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Partial breakdown of translation symmetry at a structural quantum critical point
associated with a ferroelectric soft mode
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We report that complete suppression of a phonon-driven structural phase transition causes partial breakdown
of a three-dimensional translation symmetry in a well-defined sublattice. This state is revealed for a dielectric
compound, Ba1−xSrxAl2O4, that comprises an AlO4 network incorporated into a hexagonal Ba(Sr) sublattice.
Pair distribution function analyses and inelastic neutron scattering experiments provide clear-cut evidence of
the AlO4 network forming a continuum of Al-O short-range correlations similar to glasses, whereas the Ba(Sr)
sublattice preserves the original translational symmetry. This glassy network significantly dampens the phonon
spectrum and transforms it into the broad one resembling those typically observed in glass materials.
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I. INTRODUCTION

Symmetry breaking in crystals has attracted broad inter-
est in condensed matter physics. Particularly, exotic quantum
phases in which spatial- or time-reversal symmetries are bro-
ken have been extensively studied over the last 20 years [1–7].
As a result, various fruitful research fields, such as topo-
logical insulators/superconductors, multiferroics, spintronics,
and exotic superconductors, have been developed. Just as a
point symmetry, a translation symmetry is also an essential
component of crystals. However, few studies focus on a partial
breaking of translation symmetry as a counterpart of point
symmetry.

The aim of this study is to demonstrate that a three-
dimensional translation symmetry is partially broken in a
well-defined crystal by complete suppression of a soft-mode
driven structural phase transition. The target material is
BaAl2O4, which comprises an AlO4 tetrahedral network with
six-membered cavities occupied by Ba atoms. This crystal
structure is described as a combination of a Ba sublattice
and an AlO4 network [Figs. 1(a) and 1(b)]. It experiences
a structural phase transition [8] at TC = 450 K from the
high-temperature phase (space group P6322) to the low-
temperature phase (P63) with an enlarged cell of 2a×2b×c
[9]. Simultaneously, the Ba atoms slightly shift along the
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c axis, which gives a spontaneous polarization. This struc-
tural phase transition is driven by the acoustic soft mode
(irreducible representation M2), whose vibration pattern is
characterized as tilting of AlO4 accompanied by in-plane
rotation of O1 atoms that connect the tetrahedra along the
c axis [9]. Generally, in a soft-mode driven structural phase
transition, the resultant low-temperature structure is closely
related to the vibration pattern of the soft mode [10].

This acoustic soft mode is tunable by the chemical com-
position. As shown in the structural phase diagram (Fig. 2),
TC is rapidly suppressed by substituting Sr for Ba atoms and
disappears near x = 0.1 [11,12]. For the composition win-
dow of 0.1 � x � 0.5, characteristic honeycomb-type thermal
diffuse scattering has been observed in electron diffraction
patterns over a wide temperature range of at least 100 –800 K.
This fact means that the soft mode exists at very low frequen-
cies or that a static structural fluctuation lies there. A further
increase in x results in another structural phase transition to
the P21 phase at x = 0.55. Details of the structural phase
diagram of Ba1−xSrxAl2O4 is reviewed in the Supplemental
Material [13] together with the structural relationship between
the parent P6322 phase and the low-temperature phases.

In this paper, we investigate the local structure and phonon
spectra of Ba1−xSrxAl2O4 in the middle composition window.
We show that complete suppression of the phonon-driven
structural phase transition realizes a sublattice glass state in
which the three-dimensional translation symmetry is partially
broken in the well-defined crystal.
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FIG. 1. Relationship between the (a) Ba sublattice and (b) AlO4

network of the high-temperature phase of BaAl2O4 (space group
P6322). Solid boxes indicate the multiple unit cells. (c) Ideal crystal
structure of the high-temperature phase. The cell parameters deter-
mined by using laboratory x-ray diffraction are a = 5.232 6(3) Å and
c = 8.8174(7) Å at 500 K. (d) Split atom model used as an average
structure model for x � 0.05. In this model, the Ba, O1, and O2
sites are split into several seats with lowered symmetries and partial
occupancies. Panels (e) and (f) describe the relationship between the
ideal and split positions of Ba and O1 atoms, respectively. (e) Ba
atoms are accommodated at the 2b site at z = 1/4 in the ideal P6322
structure. When the Ba atoms have a small displacement (±δ) along
the c axis from the ideal site, they can be accommodated at the 4e
site with lowered symmetry. (f) O1 atoms are accommodated at the
2d site in the ideal structure. Al atoms are not shown here. Because
the 2d site is on the threefold axis along the c axis, the three seats of
the 6h site are generated in the split atom model.

II. EXPERIMENT

Powder samples of Ba1−xSrxAl2O4 were synthesized using
a conventional solid-state reaction. Powder x-ray diffraction
was carried out at the BL02B2 beamline (SPring-8). The x-ray
energy was set at 25 keV. X-ray total scattering measurements
were carried out at room temperature at the BL04B2 beamline
(SPring-8) with the x-ray energy of 113.2 keV. Multi-incident
energy time-of-flight inelastic neutron scattering (INS) mea-
surements were performed at AMATERAS [14] installed at
BL14 in the Materials and Life Science Experimental Facility
(MLF) in Japan Proton Accelerator Research Complex (J-
PARC). The incident neutron energies were set at Ei = 52.45,
17.255, and 8.485 meV. For the inelastic neutron scattering
experiment, the powder samples of x = 0, 0.03, 0.07, 0.2,
and 0.3 (mass ≈5 g each) were separately enclosed in thin-
walled aluminum cans with He exchange gas. A top-loading
closed cycle refrigerator was used for temperature control.
Obtained data were visualized using MSLICE [15] after data
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FIG. 2. Full phase diagram of Ba1−xSrxAl2O4 [9,11,12,22–24].
The phase boundaries are determined using powder x-ray diffraction
(filled circles), synchrotron x-ray diffraction experiments for single
crystals (open circles), and dielectric measurements (diamonds). T ∗

denotes the temperature at which thermal diffuse scattering caused
by the M2 and K2 soft modes shows a maximum intensity. The K2

mode is another dominant soft mode in the high-temperature phase
of BaAl2O4, and the P63(

√
3a) structure is the condensed state of the

K2 mode [24]. The Supplemental Material provides further details of
the phase diagram of Ba1−xSrxAl2O4 [13].

reduction [16]. S(Q, E ) were simulated using OCLIMAX [17]
based on the phonon calculation. Phonon calculations were
performed by using PHONOPY [18] in conjunction with density
functional theory calculations using the Vienna ab initio pack-
age (VASP) code [19–21]. Thermal conductivity was measured
for the densified polycrystalline samples of x = 0–1 using the
steady-state method in a physical property measurement sys-
tem (PPMS, Quantum Design). Further experimental details
are included in the Supplemental Material [13].

III. RESULTS

The synchrotron powder x-ray diffraction profiles at 15 K
shown in Fig. 3(a) verify that the 1/2 3/2 1 superlattice
reflection arising from the low-temperature phase is entirely
suppressed in the composition window of 0.06 < x < 0.1.
The full width at half maximum (FWHM) is analyzed and
converted to the correlation length (ξ ) in Figs. 3(b) and 3(c),
respectively. ξ decreases with x and reaches ≈20 nm at x =
0.06. This variation reflects the microstructure being divided
into smaller domains as x increases [23]. That is, the long-
range order of the low-temperature phase is suppressed as x
increases. Each domain is separated by antiphase boundaries
in the ab plane [23,25]. The reported domain size is typically
≈100 nm at x = 0, decreases with increasing x, and reaches
≈20 nm at x = 0.07 [23]. These values are consistent with the
value of ξ shown in Fig. 3(c). The FWHM of the fundamental
reflections are independent of the Sr composition and exhibit
almost a constant value, as revealed by various diffraction
methods [11,12].

The effect that changes the long-range order to short-range
order should also affect the local structure of this material.
Figure 4(a) displays the results of local structure analyses
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FIG. 3. (a) Synchrotron powder x-ray diffraction profiles in the
range of Q = 2.55–2.65 Å−1 for Ba1−xSrxAl2O4 (x = 0–0.1) sam-
ples at 15 K. The 1/2 3/2 1 superlattice reflection observed at
Q ≈ 2.6 Å−1 disappears between x = 0.06 and 0.1. (b) FWHM as
a function of Sr composition (x). (c) Correlation length (ξ ) converted
from the FWHM value. The value of ξ decreases with x and reaches
≈20 nm at x = 0.06. This length corresponds to only ≈20 unit cells
of the low-temperature phase.

for x = 0–0.3 samples using the pair distribution functions
(PDFs) [g(r)] measured at 300 K. The profiles computed us-
ing the average structure models obtained with powder x-ray
structural refinements [12] are also shown. The standard pro-
gram package PDFGUI [26] was employed for the computation.
Because of the structural phase transition, the structure model
of the low-temperature phase (P63, 2a) is employed as the
average structure for the profile computation at x < 0.05. In
contrast, the computation for x � 0.05 employs the split atom
model of P6322 [see Fig. 1(d)] as the average structure instead
of the ideal structure [see Fig. 1(c)] because of the large
atomic fluctuation. As shown in Fig. 4(a), the observed PDF
profile for x = 0 is well reproduced by the average structure
model. Several characteristic peaks indicated by triangles are
assigned based on the partial g(r) plotted at the bottom of
Fig. 4(a); the peak at r ≈ 1.75 Å comes from the Al-O1 and
Al-O2 pairs in the AlO4 tetrahedra. The peaks observed at
r ≈ 3.45 and 6.80 Å correspond to the Ba-Al and Ba-Ba pairs,
respectively. These pairs of atoms are indicated by double-
headed arrows in the inset of Fig. 4(a).

The peak positions (r) observed for x = 0 at r ≈ 1.75,
3.45, and 6.80 Å are tracked and plotted as a function of x
in Figs. 4(b)–4(d) together with the values calculated from the
average structure models. The experimentally observed peak
positions reflect the local structure of the compound. In the
computed profile shown in Fig. 4(a), the O-O and Ba-O peaks
are superimposed on each other at r ≈ 2.9 Å. In addition, the
computed peak at r ≈ 2.9 Å is significantly broadened when x
increases because of the Debye-Waller (DW) factors of Ba(Sr)
and O atoms [12]. For these reasons, the position of the peak
at r ≈ 2.9 Å is not analyzed.
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FIG. 4. (a) Experimentally derived PDFs [g(r)] at 300 K of
Ba1−xSrxAl2O4 with x = 0–0.3 (solid curves). The g(r) curves for
different compositions are plotted with a relative offset. Model cal-
culations (broken curves) are also performed for each composition by
using the average structures obtained with powder x-ray structural re-
finements [12]. Partial g(r) curves for the average structure of x = 0
are shown at the bottom. The peak assigned as Al-O comes from
the Al-O1 and Al-O2 correlations in the AlO4 tetrahedra. (b), (c),
and (d) Peak positions of the Al-O, Ba-Al, and Ba-Ba correlations,
respectively.

As shown in Fig. 4(d), the calculated peak positions of the
Ba(Sr)-Ba(Sr) pair almost linearly decrease with increasing
x, reflecting the variation in the lattice constant [11]. The
experimentally observed peak positions of the Ba(Sr)-Ba(Sr)
correlation are entirely consistent with those of the average
structure models, indicating that the Ba(Sr) atoms are at the
average position. A similar trend is also observed for the
Ba(Sr)-Al pair, as shown in Fig. 4(c), although a small devia-
tion is observed between the experimental and computational
values. In contrast, the calculated values of the Al-O pair
are almost independent of the Sr concentration, as shown in
Fig. 4(b). In addition, the experimentally observed peak posi-
tion of the Al-O pair exhibits a clear upshift at x = 0.1. This
Al-O peak is well separated from the other peaks, including
the Ba-O peak at r ≈ 2.9 Å. Therefore, the results shown
in Figs. 4(b)–4(d) indicate that the local structure of AlO4

tetrahedra deviates from the average structure at x � 0.1.
To investigate the nature of phonons, inelastic neutron

scattering was performed on the powder samples. Figure 5(a)
presents the contour plot of the dynamical structure factor
[S(Q, E )] for x = 0 obtained at 100 K with incident energy
Ei = 17.255 meV. The calculated phonon dispersion for the
P63 low-temperature structure of x = 0 is shown in Fig. 5(g).
Figure 5(f) shows the simulated S(Q, E ) based on the phonon
calculation results. Overall, the simulation well reproduces
the experimental result for x = 0. The prominent scattering
intensity observed at ≈5 meV in Fig. 5(a) mainly comes from
the optical phonons with a flat dispersion at the corresponding
energies in Fig. 5(g). The weak streaks observed at 2.5, 2.8,
3.2, 3.8, and 4.2 Å−1 are ascribed to the dispersive acoustic
modes at low energies.
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measured at 100 K with Ei = 17.255 meV. The insets show an enlarged view in the range of E = 1.0–2.4 meV and |Q| = 2–3 Å obtained with
Ei = 8.485 meV. The Al sample can background has been subtracted from each scan. (f) S(Q, E ) calculated using the OCLIMAX program [17]
based on the phonon calculation for BaAl2O4. (g) Phonon-dispersion relations calculated on the ferroelectric P63 (2a) structure of BaAl2O4.
The calculation uses a 2×2×3 supercell of the unit cell. (h) Inelastic spectra energy integrated over the energy transfer E = 1–2.3 meV with
Ei = 8.485 meV. The inset presents the maximum intensity of the peak at Q ≈ 2.5 Å−1. (i) Inelastic spectra Q integrated over |Q| = 2–4 Å−1

with Ei = 17.255 meV. Profiles are offset by 0.09 for clarity. The intensities in panels (h) and (i) are normalized using a coherent cross
section of the 111 nuclear peak whose structure factor is independent of the Ba/Sr ratio.

Interestingly, as shown in Figs. 5(b)–5(e), the energy dis-
tribution of the INS intensity deforms and shifts toward the
lower-energy region as x increases. The insets of Figs. 5(a)–
5(e) show the spectra in the low-energy region measured
with Ei = 8.485 meV. The intensity in the low-energy region
exhibits an increasing trend toward x = 0.07. This trend is
more explicitly observed in Fig. 5(h), where each spectrum
is integrated over the energy transfer E = 1–2.3 meV. To dis-
cuss the intensities quantitatively, they are normalized using a
coherent cross section of the 111 nuclear peak. Two peaks at
Q = 2.5 and 2.8 Å−1 arise from the acoustic modes, and the
intensities strongly depend on x and show the largest value
near x = 0.07. In the inset, the intensity at Q ≈ 2.5 Å−1 is
plotted as a function of x. After showing a maximum near
x = 0.07, it decreases with increasing x.

Figure 5(i) shows the S(E ) with Ei = 17.255 meV inte-
grated over |Q| = 2–4 Å−1. The calculation well reproduces
the experimental result for x = 0. Several peaks, indicated by
filled triangles, arise from the optical modes. In addition, the
most prominent peak has a shoulder, as indicated by an open
triangle, which is ascribed to the acoustic modes. At x = 0.03,
the sharp peaks arising from the optical modes are signifi-
cantly smeared out. They entirely disappear at x = 0.07, and
the spectrum shows a broad character.

The glassy nature observed in the INS spectra should also
appear in the thermal conductivity, κ . Figures 6(a) and 6(b)
show the temperature dependence of κ . Generally in crystals,
it behaves as κ ∝ T α (α = 3) at the lowest temperatures,
followed by κ ∝ exp(E/T ) at several 10 K, and accordingly

shows a peak at ≈20 K. This characteristic peak is clearly
observed for the end members, as indicated by filled triangles
in Figs. 6(a) and 6(b), both of which have the long-range
structures of P63 and P21, respectively (see also Fig. 2 and
Fig. S2 in the Supplemental Material [13]). Values of 2.3 and
2.6 are yielded for the low-temperature exponent α for x = 0
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FIG. 6. Log-log plots of the thermal conductivity as a function of
temperature for Ba1−xSrxAl2O4 of (a) x = 0–0.3 and (b) x = 0.4–1.
Error bars are smaller than the symbol size. Broken lines show the
power fit using κ ∝ T α for the experimental data of x = 0 and x = 1.
A plateau is observed for x = 0.07–0.4 near 10 K, as indicated by an
arrow. The inset shows the power exponent α plotted against x.
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and 1, respectively. The smaller values than the ideal α = 3
are explained by the isotope effect [27]. The peak observed
for x = 0 is suppressed toward x = 0.07 and entirely disap-
pears above this composition. In the composition window of
x = 0.07–0.4, a plateaulike region appears, as indicated by an
arrow, which is the typical characteristic observed in amor-
phous solids [28,29]. The large peak resurges as x increases
further. That is, this plateaulike behavior is only observed
in the middle composition range where the low-temperature
structures are suppressed.

IV. DISCUSSION

The transition point where the structural phase transition
occurs at T = 0 has been known as the structural quantum
critical point (sQCP) [30–32]. The complete suppression of
the superlattice peak observed in Fig. 3(a) indicates that the
sQCP lies in the composition window of x = 0.06 and 0.1.
The absence of the structural phase transition has also been
confirmed in dielectric measurements down to 2 K [23]. The
inset of Fig. 6(a) summarizes the temperature exponent α of
the low-temperature κ . It shows a dip near x = 0.07, as indi-
cated by an arrow in the inset. In addition, the low-temperature
specific heat in our previous work considerably increases and
exhibits a maximum near x = 0.1, and the Debye temperature
(�D) shows a dip [13,24].

The structural quantum material (Sr1−xCax )3Rh4Sn13 has
also been reported to show a dip in α and �D near the
sQCP at x ≈ 0.9 [30,33]. In addition, the low-temperature
specific heat of this system considerably increases toward
the sQCP [34]. These characteristics are entirely consistent
with those observed in the Ba1−xSrxAl2O4 system. Similar
behavior has also been reported for the �D of LaCu6−xAux

near the sQCP at x ≈ 0.3 [31]. Thus, the observed behavior
of the thermal parameters and the complete suppression of
the superlattice reflection testify to the existence of the sQCP
in Ba1−xSrxAl2O4. The INS results shown in the inset of
Fig. 5(h) indicate that the abundance of low-energy phonons
should be the essential effect of the sQCP.

In the energy dependence of the INS spectrum for x = 0
shown in Fig. 5(i), several peaks are observed at specific
energies due to strong scattering by optical phonons. This
peak structure disappears at x � 0.07 and deforms into broad
spectra resembling a boson peak commonly observed in amor-
phous solids [35–37]. That is, the broad spectra observed
at x � 0.07 indicate that glasslike static disorder is realized
along with the long-range periodic structure.

Because the PDF analyses reveal that the Ba(Sr) atoms are
at the average position, the glasslike disorder is ascribed to the
AlO4 network in which the Al-O bond lengths deviate from
the average value. This fact means that while Ba(Sr) atoms
retain a rigid framework adapting to the P6322 symmetry, the
AlO4 network forms a continuum of short-range correlations
of AlO4 tetrahedra and partially breaks the translational sym-
metry at higher Sr concentrations than the sQCP. Because
of this glassy Al-O network, the thermal conductivity for
samples with x = 0.07–0.4 behaves as if they were amorphous
solids. As described in the Introduction, the P21 phase evolves
at x > 0.5. As a result, the glassy network disappears, and
thereby, the peak in the thermal conductivity reappears.

Generally, in crystalline solids, the phonon mean free path
is so large at low temperatures that the value of κ varies with
the number of phonons, which depends on temperature as ∝
T 3. In other words, at low temperatures, more phonons should
carry more heat, resulting in a larger value of the thermal
conductivity. However, the thermal conductivity decreases to-
ward the sQCP composition despite the increased number of
low-energy phonons, as shown in Fig. 5(h). This contradiction
indicates that the phonon mean free path decreases near the
sQCP because of the glassy Al-O correlation, which likely
suppresses phonon propagation.

The structural characteristic of this peculiar sublattice glass
state can be understood as follows. Toward the sQCP compo-
sition, the microstructure of the ferroelectric phase is divided
into small regions [23] with an average size of ≈20 nm
[Fig. 3(c)]. At higher Sr concentrations than the sQCP, the
soft mode presumably incoherently freezes inside the small
islands, which has been observed in our previous transmission
electron microscopy (TEM) experiments [11]. As shown in
Fig. 1(e), the P6322 space group possesses the 4e site above
and below the 2b site along the c axis. This 4e site can
accommodate the Ba(Sr) atoms even though the mode freezes
incoherently and the atoms significantly deviate from the ideal
position (the 2b site). As a result, the local structure of the
Ba(Sr) atoms coincides with the average structure described
with the split atom model and preserves the periodicity across
the crystal.

In contrast, the incoherently frozen O1 atoms cause a large
displacement even from the 6h site of the split atom model
[Fig. 1(f)] because they are rotating around the 2d site in
the vibration of the soft mode. O1 atoms have been reported
to exhibit an extremely large DW factor even in structural
refinement using the split atom model, while O2 atoms exhibit
a sufficiently small DW factor [12]. This large displacement
from the 6h site can reasonably be considered to be detected
in the PDF analysis as a deviation from the average structure
model. Such a local environment changes the AlO4 network
from a long-range periodic structure to a continuum of Al and
O correlations with various Al-O1 bond orientations, giving
rise to the sublattice glass state in the AlO4 network. The
atomic displacement of the Al atom is very small in the vibra-
tion pattern of the soft mode [9]. Accordingly, the DW factor
of Al atoms does not largely increase in the Sr-incorporated
samples [12]. This fact is also consistent with the picture of
the incoherently frozen mode discussed above.

Figure 5(i) also indicates that the sublattice glass state
significantly changes the nature of phonons of this mate-
rial. Generally, the damping of phonons is large when the
phonon lifetime is reduced, and larger damping gives broader
phonon peaks in the phonon spectra. As shown in Fig. 5(i),
all the phonon peaks indicated by triangles are smeared out
with increasing x and thereby significantly broadened, indi-
cating phonon damping. That is, the partial breakdown of
the three-dimensional translational symmetry in the AlO4 net-
work dampens all the phonons of Ba1−xSrxAl2O4. Damping
of phonons has been theoretically predicted to increase the
low-energy vibration states [38,39], which is entirely consis-
tent with our experimental observations.

Low-energy phonons have recently attracted increasing in-
terest for layered thermoelectric materials with mobile ions
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at high temperatures [40–42], which exhibit very low ther-
mal conductivity due to the local vibration of the disordered
interlayer ions. In the cage compounds, such as filled skutteru-
dites and clathrate compounds [43,44], the so-called rattling
mode is characterized as a localized Einstein mode with a
certain vibration frequency of ≈5 meV [45], which also
contribute to reduce thermal conductivity. In principle, the
sublattice glass state revealed in this study is also applica-
ble for other materials, including semiconductors and metals,
with a tunable soft mode. Our findings should be a new strat-
egy to explore low-κ materials.

In the stream of studies focusing on the breakdown of
spatial- and time-reversal point symmetry to explore ex-
otic quantum phases, this work reveals that the translational
symmetry can also be partially broken in crystals. Recent the-
oretical work has predicted that anharmonic phonon damping
plays a key role in the superconducting dome at a ferroelectric
quantum critical point [46]. The structural nature and the
phonon damping observed in this study should pave a new
path to pursue unusual quantum phases and phenomena in the
future.

V. CONCLUSIONS

By using the PDF analyses and INS measurements, we
have demonstrated that short-range correlation with a broken

translational symmetry is realized at higher Sr concentrations
than the sQCP of Ba1−xSrxAl2O4. In this state, the AlO4

network forms a continuum of Al-O short-range correlations,
while the original translational symmetry is preserved in the
Ba(Sr) sublattice. Incoherent condensation of the soft mode at
the sQCP is most likely responsible for this sublattice glass
state. This state significantly dampens the phonons in the
whole energy range, resulting in glassy thermal properties.
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