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We investigate numerically the time evolution of wave packets incident on one-dimensional semi-infinite lat-
tices with mosaic modulated random on-site potentials, which are characterized by the integer-valued modulation
period κ and the disorder strength W . For Gaussian wave packets with the central energy E0 and a small spectral
width, we perform extensive numerical calculations of the disorder-averaged time-dependent reflectance, 〈R(t )〉,
for various values of E0, κ , and W . We find that the long-time behavior of 〈R(t )〉 obeys a power law of the
form t−γ in all cases. In the presence of the mosaic modulation, γ is equal to 2 for almost all values of E0,
implying the onset of the Anderson localization, while at a finite number of discrete values of E0 dependent
on κ , γ approaches 3/2, implying the onset of the classical diffusion. This phenomenon is independent of the
disorder strength and arises in a quasiresonant manner such that γ varies rapidly from 3/2 to 2 in a narrow
energy range as E0 varies away from the quasiresonance values. We deduce a simple analytical formula for the
quasiresonance energies and provide an explanation of the delocalization phenomenon based on the interplay
between randomness and band structure and the node structure of the wave functions. We explore the nature of
the states at the quasiresonance energies using a finite-size scaling analysis of the average participation ratio and
find that the states are neither extended nor exponentially localized, but critical states.
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I. INTRODUCTION

Anderson localization of classical waves and quantum par-
ticles occurs due to the interference of multiply scattered
waves in spatially random media. Since it was discovered
theoretically over 60 years ago by Anderson, it has been
studied extensively in many areas of physics [1–3]. Ander-
son localization arises universally for all kinds of waves and
many aspects of the phenomenon have been explored and
understood in detail [4–7]. Nevertheless, there still exist fea-
tures, which are not fully understood, and new aspects of
localization continue to be discovered when new elements are
included in the system [8–13].

One of the prominent results of early theories of local-
ization is that in the simplest one-dimensional (1D) and
two-dimensional random systems, all eigenstates are expo-
nentially localized even in the presence of infinitesimally
weak disorder [14]. However, it has been found that this
conclusion is not always true in more general random systems
and there exist various situations where some states are not
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exponentially localized, but are either extended or critically
localized. Representative examples include the cases where
distinct kinds of impedance matching phenomena such as the
Brewster anomaly [15–20] and the Klein effect [21–24] hap-
pen or the random potential is spatially correlated with short-
or long-range correlations [25–34]. For instance, it has been
demonstrated both theoretically and experimentally that there
exist extended states at two energy values in the 1D random
dimer model, which contains a special type of short-range cor-
related disorder [25,26]. This model has been generalized to
the case of random N-mer systems and analytical expressions
for the values of the resonant energies at which delocalization
arises have been obtained [27–30].

A discrete set of delocalized states can appear in short-
range correlated random systems. In contrast, a continuum
of delocalized states with sharp mobility edges was predicted
theoretically and confirmed experimentally to appear in long-
range correlated random systems in one dimension [31–37].
The mobility edges, which are the energy values separating
localized and extended states, can also be present in a wide
range of quasiperiodic models in one dimension [38–49].
Recently, an exactly solvable 1D model with multiple mobil-
ity edges called quasiperiodic mosaic lattice model has been
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proposed [43]. In that model, a quasiperiodic on-site potential
exists only at periodically spaced sites, while the potential is
constant at all other sites. The number and the positions of the
mobility edges have been shown to depend sensitively on the
modulation period κ .

The main aim of the present paper is to propose a way
of inducing delocalized states in 1D random systems. We
consider a random version of the quasiperiodic mosaic lattice
model, which we call disordered mosaic lattice model, where
the on-site potential takes a random value only at equally
spaced sites with a period κ . We study the transport and
localization properties of the proposed model primarily by
investigating the time evolution of wave packets incident on
an effectively semi-infinite disordered mosaic lattice chain.
More specifically, we calculate the time-dependent reflectance
averaged over a large number of independent disorder config-
urations, 〈R(t )〉, for various values of the modulation period
κ and the central energy of the wave packet, E0. This
approach based on the reflection geometry has substantial
experimental advantages over those based on the transmission
geometry.

We are especially interested in exploring the long-time
scaling behavior of 〈R(t )〉, which obeys a power-law decay
of the form t−γ for all values of the parameters. From many
previous studies, it has been solidly established that in the
cases where the standard Anderson localization occurs, the
exponent γ is equal to 2, while in those where the classical
diffusion occurs, it is 3/2 [50–58]. From extensive numerical
calculations, we will find that in the presence of the mosaic
modulation, γ is equal to 2 for almost all values of E0, while
at a finite number of discrete values of E0 dependent on κ ,
γ approaches 3/2. In other words, although most eigenstates
of the disordered mosaic lattice model are exponentially lo-
calized, there appear a finite number of discrete states that
are not exponentially localized but display transport behavior
characteristic of classical diffusion. We will also find that
this phenomenon is independent of the disorder strength and
occurs in a quasiresonant manner. From the numerical results,
we will deduce a simple analytical formula for the quasires-
onance energies at which delocalization occurs and provide
an explanation of the phenomenon based on the interplay
between randomness and band structure and the node struc-
ture of the wave functions. We also explore the nature of the
states at the quasiresonance energies using a finite-size scaling
analysis of the average participation ratio and find that the
states are neither extended nor exponentially localized, but
critical states.

The rest of this paper is organized as follows. In Sec. II,
we introduce the 1D disordered mosaic lattice model charac-
terized by the time-independent Schrödinger equation within
the nearest-neighbor tight-binding approximation. We also
describe the numerical calculation method and the physical
quantities of interest. In Sec. III, we present the numerical
results and discuss the mechanism for the onset of the dif-
fusive behavior. We also explore the nature of the states at
the quasiresonance energies using a finite-size scaling analysis
of the average participation ratio. Finally, in Sec. IV, we
conclude the paper.

II. THEORETICAL MODEL AND METHOD

A. Model

To describe 1D noninteracting spinless particle systems,
we use the standard single-chain tight-binding model

J (ψn−1 + ψn+1) + εnψn = Eψn, (1)

where ψn and εn are the wave function amplitude and the on-
site potential at the nth lattice site, respectively. E is the energy
and J is the coupling strength between nearest-neighbor sites.
From now on, we will measure all energy scales in units of
J and set it equal to 1. In this study, we will investigate the
transport and localization properties of a model, which we
call disordered mosaic lattice model. This model is defined
by

εn =
{
βn ∈ [−W,W ], n = mκ

V0, otherwise , (2)

where the inlay parameter κ representing the period of the
mosaic modulation is a fixed positive integer larger than 1
and m is an integer running from 1 to N . Then the total
number of sites L is equal to κN . The on-site potential βn

at the mκth site is a random variable uniformly distributed
in the interval [−W,W ], where W is the strength of disorder.
In all other sites, the on-site potential takes a constant value
of V0. In Ref. [43], the authors have studied a quasiperiodic
mosaic lattice model, where βn is a quasiperiodic potential
of Aubry-André type [59]. Our model is different from that
model in that βn is random instead of quasiperiodic. We note
that if βn is a constant potential different from V0, the model
becomes perfectly periodic with period κ .

B. Method

Following the procedure given in Ref. [58], we first assume
that a monochromatic wave of energy E is incident from
the left side of the disordered region and define the ampli-
tudes of the incident, reflected, and transmitted waves A, B,
and C by

ψn =
{

Aeiqn + Be−iqn, n = 1, 2
Ceiqn, n = L − 1, L

, (3)

where q is related to E by the free-space dispersion relation
E = 2 cos q. In the absence of dissipation, the law of energy
conservation |B|2 + |C|2 = |A|2 should be satisfied. In order
to solve Eq. (1) numerically, we first fix ψL−1 to 1, then we
obtain C = exp[−iq(L − 1)] and ψL = exp(iq). Knowing the
values of ψL and ψL−1, we can solve Eq. (1) iteratively to
obtain ψL−2, ψL−3, · · · , ψ2, ψ1. Using the definition of A and
B given in Eq. (3), we can express them in terms of ψ1 and
ψ2:

A = e−2iq ψ2 − ψ1e−iq

1 − e−2iq
, B = ψ1eiq − ψ2

1 − e−2iq
. (4)

We are interested in the case where the length of the dis-
ordered region is sufficiently large. Then the large portion
of the incident wave power will be reflected. Therefore we
focus on the behavior of the reflection coefficient r̃(E ) and
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the reflectance R̃(E ) defined by

r̃(E ) = B

A
= e2iq ψ1eiq − ψ2

ψ2 − ψ1e−iq
,

R̃(E ) =
∣∣∣B

A

∣∣∣2

=
∣∣∣∣ ψ2 − ψ1eiq

ψ2 − ψ1e−iq

∣∣∣∣
2

. (5)

Next we consider a Gaussian wave packet characterized by
the spectrum

f (E ) = (2π )1/4

√
σ

exp

[
− (E − E0)2

4σ 2

]
, (6)

where E0 is the central energy of the wave packet and σ is its
spectral width. f (E ) satisfies

1

2π

∫ ∞

−∞
dE [ f (E )]2 = 1. (7)

The time-dependent reflection coefficient r(t ) of the incident
Gaussian wave packet can be calculated using

r(t ) = 1

2π

∫ 2

−2
dE r̃(E ) f (E ) exp(iEt ), (8)

where the range of integration is limited to −2 � E � 2,
since the reflection coefficient r̃(E ) can be defined only inside
the band satisfying E = 2 cos q. The disorder-averaged time-
dependent reflectance 〈R(t )〉 is obtained from

〈R(t )〉 = 〈|r(t )|2〉 = 1

(2π )2

∫ 2

−2
dE1

∫ 2

−2
dE2 〈r̃(E1)r̃∗(E2)〉

× f (E1) f ∗(E2) exp[i(E1 − E2)t], (9)

where 〈· · · 〉 denotes averaging over a large number of differ-
ent disorder configurations.

According to the previous theories of Anderson local-
ization in the time domain [50,52–55,58], the exponent
characterizing the power-law decay of 〈R(t )〉 in the long-time
limit provides an important information on the state of the
system. Specifically, it has been established that 〈R(t )〉 decays
as t−2 in the localized regime, while it decays as t−3/2 in the
regime of classical diffusion. Finally, we point out that study-
ing Anderson localization based on the measurements in the
reflection geometry has substantial experimental advantages
over more conventional approaches in the transmission geom-
etry, in that the reflectance is often more easily measurable
than the transmittance and there exist situations where mea-
surements in the transmission mode are not possible. These
advantages are especially relevant to the fields such as optics,
acoustics, and seismology [60–63].

III. NUMERICAL RESULTS AND DISCUSSION

A. Numerical results

In most of our calculations, we have set V0 = 0 and
computed 〈R(t )〉 by averaging over 10000 distinct random
configurations of εn. The step size in energy, 	E , is 10−3.
We have chosen the system size L to be sufficiently large
so that the transmission is negligible and the system can be
considered an effectively semi-infinite medium.

Our main goal is to study the dynamics of wave packet
propagation in 1D disordered mosaic lattices with κ � 2.

FIG. 1. Ln-ln plot of the disorder-averaged time-dependent re-
flectance 〈R(t )〉 versus time t for various values of E0 when κ = 1,
W = 2, σ = 0.05, V0 = 0, and L = 1000. The time dependence of
〈R(t )〉 obeys an inverse-square law of the form 〈R(t )〉 ∝ t−2 in the
long-time limit.

However, it is instructive to first consider the κ = 1 case
corresponding to the ordinary Anderson model to clarify the
effects of the mosaic modulation. In a recent study, a nu-
merical analysis of the time-dependent reflectance for the 1D
Anderson model has been presented [58]. It has been reported
that for any W ∈ [1, 4] and E0 ∈ [−2 + 2σ, 2 − 2σ ], the time
dependence of 〈R(t )〉 obeys an inverse-square law of the form
〈R(t )〉 ∝ t−2 in the long-time limit. This implies that all the
incident wave packets exhibit an Anderson localization behav-
ior. It has also been shown that this behavior is independent of
the spectral shape of the wave packet or its spectral width σ

as long as it is as small as 0.05 and 1. In the present work, we
consider Gaussian wave packets with a fixed spectral width of
σ = 0.05. In Fig. 1, we show our calculations for the time
decay of 〈R(t )〉 when κ = 1, W = 2, and the system size
L = 1000, which agree well with Ref. [58].

We are interested in exploring the transport behavior when
the random mosaic modulation defined by Eq. (2) is intro-
duced into the on-site potential of a lattice model. In Fig. 2, we
set κ = 2 and plot the time evolution of 〈R(t )〉 for various val-
ues of E0 when W = 1, 2, and 4. We find that for all values of
E0, 〈R(t )〉 shows a power-law decay of the form 〈R(t )〉 ∝ t−γ

in the long-time limit. The exponent γ is equal to 2 for almost
all E0 values except for a narrow region close to E0 = 0. In
contrast, the value of γ at E0 = 0 is equal to 3/2 with a good
approximation and is markedly different from the Anderson
localization behavior shown for other E0 values. In addition,
the value of 〈R(t )〉 for E0 = 0 is noticeably larger than those
for other E0 values when ln t is sufficiently large, as can be
seen from the curves drawn with thick lines in Fig. 2. This
behavior occurs for all values of the disorder parameter W
considered here, as long as the system length L is sufficiently
large such that the effect due to the leakage of the wave packet
into the transmitted region is negligible. When the disorder is
weak, we need to use a larger L to satisfy such a condition.

In Fig. 3, we set κ = 3 and plot the time evolution of
〈R(t )〉 for the same values of E0 and W as in Fig. 2. Similarly
to the κ = 2 case, the localization behavior takes place for
most values of E0, while the diffusive behavior appears only

134204-3



NGUYEN, PHUNG, AND KIM PHYSICAL REVIEW B 106, 134204 (2022)

FIG. 2. Ln-ln plots of 〈R(t )〉 versus t for various values of E0

when κ = 2 and (a) W = 1, (b) W = 2, and (c) W = 4. σ and V0 are
fixed to 0.05 and 0, respectively and L is chosen to be 1300 in (a) and
1000 in (b) and (c). The curve for E0 = 0 that is highlighted with a
thick line scales as t−3/2 in the long-time limit in contrast with other
curves that scale as t−2.

near a special value of E0. In contrast to the previous case,
however, the diffusive behavior with γ = 3/2 is observed
at E0 = 1. In addition, we have verified numerically that a
similar diffusive behavior also occurs at E0 = −1, though it
has not been shown here explicitly.

Next, in Fig. 4, we consider the κ = 4 case. The overall
long-time behavior is similar to the κ = 2 and 3 cases, but
the diffusive behavior with γ = 3/2 occurs at two different

FIG. 3. Ln-ln plots of 〈R(t )〉 versus t for various values of E0

when κ = 3 and (a) W = 1, (b) W = 2, and (c) W = 4. σ , V0, and L
are fixed to 0.05, 0, and 1050, respectively. The curve for E0 = 1 that
is highlighted with a thick line scales as t−3/2 in the long-time limit
in contrast with other curves that scale as t−2.

values E0 = 0 and 1.4 (≈√
2) in the present case. In addition,

a similar behavior is also observed at E0 = −√
2. Since the

diffusive long-time behavior appears only in a narrow range
of E0 values, it can be considered as a kind of quasiresonance.
Combining the results obtained for κ = 2, 3, and 4, we deduce
that the quasiresonances occur symmetrically with respect to
E0 = 0 and their total number is equal to κ − 1. We also find
that this behavior is unaffected by the disorder strength when
W � 1.
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FIG. 4. Ln-ln plots of 〈R(t )〉 versus t for various values of E0

when κ = 4 and (a) W = 1, (b) W = 2, and (c) W = 4. σ , V0, and
L are fixed to 0.05, 0, and 1200, respectively. The curves for E0 = 0
and 1.4 (≈√

2) scale as t−3/2 in the long-time limit in contrast with
other curves that scale as t−2.

In order to examine the quasiresonant nature of the diffu-
sive long-time behavior more clearly, we plot the exponent
γ obtained by fitting the numerical results in the long-time
region where 5 < ln t < 8 versus E0, when W = 2, 3, 4, 5
and κ = 2, 3, 4 in Fig. 5. We point out that there is a mirror
symmetry in a statistical sense with respect to E0 = 0, though
the region with E0 < 0 is not shown here. Numerical results
for many E0 values around the sharp dips at E0 = 0, 1, and√

2 in addition to those shown in Figs. 2–4 have been used
in Fig. 5. As E0 varies away from the values at the dips, γ

FIG. 5. The power-law exponent γ obtained by fitting the numer-
ical results in the long-time region where 5 < ln t < 8 plotted versus
E0 when W = 2, 3, 4, 5 and (a) κ = 2, (b) κ = 3, and (c) κ = 4. σ

and V0 are fixed to 0.05 and 0, respectively and L is 1000 in (a), 1050
in (b), and 1200 in (c). The two dashed lines correspond to γ = 3/2
and 2, which are expected for diffusive and localized wave packets,
respectively.

increases rapidly from 1.5 to 2. The half-widths (full widths
at half-maximum) of all the dips are similar and roughly equal
to 0.15. In order to show the positions of the quasiresonances
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TABLE I. List of the values of E0 versus γ around the sharp dips
at E0 = 1 in Fig. 5(b) and at E0 = 1.4 in Fig. 5(c). The minimum
value of γ approaches 3/2 at E0 = 1 when κ = 3 and at E0 = 1.42
(≈√

2) when κ = 4.

κ = 3 κ = 4

E0 γ E0 γ

0.90 1.778 1.30 1.822
0.92 1.710 1.32 1.756
0.94 1.636 1.34 1.680
0.96 1.577 1.36 1.610
0.98 1.534 1.38 1.554
1.00 1.521 1.40 1.527
1.02 1.535 1.42 1.510
1.04 1.577 1.44 1.536
1.06 1.640 1.46 1.580
1.08 1.715 1.48 1.638
1.10 1.786 1.50 1.710

more clearly, some values of E0 versus γ around the sharp
dips are listed in Table I.

In the rest of this section, we present some additional
results, which are useful in deducing a general formula for the
quasiresonant energy values. In Fig. 6, we plot 〈R(t )〉 versus t
at E0 = 0 when W = 4, κ = 2, 3, 4, 5, and 6, and V0 = 0. We
find that the behavior of the incident wave packet at E0 = 0
depends on the parity of κ . When κ is odd, the wave packet
exhibits Anderson localization, while, when κ is even, it does
a diffusive behavior.

Finally, in Fig. 7, we compare the long-time scaling behav-
ior at E0 = 0 and 0.2, when V0 = 0 and V0 = 0.2 for κ = 2,
4, and 6. A diffusive behavior is observed at E0 = 0 when
V0 = 0, while it is found at E0 = V0 when V0 = 0.2. Therefore
the quasiresonance energy is found to depend on the value of
V0 as well as κ .

FIG. 6. Ln-ln plots of 〈R(t )〉 versus t for several values of κ when
E0 = 0 and W = 4. σ and V0 are fixed to 0.05 and 0, respectively. The
curves for even values of κ scale as t−3/2 while those for odd values
of κ scale as t−2 in the long-time limit.

FIG. 7. Ln-ln plots of 〈R(t )〉 versus t for κ = 2, 4, 6, E0 = 0, 0.2,
σ = 0.5, and W = 4, when (a) V0 = 0 and (b) V0 = 0.2. In (a), the
curves for E0 = 0 scale as t−3/2 and those for E0 = 0.2 scale as t−2

in the long-time limit. In (b), the opposite behavior is observed.

B. Quasiresonant diffusion of wave packets

The numerical results presented above clearly show that
a wave packet propagating inside a disordered mosaic lat-
tice displays a diffusive behavior for some special values of
the wave packet’s central energy in a quasiresonant manner,
although it exhibits Anderson localization for all the other val-
ues of the central energy. In other words, mosaic modulation
of the lattice potential causes the usual exponential Anderson
localization to be destroyed at special discrete values of the
energy dependent on the modulation period. Thus we find that
the periodic mosaic modulation is a feature that can induce
a new type of delocalization in low-dimensional disordered
systems.

From our numerical results given in Sec. III A, we can
easily deduce that the central energy at the quasiresonances,
ER, is given precisely by

ER = V0 + 2 cos
(π

κ
n
)

(n = 1, 2, · · · , κ − 1). (10)

The number of ER is equal to κ − 1. ER is distributed symmet-
rically with respect to V0 and ER = V0 is included only when
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κ is even. For several small values of κ , we obtain

ER =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

V0 for κ = 2
V0 ± 1 for κ = 3
V0,V0 ± √

2 for κ = 4

V0 ±
√

5−1
2 ,V0 ±

√
5+1
2 for κ = 5

V0,V0 ± 1,V0 ± √
3 for κ = 6

· · ·

. (11)

The analytical formula for the quasiresonance energy ER

appears to agree with the formula obtained for the resonance
energy (e.g., Eq. (16) of Ref. [29]) where the delocalization
occurs in 1D binary random N-mer models with N = κ . How-
ever, this agreement is only coincidental and superficial. In the
binary random N-mer model, the resonance energy has been
obtained from the condition that the transmittance through a
single N-mer is unity, and therefore the transmittance at the
resonance energies is identically equal to 1 and the corre-
sponding states are completely extended [27–30]. In contrast,
at our quasiresonance energies, the transmittance is not equal
to 1 and the states are not extended but critical states, as will be
explained in Sec. III C. In the binary random N-mer model of
Ref. [29], the on-site potential can take one of the two values 0
and V0. The problem becomes nonrandom and trivial if V0 = 0
and so we need to exclude that case. In order to have extended
states, it is also necessary to have the condition that |ER| � 2,
which gives another constraint for V0 [29]. On the contrary, in
our model, V0 is just a background on-site potential and can
take any arbitrary value including zero. We also point out that
the cosine form for the resonance energy of the N-mer model
arises only when the on-site potentials at all the N sites of an
N-mer are the same. Even if they are not uniform, there can
still exist resonance energies, but they will not be given by a
simple cosine form.

We pay close attention to the results that the dependence
of γ on E0 shown in Fig. 5 is insensitive to the strength of
disorder W . In our model, the random potential is present
only at periodically spaced sites n = κm (m = 1, 2, 3, . . .). In
order for the numerical results to be insensitive to the disorder
strength, it is natural to assume that the wave-function am-
plitudes take very small values close to zero at those sites.
That is, the wave function has nodes there. This implies that
the eigenfunctions have a periodicity with the wavelength λ

satisfying

κ = λ

2
n (n = 1, 2, 3, . . .). (12)

For such eigenfunctions, the energy eigenvalues should be
very close to the values obtained in the disorder-free case,
which are given by E = V0 + 2 cos q. Since the wave vector
q is related to λ by q = 2π/λ, we can obtain Eq. (10) in a
straightforward way. This argument strongly suggests that the
states at the energies ER are rather insensitive to the disorder
and therefore are not standard exponentially localized states.
Our conjecture that the wave functions at the quasiresonance
energies have nodes at n = κm will be confirmed later in
Fig. 9 in Sec. III C.

It is highly instructive to consider a related periodic model,
which we may call periodic mosaic lattice model, defined by
Eq. (2), but with βn replaced by a constant β. Since this model

FIG. 8. Band structure of a periodic mosaic lattice model when
κ = 4, β = 10, and V0 = 0. The gray region denotes the forbidden
bands. The dispersion relation between E and (4/π )q is plotted in
red inside the allowed bands. The energy values at the upper edges
of the allowed bands are

√
2, 0, and −√

2, which agree precisely with
Eq. (10).

is strictly periodic with a period κ , it contains alternating
forbidden and allowed bands. In Fig. 8, we show its band
structure when κ = 4, β = 10, and V0 = 0. The gray-colored
region denotes the forbidden bands. The dispersion relation
between E and (4/π )q is plotted in red inside the allowed
bands. We have found that the energy values at the upper
edges of the allowed bands are precisely given by Eq. (10) for
all values of κ , β, and V0. As the potential strength β increases
to large values, the widths of the allowed bands become very
small. In the large β limit, the allowed bands consist of in-
finitesimally narrow regions at the energies given by Eq. (10).
If we compare this limiting case with the disordered mosaic
lattice model for large W , we find that the forbidden bands
and the narrow allowed bands at ER in the periodic case are
replaced, respectively, by exponentially localized states and
diffusive states in the random case.

C. Nature of the states at the quasiresonance energies

In order to better understand the nature of the states at the
quasiresonance energies, we digress briefly from the study of
the time-dependent reflectance to consider the spectral prop-
erties of a finite disordered mosaic lattice. Specifically we
calculate the participation ratio P(Ek ) for the kth eigenstate
with the energy eigenvalue Ek , which is defined by [64]

P(Ek ) =
( ∑

n

∣∣ψ (k)
n

∣∣2)2

∑
n

∣∣ψ (k)
n

∣∣4 , (13)

where ψ (k)
n is the value of the kth eigenfunction at the site

n (n = 1, 2, . . . , L). For a finite lattice, P(Ek ) gives approxi-
mately the number of sites over which the kth eigenfunction
is extended. To study the large-L scaling behavior of the
participation ratio in a disordered system, it is convenient to
introduce a double-averaged quantity 〈P(E )〉, where P(E ) is
obtained by averaging over all eigenstates within a narrow
interval 	E around E and 〈· · · 〉 denotes averaging over a
large number of independent disorder configurations. When
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FIG. 9. Average participation ratio 〈P(E )〉 of a disordered mo-
saic lattice plotted versus (a) energy E for L = 1000 and (b) lattice
size L for E = 1, when κ = 3 and W = 1, 2. 〈P(E )〉 is obtained
by averaging over the eigenstates within the interval 	E = 0.1
around E and over 1000 distinct disorder realizations. Two typical
wave functions corresponding to the eigenstates with (c) E = 0 and
(d) E = 1 for a single disorder configuration plotted versus site index
n when κ = 3, L = 1000, and W = 5. Inset of (d) shows an expanded
plot of the wave function in the range of 0 < n < 30.

L is sufficiently large, we find a power-law scaling behavior
of the form

〈P(E )〉 ∝ Lx (14)

with the scaling exponent x. It has been well established that
for extended states, the scaling exponent x is equal to 1 and
〈P(E )〉 increases linearly with increasing the lattice size L.
On the contrary, for (exponentially) localized states, the ex-
ponent x is zero, that is, 〈P(E )〉 does not depend on L and
converges to a constant value as L → ∞. For critical states
at the boundary between extended and localized states, the
exponent should be in the intermediate range of 0 < x < 1.
Thus the finite-size scaling analysis of 〈P(E )〉 provides very
useful information about the nature of the states.

In Figs. 9(a) and 9(b), we show the results of numeri-
cal calculations of 〈P(E )〉 obtained when κ = 3, 	E = 0.1,
W = 1, 2, and the number of disorder configurations is 1000.
In Fig. 9(a), we find that the average participation ratio for
L = 1000 has pronounced peaks at the quasiresonance ener-
gies E = ±1, while it remains small at other energies. We
have confirmed that for the value of E away from ±1, 〈P(E )〉
approaches a constant as L increases to large values, implying
that x is zero and the states are exponentially localized. In
contrast, at E = ±1, x is neither 0 nor 1 as demonstrated for
E = 1 in Fig. 9(b). From fitting the data to Eq. (14), we obtain
x ≈ 0.35 for W = 1 and x ≈ 0.32 for W = 2. These results
clearly demonstrate that the states at the quasiresonance ener-
gies are neither extended nor exponentially localized states.
We notice that they closely resemble the critical states ob-
served at Anderson localization-delocalization and quantum
Hall plateau transitions [3,65]. They are totally different from
the resonant states appearing in the binary random N-mer

model, where such states have been found to be completely
extended.

In Figs. 9(c) and 9(d), we illustrate the spatial distribu-
tions of the wave function amplitudes obtained for a single
disorder configuration when κ = 3, L = 1000, W = 5, and
E = 0, 1. When the energy is away from the quasiresonance
energies, we find that the wave function is strongly localized
as in Fig. 9(c). At the quasiresonance energies, however, the
wave function has a distinct spatial distribution with several
disjointed occupied regions as in Fig. 9(d). This is a unique
characteristic frequently observed in critical or multifractal
states. We also find that the wave function amplitudes are very
close to zero at all the sites satisfying n = mκ (m = 1, 2, . . .)
as shown in the inset of Fig. 9(d), which is fully consistent
with our conjecture that there are wave function nodes at
such sites. This node structure is absent for localized wave
functions and occurs only at the quasiresonance energies. It
leads to the behavior that when W is sufficiently large, the
quasiresonant states are insensitive to the strength of disorder.

From separate calculations for the eigenfunctions of the
periodic mosaic model, we have confirmed that they also have
nodes at n = mκ (m = 1, 2, . . .) only for the energies given by
Eq. (10). Let us suppose that starting from the periodic mosaic
model, we turn on the weak disorder at the sites n = mκ

(m = 1, 2, . . .) and increase its strength gradually. The special
node structure of the wave function we have discussed so far
will be maintained at the quasiresonance energies regardless
of the strength of disorder. Therefore the node structure of the
wave functions is a crucial feature that connects the periodic
and disordered mosaic lattice models and induces the critical
states at the quasiresonance energies. A more systematic and
comprehensive analysis about the nature of the quasiresonant
states in the framework of the spectral problem will be pre-
sented elsewhere.

IV. CONCLUSION

In this paper, we have studied numerically the time evolu-
tion of Gaussian wave packets in an effectively semi-infinite
disordered mosaic lattice chain where the on-site poten-
tial takes a random value only at periodically spaced sites.
We have performed extensive numerical calculations of the
disorder-averaged time-dependent reflectance, 〈R(t )〉, for var-
ious values of the wave packet’s central energy E0, the
modulation period κ , and the disorder strength W . We have
found that the long-time behavior of 〈R(t )〉 obeys a power-law
decay of the form t−γ in all cases. In the absence of the mosaic
modulation (i.e., κ = 1), the exponent γ is equal to 2 regard-
less of the parameters, implying the onset of the standard
Anderson localization. When the mosaic modulation is turned
on (i.e., κ � 2), γ is still equal to 2 for almost all values of E0,
while at a finite number (equal to κ − 1) of discrete values of
E0 dependent on κ , γ approaches 3/2, implying the onset of
the classical diffusion. We have found that this phenomenon is
independent of W as long as it is sufficiently large and occurs
in a quasiresonant manner such that γ varies rapidly from
3/2 to 2 in a narrow energy range as E0 varies away from
the quasiresonance values. We have deduced a simple analyt-
ical formula for the quasiresonance energies and provided an
explanation of this novel delocalization phenomenon based
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on the interplay between randomness and band structure and
the node structure of the wave functions. We have also ex-
plored the nature of the states at the quasiresonance energies
using a finite-size scaling analysis of the average partici-
pation ratio and found that the states are neither extended
nor exponentially localized, but critical states. The model
proposed here can be readily realized experimentally us-
ing various physical systems, which include coupled optical
waveguide arrays, synthetic photonic lattices, and ultracold
atoms.

In the future research, it is desirable to perform a com-
prehensive spectral analysis of the participation ratio, the
logarithmic transmittance, and the localization length to better
elucidate the true nature of the states at the quasiresonance
energies as well as to test the theoretical predictions ex-
perimentally. Another interesting direction of research is to
explore the spreading dynamics of a wave packet launched
at the center of a long disordered mosaic lattice, which is
expected to provide an understanding of the states at the
quasiresonance energies from a different perspective. It has
been well known that the scattering problem where a wave is
incident on a random medium from the outside and the wave
packet expansion problem where a wave packet is launched
and then subsequently expands inside a random medium
yield substantially different scaling results. This is due to the

difference in the boundary conditions between the two
schemes. More specifically, the difference comes from the
existence of rare events where the wave function amplitude
deep inside the random system becomes anomalously large.
An example of such phenomenon can be found in the al-
gebraic localization in 1D random systems with an external
electric field (or bias field) [66]. Therefore one should be care-
ful about making a connection between the decay exponent
of the time-dependent reflectance and the growth exponent
of the mean-square displacement of a wave packet launched
inside the random medium. A more detailed discussion on this
problem is a subject for future research.
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