (n = 2, 3, 4, . . . ) in the AC sus-
ceptibility data reflects distortion of the ideal sinusoidal M(t )
signal due to the nonlinear terms χ (m) (m = 1, 2, 3, . . . ) in
expansion of the magnetization M with general magnetic field
H [28]:

M(H ) = χ (0)H + χ (1)H2 + χ (2)H3 + · · · . (2)

Even harmonics Mnω (n = 2, 4, . . . ) arise when the time-
inversion symmetry is broken and considered to be a
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hallmark of a spontaneous magnetization. Odd harmonics
Mnω (n = 3, 5, . . . ) are connected with the breaking of a
spatial symmetry due to the magnetic phase transition to the
long-range ordered magnetic state (accompanying the large
phase change) or spin-glass-like freezing (not accompanying
the large phase change) [28–32]. AC magnetic susceptibil-
ity reported in this work is shown as a combination of
real and imaginary components χnω = Mnω/Ha = χ ′

nω + iχ ′′
nω

(n = 1, 2, 3).
The heat capacity measurements were performed in the

temperature range 2–300 K in zero field using a PPMS in-
strument (Quantum Design, USA). Thermal expansion studies
were carried out on the polycrystalline Ho7Rh3 sample hav-
ing l = 1.64 mm length between the parallel faces using the
capacitive mini-dilatometer option for PPMS by Kuechler
Innovative Measurement Technology [33].

Neutron diffraction experiments with wavelength λ =
1.826 Å were carried out using the neutron diffractometer
for high efficiency, high resolution measurements (HER-
MES) installed at JRR-3M in JAERI at Tokai, Japan. For
the refinement of magnetic structure, we used the JANA2006
program [34]. The ISODISTORT program which is a part
of ISOTROPY software suite was used for the symmetry
analysis of magnetic structures in Ho7Rh3 [35]. Magnetic
point, space, and superspace groups reported in this paper
are given in accordance with the recently published unified
magnetic space groups symbols [36]. The synchrotron XRD
measurements were carried out on a high-resolution powder
diffraction beamline ID22 at the European Synchrotron Radi-
ation Facility (ESRF, France). X-ray diffraction patterns were
measured with λ = 0.354205(4) Å on the powder sample
packed in the 0.3 mm capillary. Data were recorded in a wide
temperature range of 4–300 K using a liquid helium cooled
cryostat.

III. RESULTS AND DISCUSSION

A. DC magnetic susceptibility and heat capacity

Magnetic susceptibility curves of Ho7Rh3 measured using
zero field cooling χZFC(T ) and field cooling χFC(T ) proce-
dures in applied magnetic fields H = 0.1, 0.5, and 1 kOe as
well as heat capacity curve Cp(T ) are shown in Fig. 3. As
one can see from Fig. 3, magnetic phase transition on cooling
from paramagnetic to antiferromagnetic state can be observed
as a barely visible cusp on the χ (T ) and λ-type anomaly on
the Cp(T ) curves at TN ≈ 32 K. Steplike jumps of the DC
magnetic susceptibility can be observed at Tt1 ≈ 22 K and
Tt2 ≈ 9 K for all measured magnetic susceptibility curves on
cooling below the Néel temperature. These anomalies were
previously reported by Tsutaoka et al. [12,14,37] from mag-
netic measurements on the single crystal samples and ascribed
to the temperature induced spin-reorientation transitions. A
thermomagnetic hysteresis of χZFC(T ) and χFC(T ) curves
measured in an applied field of 100 Oe can be observed in
the low temperature range T < 22 K [see Fig. 3(a)] while no
visible hysteresis can be seen in the temperature range Tt1 <

T < TN. Slight increase of the external magnetic field above
500 Oe suppresses the observed irreversibility of χZFC(T ) and
χFC(T ) curves.

FIG. 3. Temperature dependence of the DC magnetic suscepti-
bility measured at various applied fields as ZFC and FC procedures.
(b) Curie-Weiss law fit of the inverse susceptibility measured at
H = 1 kOe.

The inverse susceptibility χ−1 measured at H = 1 kOe
as a function of temperature T is plotted in Fig. 3(b). The
high temperature part of the inverse susceptibility curve
(T > 150 K) has been fitted using the Curie-Weiss (CW) law.
However, we noticed that the χ−1 versus T dependence begins
to deviate upward from the CW line when the temperature
decreases below 100 K, i.e., far to reach critical tempera-
ture. This deviation may indicate the presence of short-range
magnetic correlations above TN. Bearing in mind the large
Ho3+ effective magnetic moment, a temperature-independent
contribution to the inverse susceptibility from the core dia-
magnetism and Van-Vleck paramagnetism is not taken into
account. The effective magnetic moment (μeff ) is estimated to
be μHo

eff = 11.2 μB. This is slightly larger than the theoretical
value 10.58 μB for a free Ho3+ ion. However, this value is
in good agreement with the one reported by Tsutaoka et al.
[14]. Both short-range magnetic correlations above the Néel
temperature and spin fluctuations in the d-electron subsys-
tem may affect the high temperature susceptibility behavior
above the Néel temperature. Negative paramagnetic Curie
temperature θp = −28 K implies dominance of the antiferro-
magnetic exchange interactions of the RKKY type.
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FIG. 4. Temperature dependencies of the (a) real χ ′(T ) and
(b) imaginary χ ′′(T ) components of the AC susceptibility measured
at Ha = 2 Oe and f = 0.77, 7.77, 77.7, and 777 Hz. Enlarged cusps
at Tt2 ≈ 9 K are shown in the insets. Arrows mark direction from the
low frequency to the high frequency.

B. AC magnetic susceptibility in Ho7Rh3

1. Linear AC magnetic susceptibility

The real χ ′(T ) and imaginary χ ′′(T ) components of the
AC susceptibility are plotted as a function of temperature in
Fig. 4. The real component χ ′(T ) is reminiscent of the DC
magnetic susceptibility curve and exhibits a barely visible
hump at the Néel temperature TN ≈ 32 K, a steplike jump at
Tt1 ≈ 22 K, and a glasslike anomaly at Tt2 ≈ 9 K overlapping
with a low temperature shoulder. No substantial dispersion
χ ′(ω) or absorption χ ′′(ω) can be observed in the temper-
ature range Tt2 < T < TN. However, pronounced frequency
dependence of both χ ′(T ) and χ ′′(T ) susceptibility curves
develops on cooling below Tt2. The imaginary component
χ ′′(T ) has no visible anomaly around the Néel temperature,
as it is expected for ordinary antiferromagnets, and exhibits a
small jump at Tt1. Similar to the real component χ ′(T ), the
imaginary component χ ′′(T ) shows a sharp cusp around Tt2

temperature followed by a low-temperature shoulder. It can

be seen that both amplitude and position of the observed cusps
depend on the driven field frequency. For instance, their posi-
tion shifts towards higher temperatures when increasing the
driven field frequency, as it is usually observed in spin glasses
[38]. The amplitude of the cusp on the χ ′(T ) curve reduces its
value when increasing the driven field frequency in agreement
with typical spin-glass behavior. However, contrary to what is
usually observed in spin glasses, the cusp on the χ ′′(T ) curve
substantially reduces its height when increasing the frequency.
As it was shown by Mydosh [39], the temperature of the cusp
in the χ ′′(T ) curve corresponds to the inflection point on the
high temperature side of the χ ′(T ) maximum. It can be seen
from the insets in Fig. 4 that this is not true in Ho7Rh3.

A phenomenological classification of the glasslike systems
can be done by estimation of the frequency dependence of
the cusp temperature Tf described by a Mydosh parame-
ter δTf = �Tf

Tf �[lg( f )] [39]. This parameter provides a criterion
to distinguish spin glass freezing from a relaxation process
of noninteracting or interacting magnetic entities (magnetic
clusters, superparamagnetic particles, etc). The Mydosh pa-
rameter for Ho7Rh3 was estimated to be δTf ≈ 0.015 by
maximum at the χ ′′(T ) curve. The estimated δTf is among
the highest reported for canonical spin glasses (0.005–0.018)
[39], very close to the values observed in the rare-earth inter-
metallics exhibiting low temperature cluster-glass magnetic
state [40] and substantially less than the ones observed for
weakly interacting magnetic entities exhibiting high sensi-
tivity to the frequency change (δTf > 0.1) [41]. However,
magnetic moments freezing and blocking effects are not the
only possible mechanisms explaining glasslike anomalies on
the AC susceptibility data. For instance, glasslike effects on
the AC susceptibility data were previously reported to origi-
nate from changes in the domain structure and domain walls
coercivity in ferrimagnetic FeCr2S4 [42] and in ferromagnetic
Ho2Fe17 [43].

An effect of external DC magnetic field on the real χ ′(T )
and imaginary χ ′′(T ) components of AC susceptibility is
shown in Figs. 5(a) and 5(b). It can be seen that a magnetic
field of 500 Oe completely suppresses the jumplike anomaly
around Tt1 and spin-glass-like cusp around Tt2. The detailed
field dependence of χ ′(T ) and χ ′′(T ) components measured
at T = 9 K implies that the glasslike effects in Ho7Rh3 can be
completely suppressed by as low a magnetic field as HDC ≈
200 Oe (see the insets in Fig. 5).

2. Nonlinear AC magnetic susceptibility

Real χ ′
nω (n = 2, 3) and imaginary χ ′′

3ω(T ) components of
AC susceptibility measured at different frequencies f = 77,
777, and 7777 Hz are shown in Figs. 6(a), 6(b) and 6(d) as a
function of temperature. No sign of anomaly on the χ ′

2ω(T )
curves can be seen at the Néel temperature TN = 32 K in
agreement with what one may expect for a magnetic phase
transition from a paramagnetic to an antiferromagnetic state.
However, all χ ′

2ω(T ) curves reveal a barely visible anomaly
around Tt1 ≈ 22 K followed by a strong positive cusp at
Tt2 ≈ 9 K manifesting the time-reversal symmetry breaking
due to the emergence of a spontaneous magnetization [28,32].
Although χ ′

2ω(T ) is known to diverge to a negative side at TC

for a ferromagnets [44], the shape of the peak was reported
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FIG. 5. Temperature dependencies of the (a) real χ ′(T ) and
(b) imaginary χ ′′(T ) components of the AC susceptibility measured
at Ha = 2 Oe and f = 0.77, 7.77, 77.7, and 777 Hz in applied
DC magnetic field HDC = 500 Oe. Solid line through the circles
represents χ ′(T ) and χ ′′(T ) curves measured at HDC = 0. Field de-
pendence of the real and imaginary components of AC susceptibility
measured at T = 9 K are shown in the insets. Arrows mark direction
from the low frequency to the high frequency.

to evolve dramatically from positive to negative values de-
pending on the interplay between temperature and weak bias
DC magnetic field [45]. Thus, the particular shape of the cusp
observed at Tt2 = 9 K could be affected by a weak remnant
DC magnetic field of a 9 T superconducting magnet of our
PPMS instrument.

The third harmonic curves χ ′
3ω(T ) and χ ′′

3ω(T ) curves
exhibit well resolved double-peak anomaly with a high tem-
perature cusp at 8.5 K and a low temperature shoulder around
T ≈ 6 K [see Figs. 6(b) and 6(d)]. It can be seen that slowing
of dynamics in Ho7Rh3 indicated by a peak in the χ ′′

1ω(T )
curve (see Fig. 4) is accompanied by a nonlinearity in mag-
netic response to an oscillating field H (t ). It has been shown
theoretically that nonlinear term χ ′

3ω(T ) diverges to the nega-
tive side at the freezing temperature Tg for spin glasses [30],
exhibits divergence to the positive side below TN for antifer-

FIG. 6. Temperature dependencies of the (a) and (b) real
χ ′

nω (n = 2, 3) and (d) imaginary χ ′′
3ω(T ) components of AC sus-

ceptibility measured using driving field amplitude Ha = 2 Oe and
f = 77, 777, and 7777 Hz. (c) Temperature dependence of the Klirr
factor K = M3ω/M1ω plotted for f = 77, 777, and 7777 Hz.

romagnets [30,46], or changes sign at TC and diverges on both
sides of TC for ferromagnets [30,44]. However, a multidomain
structure in real ferromagnets was reported to result in a
purely negative peak or purely positive peaks on the χ ′

3ω(T )
curve depending on the driving field amplitude and frequency
[31,46]. The amplitude of the the cusp on the χ ′′

3ω(T ) curve is
substantially higher than the one at the real component curve
χ ′

3ω(T ). This can be attributed to activation of a domain walls
movement below Tt2 = 9 K as it was previously reported in
pure ferromagnetic Ni [31].

The Klirr factor determined as a ratio K = M3ω/M1ω can be
used as a measure of nonlinearity in magnetic response to the
oscillating magnetic field [47]. The temperature dependence
of the Klirr factor is shown in Fig. 6(c). It can be seen that
magnetic response of the Ho7Rh3 turns out to be nonlinear
below 10 K. The Klirr factor exhibits high value K = 0.2%
at the low frequency of the driving field and decreases its
value when increasing the frequency. Thus nonlinearity in
magnetic response of Ho7Rh3 to the oscillating field develops
in the low frequency range while in the high frequency range
the response tends to be linear. Bearing in mind consistent
behavior of the linear component χ ′′

1ω(T ), second and third
harmonic components χ ′

nω(T ) and χ ′′
nω(T ) (n = 2, 3) as well

as the enhanced amplitude of χ ′′
3ω(T ) one can suggest that the

magnetic domain walls movement is triggered by a magnetic
phase transition to a ferro- or ferrimagnetic state at Tt2 = 9 K.

C. Neutron diffraction of Ho7Rh3

1. Neutron diffraction in a paramagnetic state

Neutron diffraction pattern (NDP) of the Ho7Rh3 powder
sample was measured in a paramagnetic state at T = 70 and
50 K in order to examine the crystal structure and phase purity
[see Figs. 7(a) and 7(b)]. It can be seen that a broad dif-
fuse maximum develops in the low angles region on cooling
the sample in a paramagnetic state from 70 to 50 K. This
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FIG. 7. (a) Neutron powder diffraction patterns for Ho7Rh3 measured at T = 70, 50, and 28 K. The best fit result of the NDP measured
(b) in a paramagnetic state at T = 70 K and just below the Néel temperature at T = 28 K. The red symbols represent the experimental profile
and the solid black line represents the result of the fit. The rows of vertical marks below the patterns refer to the Bragg peaks positions: (1)
main Ho7Rh3 phase, (2) Ho5Rh3, and (3) Ho2O3 impurity phases. The difference between calculated and observed intensities is shown at the
bottom. The asterisks (*) indicate the Bragg peaks from the sample environment.

maximum supports the suggestion that short-range antifer-
romagnetic order persists in Ho7Rh3 in a wide temperature
range above the Néel temperature TN < T < 2TN. The Ri-
etveld refinement of the crystal structure of Ho7Rh3 was
performed using a model of the hexagonal structure with the
space group P63mc, as it was reported in Ref. [5]. It was
found that besides the main Ho7Rh3 phase a trace amount
of Ho5Rh3 ∼ 2 wt.% and Ho2O3 ∼ 4 wt.% impurity phases
exist in the sample. Two additional Bragg peaks observed at
2θ = 64.3◦ and 44.3◦ could not be fitted either by Ho7Rh3

phase or by impurity phases and were associated with the
sample environment. We cut these peaks from the neutron
diffraction patterns measured below the Néel temperature in
order to refine a model of magnetic structure. The best fit
of the neutron diffraction pattern measured at T = 70 K by
a combination of these phases is shown in Fig. 7(b) while
the refined parameters of the crystal structure of Ho7Rh3 are
shown in Table I.

2. Magnetic structure just below the Néel temperature at T = 28 K

The neutron diffraction pattern of Ho7Rh3 was measured
in a magnetically ordered state at T = 28 K just below the
Néel temperature in order to refine a high temperature in-
commensurate magnetic structure having a propagation vector
kIC = (0 0 0.389) [12]. As can be seen from Fig. 7(a), a series
of magnetic Bragg peaks emerged on the neutron diffraction
pattern on cooling below the Néel temperature. The Le Bail
fit of the neutron diffraction pattern within the angle range of

TABLE I. Atomic coordinates and the unit cell parameters ob-
tained by the Rietveld refinement of the neutron diffraction pattern
in a paramagnetic state at T = 70 K.

Atoms x y z

Ho1(2b) 0.3333 0.6666 0.0148(3)
Ho2(6c) 0.8755(4) 0.1244(4) 0.3173(2)
Ho3(6c) 0.5412(5) 0.4592(5) 0.0198(2)
Rh(6c) 0.1877(5) 0.8122(5) 0.2493(2)

a = 9.6904(7) Å, c = 6.0877(5) Å
RB = 6.21%, RF = 4.25%

5.6◦ < 2θ < 63◦ revealed that the propagation vector with an
adjustable μ = 0.389 component is able to index all the mag-
netic satellites. This propagation vector corresponds to the �

line of the Brillouin zone in accordance with the international
notation after A. P. Cracknell, B. Davies, S. C. Miller, and
W. F. Love (CDML) [48].

The use of the magnetic superspace groups (MSSG) ap-
proach for description of incommensurate magnetic structures
suggests introduction of the modulation functions of mag-
netic moments defined in the (3 + 1)-dimensional superspace
[26,27]. The modulation function of magnetic moments Mi

describes the magnetic moment of an atom i with atomic
coordinates ri in the unit cell shifted by a lattice translation
T from the zeroth unit cell and can be represented as a Fourier
series:

Mi(x4) = Mi,0 +
N∑

n=1

[
Msin

i,n sin(2πnx4) + Mcos
i,n cos(2πnx4)

]
,

(3)

where n is the number of terms in Fourier series, x4 = k(T +
ri ) is an internal coordinate, and absolute term Mi,0 = 0 since
there is no ferromagnetic component at T = 28 K. The mag-
netic moment modulation functions Mi(x4) and M j (x4) of
two symmetry-related atoms i and j are constrained by the
symmetry operations of the magnetic superspace group in
a four-dimensional space {R, θ |t, τ } by the following equa-
tion for purely incommensurate propagation vector [26]:

M j (RI x4 + τ0) = θ det(R)RMi(x4), (4)

where τ0 = τ + kt, RI equals +1 for R keeping k invariant or
−1 for the one transforming k to −k, and θ is a time-reversal
operation that could be +1 or −1 for a particular symmetry
operator of the magnetic superspace group.

The gray magnetic space group describing the paramag-
netic state of Ho7Rh3 is labeled as P63mc.1′ in accordance
with the recently published unified magnetic space groups
symbols [36]. All the symmetry operations of the po-
lar point gray group 6mm.1′ leave the propagation vector
kIC = (0 0 0.389) invariant. Thus the little group Gk coin-
cides with the point gray paramagnetic group and contains
all its symmetry operations. The propagation vector star {k}
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TABLE II. Two magnetic irreps of the gray magnetic group P63mc.1′ based on the two-dimensional irreps of the little group 6mm.1′,
OPDs in magnetic irrep space, corresponding MSSGs, and external-space part of the basis relative to the parent cell as obtained by JANA2006,
corresponding MSSGs in the standard setting, and 4D supercell basis relative to the parent cell. Two isotropy subgroups of index i = 2 for the
Cmc21.1′(00g)0sss group are shown at the bottom (see the text). The origin of the supercell is located at (0, 0, 0, 0) for all the listed groups.

Irreps OPD MSSG as obtained by JANA2006 MSSG in standard setting

m�5 (a, 0, b, 0) P63.1′(00g)ts P63.1′(00g)hs (No. 173.1.24.2.m130.2)
(a1, a2, a3) (a1, −a1 − a2, −a3 + a4, −a4)

(a, a, b, b) Cmc21.1′(00g)000s Cmc21.1′(00g)000s (No. 36.1.13.1.m173.2)
(−a2, −2a1 − a2, −a3) (a2, −2a1 − a2, a3, a4)

(a,−a, b, −b) Cmc21.1′(00g)ss0s Cmc21.1′(00g)s0ss (No. 36.1.13.2.m173.2)
(−a2, −2a1 − a2, −a3) (a2, −2a1 − a2, a3 + a4, a4)

(a, b, c, d ) P21.1′(0b0)0s P21.1′(0b0)0s (No. 4.1.5.2.m8.2)
(a1, −a3, a2) (a1, a2, a3, a4)

m�6 (a, 0, b, 0) P63.1′(00g) − hs P63.1′(00g)hs (No. 173.1.24.2.m130.2)
(a1, a2, a3) (a1, a2, a3, a4)

(a, a, b, b) Cmc21.1′(00g)0sss Cmc21.1′(00g)000s (No. 36.1.13.1.m173.2)
(−a2, −2a1 − a2, −a3) (a2, −2a1 − a2, a3 + a4, a4)

(a,−a, b, −b) Cmc21.1′(00g)s0ss Cmc21.1′(00g)s0ss (No. 36.1.13.2.m173.2)
(−a2, −2a1 − a2, −a3) (a2, −2a1 − a2, a3, a4)

(a, b, c, d ) P21.1′(0b0)ss P21.1′(0b0)0s (No. 4.1.5.2.m8.2)
(a1, −a3, a2) (a1, a2, a3 + a4, a4)

m�6 + m�6 (a, a, b, b|c, −1.732c) Cmc′2′
1(00g)000 Cmc′2′

1(0, 0, g)000 (No. 36.1.13.1.m175.1)
(−a2, −2a1 − a2, −a3) (a2, −2a1 − a2, a3, a4)

(a, a, b, b|c, 0.577c) Cm′c2′
1(0, 0, g)ss0 Cm′c2′

1(0, 0, g)s0s (No. 36.1.13.2.m174.1)
(−a2, −2a1 − a2, −a3) (a2, −2a1 − a2, a3 + a4, a4)

has the single arm in this case. Four one-dimensional irre-
ducible representations (irreps) m�1, m�2, m�3, m�4 and
two two-dimensional irreps m�5 and m�6 were obtained by
JANA2006 [34]. As it has been shown in Ref. [26], there
is direct one-to-one correspondence between the irreducible
representation and the magnetic superspace group in the case
of one-dimensional irreps. However, a number of different
magnetic superspace groups (kernel and epikernels [27]) can
be associated with a multidimensional irrep depending on the
particular direction of the order parameter (OPD) vector in
the representation space. Both m�5 and m�6 irreps, particular
OPDs, corresponding MSSGs, and external-space part of the
basis relative to the parent cell as obtained by JANA2006 are
shown in Table II. Besides the fact that the Rietveld refinement
was performed for magnetic space groups in the setting used
in JANA2006, this representation is convenient for compari-
son of extinction laws for magnetic superspace groups related
to m�5 and m�6 because their orthorhombic (hexagonal,
monoclinic) groups are given in the same 3D basis. However,
standard setting and full 4D superspace basis are necessary
to avoid ambiguity and understand the difference between
obtained magnetic superspace groups. We used ISODISTORT
[35] and FINDSSG [49] tools in order to present these MSSGs
in the standard setting providing information about full 4D
superspace lattice basis and MSSG numerical identifier in
accordance with Ref. [50] (see Table II).

Both two-dimensional irreps m�5 and m�6 were sug-
gested to describe the magnetic structure just below the Néel
temperature because their basis functions were found to cre-
ate intensity of the zero satellite peak (000)± in the low
angles range. A quick analysis of the extinction laws for
magnetic superspace groups associated with both m�5 and
m�6 was performed using the MAGNEXT tool at the Bilbao

crystallographic server [51,52]. It was found that symme-
try operation {2z|00 1

2 0} contained in all magnetic superspace
groups of the m�5 irrep provides a systematic absence for
(00lm) Bragg peaks having l = 2n. Contrary, a symmetry
operation {2z|00 1

2
1
2 } contained in all magnetic superspace

groups of the m�6 irrep (shown in bold in Table III) gives rise
to a systematic absence for (00lm) Bragg peaks having l =
2n + 1. Thus, the only two-dimensional irrep contributing to
an experimentally observed magnetic zero satellite of (000m)
type (where m = ±1) should be m�6 while no contribution
is expected for any model of magnetic structure associated
with m�5. In this work we applied only m�6 irrep in order
to refine the magnetic structure of Ho7Rh3. The symmetry
operations of the MSSGs P63.1′(00g)hs, Cmc21.1′(00g)0sss,
and Cmc21.1′(00g)s0ss, i.e., epikernels of the m�6 irrep, are
shown in Table III in accordance with the format accepted in
JANA2006.

The Rietveld refinement has been performed for all three
models associated with the m�6 irrep using a magnetic su-
perspace group setting used in JANA2006. The phase of the
modulation for every tested magnetic superspace group is not
fixed by symmetry because there are no symmetry operations
transforming k to −k. Thus, it has been manually fixed by
forcing one of the refined components to be zero. The best
fit quality was found for Cmc21.1′(00g)0sss group which de-
scribes TSW magnetic modulation propagating over all Ho
sites along the c axis of the parent hexagonal structure. It
should be noted that the fit quality obtained for P63.1′(00g)hs
model is good as well and it can be further improved if
we allow a slight elliptical modulation for TSW waves
propagating over Ho2 and Ho3 sites. However, a proper model
seems to be Cmc21.1′(00g)0sss group because it has two
magnetic subgroups of index 2 which are compatible with
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TABLE III. Symmetry operations of the magnetic superspace group P63.1′(00g)hs, Cmc21.1′(00g)0sss, and Cmc21.1′(00g)s0ss described
by corresponding symmetry cards as used in the program JANA2006. A complete set of symmetry operations can be obtained from the
presented ones by combining them with the operation {1′|0, 0, 0, 1

2 }.

P63.1′(00g)hs Cmc21.1′(00g)0sss Cmc21.1′(00g)s0ss
Origin at (0,0,0,0) Origin at (0,0,0,0) Origin at (0,0,0,0)

x1, x2, x3, x4, m x1, x2, x3, x4, m x1, x2, x3, x4, m
−x2, x1 − x2, x3, x4 + 1

3 , m −x1, x2, x3, x4, m −x1, x2, x3, x4 + 1
2 , m

−x1 + x2, −x1, x3, x4 + 2
3 , m x1, −x2, x3 + 1

2 , x4 + 1
2 , m x1,−x2, x3 + 1

2 , x4, m
−x1, −x2, x3 + 1

2 , x4 + 1
2 , m −x1, −x2, x3 + 1

2 , x4 + 1
2 , m −x1, −x2, x3 + 1

2 , x4 + 1
2 , m

x2,−x1 + x2, x3 + 1
2 , x4 + 5

6 , m x1, x2, x3, x4 + 1
2 , −m x1, x2, x3, x4 + 1

2 , −m
x1 − x2, x1, x3 + 1

2 , x4 + 1
6 , m

x1, x2, x3, x4 + 1
2 ,−m

the in-plane weak ferromagnetism (see the Discussion sec-
tion). The refined magnetic parameters as well as agreement
factors obtained for MSSG Cmc21.1′(00g)0sss are shown in
Table IV. The best fit result of the neutron diffraction pattern
measured at T = 28 K by MSSG Cmc21.1′(00g)0sss is shown
in Fig. 7(c). The schematic visualizations of magnetic struc-
ture described by MSSG Cmc21.1′(00g)0sss and two other
considered groups P63.1′(00g)hs and Cmc21.1′(00g)s0ss are
shown in Fig. 8.

3. Low temperature magnetic structure

The neutron diffraction pattern measured at T = 4.5 K
was found to keep its incommensurate magnetic Bragg peaks
described by the propagation vector kIC = (0 0 μ) with μ =
0.388 as can be seen in Fig. 9. Additional magnetic satellites
indexed by a third harmonic 3kIC were observed by a single
crystal neutron diffraction below 20 K in Ref. [12] and were
confirmed on the neutron powder diffraction data T = 4.5 K
in this work. Emergence of the contribution from odd har-
monic implies evolution of the spin-density wave towards
magnetic structure with equal moments via the squaring-up
process. A further cooling across the Tt2 = 9 K results in
emergence of a spontaneous magnetization which manifests
itself as a brief anomaly of the DC and AC susceptibility
Tt2 = 9 K. Emergence of the in-plane spontaneous magneti-
zation suggests loss of the time-inversion symmetry which is
evidenced by a peak in the χ ′

2ω(T ) curve. Thus the symmetry
operation {1′|0 0 0 1

2 } must be dropped from the magnetic
superspace group Cmc21.1′(00g)0sss describing a high tem-
perature magnetic structure.

The isotropy subgroup describing such a distortion of high
temperature antiferromagnetic structure can be found using
ISODISTORT [53]. Superposition of the m�6[kC] irrep re-
sponsible for the in-plane spontaneous magnetization and
m�6[kIC] irrep responsible for the incommensurate magnetic
structure just below the Néel temperature TN ≈ 32 K has
been considered. It was found that superposing the in-plane
ferromagnetic contribution from m�6 to the incommensurate
structure associated with m�6(a, a, b, b) further lowers the
MSSG from Cmc21.1′(00g)0sss to either Cmc′2′

1(00g)000 or
Cm′c2′

1(00g)s0s, in which both have index i = 2 relative to
Cmc21.1′(00g)0sss (see Table II). We were not able to deter-
mine which one of the two models better describes the neutron
diffraction data at T = 4.5 K because no convergence was
reached on the Rietveld refinement of both models when 33
magnetic parameters ascribed to 5 magnetically nonequivalent
Ho sites and two harmonics of kIC were adjusted.

D. Thermal expansion of Ho7Rh3

The thermal expansion rate �l/l0 and the coefficient of
linear thermal expansion (CTE) α plotted as functions of
temperature are shown in Fig. 10(a). As one can see, thermal
expansion rate �l (T )/l0 exhibits nonmonotonic behavior re-
vealing negative thermal expansion below 60 K and a shallow
minimum centered in the low temperature range at Tmin =
40.5 K. Cooling the sample below Tmin, one can observe a
magnetovolume anomaly smeared over a wide temperature
range �T ≈ 30 K below and above the Néel temperature. It
should be noted that the sharp magnetovolume anomaly asso-
ciated with the first-order magnetostructural phase transition

TABLE IV. Refined components of the incommensurate magnetic moment modulation functions Msin
i and Mcos

i obtained for symmetrically
nonequivalent magnetic atoms Ho1, Ho21, Ho22, Ho31, and Ho32 using magnetic superspace group Cmc21.1′(00g)0sss. Amplitude of the
TSW propagating over the corresponding Ho site is shown in the last column.

Site Msin
x Msin

y Msin
z Mcos

x Mcos
y Mcos

z |M|max

Ho1 0.9(8) 0 0 6.2(4) 0 0 6.3(4)
Ho21 1.9(2) 1.8(2) 0a 3.9(3) 3.8(3) 0a 6.0(4)
Ho22 2.6(3) 0 0a 5.4(2) 0 0a 6.0(3)
Ho31 0 0 0a 6.0(2) 4.4(3) 0a 7.5(4)
Ho32 0 0 0a 7.5(2) 0 0a 7.5(2)
Rnucl

F (obs) = 2.8%, Rmag
F (obs) = 4.6%, GOF = 1.3

aManually fixed.
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FIG. 8. Schematic visualisation of the refined magnetic structures of Ho7Rh3 obtained using the model of MSSG (a) Cmc21.1′(00g)0sss.
(b) P63.1′(00g)hs and (c) Cmc21.1′(00g)s0ss as projected on the basal plane and and as a 3D model. Both parent hexagonal cell and supercell
are shown for the basal plane projections.

from antiferromagnetic to ferromagnetic state was previously
observed in the isostructural Nd7Pd3 compound [25]. The syn-
chrotron diffraction revealed lowering of the symmetry from
P63mc to Cmc21 in this compound. In order to check if the
crystal structure phase transition affects the thermal expansion
of Ho7Rh3 in the low temperature range, we performed syn-
chrotron x-ray diffraction in a wide temperature range below
and above the Néel temperature. No visible sign of the phase
transition towards lower symmetry structure was found on the
x-ray diffraction data of Ho7Rh3 [see Fig. 10(b)]. Particularly,
a comparison of the x-ray diffraction data taken at 8, 28, and
50 K in the q range where one may expect orthorhombic
splitting of the Bragg peaks is shown in the inset of Fig. 10(b).

FIG. 9. Neutron powder diffraction patterns for Ho7Rh3 mea-
sured at T = 28 and 4.8 K.

E. Discussion

Three magnetic phase transitions were observed in Ho7Rh3

on cooling: (i) transition from paramagnetic to incommensu-
rate SDW structure at TN = 32 K, (ii) squaring-up process
developing in the SDW structure below Tt1 ≈ 22 K, and (iii)
emergence of ferromagnetic component in the incommensu-
rate magnetic structure below Tt2 ≈ 9 K. Magnetic structure
just below the Néel temperature TN = 32 K was described
by the propagation vector kIC = (0 0 0.389) and magnetic su-
perspace group Cmc21.1′(00g)0sss associated with the single
m�6 irrep. Contrary, it has been suggested in Refs. [24,25]
that combination of both m�5 and m�6 is necessary for a
proper fit of the zeroth satellite (000m). Our analysis of the
extinction rules for MSSGs associated with the m�5 irrep
revealed that any model of magnetic structure described by
this irrep does not contribute to the zeroth satellite (000m).
We have shown that single irrep m�6 is well enough to fit
the (000m) magnetic Bragg peak in Ho7Rh3. Moreover, ev-
ery particular magnetic superspace group associated with the
m�6 irrep based on a two-dimensional small irrep restricts
the form of a magnetic modulation in a unique way [see
Figs. 8(a)–8(c)] while no such restrictions can be provided
by the traditional representation analysis. Thus the magnetic
superspace groups approach turns out to be a particularly
effective tool for analysis of magnetic structure of R7Rh3

compounds.
Gignoux et al. [54] questioned the stability of the ampli-

tude modulated magnetic structures in rare-earth intermetallic
compounds exhibiting strong easy-axis anisotropy. It was
found that such magnetic structures could not persist at low
temperatures due to entropy considerations and revealed a
tendency to evolve towards equal momentum structures via
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FIG. 10. (a) The temperature dependence of the thermal expansion rate �l/l0 of Ho7Rh3 (black line) and calculated linear coefficient of
the thermal expansion α (red symbols). (b) Le-Bail fit of the synchrotron diffraction data at T = 8 K by the model of the hexagonal P63mc
structure. The inset displays a comparison of part of the x-ray diffraction patterns measured at 8, 28, and 50 K (see the text).

lock-in transition or squaring-up process. This is exactly what
we observe on cooling in the easy-plane Ho7Rh3 compound
below Tt1 ≈ 22 K. Small jumps on the AC and DC magnetic
measurements data as well as emergence of the Bragg peaks
associated with the third harmonic 3kIC evidence a squaring-
up process in TSW structure of Ho7Rh3. The squaring-up
process in applied magnetic field seems to break a full anti-
ferromagnetic compensation and gives rise to a small in-plane
ferromagnetic component below Tt1 which was observed in
magnetic measurements data reported for the single crystal
sample [14].

Further cooling of Ho7Rh3 reveals one more magnetic
phase transition associated with large anomalies of both AC
and DC magnetic susceptibilities at Tt2 ≈ 9 K. This transition
is accompanied by a nonlinearity in magnetic response to the
oscillating magnetic field below 9 K as evidenced by χ ′′

1ω(T ),
χ ′

2ω(T ), and χ ′
3ω(T ) curves. In particular, a peak of the second

harmonic χ ′
2ω(T ) at Tt2 ≈ 9 K implies that time-inversion

symmetry is broken and the ferromagnetic component of the
magnetic structure emerges. In terms of magnetic superspace
groups formalism, this means lowering of symmetry from
the AFM superspace group Cmc21.1′(00g)0sss to one of the
subgroups of index i = 2 Cmc′2′

1(00g)000 or Cm′c2′
1(00g)s0s

which are compatible with the in-plane ferromagnetic com-
ponent observed on the single crystal sample [14]. Contrary,
the P63.1′(00g)hs group revealing good description of the
experimental data at T = 28 K does not have the magnetic
subgroups compatible with the in-plane ferromagnetism. It
means that a proper model of the high temperature mag-
netic structure should be Cmc21.1′(00g)0sss despite the good
fit quality of the neutron diffraction pattern at T = 28 K
provided by a model of P63.1′(00g)hs group. Thus, the
P63.1′(00g)hs model reported by us for high temperature in-
commensurate magnetic structure in Ho7Rh3 [55] is incorrect
despite the very good fit quality. We also have to empha-
size that the nonlinear AC-magnetic susceptibility can be
considered as a source of direct and complementary data about
breaking of time-inversion or spatial symmetry in magnetic
materials helping to analyze magnetic structures with the
magnetic superspace groups approach.

As soon as spontaneous magnetization emerges below 9 K,
the material decomposes into magnetic domains in order to

minimize its magnetostatic energy. The magnetic measure-
ments data previously reported for the single crystal Ho7Rh3

evidenced a large magnetic anisotropy between c axis and
basal plane giving rise to narrow domain walls having the
size of a few interatomic distances [14]. Magnetic prop-
erties of highly anisotropic ferromagnets and ferrimagnets
with narrow domain walls are known to be substantially
affected by domain walls movement, pinning and freezing
effects [56,57]. Particularly, slowing of magnetic dynamics
and time-dependent effects on the AC magnetic susceptibility
data, which are typical for spin-glass-like systems, were re-
ported for numerous ferromagnetic or ferrimagnetic materials
with narrow domain walls [42,43,58–60]. Thus observation
of glasslike effects on the AC magnetic susceptibility data
below 9 K can be ascribed to the domain walls movement and
pinning effects. A small external DC magnetic field of HDC ≈
200 Oe was found to push the sample to the one-domain state
eliminating glasslike effects from the AC magnetic suscepti-
bility data.

The presence of the short-range antiferromagnetic order
directly observed in Ho7Rh3 by neutron diffraction and de-
viation of the inverse susceptibility from the CW law could
explain anomalous behavior of the thermal expansion in a
wide temperature range TN < T < 2TN. Magnetoelastic inter-
actions along with the strong magnetocrystalline anisotropy
affect the lattice well above the Néel temperature. Moreover,
the short-range antiferromagnetic correlations seems to be a
driving force of the anomalous behavior of electrical resis-
tivity previously reported for Ho7Rh3 and other members of
R7Rh3 family above the Néel temperature in Refs. [14,37].
It should be noted that enhanced short-range antiferromag-
netic correlations persisting up to high temperatures were
reported to substantially affect magnetic, thermal and elec-
trical properties of different members of R3T [9,61–63]
and R5Pd2 [40,64] families. Enhanced short-range magnetic
order persisting up to high temperatures was explained in
terms of a model of indirect exchange interaction introduced
by Campbell [65] for pure rare-earth metals. This model
suggests that an intra-atomic 4 f -5d exchange followed by
an interatomic 5d-5d hybridization between neighboring R
atoms leads to a 4 f -5d-5d-4 f exchange interaction. When
it comes to R-rich binary rare-earth intermetallic compounds
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of RnTm type, this exchange interaction is accompanied by
a 4 f -5d-3d (4d )-5d-4 f exchange giving rise to a competi-
tion of two types of RKKY exchange interactions. Close
examination of the Ho7Rh3 crystal structure reveals that the
shortest Ho1-Ho3 distance is 3.485 Å, the shortest Ho2-Ho2
distance is 3.341 Å, and the shortest Ho3-Ho3 distance is
3.617 Å while in pure Ho metal the minimal Ho-Ho distance is
3.486 Å. The shortest distance between two Rh atoms encaged
in the neighboring trigonal prisms is 4.381 Å. Thus indirect
4 f -5d-5d-4 f exchange apparently dominates over the Ho-Ho
network in the crystal structure of Ho7Rh3 and may give rise
to the short-range magnetic order persisting well above the
Néel temperature.

IV. CONCLUSION

In this work, DC and AC magnetic measurements, heat ca-
pacity, thermal expansion, as well as neutron and synchrotron
powder diffraction were performed in order to study crystal
structure and low temperature magnetic states in Ho7Rh3.
We found that incommensurate magnetic structure described
with the magnetic superspace group Cmc21.1′(00g)0sss and
propagation vector kIC = (0 0 0.389) emerges just below the
Néel temperature TN = 32 K. A spin-reorientation transition
at Tt1 ≈ 22 K was ascribed to development of the squaring-up

process while the ferromagnetic component emerges in the
incommensurate magnetic structure below Tt2 ≈ 9 K. Short-
range antiferromagnetic order observed in a wide temperature
range in the nominally paramagnetic state was found to affect
thermal expansion and seems to be a driving force of the
anomalous behavior of electrical resistivity above the Néel
temperature. No symmetry lowering of the hexagonal crystal
structure was observed by synchrotron diffraction in a wide
temperature range below and above the Néel temperature.
Finally, we showed that nonlinear AC-magnetic susceptibility
measurements could be a source of direct data about sym-
metry breaking effects in magnetic material which benefits
to a symmetry analysis of complex magnetic structures and
magnetic phase transitions.
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