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Chiral edge modes inherent to the topological quantum anomalous Hall (QAH) effect are a pivotal topic of
contemporary condensed matter research aiming at future quantum technology and application in spintronics.
A large topological gap is vital to protecting against thermal fluctuations and thus enabling a higher operating
temperature. From first-principles calculations, we propose Al2O3 as an ideal substrate for atomic monolayers
consisting of Bi and group-III elements, in which a large-gap quantum spin Hall effect can be realized. Additional
half-passivation with nitrogen then suggests a topological phase transition to a large-gap QAH insulator. By
effective tight-binding modeling, we demonstrate that Bi-III monolayer/Al2O3 is dominated by px, py orbitals,
with subdominant pz orbital contributions. The topological phase transition into the QAH is induced by Zeeman
splitting, where the off-diagonal spin exchange does not play a significant role. The effective model analysis
promises utility far beyond Bi-III monolayer/Al2O3, as it should generically apply to systems dominated by
px, py orbitals with a band inversion at �.
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I. INTRODUCTION

Since the celebrated discovery of the quantum anomalous
Hall (QAH) effect [1,2], the study of two-dimensional (2D)
topological quantum systems and the search for new material
platforms with a large topological gap has gained significant
attention due to their strong potential in spintronic applica-
tions [3–6]. The chiral edge state in QAH systems travels
dissipationless along the edge and is believed to provide a
promising solution to the Moore’s Law issue in the silicon
industry. As the analog of the integer quantum Hall effect
under a strong magnetic field, the QAH acquires the quantized
Hall conductivity by intrinsic magnetism without Landau lev-
els. Since the theoretical proposal by Haldane [7], however,
little progress was made in experiments on QAH systems
before the field was cross-fertilized by the discovery of the
2D quantum spin Hall (QSH) effect [8,9] and 3D topological
insulators (TIs) [5,10–13]. Note that the QAH is distinctly
different from Chern insulator realizations in classical plat-
forms, where the dissipationless character of the topological
edge modes is not found [14]. The discovery of the QSH
and 3D TIs implicitly paved the way for the realization of
the QAH in experiments, as the field turned its focus to
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materials with significant spin-orbit coupling (SOC) and a
careful analysis of bulk and surface effect in semiconductor
composites [2,15–19].

QSH systems and 3D TIs are time-reversal (TR) invari-
ant topological systems. Their Hamiltonian is block-diagonal
with different angular momenta j = l ± 1/2 being TR part-
ners. They form two subsystems that are also individually
topological. Each subsystem can be viewed as a QAH sys-
tem. Their combination under TR symmetry generates the
QSH or the surface states in 3D TIs. Thus, breaking TR can
potentially revert the above combination to yield the QAH.
The essential condition of this process is to retain one of the
subsystem’s topological characters while dissolving the other
one [20–23]. Theoretical proposals on magnetically doped
HgTe/CdTe [24] and InAs/GaSb [25] quantum wells nicely
fulfilled the required criteria. Unfortunately, experimental at-
tempts did not succeed in realizing the QAH due to the failure
in establishing long-range ferromagnetic order. Summarizing
this direction of attempts, the immediate manipulation of
the 2D QSH states does not seem particularly promising in
achieving QAH at first sight. Instead, the final breakthrough
was made along the other route, i.e., magnetically doping the
surface states of 3D TIs [1,2]. Experiments found that doping
tetradymite semiconductors Bi2Te3, Bi2Se3, and Sb2Te3 with
Cr, Mn, and V can significantly enhance the bulk spin suscep-
tibility and establish a ferromagnetic insulating phase through
the van Vleck mechanism [1,2,26–30]. At the same time,
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the ferromagnetic exchange coupling makes one copy of the
QAH subsystem revert to normal band order and, therefore,
lose its nontrivial topology. Consequently, only one edge state
survives, leading to the QAH. In recent years, the MnBi2Te4-
family materials have also provided a platform for QAH with
intrinsic magnetism from the inserted MnTe bilayer [31]. The
interplay between the magnetic coupling and the topologically
nontrivial bands endows the MnBi2Te4-family materials with
rich topological phases [32–43].

Despite the successful realization of the QAH in mag-
netically doped tetradymite semiconductors and MnBi2Te4-
family materials, the operating temperature is limited to a
relatively low value. Therefore, new QAH materials or QSH
parent compounds with large topological gaps are strongly
sought after. A large gap QSH state was experimentally real-
ized in the monolayer bismuthene system [44,45]. This system
is geometrically equivalent to graphene, while a completely
different mechanism characterizes its low-energy excitation.
The σ -bond states form an effectively two-orbital Kane-Mele
model, which encourages a large on-site SOC that supports
a topological gap as large as 0.8 eV. Bismuthene is a QSH
system with the so-far largest topological gap confirmed in
the experiment, which thus can potentially be used in room-
temperature spintronic device applications.

This paper revisits 2D QSH parent compounds as a hitherto
less successful recipe to reach the QAH. However, as a game-
changing starting point, we employ the room-temperature
QSH in bismuthene as the parent state for our QAH design.
We start from a large-gap QSH system and introduce the
long-range ferromagnetism by breaking the complete shell
configuration of certain atoms, such that TR will be bro-
ken. Our idea is inspired by recent studies on several 2D
materials with a honeycomb structure of elements of groups
IV [46–48], V [49–53], and III-V [51,54–60]. QAH states
were found in buckled Bi-III honeycomb systems by chem-
ically decorating one side with hydrogen and the other side
with nitrogen. As a result, a net magnetic moment can be
established [61]. Furthermore, we employ the fact that func-
tionalizing semiconductors with nitrogen is an experimentally
feasible operation; for example, it induces a magnetic moment
in 3D TI Bi2Te3 [62]. Thus, introducing charge imbalance
and breaking complete shell configurations by functionalizing
large-gap QSH insulators with nitrogen atoms may result in a
large-gap QAH scenario.

We propose the experimentally feasible monolayer/
substrate combination, i.e., Bi-III monolayer on Al2O3, as
a new platform for realizing a large-gap QSH. It represents
a promising material candidate similar to recent propos-
als [63,64], with high experimental feasibility for epitaxial
synthesis. We further tune these QSH systems to large-gap
QAH insulators by functionalizing them with nitrogen with
the largest bandgap as large as 405 meV. In particular, we
provide a unified, effective Hamiltonian description of QSH
and QAH states that originate from 2D honeycomb systems
with low-energy excitations dominated by σ bonds. Our paper
is organized as follows. In Sec. II, we propose α-Al2O3 as
the appropriate substrate for Bi-III monolayer that a large-gap
QSH can be realized. Based on these systems, we further
modify them by functionalizing bismuth with nitrogen to in-
troduce long-range ferromagnetism. In Sec. III, we provide

a detailed understanding of the QSH and QAH in the Bi-III
monolayer/Al2O3, as well as the topological transition be-
tween them by explicitly constructing effective tight-binding
models.

II. MATERIAL PLATFORMS

Corundum, i.e., α − Al2O3, is a typical substrate material,
and α is its most stable phase in nature. It is widely used in
experiments to epitaxial grow topological thin films [65–68].
The experimental lattice constant of Al2O3 is 4.761 Å [69].
The calculated equilibrium lattice constant of the three Bi-III
monolayer systems studied in this work are 4.928 Å (BiTl),
4.805 Å (BiIn), and 4.521 Å (BiGa) [54]. Thus, the ap-
plied strains on Bi-III monolayers range from −5% to 3.5%,
indicating high feasibility for their experimental growth on
Al2O3.

Our first-principles calculations are based on the
generalized-gradient approximation in the Perdew-Burke-
Ernzerhof form [70–74] within the framework of the
density-functional theory (DFT) using projector-augmented-
wave [75] wave functions as implemented in the Vienna Ab
Initio Simulation Package (VASP) [76,77]. The effect of Van
der Waals (VdW) interactions was taken into account by using
the empirical correction scheme of Grimme (DFT-D2) [78].
The cut-off energy for the wave functions was set at 500 eV.
To simulate the experimental situation, we only allow the
atomic positions of atom Bi and group III elements to relax
while keeping the lattice constant and the atomic positions
of the substrate unchanged. Atomic positions were optimized
for each lattice constant value considered until the residual
forces were less than 5 × 10−3 eV/Å. The self-consistent
convergence threshold for total energy was set at 10−5 eV. A
vacuum layer of at least 20 Åalong the z direction was used to
simulate thin films. A �-centered Monkhorst-Pack [79] grid
of 9 × 9 × 1 was used for 2D integrations in the Brillouin
zone (BZ). In the phonon calculation, we use 5 × 5 × 1
supercell, and the self-consistent convergence threshold for
total energy was set at 10−7 eV. Finally, the edge states
were calculated by using our in-house code LTM (Library
for Topological Material calculations) with the iterative
Green’s function approach [80] based on the maximally
localized Wannier functions [81] obtained through the
VASP2WANNIER90 [82].

A. QSH

As Bi-III buckled monolayers alone are QSH systems [54],
an appropriate substrate should less correlate with the Bi-III
monolayers to maximally keep the topology of the latter.
We, thus, consider the Al-terminated (0001) surface of Al2O3

as observed in experiments in our present work. If an O-
terminated surface is used, additional hydrogen passivation
would be needed [83]. All three Bi-III/Al2O3 systems studied
in our work share similar conclusions. Therefore, we take
BiIn/Al2O3 as an example in the main text. Results on other
systems can be found in the Supplemental Material [84].

Figures 1(a) and 1(b) illustrate the crystal structure of
BiIn/Al2O3. Here, we adopt a symmetric structure to simu-
late a semi-infinite substrate. Otherwise, the other side of the
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FIG. 1. (a), (b) Structural model of BiIn/Al2O3 in top and side views. (c) Half-passivation of BiIn with nitrogen. (d) The 2D Brillouin
zone and the high-symmetry k path adopted in the calculation. (e) Electronic structure of BiIn/Al2O3 without SOC (blue dashed line) and with
SOC (red solid line). (f) Calculations of topological edge mode of a ribbon with zigzag termination. (g) and (h) are same as (e) and (f), but for
nitrogen half-passivated BiIn/Al2O3.

substrate needs to be carefully saturated to avoid any dangling
state to interfere with the Fermi level. The BiIn monolayer
binds to the Al-terminated surface of Al2O3 via VdW force.
Full relaxation of the BiIn layer results in a separation of
1.68 Å from the substrate surface and a bucking of 1.20 Å
amplitude between the Bi and In layers.

The corresponding bulk electronic structure is displayed in
Fig. 1(e) with the BZ shown in Fig. 1(d). In the energy range
shown in Fig. 1(e), all states are from BiIn. The substrate
states are far away from the Fermi level without interfering
with the topology of the BiIn monolayer. Without SOC, the
system is a semimetal with two parabolic bands touching at
the � point. When SOC is included, the system becomes a
semiconductor and opens a bandgap as large as 420 meV,
which is smaller than bismuthene/SiC(0001) [44], but much
larger than HgTe [8,9] and InSb/GaAs [85]. This gap is
topological nontrivial. A direct calculation of a semi-infinite
ribbon with a zigzag boundary gives two counterpropagating
edge modes connecting the valence and conduction bands,
which is the characteristic of 2D QSH insulators. The topolog-
ical edge states reside right in the middle of the bulk bandgap,
which is of high utility for device application.

In contrast to bismuthene/SiC(0001), the nontrivial topol-
ogy here stems from the band inversion of px/y orbitals. In
Fig. S4, we show the orbital components for the states around
the Fermi level, which are governed by all three p orbitals
of Bi and In. Thus, the low-energy model description of
BiIn/Al2O3 will not be the simple px and py model [44,45].
Due to the buckling structure of the BiIn monolayer, pz enters
as an active orbital. However, the band inversion is between
px/y. Thus, the pz orbital plays a marginal role here. Neverthe-
less, due to the participation of the pz orbital, the topological
gap is no longer proportional to the onsite strength of lzsz

SOC. Thus, the size of topological gaps is reduced in these
buckled system as compared to bismuthene/SiC(0001) [44].

B. QAH from chemical functionalization

There are two strategies to break TR symmetry and
introduce QAH in 2D systems, i.e., by passivation with func-
tionality and magnetic doping with transition-metal atoms.
So far, the candidate QAH materials theoretically pro-
posed include HgTe quantum well magnetically doped with
Mn [86,87], (Bi, Sb)2Te3 doped with Cr and V [1], group-
IV and V honeycomb monolayers passivated by transition
atoms [51,88–94] or proximity to magnetic substrates [95]
and the intrinsic magnetic intercalation in MnBi2Te4 family
materials [32–43]. Some of them have been experimentally
examined and confirmed [2,15–17]. Their success stimulates
our search for the QAH candidate systems with a larger topo-
logical gap and higher operating temperatures. After obtaining
the large-gap QSH, we further explored the half-passivation
of BiIn monolayer with H, OH, F, Cl, Br, I, and N. We find
that only N-adsorption yields a substantial charge transfer to
nitrogen atoms from bismuth and indium atoms. A charge
imbalance between the spin-up and spin-down electrons on
nitrogen forms which breaks the TR symmetry. Electrons at
different nitrogen sites do not hop directly but through indium
and bismuth atoms. Thus, the ferromagnetic couplings are
mediated by the superexchange mechanism and favored by
the Goodenough-Kanamori rule [96,97].

As illustrated in Fig. 1(c), the nitrogen atom connects to
bismuth but not to indium, i.e., half-passivation. To remove
the influence of electric dipole moment, we took a structure
of Fig. 1(c) with space inversion symmetry by sandwich-
ing Al2O3 with N-Bi-III on both sides. Spin-polarized band
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FIG. 2. Electron localization function (ELF) of BiIn/Al2O3 be-
fore and after nitrogen adsorption. The crystal model overlays on
the ELF map showing the valence charge centers. Al2O3 substrate
displays the expected ionic-bonding nature with the positive and
negative valences at Al and O sites, respectively. Bi-In and In-N
bonds share valence electrons displaying a strong covalent bond
nature. The signed number on the shoulder of each element denotes
its valence.

calculation without SOC shows that chemical adsorption of
nitrogen leads to an intrinsic magnetic moment of 2.0 μB

per unit cell due to the uneven distribution of the additional
charge between the spin-up and spin-down states of the ni-
trogen atom. The ferromagnetic state is energetically more
stable than the nonmagnetic and antiferromagnetic states. Lo-
cal moments mainly form at N and In. The nearest neighbor
spin exchange coupling and the magnetic anisotropy energies
are estimated as −8.65 meV and 13.7 meV. By simulating
a classical Heisenberg model with the ESpinS package [98],
we estimate the Curie temperature as Tc ∼ 110 K. As a con-
sequence of the ferromagnetism, we obtain a half-metal, i.e.,
spin-up bands are gapless while spin-down bands are gapped.
Two spin-up bands degenerate at the � point.

Before discussing the topological nature, we first explain
how the local magnetic moments form due to the half-
passivation of nitrogen. To this end, we calculated the electron

localization function and the ionic charge of Bi, In, and N
from the Bader-Charge method [99–102]. The former helps
to understand the bonding nature of Bi, In, and N. The latter
directly tells us the change of valence charge after nitrogen
adsorption. Without nitrogen, bismuth/indium gains/loses va-
lence electrons, respectively, forming valence Bi0.48− and
In0.49+. Such valence configurations are far from their formal
valence. Thus, they will not form an ionic bond. As shown
in Fig. 2(a), bismuth and indium share valence charges and
form a covalent bond with strong metallic nature in between.
The Al-O bond in the substrate, however, remains ionic, and
BiIn monolayer bonds with Al2O3 via VdW bonding. After
adsorption with nitrogen, the valence of indium does not
change, but bismuth transfers valence electrons to nitrogen.
Similar to the Bi-In covalent bond shown in Fig. 2(a), af-
ter nitrogen adsorption Bi-In bond remains covalent with a
metallic nature. They form a positive valence center bonding
with the negative valence center N0.52−, indicating a strong
hybridization of the electronic states on these atoms. Thus, the
charge polarization at the nitrogen site (see Table I) will lift
the spin degeneracy of the electronic structures. As a result,
bismuth and indium stay in the intrinsic magnetic field created
by nitrogen charge polarization, and the electronic structure
becomes spin-polarized. The strong hybridization of the ni-
trogen, bismuth, and indium orbitals can also be seen from the
projective electronic structure in Fig. S3 of the Supplemental
Material [84].

We also find that, except for the different binding energy
levels, the spin-up and spin-down band curvatures are slightly
different, implying a weak spin-exchange interaction between
the spin-up and spin-down electrons. Only Zeeman splitting
plays a dominant role. As BiIn is a QSH insulator, both spin-
up and spin-down bands are topologically nontrivial. Each
contributes a dissipationless edge mode. The two edge cur-
rents propagate in opposite directions and relate by the TR
symmetry. Changing such a QSH state to a QAH state is suffi-
cient to shift one spin component away from the Fermi level.
Thus, there is no need for exchange coupling to transform
topologically trivial bands into nontrivial ones.

After understanding the origin of the ferromagnetic
long-range order and the fully spin-polarized low-energy ex-
citations, we further calculated the edge states with a zigzag
termination in Fig. 1(h). A helical edge state exists con-
necting the valence band and conduction band corresponding

TABLE I. The gain/loss of valence electrons (−/+) before and after nitrogen-adsorption, the charge polarization, and the magnetic
moments of N, Bi and the III group elements.

Ionic charge change Charge Pola. M (μB)

N 0.57− +1.07 0.822
N-BiTl Bi 0.20− 0.25+ −0.14 −0.012

Tl 0.22+ 0.38+ +0.07 −0.003
N 0.52− +1.11 0.877

N-BiIn Bi 0.48− 0.10+ −0.16 −0.021
In 0.49+ 0.47+ −0.03 −0.039
N 0.56− +1.08 0.827

N-BiGa Bi 0.42− 0.18+ −0.12 −0.011
Ga 0.49+ 0.41+ +0.05 −0.005
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to a Chern number C = 1. More importantly, for the BiIn
topological bandgap shown in Fig. 1(g) remains as large as
266 meV, which still promises an excellent chance for the
observation of the QAH in experiments. We note that ni-
trogen doping/adsorption is feasible in experiments and has
successfully induced ferromagnetic order in various semi-
conductors [103–106]. The QAH states in nitrogen adsorbed
BiIn/Al2O3 benefit from two features of the N functional-
ization. First, the nitrogen spin polarization breaks the TR
symmetry; Second, it does not induce additional states at
the Fermi level. Consequently, a topological gap formed by
spin-polarized band structure is obtained, which leads to the
single helical edge mode.

III. TIGHT-BINDING MODEL

To better understand the low-energy physics and the topo-
logical transition between the QSH and QAH in N-BiIn
monolayer/Al2O3, we analytically construct a tight-binding
model (TBM) based on all p orbitals of Bi and In, which
reproduces the DFT electronic structure and the topological
nature of the above DFT calculations. We took the basis func-
tions |pBi

xσ 〉, |pBi
yσ 〉, |pBi

zσ 〉, |pIn
xσ 〉, |pIn

yσ 〉, |pIn
zσ 〉, and construct an

effective Hamiltonian with the following form:

H = H0 + HM + HSO,

H0 =
∑
iασ

εα
iσ cα,†

iσ cα
iσ +

∑
〈i, j〉αβσ

tαβ
i jσ

(
cα,†

iσ cβ
jσ + h. c.

)
,

HM = −
∑
iσσ ′

λi
mc†

iσ ciσ ′ [m̂ · ŝ]σσ ′,

HSO =
∑

iαβσσ ′
〈ασ |λSO �L · �S|βσ ′〉cα,†

iσ cβ

iσ ′ . (1)

H0 denotes the TBM resulting only from single-particle
hoppings. εα

iσ , cα
iσ /cα,†

iσ represent on-site energy, electron
annihilation/creation operators at the α orbital and the ith
atom, respectively. tαβ

i jσ is the coupling strength of electrons
with spin σ at the α orbital of the ith atom with those electrons
at the β orbital of the jth atom, which can be easily calculated
from Slater-Koster integrals [107]. HM and HSOC are the cor-
responding magnetic coupling and SOC terms. �L and �S denote
the orbital and spin angular momentum operators, and λSO is
the strength of SOC. The potential difference between A and
B sublattices reflects the corresponding environmental differ-
ence around Bi and In, breaking sublattice symmetry. We note
that H0 and HSOC are similar to the TBM of Bi-III mono-
layer on SiO2 [63]. Additionally, in the current model, a TR
symmetry breaking term HM is also introduced, accounting
for the Zeeman splitting, which shifts the two spin-degenerate
bands up and down with an equal amount of energy. m̂ is the
direction of magnetic polarization and λi

m is the magnitude of
magnetic polarization.

Because the presence of the intrinsic magnetization breaks
time-reversal symmetry, we use two different sets of param-
eters to construct the spin-up and spin-down components in
H0. Discarding all terms breaking spin conservation which
are not important at the level of our discussion, the Hamil-
tonian H0 (12 × 12) can be cast as a direct sum of two 6 × 6

Hamiltonian for the two spin sectors:

H0 =
(

H↑↑ 0

0 H↓↓

)
(2)

with

Hσσ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

εσ
Bi,px 0 0 hσ

xx hσ
xy hσ

xz

0 εσ
Bi,py 0 hσ

yx hσ
yy hσ

yz

0 0 εσ
Bi,pz hσ

zx hσ
zy hσ

zz

† † † εσ
In,px 0 0

† † † 0 εσ
In,py 0

† † † 0 0 εσ
In,pz

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(3)
where † represents complex conjugation. We found that, to
decently reproduce the DFT electronic structure, it is suffi-
cient to consider only the nearest neighbor hopping between
different sites. More details of the model parameters can be
found in the Supplemental Material [84].

In N-BiIn/Al2O3, the direction of magnetic polarization
m̂ = (0, 0, 1) is normal to the monolayer plane. Conse-
quently, the Zeeman term only contributes diagonal elements
to the effective Hamiltonian, i.e., intrinsic magnetization only
leads to the spin-dependent energy shift and does not change
the shape of the bands. We denote the new on-site energy level
as

	σ
α = εσ

α ∓ λα
m, (4)

where − and + correspond to spin-up and spin-down
electrons.

As for the SOC, we will only consider the simplest atomic
SOC contribution, while discarding the Rashba contribution.
The latter only affects the details of the electronic structure,
but is not essential to the topological phase transition:

〈py|�L · �S|px〉 = iσz, (5a)

〈pz|�L · �S|px〉 = −iσy, (5b)

〈pz|�L · �S|py〉 = iσx. (5c)

Due to the presence of pz orbital in this model, additional SOC
terms between pz and px/y orbitals appear as compared to the
bismuthene model [44,45]. Adding SOC to the TBM opens a
large global gap and induces a band inversion at �.

To obtain these model parameters, we mainly fit three
spin-up bands around the Fermi level and three spin-down
ones around 1 eV, as shown in Figs. 3(a) and 3(b). Other
bands stay at higher binding energies. Thus, the quality of
fitting on these bands is not crucial. Here, we primarily fit the
spin-up bands as it determines the topological nature and gap
size of the system. On the other hand, the spin-down bands
stay away from the Fermi level and are less critical to the
low-energy model. In Fig. 3, DFT bands are shown as blue
dashed lines. Bands from the fitted TBM are shown as solid
red lines. Spin-up and spin-down bands are different in shape,
but degeneracy and symmetry remain identical. Using two dif-
ferent parameter sets for the spin-up and spin-down electrons
will capture such a difference. When SOC is included, band
inversion between the px and py orbitals occurs in the spin-
up and spin-down bands, see Fig. S4 for all three systems.
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FIG. 3. Comparison of the p-orbital model in Eq. (1) and the
DFT calculations. In (a)–(c), the blue dashed lines and the solid red
lines correspond to the DFT results and the tight-binding fitting, re-
spectively. (a), (b) Spin-polarized electronic structure without SOC.
(c) Spin-polarized electronic structure with SOC. (d) The topological
edge states calculations using the tight-binding model in a ribbon
geometry with a zigzag edge. The blue and yellow circles represent
the probability of the wave functions residing at the left edge and the
right edge.

However, as the Zeeman field shifts the electronic structure of
the spin-down electrons upwards by 1 eV, only band inversion
in the spin-up sector remains at the Fermi level. Consequently,
we effectively have a spin-polarized electronic structure with
low-energy physics dominated by spin-up electrons only. The
topological gap, thus, stems only from one spin component.
As a result, the topological nature and the nontrivial edge
mode depend only on one spin sector, i.e., a single helical
edge mode is obtained. We confirm the above analysis by
directly calculating the edge states in Fig. 3(d), where blue
and yellow bands correspond to the edge modes residing at the
two different terminations in a ribbon calculation. Along each
edge, there is only one topological mode consistent with the
DFT calculations shown in Fig. 1(h) and confirms the QAH
nature of the proposed model in Eq. (1).

The proposed model correctly captures the QAH nature
of N-BiIn/Al2O3, and it is generic to all four material sys-
tems studied in this work. In Fig. S7, we further show the
comparison of the fitted model to the DFT calculations for
other materials and the calculated helical edge modes from
the model. The first three rows correspond to the spin-up,
spin-down, and SOC bands. Our tight-binding model can
explain the topology of a large variety of material systems.
Replacing Bi with other group-V elements, such as Sb and As,
is expected to result in similar band structures and the same

QAH states. Although Al2O3 may not be a good substrate
candidate anymore in those cases due to lattice mismatch, the
model we proposed most likely still applies.

IV. DISCUSSIONS AND CONCLUSIONS

We have proposed using two different parameter sets to
reproduce the DFT electronic structure. In this section, we fur-
ther simplify the proposed model and explain the topological
phase transition more transparently.

To obtain a universal effective modeling through sim-
plification, we have identified two aspects of the full-scale
generic model in Eq. (1) that turn out to be irrelevant
for the topological nature and QSH-QAH phase transi-
tion in honeycomb-type electronic p-orbital models: (i) the
adoption of different parameter sets for spin-up and spin-
down bands, and (ii) the pz orbitals. Discarding them from
Eq. (1), we arrive at a model on the following basis.
|pBi

x↑〉, |pBi
y↑〉, |pX

x↑〉, |pX
y↑〉, |pBi

x↓〉, |pBi
y↓〉, |pX

x↓〉, |pX
y↓〉. H0 is an

8 × 8 matrix consisting of two 4 × 4 matrices for the two spin
sectors:

H↑↑ = H↓↓ =

⎛
⎜⎜⎜⎝

εBi,px 0 hxx hxy

0 εBi,py hyx hyy

† † εX,px 0

† † 0 εX,py

⎞
⎟⎟⎟⎠. (6)

The matrix elements can be found in Eq. (S1) [84]. Here, we
have neglected the spin dependence of all matrix elements and
require them to be identical in both spin sectors. The Zeeman
splitting and the SOC term also take the same form as in
Eq. (4) and Eq. (5).

This simplified model is sufficient to explain the topo-
logical phase transition induced by nitrogen absorption. We
note that such a TBM is generic to all two-dimensional spin-
polarized pxy-orbital system [90–94]. In Fig. 4, we show the
electronic structure of the simplified model. Without SOC
and Zeeman splitting, this model shows two parabolic bands
touching at the Fermi level as displayed in Fig. 4(a). Each
band is doubly degenerate due to spin. SOC relieves the
band degeneracy at �, leading to a topological QSH. This
model contains two counterpropagating edge modes inside
the bulk energy gap, as shown in Fig. 4(e). Half-passivation
of nitrogen leads to the onset of a long-range ferromagnetic
order, which induces the Zeeman splitting in our model. Upon
turning on the Zeeman splitting, the spin-degenerate bands
shown in Fig. 4(a) start to separate. We keep the spin-up band
at the Fermi level by modifying the chemical potential, see
Fig. 4(b). The separation of the two bands does not modify
the topology of either band. When SOC is further included in
Fig. 4(d), both bands become gapped and attain a topologi-
cal character. Because the Fermi level is now only governed
by the spin-up bands, however, even though the spin-down
bands at 2 eV are topological as well, this model will only
demonstrate one helical edge mode on each edge, as shown
in Fig. 4(f). Thus, in Bi-III monolayer/Al2O3, the topological
phase transition between QSH and QAH is mainly induced by
Zeeman splitting. Both spin-up and spin-down bands remain
topological, but one of them is removed from the Fermi level
by the Zeeman field. Consequently, the aspired QAH state
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FIG. 4. Electronic structure and topological phase transition in a
px/y+ Zeeman model. (a), (c), (e) and (b), (d), (f) correspond to the
TR symmetric and symmetry-broken cases. Electronic structures in
(a)–(d) correspond to the calculations of the simplified model with
(a) H0, (b) H0 + HM , (c) H0 + HSO, and (d) H0 + HM + HSO terms,
respectively. (e) and (f) show the topological edge modes for the QSH
and QAH states, respectively.

is reached. Here, magnetic order does a trivial job, and it
induces the topological phase transition only by shifting the
topological gap of one spin sector away from the Fermi level,
while not destroying its topology. The latter would require
strong off-diagonal spin-exchange couplings, which are small
in the materials we have considered.

In summary, through first-principles calculations, we pro-
pose that Al2O3 can be a promising substrate candidate
to grow binary monolayers consisting of group III ele-
ments (Al, Ga, In, Tl) and bismuth (Bi). These systems
belong to the same category of the large-gap QSH states as
bismuthene/SiC(0001), with topological gaps of hundreds of
meV. When further half-passivated with nitrogen, long rang

ferromagnetic order is induced by breaking the complete shell
configuration of N valence electrons. Consequently, a trans-
formation from QSH to QAH phases occurs. The topological
gap remains considerably large in the QAH state, which
promises a great chance to be in reach for application in
spintronic devices.

We have further provided an analytical understanding of
their low-energy topological physics by constructing a generic
TBM, which reveals that the topological phase transition
between QSH and QAH is essentially induced by Zeeman
splitting. The nontrivial character of both the spin-up and
spin-down bands remain unaffected by the onset of ferromag-
netism. At the same time, the topological gap of one spin
is removed from the Fermi level, which effectively creates
a spin-polarized half-metal and, thus, the QAH under SOC.
Our work provides a generalization of the bismuthene plat-
form to the case of broken TR symmetry. We believe that
the proposed TBM applies to all similar systems dominated
by px, py orbitals, which will allow us to supplement the
experimental effort with theoretical guidance along with the
search for large-gap QAH systems.
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