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A simple yet paradigmatic model for the interplay of strong electronic correlations and geometric frustration
is the triangular lattice Hubbard model. Recently it was proposed that moiré structures of transition metal
dichalcogenides can be used to simulate extended versions that include nonlocal density-density interactions. We
study competing instabilities of interacting electrons in such an extended Hubbard model on the triangular lattice
near a filling where the density of states has a Van Hove singularity. We employ a truncated-unity functional
renormalization group approach to investigate two cases: a paradigmatic minimally extended Hubbard model and
a specific model with parameters that are applicable to heterobilayers of transition metal dichalcogenides. We
unravel rich phase diagrams, including tendencies to spin-density-wave order and unconventional pairing, which
can give rise to topological superconductivity. We classify the symmetry of the superconducting instabilities
according to their irreducible representations and show that higher lattice harmonics are dominant when
the nearest-neighbor interaction is sizable indicating pair formation between second-nearest neighbors. The
phenomenological consequences can be enhanced spin and thermal quantum Hall responses in a topological

superconductor.
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I. INTRODUCTION

The triangular-lattice Hubbard model is a paradigmatic
model for the study of the complex interplay between strong
electronic correlations and geometric frustration. A very di-
verse set of phenomena has been associated with its phase
diagram, including metal-insulator transitions, various mag-
netic states, chiral superconductivity, and quantum spin liquid
phases [1,2]. The advent of moiré materials [3-9] opened new
opportunities for the study of such correlation phenomena
because they can be engineered to be quantum simulators
for many models of strongly correlated electron systems [10].
In particular, it has been argued that moiré bilayers of semi-
conducting transition metal dichalcogenides (TMDs) can be
used to simulate generalized triangular-lattice Hubbard mod-
els [11,12]. A moiré potential is induced by a mismatch in
orientation and/or a difference in lattice constants between the
two TMD layers. This moiré potential modifies the band struc-
ture in such a way that an isolated, narrow band can appear
close to the Fermi level, whose filling and interactions can be
controlled by gating and screening layers [11]. The narrow
band can be effectively modeled by a triangular lattice Hub-
bard model, whose details depend on the type of moiré TMD
heterostructure. Generally, one has to distinguish homo- vs
heterobilayers and stacking configurations of 0° vs 180° (plus
twist angle). Their combinations can yield SU(2) [11,13—
16] and SUQ2)xSU(2) [17,18] effective triangular-lattice
Hubbard models as a result of the degeneracy of origi-
nal valleys and spin-valley locking due to strong spin-orbit
coupling.
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A first generation of experiments on moiré heterobi-
layer TMDs [12,19-22] revealed a rich phenomenology
associated with strong correlation effects: the occurrence
of Mott insulating behavior, a continuous metal-insulator
transition, antiferromagnetic and ferromagnetic responses at
commensurate fillings, and generalized Wigner crystalliza-
tion. Furthermore, a relatively sharp drop of the resistivity has
been observed in the moiré homobilayer WSe, /WSe,, which
has been interpreted as a sign for a possible superconducting
state [23].

On the theory side, a series of sophisticated numerical
studies of the SU(2) triangular-lattice Hubbard model has
recently been put forward focusing on the half-filled case
[24-29] and slightly doping away from it [30,31]. In addition,
the important effect of extended Hubbard interactions, which
are sizable in moiré TMDs, was investigated [32-34]. Away
from half filling, several studies have discussed indications
for topological superconducting phases, which are facilitated
in this system due to the hexagonal lattice structure [35-46],
and are also strongly affected by the presence of extended
Hubbard interactions [43—48].

This work and key results

Here, we explore the SU(2) triangular-lattice Hubbard
model away from half filling including extended Hubbard
interactions utilizing the truncated-unity functional renormal-
ization group (TUFRG) [49] (see also Refs. [50-53]). We
specifically focus on the case near Van Hove filling where
the model exhibits a singularity in the density of states. A
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previous functional renormalization group (FRG) study [46]
also addressed the role of extended Hubbard interactions in
a model for WSe,/MoS, on the low-doping side of the Van
Hove energy using a Fermi-surface patching scheme and
argued for an instability towards a chiral g+ ig supercon-
ductor. The g+ ig state has an enhanced thermal and spin
Hall response compared to the d + id superconductor, which
has the same symmetry, but is topologically distinct. Here,
we investigate under which circumstances the g+ ig super-
conductor becomes a possible competitor in the Van Hove
scenario on the triangular lattice. To this end, we analyze two
model cases: the minimal, paradigmatic ¢-U-V case with only
nearest-neighbor hopping, and on-site and nearest-neighbor
interaction, and the earlier WSe,/MoS, case with parameter
values from ab initio modeling [11] for up to third-neighbor
hopping and interaction. In the first case, we discuss in detail
the effect of the nonlocal Coulomb term V on the phase
diagram. This provides strong evidence for the physical origin
of the chiral g-wave superconducting state as it allows us to
extract the minimal necessary ingredient. In the second case,
we study both sides of Van Hove filling, which can give rise
to very different pairing states in the triangular lattice [35,44],
but we show that the g-wave pairing develops also on the
high-doping side if nearest-neighbor repulsion is included. At
the same time, we confirm previous results for the low-doping
side with our higher momentum resolution. In both cases
we provide comprehensive phase diagrams of Fermi-surface
instabilities for varying filling and strength of extended inter-
actions. We obtain an instability towards a spin-density wave
at Van Hove filling due to perfect (approximate) nesting in
the r-U-V (WSe,/MoS,) case, and a rich structure of pairing
instabilities at its low- and high-doping side. In particular,
we find that the inclusion of extended, repulsive interactions
yields pairing states with dominant second-nearest-neighbor
contributions that belong to the two-dimensional (2D) irre-
ducible representation E, of the lattice symmetry group Cg,.
This indicates the formation of the topological g+ ig super-
conducting state (Fig. 1). We argue that it is crucial to account
for the coupling between ordering tendencies for an unbiased
analysis and to accurately resolve the momentum dependence
for the determination of pairing symmetries, both of which are
strong suits of the TUFRG.

We introduce the models in Sec. II and our method in
Sec. I1I. Results for the correlated states of the minimal model
are presented in Sec. IV and for the moiré TMD model in
Sec. V. We discuss the possible topological superconductivity
in Sec. VI and conclude in Sec. VIIL.

II. MODEL

We consider an extended Hubbard model on the triangular
lattice with SU(2) spin symmetry of the form

H = — ZZZZ‘H(CLC]'U +HC) — MZnic

n (ij)y, © io
TU im0 ) Vaminye- (1)
i n (ij), oo’

In the first line, we have introduced the electron annihila-
tion (creation) operators cg) for lattice site 7, spin projection

T V,/t ~ 6(1)

(g +ig)SC (g +ig)SC

Van Hove

FIG. 1. Schematic phase diagram of the extended Hubbard
model on the triangular lattice. The nearest-neighbor repulsion Vi,
which is present in addition to a moderate local Hubbard term
U/V, ~ 4, supports the formation of a (g 4 ig)-wave superconduct-
ing state. This state is topologically nontrivial and features enhanced
quantum Hall responses as compared to (d + id) superconductivity.
Quantitative, extended versions of this phase diagram are shown in
Figs. 7, 10, and 11 for a minimal model and for an accurate fit of the
AA stacked moiré heterobilayer TMD WSe, /MoS,.

o € {1, |}, and the nth-neighbor hopping ¢, denoted by (i, j),
in the sum. The electron density operator is n;, = ¢/ c;; and
couples to the chemical potential p which allows us to ad-
just the electron filling of the system. In the second line of
Eq. (1), we collect interaction terms, i.e., the on-site Hubbard
interaction with interaction parameter U and the nth-neighbor
Coulomb interaction V,.. We study two specifications of the
model in Eq. (1). To investigate the effect of extended in-
teractions in a clear setup, we consider the minimal model
withty =¢t >0,U >V; >0,and all othert, =0=V, (n >
2). For a realistic example, we consider parameters for the
highest moiré valence band of the heterobilayer WSe; /MoS,
with #; & —2.5meV, 1, & 0.5meV, 13 ~ 0.25meV, and up
to the third-nearest-neighbor interactionU > V| > V, > V3 >
0. Farther-ranged hoppings and interactions n > 4 are again
set to zero. Note that o in the effective triangular-lattice Hub-
bard model for heterobilayer TMD describes a pseudospin
corresponding to a spin-valley-locked degree of freedom.
In the 7-U-V case, we obtain the energy dispersion

£ (k) = —2t[cos(k,) + 2 cos(k,/2) cos(v/3k,/2)] — 1,
@)

with wave vector k = (ky, k,) from the first line of Eq. (1),
i.e., the tight-binding part (cf. Fig. 2). There is a Van Hove
singularity in the density of states (DOS) at 4 = 2¢, which is
caused by saddle points in the energy dispersion that occur
at the three inequivalent M; points. At Van Hove filling, the
Fermi surface is also perfectly nested. In the WSe,/MoS,
case, the dispersion is very similar:

E(k) = —2t1[cos(k,) + 2 cos(k,/2) cos(«/gky/Z)]
— 20652 cos(3ky /2) cos(v/3ky /2) + cos(v/3k,)]
+ 213[cos(2k, ) — 2 cos(ky) cos(v3k)] — . (3)

Note, however, that it is inverted in comparison to Fig. 2, i.e.,
holelike, since #; < 0. The Van Hove singularity appears at
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FIG. 2. Paradigmatic model and energy dispersion. Top left: Tri-
angular lattice and model parameters. Top right: Brillouin zone (BZ)
and high-symmetry points with energy contours. The Fermi line for
the case of Van Hove filling exhibits perfect nesting and is shown as
the thick red line. Bottom left: Energy dispersion along a path in the
BZ. Bottom right: Density of states.

W = 2t + 2t, — 6t3, and nesting is still a very good approxi-
mation.

For later reference, we also recall some properties of
the point group of the triangular lattice, i.e., the pyramidal
group Cg,. This symmetry group has four one-dimensional
irreducible representations (irreps), A;, Az, By, and B,
and two two-dimensional irreps, E; and E,. We depict the
corresponding lowest-order nonvanishing basis functions with
their nearest- and second-nearest-neighbor lattice harmonics
in Fig. 3. Below, we will use these irreps and lattice harmonics
to classify the superconducting pairing vertex in detail,
which allows us to extract the symmetry properties of the
superconducting gap function that would develop out of an
instability of the pairing vertex. The gap function must be
totally antisymmetric under electron exchange and it involves
a wave-vector-dependent part and a spin-dependent part; i.e.,
it comes as spin-singlet or spin-triplet pairing depending on
the transformation of the corresponding irrep under parity.
The irreps Aj, A,, and E, are even under parity, i.e., they can
describe spin-singlet superconducting states, and the irreps
B1, By, and E; are odd under parity, i.e., they can describe spin
triplets.

III. METHOD

The understanding of strongly correlated electron systems
relies on the development of appropriate quantum many-body
methods. A versatile and powerful approach to strongly corre-
lated electrons, which can generally cover a broad parameter
range (e.g., for band structure, filling, and interaction types)
is the FRG [54-57]. The FRG uses functional methods within

O
A
Ay | xy(? =3y = 3x?) > =
D
B, x(x? = 3y?) » »
€
T B
B, y»* = 3x7)
M
| @
E2 x2_y2 @ @

FIG. 3. Lattice symmetry group Cg,. First column, irreducible
representations; second column, basis function(s); third column,
nearest-neighbor lattice harmonic(s); and fourth column, second-
nearest-neighbor lattice harmonic(s). Exception in the second row
(Az): A nonzero lattice harmonic only occurs at higher order as
indicated by the ellipsis.

the framework of quantum field theory and its broad appli-
cability comes at the cost of introducing truncation schemes.
In the context of strongly correlated electrons, one profitable
truncation focuses on the evolution of the two-particle vertex
and provides a tool to identify the leading Fermi-surface in-
stabilities in the presence of competing interactions [56,57].
More sophisticated truncation schemes or a combination with
other powerful many-body methods also provide means to go
beyond such instability analyses [58-72].

In practice, one starts the renormalization group (RG)
procedure from an initial ultraviolet renormalization group
scale Ay, which corresponds to the bandwidth of the system
and then successively integrates out electron fluctuations in
a Wilsonian-like RG scheme to the infrared scale A — 0,
where all fluctuations are included. The method has been
successfully applied to correlated electrons on hexagonal lat-
tices revealing complex phase diagrams in, e.g., paradigmatic
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models [35,73], single- and multilayer graphene [74-79], var-
ious unconventional superconductor candidates [43,45,80,81],
and, more recently, correlated moiré materials with various
symmetries in the spin and orbital degrees of freedom [46,82—
84]. The flexibility of the method that these different appli-
cations reveal is enabled by the focus on the evolution of the
two-particle vertex in the truncation scheme, which offers a
qualitative understanding of the competition between ordering
tendencies. At the same time, the self-energy is neglected,
which can be important for effective single-particle properties
[85-89], but affects the flow of the two-particle vertex only
at third order in the interaction [56,90]. Thus, we do not
expect qualitative changes for the instability analysis near Van
Hove filling in the triangular lattice. It was even argued that
self-energy effects lead to pinning behavior of the Van Hove
energy [91,92] rather than diminishing it.

A. FRG background

We start with the action for a many-electron system as
described by a corresponding Hamiltonian [cf. Eq. (1)],

S, ¥l =—(¥. Gy'v) + Vv, ¥, 4

where 1/, ¥ are Grassmann-valued electron fields. The first
term is quadratic in the electron fields and includes the
free propagator Go(w, k) = 1/(iw — &(k)) with Matsubara
frequency w and the bracket (-, -) denotes integration over
frequencies, wave vectors, and further quantum numbers. The
second term V[, ¥] in Eq. (4) is an interaction term which
is quartic in the electron fields. It can be read off from the
interaction part of Eq. (1).

To set up the renormalization group scheme, the free prop-
agator is regularized by an infrared cutoff A, i.e.,

Go(w, k) — G (w, k). 5)

This regularization procedure cuts off the infrared modes be-
low the scale A and its concrete implementation can be done
in different ways. We choose the temperature as the scale
parameter in our calculations below (see Appendix A), but in
this section we leave the choice open as it does not affect the
general structure of the FRG equations. The effective action
I'[¥, ¥], generating the one-particle irreducible correlation
functions [93], is then defined with G{)‘ and hence becomes
scale dependent, i.e., ' — T'A.

Taking the derivative of T'* with respect to A yields the
exact RG flow equation [56]

] - 1 A _
AT == (6)) - 3T((6) @) ©
where (G3)™' = diag((G})™', (G)")™!) and the trace in-
cludes the matrix of second functional derivatives of I'* with
respect to ¥ and ¥, ie., TPA = T®A[, 4], The initial
condition of Eq. (6) is defined at ultraviolet scale Ay and
corresponds to the microscopic action ' = S. For A — 0
the full effective action is restored: =% =T,

For practical calculations on the basis of Eq. (6), we need
to truncate I'*. The truncation employed here is based on a

vertex expansion, reading

[e¢]

A 71 (_l)i 2i)A
r [w,w]—z e >r
i=0 K,..., K;
KiooK]
X(K{,...,Ki,,Kl,...,K,‘)

x UKD -y (KDY (KD -y (Kp), (D)

where K = (o, k) carries spin indices o and multi-indices
k= (w,k) collecting Matsubara frequencies and wave vec-
tors. This ansatz is inserted into Eq. (6), generating a hierarchy
of RG flow equations for the one-particle irreducible ver-
tex functions I'?)* | Following earlier work, we truncate the
tower of flow equations at the second level i = 2 and neglect
self-energy feedback [90,94] so that we exclusively consider
the RG evolution of the two-particle vertex ', which deter-
mines the effective interaction dressed by multiple scattering
events. This truncation scheme accurately resolves the wave-
vector dependence of the two-particle vertex, which allows us
to determine Fermi liquid instabilities in an unbiased way.

B. Spin-invariant FRG flow equations
We can utilize the spin invariance of our model in Eq. (1)
in the FRG equation for the two-particle vertex. For SU(2)-
symmetric systems it can be written as
F(4)A - VA(Strltrg 50204 - VA8010460203a (8)

01020304

with effective interaction VA = VA(ky, ko, k3, ks) and V2 =
VA(ky, ko, ks, k3). For later convenience, we also explicitly
introduce the effective interaction as it appears in the action,
ie.,

1
ra =—/ VA, ko ks, k) (ky + ko — ks — k)
ki ko, k3, ks

Y sk W (R )W (ks (k3 ). )

where [, = A, T Jo, dk Y, and k = (k, ). Apy is the area
of the BZ. In the following, we omit the fourth momentum
argument which is fixed by momentum conservation unless it
is important for the discussion.

For the investigation of Fermi-surface instabilities, we are
interested in analyzing the most singular part of V4, which
comes from the smallest Matsubara frequency and we there-
fore exclusively consider this one. With these preliminaries,
the RG evolution of VA can be derived from the exact flow
equation, Eq. (6), and it reads

d
HVA = Tpp + Tph,c + Tph,d- (10)

This RG flow equation is composed of three contributions,
i.e., the particle-particle (pp) contribution,

d .
Top = — / H[Gé\(iw, p+ki +k)Gi (—iw, —p)]
p

x VA, ky, p+ ki + k)
x VA:p+ki +ky, —p,k3), (11)
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the crossed particle-hole (ph,c) contribution,

dA
x VAKy, p.p+ki —ks)
X VA(p +kl _k4ak2’k3)’ (12)

d
e = — / Gl (iw, p+ Ky — k)G (i, p)]
p

and the direct particle-hole (ph,d) contribution,

dA
x [VAki, p.p+ ki —k)VAp+ ki — ks, k2, p)
+ VAL, p k)VA(p + ki — k3, ko, ka)
=2V, p. ks)VA(p+ Ky — k3. ko, p)].  (13)

d
Tohd = — / —[G{ (iw, p + k1 — k3)G{ (iw, p)]
p

By solving the flow equation (10) using Egs. (11)-(13) we can
identify Fermi-surface instabilities in terms of singular contri-
butions to VA (ky, ko, k3). We use this set of equations as the
basis for an implementation of the computationally efficient
TUFRG scheme.

C. Truncated-unity FRG

The singular behavior of Fermi-surface instabilities in
correlated-electron systems typically occurs in the transfer
momenta in the three loop contributions in Eq. (10) [95]. To
facilitate a high resolution of the transfer momenta, we intro-
duce a singular-momentum description of the RG evolution
equations reparametrizing the vertices in Eqs. (11)—(13) by
introducing different interaction channels. To that end, V4 is
decomposed as

VAU ko k3 k) = VA (ky ko, ks, kes)
+ M (k) + kos ko, —ks)
+ @M (kg — kg3 ks, k)
+ NP k) — k3rks ko), (14)

where VAO0(k,, ks, k3, k4) takes care of the initial condition.
The other three contributions ®4X with X € {P, C, D} are the
actual channels and in each case the transfer momentum is
the first argument (see Fig. 4). Inserting Eq. (14) into Eq. (9)
and rearranging the terms, we find that each of these three
channels describes a specific physical interaction (see also
Fig. 4).

These channels can be defined via their respective RG con-
tributions in Egs. (11)—(13), i.e., via the three flow equations

d
d—ACDP(kl + ko —ky, —ks) = (ki ko, k3, ka),  (15)

d
aq)c(kl +kaska, ko) = ton ek, ko, k3, ky), (16)

d

A Ok —kaiks ko) = Tonatky ko kaske), ()
where we have dropped the index A for convenience. The first
wave-vector argument in Eqs. (15)-(17) labels the transfer
momentum. The dependence on the other two momenta can

ki, s =—p—>— k3, s

VA2
ky, 8" >—H— ky, s’
+k + k; +k + k¢ +k k
qptKkp  gpTKp qGctkc dcTke gpt+ip D
= (ol + . + P
—»—»— i ’
—kp —k} ke: ke kp gp +kp
Channel X P C D
Interaction type Pairing  |Magnetic |Density
Transfer momentum qx |k1 + ko |ki — ks |k1 — ks
Momentum kx —ks k4 k3
Momentum k' —ky ko ko
Flow contribution Top Tph,c Tph,d

FIG. 4. Channel decomposition of the vertex V. By explicitly
inserting the decomposition from Eq. (14) into the vertex in Eq. (9)
and relabeling the important momentum as gx and the two remaining
momenta as ky, ky, X € {P,C, D}, the channels can be associated
with superconducting, magnetic, and density fluctuations. Spin in-
dices are as in the first line.

be expanded in a form-factor basis,

X (q. k. k) =Y X" (g)f; k) fr (). (18)

Lr

The above expansion holds for form factors forming a unity
with respect to / and k,

3 @ fitk) = 8(p — k), (19)
1

Ay / AR Sy ) = 81, 20)

In the numerical implementation this expansion is truncated;
i.e., the [, !’ sum is restricted to a finite number N; of form
factors to resolve the weaker momentum dependence in k and
k'. In contrast, the transfer momentum g carrying a strong
momentum dependence is discretized in a momentum mesh
in the BZ with resolution N,.

The above decomposition of the vertex can be turned into a
computational advantage. This is because the first description
of the vertex VA (ky, ks, k3) using a wave-vector resolution
Ny of the BZ leads to a set of N,f coupled differential
equations. In contrast, the channel-decomposed vertices scale
with o< N; x N?. Therefore, by truncating the weaker wave-
vector dependence in N;, we can implement high resolutions
of the important transfer momentum at moderate numerical
cost.

To obtain a set of flow equations for the form-factor-
dependent channels, i.e., xhr (g) with X € {P, C, D}, we take
the derivative of the back-transformed form-factor-dependent
vertex in Eq. (18) and insert two form-factor-resolved unities
into the contributions in Egs. (11)—(13). The unities are in-
serted in such a way that the interactions are separated from
the loop kernel, yielding

d , . _
P @ =3V @uB@ V@, @D
I,
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d IN4 C > (+)y,C
—C (q)=;v @ B@; Ve @Dnr,  (22)
1,62

d v c o () D
D" <q>=;[v @11 B@);" ) VP @
1,62

+ V2@ B@)y ) V(@

—2VP (@ B@ VP (@], (23)
with the form-factor-dependent particle-particle (—) and

particle-hole (+4) bubble integrals

) d _
Bg)) = — f (G w.q+p)
p

x Gy (Fiw, =) | i) i (p) (24)

(cf. Appendix A), and the cross-channel projections

VE@ = [ BOREV et . K .-k, (25)
VE@ = [ AOREV g K g k). 26

VA(q) = /k FEOOLEVA K+, K K +q), (27)
K

where the area of the Brillouin zone is absorbed in the mo-
mentum integral: [, = Ay, [ dk.

For our implementation we use the momentum mesh
shown in Fig. 5 for N, and plane-wave form factors f;(k) =
exp(ikR;), which reduce the numerical cost of the projections
(25)—(27). They also facilitate an intuitive interpretation of
form-factor effects on the flow equations in terms of distances
in real space. We group the f; into shells defined by hexagons
of increasing size around a central site (cf. Fig. 5). The shells
are numbered by Ny € Ny and we include up to Ny = 4 (see
Appendix B for further details). In the next section we perform
convergence checks in the expansion parameters (V,, N;) and
show that a manageable number of transfer momenta and form
factors faithfully captures the relevant physics. The initializa-
tion of the RG flow is discussed in Appendix C.

D. Analysis of pairing gaps

In the cases where the FRG flow signals a pairing insta-
bility, we further analyze the type of superconducting pairing.
To this end, we reconstruct the full superconducting pairing
vertex from all form-factor contributions to the P channel. We
use the initial definition of the form factor expansion of the
vertices [cf. Eq. (18)], explicitly reading

O’ (q.k. k)= P (@) f; k) fr (k). (28)
LU

While the divergence of the P channel can occur in different
form-factor sectors (I, 1’) at once, the sharp peak is always
located at the I" point of the BZ, i.e., ¢ = 0. Therefore, we can
reconstruct the superconducting pairing vertex by considering
the ¢ = 0 contribution

(g =0,k k) := "k k), (29)

and using the channel decomposition, Eq. (14).

N,=180 N,=336 N,=540 N,=792 N,=1092

Foiii

FIG. 5. Momentum mesh and form-factor geometry. Top: Mo-
mentum resolution N, of the BZ in the transfer momenta. Only a
subset (red) of the momentum mesh needs to be calculated. The
remaining ones are obtained from symmetries. Bottom: Numbering
of form factors. The shades of red indicate the distance to the origin.
The site with number 1 is the on-site form factor; sites 2—7 are the
nearest-neighbor form factors; sites 10, 11, 14, 15, 18, and 19 are
second-nearest-neighbor form factors; and sites 8, 9, 12, 13, 16, and
17 are third-nearest-neighbor form factors. The form-factor shells are
defined as all the form factors sitting on the sth blue hexagon.

We can then derive the superconducting interaction from
the definition of the effective action. This can now be treated
employing a standard mean-field decoupling within general-
ized BCS theory [96]. Close to the critical temperature 7,
for the superconducting transition, the gap becomes small,
allowing for linearization of the gap equation, i.e.,

INGEED PR (3 k’)AZ(;)tanh<2§kT, ) (30)
k, c

which represents an eigenvalue equation for A (k). We can ap-
proximate its solution by diagonalizing —®* (k, k"), which is
an N; x N, matrix in our TUFRG implementation. The eigen-
vector corresponding to the largest eigenvalue of —®F(k, k')
has the highest 7, and therefore determines the structure of the
superconducting pairing gap [96].

IV. EXTENDED HUBBARD MODEL

In this section, we investigate the paradigmatic version
of the triangular-lattice model that only includes nearest-
neighbor hopping t = #; = 1 and all other hopping amplitudes
are set to zero; in particular, r, = t3 = 0. For the interactions,
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we take into account a local or on-site Hubbard interaction U
and we additionally consider the effect of including a sizable
nearest-neighbor interaction V;. We study the Fermi-surface
instabilities that occur in the RG flow near Van Hove fill-
ing, which for this choice of hopping amplitudes is found at
@ = 2t. Furthermore, we establish convergence of the imple-
mentation with respect to the expansion in form-factor shells
and momentum resolution.

A. Pure Hubbard model limit

To draw a connection to previous (FRG) work, we first
analyze the case of a pure Hubbard repulsion with an inter-
mediate value of U = 4t and we set all nonlocal interaction
contributions to zero; i.e., Vi =V, = V3 = 0. We explore a
range of chemical potentials p € [1.9, 2.1] around Van Hove
filling. This case was previously studied in Ref. [35] using the
FRG patching scheme. The RG flow is initialized at the UV
scale with the temperature Tyy = W as the flow parameter,
where W = 9r is the bandwidth. We then track how the indi-
vidual channels (C, D, and P) evolve as the temperature scale
is lowered. This includes the evolution of their momentum
dependence and their overall magnitude.

1. Van Hove filling p = 2t

Right at Van Hove filling, the Fermi surface features
perfect nesting, which supports relevance of the magnetic
channel, i.e., the C channel. The maximal absolute value of
the channels C, D, and P is shown in Fig. 6. We observe a
flow to strong coupling at a finite temperature or RG scale of
T* ~ O(1072¢), which is most pronounced in the magnetic
C channel. The momentum resolution of the C channel at
T* shows that the strongest scattering vectors are located at
the M; points of the BZ. This signals an instability towards
spin-density-wave order with wave vector M; in agreement
with Ref. [35]. To decide which combination of the three wave
vectors M; is realized in the ordered state, a calculation beyond
our current truncation is needed. Two candidates, a uniaxial
and a chiral spin density wave (SDW) state, were identified in
previous studies [75,97-99].

2. Below Van Hove filling u < 2t

For a chemical potential slightly below the Van Hove
singularity, e.g., for u = 1.96¢, perfect nesting is lost. Never-
theless, fluctuations in the magnetic channel initially grow due
to approximate nesting, but they do not get singular; i.e., the
maximal value of the C channel reaches a maximum value at
an RG scale which is close to its instability scale at Van Hove
filling. Still, the RG evolution modifies the effective interac-
tion vertex as the fluctuations in the different channels intro-
duce additional momentum dependencies as compared to the
initial interaction. This leads to attractive components in the P
channel and eventually, at much lower temperatures 7/t ~
1073, it sharply diverges, signaling an instability towards
superconducting order (see Fig. 6). We also show the gap
function that we obtained from diagonalizing the pairing ver-
tex in Fig. 6 together with the Fermi line to clearly exhibit the
positions of the gap functions’ zero crossings. The gap func-
tion features 12 zero crossings along the Fermi surface and
corresponds to spin-singlet pairing in the A, irrep (cf. Fig. 3),

=20 N —
g \ 3
= ’ =
% @)
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— max| P™(q)|
;;2[] -==- max|C™(q)|
g max| D™ (g)|
=
T e ———
0 ——————
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— max| P (g)|
320 ---- max|C"™(q)|
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FIG. 6. RG flow and singular vertex for U =4¢, V; =0 and
resolution N, = 540, N; = 4. Left: Scale dependence of the P, C, and
D channel maxima for u = 2t (top), u = 1.96¢ (middle), and u =
2.04¢ (bottom). At Van Hove filling 1 = 2¢, the strongest divergence
occurs in the magnetic channel C. Near Van Hove filling u = 1.96¢
or i = 2.04t, the strongest divergence occurs in the pairing channel
P. Right: Momentum dependence of the singular C channel near the
instability scale 7. (top), and momentum dependence of the pairing
gap constructed from ®7 [cf. Eq. (28)] (middle, bottom). The pairing
gaps can be classified via the lattice harmonics shown in Fig. 3. The
thick red lines mark the noninteracting Fermi surfaces in each case.

which can also be referred to as i-wave superconducting insta-
bility. This type of instability for the present model parameters
was previously discussed in related FRG studies [35,46].

3. Above Van Hove filling p > 2t

A chemical potential slightly above the Van Hove singular-
ity, e.g., for u = 2.04¢, also makes the nesting of the Fermi
surface only approximate. Similarly to the case pu < 2t, this
allows a pairing instability to develop and we find that at low
temperatures, 7%/t ~ 1074, the P channel sharply diverges
again. However, the symmetry of the leading pairing instabil-
ity is different for the low- and high-doping sides if V; = 0.
For p = 2.04¢, the instability is towards superconductivity
with a spin-triplet pairing function in the B irrep (cf. Fig. 3),
i.e., an f-wave superconductor (see Fig. 6). The Fermi surface
consists of pockets around the K, K’ points so that an f-wave
gap does not have any nodes on the Fermi surface. This state
was previously described in Ref. [44].

B. Inclusion of nearest-neighbor interaction

To study the effect of the nearest-neighbor interaction
on the Van Hove scenario, we investigate the parameter
range 0 << V;/t < 1.6 around Van Hove filling for
1.9 < u/t < 2.04. For larger Vi/|t| we find an instability
towards a charge-density-wave state. We show the resulting
phase diagram of ordering tendencies in Fig. 7. We find
that the SDW is unimpressed by the presence of even a
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FIG. 7. Paradigmatic phase diagram of the triangular-lattice ex-
tended Hubbard model for U = 4t near 3/4 filling exhibiting SDW
(o), gSC (V), iSC (¢), and fSC (1) phases. Parameters where no
instability occurs for T/t > 107° are marked as metallic (x). The
symbols for the iSC are shown in gray shading to indicate fragility
with respect to the expansion in form-factor shells N; (cf. Sec. IV C).

sizable Vi; it slightly extends in p and its critical temperature
hardly changes. In contrast, the pairing instability is strongly
affected when V] is included and a rich phase diagram unfolds.
Increasing V; extends the range of chemical potentials, where
a superconducting instability is found substantially and
also provides regions in parameter space with significantly
enhanced critical temperatures.

Furthermore, a nonlocal contribution of the Coulomb in-
teraction can induce a stronger momentum dependence of
the pairing symmetry because the pair formation is pushed
to larger distances to avoid not only on-site but also nearest-
neighbor repulsion. We have previously observed this effect
in Ref. [46] and we can corroborate this finding with the
present TUFRG approach. We find that both the i- and f-wave
pairing states get destroyed by V. Instead, for sizable values
of the nearest-neighbor interaction V;/t = 0.5, we obtain an
extended pairing region above and below Van Hove filling
which is in the two-dimensional E; irrep. This implies that
the gap equation possesses two degenerate pairing solutions
with the same critical temperature (cf. Fig. 8).

Remarkably, these pairing solutions are dominated by the
second-nearest neighbor harmonics of the E; irrep (cf. Fig. 3),
which—according to the number of nodes along the Fermi
line—is dubbed g-wave pairing. In comparison, pure nearest-
neighbor lattice harmonics in the E, irrep would be classified
as d-wave pairing due to their number of nodes. In principle,
these lattice harmonics can mix because they belong to the
same irrep. The dominance of the d- or g-wave contributions
can be inferred from the number of zero crossings of the
pairing solutions, which we have extracted from the FRG
data (cf. Fig. 3). Both filling cases clearly exhibit eight nodes
along the Fermi surfaces [100]; i.e., the FRG data support the
formation of g-wave pairing above and below the Van Hove
point in the investigated range of fillings. This means that the
largest contribution comes from the second-nearest-neighbor
harmonics in agreement with the expectation that V| pushes
the pair formation outwards.

We also explore the effect of artificially switching off the
interaction channels C and D individually to identify their
respective roles for the subsequent superconducting instabil-
ity. For purely local interactions, i.e., V| = 0, we find that

....... maX\P"m(‘I)‘ —

—==+ max|C™"(q)| =

. mn 20 E/
max|D""(q)| g

=

<

=

FIG. 8. RG flow and momentum dependence of pairing solu-
tions for u = 1.92¢t, U = 4.0¢t, and V; = 1.2 (momentum resolution
Ny = 540, and form factor shells N; = 4). Top: Scale dependence
of the channel maxima. In contrast to the case V; = 0, the density
channel D initially increases the strongest and then saturates at a
comparable level as the magnetic channel C. At smaller scales the
pairing channel P develops an instability. Bottom: The gap equa-
tion has two independent solutions, which are dominated by the
second-nearest-neighbor harmonic of the E, irrep (cf. Fig. 3). The
noninteracting Fermi surface is marked by the thick, red line. We
find similar pairing solutions for p > 2t and sizable V;, where the
Fermi surface consists of pockets around K, K.

the C-channel fluctuations drive the emergence of the su-
perconductivity while the impact of the D channel is only
quantitative and can be neglected without changing the type of
superconducting instability. In contrast, for nearest-neighbor
interaction V| = 1.2¢, the observed g-wave superconductivity
requires that all interaction channels (C, D, and P) are taken
into account properly for it to emerge as the leading instability.
A similar observation was made in a recent study of uncon-
ventional superconductivity in the triangular-lattice Hubbard
model [47] employing the triply irreducible local expansion
(TRILEX) framework [101,102].

C. Convergence

To establish convergence of our numerical results, we ex-
plore their dependence on the momentum resolution N, and
form-factor expansion N;. Explicitly, we use N, = 2,3, 4,
which translates into the corresponding number of form fac-
tors in the following way (see Fig. 5):

N; N; Corresponding nearest-neighbor shells
2 19 Zeroth- to third-nearest neighbors

3 37 Zeroth- to fifth-nearest neighbors

4 61 Zeroth- to eighth-nearest neighbors

To address the convergence with respect to N, we
run the TUFRG flow and extract the critical temperature
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FIG. 9. Resolution dependence of 7. for U = 4¢, V; = 0 (top)
and U = 4¢, V| =t (bottom). Convergence of critical temperature as
a function of momentum resolution N, and number of form-factor
shells for Ny = 4 (solid lines), Ny = 3 (dotted lines), and N, = 2
(dashed lines).

T./t at fixed U, V; and three choices of the chemical po-
tential below, at, and above Van Hove filling for N, €
{180, 336, 540, 792, 1092}. We consider two cases: V; =0
with u/t =1.96,2.0,2.04 and V; = ¢t with u/t = 1.9,2.0,2.1
(cf. Fig. 9). We conclude that a momentum resolution of N, =
540 is sufficiently good and higher resolutions appear to only
quantitatively change the results for the critical temperature.
To compare the effect of including different numbers
of shells, we choose a high resolution N, = 1092 and
vary N;. For U/t =4, p/t € [1.9,2.1], and V,/t € {0, 1},
the dependence of the emerging instability on (Ns, N,) is
shown in Fig. 10. We find that the number of form-factor
shells can be important to determine the instability type
at phase boundaries and to faithfully resolve the pairing
symmetry. For example, for N; = 1092 at u =2.04¢ in
Fig. 10, smaller Ny =2 yields an SDW instability with
higher T;, while a better resolution Ny = 3, 4 gives rise to a
pairing instability. In such cases the phase boundary has to
be determined with care. Regarding the pairing symmetry,
in particular, the i-wave superconducting instability requires
to take into account Ny = 4 shells. If not enough form-factor
shells are taken into account, the leading superconducting
instability is found to be in the two-dimensional E; irrep (p
wave) for Ny = 2, or in the B, irrep (f wave) for Ny = 3.
For the other instabilities which we reported for the pure
Hubbard model, we found that already a lower expansion
with N; =2 is sufficient. For the g-wave instability that
occurs for larger values of V), we find that qualitatively the
second-nearest-neighbor harmonics are obtained with Ny > 2.

107° Metal

SC

190 1.92 1.94 1.96 198 200 2.02 2.04 2.06 208 2.10
w/ltl

gSC/Metal

25C 25C
1.90 1.92 194 196 198 2.00 2.02 204 206 208 2.10
/|t

FIG. 10. Phase diagram and convergence checks for U = 4¢; and
Vi =0 (top) or V| =t (bottom) with N, = 1092. Instability types are
labeled and phase boundaries are indicated by gray shadings. Quanti-
tative convergence of the results as a function of N; is generally very
good. Exceptions can be found in the transition regimes of different
types of instabilities, i.e., near /¢t ~ 2.04, where for smaller Ny = 2
the SDW is the leading instability and for larger N; we find g-wave
pairing. For V; = Oand . < 1.96 we need to take N; = 4 to resolve i-
wave pairing. For V| = t, the type of superconducting instability does
not change for N; > 2. We show an equivalent figure for N, = 540
in Appendix E.

Generally, we find reasonable convergence in (N, Ng)
and, apart from the above-mentioned exceptions, the choice
(Ns, Ng) = (2, 540) delivers reliable results. To keep the study
as unbiased as possible, all results shown in the phase di-
agrams (Figs. 7 and 11) are calculated with N; = 4. This
significantly increases the number of form factors which have
been used for hexagonal lattices compared to previous works.

V. MOIRE TMD HETEROBILAYERS

Moiré quantum materials have been established as a
solid platform to study strongly correlated systems in a

—6

1
/It]

o0 1072  107* 10
T
v > a ) (] A\ / v v v

o o
O
O
)]

N2 N
V BB

v A

OF = OF O SOR S 0)

OO O

VAl vV VvV

OO OF
o O o

O
)

5.5

I (meV_)

FIG. 11. Moiré TMD phase diagram of the effective extended
triangular-lattice Hubbard model describing TMD heterobilayers
near 1/4 filling. The phase diagram includes valley density wave
(VDW) (o), gSC (V), and metallic (x) phases.
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controlled and tunable way. Specifically, heterobilayers of
TMDs at small angle have been shown to realize the extended
triangular-lattice Hubbard model where the whole range of
band fillings is experimentally accessible and interactions can
be tuned within a large window. As a concrete example we
study the AA-stacked heterobilayer of WSe,/MoS; at vanish-
ing twist angle. Here, the highest spin-polarized valence band
from WSe, contributes an isolated flat band at the Fermi level
to the moiré band structure [11]. This isolated band can be
accurately described by a tight-binding model with up to third-
nearest-neighbor hopping, #; & —2.5meV, t, ~ 0.5meV, and
t3 ~ 0.25meV (cf. Sec. II). The resulting band structure fea-
tures a Van Hove singularity near —5.5meV and the Fermi
surface at that filling is approximately nested. The interactions
can be tuned in strength and range using dielectric environ-
ments or screening layers. Explicitly, the system can be tuned
into the intermediate interaction regime, which we associate
roughly with an on-site repulsion U/t =~ 4. To explore the
effect of tunability in the range of the interactions, we vary V|
again but additionally include the longer-ranged interactions
V, and V3, choosing fixed ratios with Vi, i.e., V»/V] = 0.357
and V3/V; & 0.260 as estimated in Ref. [33].

In Fig. 11, we present the correlated phase diagram that
contains the instabilities we predict using the TUFRG as
function of w and Vj. It is qualitatively very similar to the
paradigmatic case in Sec. IV; directly around Van Hove
filling, we obtain a SDW instability bounded by pairing in-
stabilities. However, the additional hoppings and interactions
decrease the critical temperature and even completely sup-
press some pairing instabilities at smaller V;. We now only
find pairing states which belong to the irrep E, with the largest
contribution coming from second-nearest-neighbor harmon-
ics; i.e., we can classify them as g-wave pairing based on
their number of nodes along the Fermi surface (as in Fig. §).
For 4 > —5.5meV, where the Fermi surface is closed around
[, this confirms the previous low-resolution FRG calculation
[46] with the exception that we do not find the i-wave pairing
instability at V; = 0 that was already marked as fragile in
Ref. [46]. Instead, the i-wave pairing is destroyed when more
distanced hoppings 1,, t3 are included. We extend the phase
diagram to < —5.5meV, where the Fermi surface consists
of pockets around K, K’. We find the same g-wave pairing
instability as for © > —5.5meV at larger V;, while the f-wave
pairing for small V| in Fig. 7 also disappears when 1, and #; are
included.

We emphasize that the g-wave pairing is a robust result
that we obtain with both models. This stronger momentum
dependence arises due to the inclusion of a sizable nearest-
neighbor interaction V; > 0. It is based on pairing between
second-nearest neighbors as the classification in terms of lat-
tice harmonics shows so that on-site and nearest-neighbor
repulsion can be avoided.

VI. TOPOLOGICAL SUPERCONDUCTIVITY

If a superconducting state develops out of the g-wave
pairing instability, a specific linear combination of the two
pairing solutions is formed. It was argued that a chiral linear
combination g =+ ig minimizes the Landau free energy and
thus makes up the ground state [46]. Such a g £ ig state fully

gaps the Fermi surface despite the high number of nodes in the
single pairing solutions. It also breaks time-reversal symmetry
and is topologically nontrivial with a nonzero winding number
which can be defined via

1 am 9
N:—/ P (22, 31)
4 BZ 8kx 8kv

with the pseudospin vector
1
= (ReAy, ImAy. &' (32)
k

We find that in the whole parameter range, where the pair-
ing gap in the E, irrep occurs, the second-nearest-neighbor
harmonics dominate. The implied g+ ig state results in a
Chern number of |A/| = 4. This is in contrast to || = 2 for
a d + id state, which would be a possible ground state if the
nearest-neighbor harmonics dominated. The Chern number is
directly proportional to the quantum spin and thermal Hall
conductance in such a topologically nontrivial superconduct-
ing state. Therefore, the higher-harmonic gap function can
manifest itself experimentally by enhanced quantum spin and
thermal Hall responses [46].

VII. CONCLUSION

In this work, we have taken recent developments in the
field of correlated moiré materials as motivation to revisit
the phase diagram of correlated electrons on the triangular
lattice with extended Hubbard interactions near Van Hove
filling. To that end, we implemented and carefully bench-
marked the TUFRG scheme in a numerically efficient way.
We studied two versions of the extended Hubbard model: a
minimal, paradigmatic one with only #;, U, and V| nonzero
and a realistic one with parameters for the moiré heterobilayer
WSe,/MoS;. In both cases, we found strong evidence that in
an intermediate-interaction regime, sizable nearest-neighbor
interactions induce a chiral superconducting g + ig instability,
which is realized in higher lattice harmonics indicating pairing
between second-nearest-neighbor sites. The g + ig state cor-
responds to a fully gapped, topological superconductor and
features enhanced quantum Hall responses as compared to
the chiral d + id superconducting state made of the nearest-
neighbor harmonics.

To obtain our results, we capitalized on the advantages
provided by the TUFRG framework, i.e., inclusion of all types
of correlations on equal footing within a (realistic) micro-
scopic lattice model and high momentum resolution of the BZ
allowing for a detailed analysis of the emergent instabilities.
Both are crucial in the present context. We need the unbiased
approach that includes all correlations to analyze the interplay
between competing orders around Van Hove filling and, in
particular, to describe electronic pairing from repulsive bare
interactions. A high momentum resolution is necessary to
correctly resolve the pairing symmetries and their leading
contributions from different lattice harmonics. We hope to
inspire further studies to challenge our results with other quan-
tum many-body methods, possibly facilitated by our analysis
of the paradigmatic version of the model.

In the future, it will be interesting to extend our present
TUFRG implementation to systems without an SU(2) in-
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variance in the (pseudo)spin or valley degrees of freedom.
Applications of this extension include moiré TMD homo-
bilayers, or unconventional superconductors with spin-orbit
couplings. Similar efforts are currently undertaken by other
groups [103].
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APPENDIX A: REGULATOR

Generally, in the FRG approach the regularization can be
implemented in various ways, e.g., by employing a momen-
tum cutoff, a frequency cutoff, or a temperature cutoff scheme,
and the concrete choice should be guided by the problem at
hand [56]. In the present work, we choose the temperature
cutoff scheme [104]. To that end, the fermionic fields are
redefined such that only the quadratic part of the action is
temperature dependent. This leads to a temperature-scaled
free propagator and the scale derivative is turned into a tem-
perature derivative, i.e.,

, T1/2

Go(iow, k) — G} (iw, k) = ot (AD)
d d
— > —. (A2)
dA AT

Inserting these expressions into the form-factor-dependent
bubbles in Eq. (24) and carrying out the Matsubara summation
yields the bubble integrals

Bl = /n}(E(q +p) — np(E(P)
D=+ " m—tw

/ np((q + p)) + np((—p))
» §&(@+p) +&(—p)

i) fi(p), (A3)

B(g),) =— L@ ®).

(A4)

where 1} (x) denotes the temperature derivative of the Fermi
function, i.e., nj(x) = diTnp(x).

APPENDIX B: FORM FACTORS

To solve the RG flow in Egs. (21)—(23) numerically, we
need to make a specific choice for the form factors [cf.
Eq. (18)]. In this work, we employ an expansion in terms
of plane waves, i.e., f;(k) = exp(ikR;), where R; is a Bravais
lattice vector of the triangular lattice and this choice naturally
fulfills the conditions in Egs. (19) and (20). The plane-wave
expansion has three advantages, which we will explain in the
following: (1) it is possible to apply a physical interpretation
of the included form factors, (2) it becomes apparent which
truncation of form factors is reasonable, and (3) it simplifies
the cross-channel projections [cf. Egs. (25)—(27)].

To expose the physical interpretation of this choice of form
factors, we consider the interaction vertex [cf. Eq. (9)] and
insert the channel decomposition, Eq. (14). Four terms emerge
and we focus the discussion on the P channel. Relabeling
the wave vectors with the strong momentum ¢ and the weak
momenta k, k' and exploiting momentum conservation, the
superconducting interaction reads

1 -
M3 [ ek k)Y e+
q.k K oo

X Yor (k)Y (=K o (g + k). (B

This structure can be identified on the left-hand side of Fig. 4.
Expanding ®% (g, k, k') as in Eq. (18) yields

FP:l/
2‘1

X (/k Vo (K)o (g + K fr (k/)) : (B2)

> Pl ( /k Vo (q +k)1/70/(—k)f,*(k)>

llo, 0’

Fg)

Flg)y

The fermion bilinears F (q);"“, decouple from each other. To
expose the effect of the form factors f;(k) on these bilinears
we transform the fields into real space:

F77(q) = /k Vo (=K W0 (g + K fir (k)

=Y Vo (R+ R, (R)™. (B3)
R

This shows that I’Z“"”(q) includes all two-fermion combina-
tions, which can be connected by the lattice vector R; and
therefore the inclusion of form factor f;(k) can be interpreted
as including all fermionic bilinears with distance R; in the
interaction Eq. (B2).

Most common Fermi-surface instabilities are caused by
long-range fluctuations that are resolved via the transfer
momentum ¢ of the different channels. Fluctuations in the
additional k, k' dependence typically correspond to a short
spatial range; i.e., they occur within a radius of a couple of unit
lattice vectors. Therefore, we truncate the form factors with
respect to the distance occurring in the bilinears [cf. Eq. (B3)].
To that end, we introduce the notion of form-factor shells
N;. The sth form-factor shell will then include all real-space
vectors which point to a lattice point lying on the s th hexagon
as indicated in Fig. 5. We note that there is also a zeroth form-
factor shell including only the on-site contribution R; = 0.

This truncation involving the form-factor shells leads to a
numerical advantage of the TUFRG scheme. While the unity
in Eq. (20) is only exact if all lattice vectors R; are included,
we expect the form factors belonging to high-form-factor
shells to have little actual impact. Therefore, we choose to
include only a few short-range form factors in the vertices,
Egs. (22) and (23), for the actual calculations. The size of the
vertices scales with N, x N7. For high momentum resolution
Ny, this scaling becomes superior to the N; scaling in patch-
RG schemes.
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Moreover, the plane waves simplify the cross projections in
Egs. (25)—-(27). Employing the decomposition from Eq. (14)
and explicitly using the plane waves, the projections simplify
from a double integration over the BZ to a simple sum of the
included form factors, i.e.,

Vi@ = V@ + V@ + V@) + ). (B4)
where

V5 @) = X, Cry—ro+r+k, (—Rp + Ry)e " Re—Roa,

Vi P@) =Y, Dr,—r,+r—r, (—Rp — Ry)e ®Red,
Accordingly, we find

Vi@ =V3"@+ V5 @+ V5 @+ Cg). BS)
with

VISTFP(q) = Z PR(_,7R1_+R,+R,, (_RL =+ Rl/)eii(RLle’)q’
L

VS P(q) = Dr,r,-r sk, (—R)e ™9,

L
and finally
VO@ =V @) +Vh @ + V(@) + D ().
(B6)
with

Vlﬁ’ﬁ_P (@)= Z pRLsRL*RI*RIr (—R; )e_i(RL_R")q’
L

VO C@) =Y Cr,.r,—r sk, (R ™.
L

The Vlf(,’,o(q) are determined by the projection of the initial

interaction into the channels (cf. Appendix C). The X, are
the Fourier-transformed channels; e.g., for P,

Py(R) = Agy / dp Py (p)e . (B7)

The sum Y ;, runs over all included form factors; i.e., for our
application this will include R; to Rg; (see Fig. 5).

APPENDIX C: INITIAL CONDITIONS

The initial conditions for the RG flow of V4 are deter-
mined by the Fourier-space interactions corresponding to the
Hamiltonian parameters U, Vi, V,, and Vi. We rewrite the
interactions accordingly and use Eq. (9) to extract the ex-
pression for VAO(Kk,, ko, k3, k), which is then plugged into
Egs. (25)-(27) to derive explicit expressions for the Vl?(l’,o(q).
We find

Ve @ = Vg% (@ =U. (C1)

Vak @ = Vig'p (@ = V1, (C2)

forl € {2,3,4,5,6,7}. The expressions for the more remote
interaction terms V5, and V3 read

Vaow, @ = Vr)'r, (@ = V2, (C3)

for I’ € {10, 11, 14, 15, 18, 19}, and
VIQ/O,RIN (@)= VIiC;;/(?R,/, (@) ="V, (C4)

for!” € {8,9, 12, 13, 16, 17}. Finally, we obtain
Vi @ =U+V Y e

1
+Vy Y Rty Y e ()
l/ IH

This completes our TUFRG scheme. For more details on the
numerical implementation see Appendix D.

APPENDIX D: TECHNICAL DETAILS

In the numerical evaluation of the TUFRG flow equations,
the bubble integrations in Eqgs. (A3) and (A4) are the bottle-
neck. This is because of two reasons:

(1) The integration kernel of the bubbles will form sharp
features in vicinity of the Fermi surface when the flow param-
eter reaches small values such that it becomes gradually more
difficult to integrate the function for lower scales.

(2) The bubbles have to be evaluated for N, x N} different
combinations for momenta ¢ and form factors R;.

Both aspects combined lead to a challenge in both quantity
and quality as one has to define an integration scheme which
resolves the emerging peaks correctly along the flow while
staying computationally performant such that the N, x Nl2
different integrals per RG step do not extend the execution
time to an unreasonable amount.

1. Adaptive integration routine

To tackle problem 1, we first discuss the case of closed
Fermi lines around the I" point and then extend the routine to
the case of Fermi pockets around K, K’'. We introduce polar
coordinates with the addition that the radius for each angle
varies to correctly cover the hexagonal form of the Brillouin
zone. For a general function f (k) this translates to

2w Pmax (@)
/ dkf k) = /0 do /0 Fkp,$)-p. DI

We then choose angular resolution N4 and radial resolution
Npg, such that N, straight lines are placed into the BZ from
the origin [see Fig. 12(a)]. The emerging slices have the same
angular distance A¢ to each other. For each of these slices, we
perform two one-dimensional adaptive trapezoidal-rule inte-
grations over the radial direction p: one in the range [0, pr]
and a second one in the range [poF, Pmax(¢)], Where pf is
the radius lying directly on the Fermi surface. This choice
was made such that pp is always a discretization point and
therefore emerging sharp peaks at lower scales are always
evaluated in the numerical integration. Since the integration of
the triangular-shaped area is approximated by a circular arc,
we get a systematic error which becomes small for large N,.
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FIG. 12. Schematics of the bubble integration routine. (a) Example with Ny = 5 and Ny = 6 for a single closed Fermi surface around the
I point. The function is integrated along the six solid lines and the angular width for all lines is equal. Dashed lines mark the boundaries
of the patches. The two integrations with Ny = 5 discretization points are evaluated on the colored dots. (b) Modified integration scheme for
Fermi surface pockets around the K, K’ points. Example with Nx = 3 of a single one-dimensional (1D) integration. The general strategy for
the integration is as described before, but now the 1D integration lines feature a kink on the nesting line (dashed hexagon). The first integral
ranges from the origin to the nesting line. The other two integral intervals are integrated also in polar coordinates, but starting from the K
points. Again, the position of the Fermi surface is always chosen as a discretization point, leading to two integrals for this contribution: the
first one from the K point to the Fermi line, and the second one from the Fermi line to the nesting line.

Then, Eq. (D1) translates into

Np—1

Pmax (Bi)
[akrao~y. A¢>[ | raesn -, dp]
i=0

Ny—1

pr($i)
=) A¢ ( fo fk(p, ) - pdp)
i=0

Pmax (#i)
+ (/ fk(p, ¢:)) - p dp)}, (D2)
or(9i)

with ¢; = 2mi/Ny and A¢ = 27 /Ny.

The two integrals over p are then integrated adaptively
as follows: Both integrals are equipped with Ny discretiza-
tion points leading to Ng — 1 subintervals for both intervals.
Therefore, the total amount of discretization points is always
2Ng (double counting the point on the Fermi surface). The
spacing of the points for the two integration regions does not

have to be equal, since the point of the Fermi surface pr does
not necessarily divide the complete interval [0, ppmax] in two
equal intervals. The Ngx — 1 subintervals of the two intervals
are the actual object where the adaptive routine is applied to.
For the error we choose a relative tolerance of 10~ and an
absolute tolerance of 10~'°. Each of these subintervals is then
integrated adaptively until this precision is met.

Since the adaptive routine of one subinterval becomes
unnecessarily expensive if only a fractional area of this subin-
terval consists of sharp features, it is reasonable to also adjust
the radial resolution for lower temperature scales. Starting
with Ny = 3, the amount of discretization points will double
after a lower order of magnitude is reached, i.e.,

Ng =3 x 2 Mogo(Irl/TIT (D3)

The angular discretization Ny is fixed through the flow since
the sharp features should mainly develop along the p axis
which is therefore treated with more care. For the angular
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resolution we choose Ny = 96 as long as the Fermi surface
features no pockets. It is advantageous to select a number
which is a multiple of 12 for Ny, such that the angular dissec-
tion of the hexagon is concurring with the rotation and mirror
symmetries of the hexagon. For Fermi lines with pockets
around the K, K’ points, we slightly modify this integration
routine as described in Fig. 12(b). In this situation we choose
a higher resolution Ny = 360.

2. Symmetry considerations

To take care of the second point, which makes the nu-
merical evaluation costly, we can exploit the spatial form
of the form factors and their translational invariance. Since
the bubbles in Eqgs. (A3) and (A4) only depend on two
complex-valued plane waves, i.e., fi(¢q) and f/*(q), and one
real function composed of n’ and & (k), we find

B(g),) = [B(g)} T (D4)

Using this, we can reduce the numerical effort for a chosen g
by roughly a factor of 1/2 [not exactly as Eq. (D4) does not
provide an advantage for cases where [ = ['].

To take advantage of translational invariance we now
examine the product of form factors in more detail. The in-
tegration kernel of the bubbles, Eqs. (A3) and (A4), depends
on the product of form factors, i.e.,

fip) x fir(p)=e

Therefore, the bubbles depend on the real-space vector
R,y =R, —R;. We exploit this by identifying the com-
binations (I, !’) which result in the same vector to avoid
recalculating integral combinations (I, I") with the same value.
Consider, for example, Fig. 5, where one can verify that

(R —Rs) = (R; — R3) = (Rg — R7) = Ry,

i(Ri—R;)p — eiRI,,/p. (DS)

(D6)

such that the bubbles B(q)l ,/ result in the same value for all
of these (I, I’) pairings. We can therefore also relabel the bub-
ble as B(q)ﬁ) = B(q)gf}, depending on only one plane-wave
form factor with real-space vector R;_; [see Eq. (D5)]. To
use these relations systematically, we distinguish two different
form-factor shells: (1) shells that are defined by including
all form factors of the same spatial distance from the origin,
i.e., the neighbor shells, and (2) shells with equal hexagonal
distance, i.e., shells which include all form factors which are
placed on the N,th hexagon of the triangular lattice (cf. Fig. 5).
For this discussion, we call the ith-neighbor shell S,,(i) and the
ith hexagonal-distance shell Syp (7).

Considering the geometry we see that, taking the Mth
neighbor shell into account, all combinations of (R; — R;) lie
in a hexagonal-distance shell between Syp(0) and Syp(2M).
To obtam a numerical advantage for calculating all entries of
B(q) . 1/) for a chosen g we then apply the following procedure:

(i) Choose the amount of included form factors such that
the largest reached hexagon is completely filled. The highest
filled hexagonal-distance shell is called M: Syp(M), e.g., up
to the third-neighbor shell which corresponds the form factors
up to the second hexagonal-distance shell, M = 2.

(ii) Calculate B(g)\") for all (R, —Ry) included in
Sup(2M). Using Eq. (D4) we perform half of these calcula-

tions and obtain the other half by complex conjugation. The
number of calculations is then

M M
1
No. calculations = ZSHD(i) =1+ 3 ZSHD(i)

=1 +3M + 6M>.

(iii) Finally the results of B(q)l ; can easily be related to

the corresponding entries B(q)ﬁ,).

In the example M = 2 one gets 19 form factors (cf. Fig. 5),
resulting in 19 x 19 = 361 entries for B(q)l ,, for a chosen
g. Combining the symmetry in Eq. (D4) with the approach
described above, this reduces the number of integration to
143 x (2) + 6 x (2)* = 31, providing an overall numerical
speedup of factor of ~10.

3. Differential equation solver

The flow equations (21)—(23) are solved numerically by
using an adaptive forward Euler method. For example, the P
channel is evolved as

Ph@=P" @+ a P @-dn, (D7)
where for %P“ (¢q) the right-hand side of Eq. (21) is used.
The step size dA; is adapted if the RG scale drops below
a threshold or if the increment -& P! (¢) increases beyond
a threshold. The latter criterion may indicate the onset of
a divergence where the differential equation behaves stiffly.
Explicitly, our combined criteria are

1
dAl - i» _Pll
4+1 = min <2O 30 Max (q )’
d ,
1 L ctlg Dl
20 " 7A L0 MA@
A=A —dAi.

The initial scale Ay is chosen to be equal to the bandwidth W
of the model. The solver stops the flow either when the abso-
lute value of one entry of the P, C, or D channel has surpassed
the triple value of the bandwidth or when A; becomes smaller
than Agep/t = 10-°.

4. Vertex symmetries

As previously discussed in Ref. [105], the symmetries of
the lattice can be exploited to reduce the numerical effort for
calculating the flow equations by a factor of 12. The general
symmetry relation for X € {P, C, D} is

XI,I’(q) _ XQRI,QR,/(Qq),

where Q is a symmetry operation allowed by the lattice. Note
that the symmetry relations derived in Ref. [105] also include
orbital degrees of freedom which are not present in our appli-
cation. We choose two symmetry relations: (1) Q = M,, i.e.,
the mirror plane along the x axis through the I' point, and
(2) O = Ryz/6, i.€., arotation by angle 27 /6. Using these two
operations it is sufficient to carry out the calculations for only
1/12 of the momenta ¢ in the flow equations. We have also
indicated this in the top panel of Fig. 9. Exploiting the mirror

(D8)
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FIG. 13. Convergence checks for U = 4¢; and V; = 0 (top) or
Vi =1t (bottom) with N, = 540. Instability types are labeled and
phase boundaries are indicated by gray shadings.

and rotational symmetries, we eventually obtain all values for
Pt (@), C”"(q), and D" (q). In most of our calculations we
use N, = 540 and consequently we only evaluate 540/12 =
45 entries while the rest is obtained by symmetry.

APPENDIX E: CONVERGENCE CHECKS FOR N, = 540

We perform the equivalent convergence check for N, =
540 with respect to the number of form-factor shells that is
shown in the main text for N, = 1092. We find the same
conclusions; i.e., the number of shells can be important at
phase boundaries and for the extraction of pairing symmetries
(see Fig. 13). However, for most parameter choices the results
converge both qualitatively and quantitatively.

APPENDIX F: CONSTRUCTION OF LATTICE
HARMONICS

In this Appendix we briefly display the prescription which
is needed to derive the lattice harmonics in Fig. 3. We will per-
form these steps as suggested in standard literature [96,106].
The form of the gap functions A(k) is dictated by the un-
derlying symmetry group of the Hamiltonian. In the case of
this work, this is the point group Cg,, which includes all
the symmetry operations which leave the triangular lattice
on which the Hamiltonian is defined on invariant. The point
group includes 12 elements:

(a) The unity operation is E.

(b) The rotations of angle 6 = 2x/n with n =2,3,6 in
both directions clockwise and counterclockwise are C,, Cs,
C;', Cg,and Cy '

(c) The reflections across lines going through the lattice
sites of the first shell are 0!, 02, and o3.

(d) The reflections across lines going through the bonds of
the first shell are 0}, 07, and 0.

In total this point group will inhabit six conjugacy classes:
the unity by itself (E), three classes for rotations (2Cg, 2C3,
and C,) of a specific angle and two classes for both varia-

TABLE I. Character table of point group Cs,.

C6v E 2C6 2C3 Cz 30'd 30',,,
A, +1 +1 +1 +1 +1 +1
A, +1 +1 +1 +1 -1 -1
B, +1 -1 +1 -1 +1 -1
B, +1 -1 +1 -1 -1 +1
E, +2 +1 -1 -2 0 0
E, +2 -1 -1 +2 0 0

tions of reflections (30, and 30,). The connection between
the six irreps of Cg, and the conjugacy classes is given by
the character table (see Table I), where for all irreps T'* €
{A1, Az, By, By, E{, E;} the value of the character of a con-
jugacy class x,(g) is displayed, where g is an element of
the respective conjugacy class. To derive now the possible
lattice harmonics for the point group Cg,, we have to apply
the projection operator:

NG qr
Pt = ZN—Gmg,-)r“(g,-), (F1)

j=1
where Ng is the amount of group elements, i.e., in our case
Ng = 12, and d* is the dimension of irrep I'**. For the appli-
cation to momentum space we need to select a suitable basis
function, which is done by choosing the plane-wave functions:
bi(k) = ®*, (F2)
where we also chose the dependency on R; which are again
real-space vectors of our lattice as depicted in Fig. 5. The
application of the projection operator on this function is given
by
No  u A

Pibil) = ) S (g TR (E3)
j=1 "8
where (I'*(g;)R;) indicates the application of the symmetry
operation g; on the lattice site R; which results in another
lattice site R with the same distance. For the concrete deriva-
tion of the lattice harmonics one proceeds as follows: For
a one-dimensional irrep (i.e., A1, Ay, By, B») one chooses a
lattice vector R; of desired order. The order corresponds to
the distance of the vector to the origin; therefore, a lattice
harmonic of first order is derived by using a nearest-neighbor
vector, e.g., R; = R,. For higher orders one chooses a lattice
site with larger distance. Two suitable choices of these vectors
from first to eighth order are given in the following table:

Order Set 1 Set 2
First R, R,
Secnd R 10 R 14
Third Rg R,
Fourth R>, Ry
Fifth R20 R26
Sixth R42 R50
Seventh Ry Ry
Elghth R38 R46

We will perform one example calculation for first order for
the irrep A;. We will choose R; = R, and use the projection
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rule in Eq. (F3). Since A; is the trivial irrep where all char-
acters equal +1, the expanded form of the projection after
application of the group elements on R, is given by

Plby(k) = 15 ((+1) - ™6 4 (+1) - eFF 4 (+1) -
T+ (1) - eB* L (£1). Rk (1) . Rk
+(+1) e (1) e RK (1) R
T (1) Rk (+1) - Rk 4 (+1)- eiR3k)
= %(cos (k-Ry)+ cos(k -Ry) + cos (k- Rg))
=2cos (kxx/g/Z) cos (k,/2) cos (ky). (F4)

This procedure can be repeated for other orders and other
irreps. If one desires to calculate the lattice harmonics of a
two-dimensional irrep, i.e., E; or E,, respectively, one has to
calculate two lattice harmonics of nonparallel vectors. The
proper lattice harmonics of these irreps are then two su-
perpositions constructed from the calculated harmonics for
two vectors. For this particular reason we gave two different
sets in the table above, since by these given vectors the two

superpositions are just an addition or subtraction of a lattice
harmonic derived from a vector from set 1 and set 2. For
example, for the E¢ (u = 6) irrep at first order, one would
construct two superpositions after repeating the projection
procedure described above as

PSby(k) + Poba(k) = > cos <ﬁ> cos (ﬁky>

3 2 2
—% cos («/§ky), (F5)
POb, (k) — PObs(k) = — sin (%) sin (‘/gk’) (F6)

As an interesting remark it should be mentioned that the
detected i-wave superconductivity can be constructed by
choosing the A, irrep and derive the lattice harmonic for the
seventh order. One example lattice vector which can be used
is R49, which highlights why this specific kind of supercon-
ductivity needs at least four hexagonal shells of form factors
to be properly resolved in the TUFRG.

[1] D.P. Arovas, E. Berg, S. Kivelson, and S. Raghu, The Hubbard
model, Annu. Rev. Condens. Matter Phys. 13, 239 (2022).

[2] M. Qin, T. Schifer, S. Andergassen, P. Corboz, and E. Gull,
The Hubbard model: A computational perspective, Annu. Rev.
Condens. Matter Phys. 13, 275 (2022).

[3] Y. Cao, V. Fatemi, S. Fang, K. Watanabe, T. Taniguchi, E.
Kaxiras, and P. Jarillo-Herrero, Unconventional superconduc-
tivity in magic-angle graphene superlattices, Nature (London)
556, 43 (2018).

[4] Y. Cao, V. Fatemi, A. Demir, S. Fang, S. L. Tomarken, J. Y.
Luo, J. D. Sanchez-Yamagishi, K. Watanabe, T. Taniguchi, E.
Kaxiras et al., Correlated insulator behaviour at half-filling in
magic-angle graphene superlattices, Nature (London) 556, 80
(2018).

[5] M. Yankowitz, S. Chen, H. Polshyn, Y. Zhang, K. Watanabe,
T. Taniguchi, D. Graf, A. F. Young, and C. R. Dean, Tuning
superconductivity in twisted bilayer graphene, Science 363,
1059 (2019).

[6] A. Kerelsky, L. J. McGilly, D. M. Kennes, L. Xian, M.
Yankowitz, S. Chen, K. Watanabe, T. Taniguchi, J. Hone, C.
Dean eral., Maximized electron interactions at the magic angle
in twisted bilayer graphene, Nature (London) 572, 95 (2019).

[7] A.L. Sharpe, E. J. Fox, A. W. Barnard, J. Finney, K. Watanabe,
T. Taniguchi, M. Kastner, and D. Goldhaber-Gordon, Emer-
gent ferromagnetism near three-quarters filling in twisted
bilayer graphene, Science 365, 605 (2019).

[8] X. Lu, P. Stepanov, W. Yang, M. Xie, M. A. Aamir, I. Das, C.
Urgell, K. Watanabe, T. Taniguchi, G. Zhang et al., Supercon-
ductors, orbital magnets and correlated states in magic-angle
bilayer graphene, Nature (London) 574, 653 (2019).

[9] M. Serlin, C. Tschirhart, H. Polshyn, Y. Zhang, J. Zhu, K.
Watanabe, T. Taniguchi, L. Balents, and A. Young, Intrinsic
quantized anomalous Hall effect in a moiré heterostructure,
Science 367, 900 (2020).

[10] D. M. Kennes, M. Claassen, L. Xian, A. Georges, A. J. Millis,
J. Hone, C. R. Dean, D. Basov, A. N. Pasupathy, and A.
Rubio, Moiré heterostructures as a condensed-matter quantum
simulator, Nat. Phys. 17, 155 (2021).

[11] F. Wu, T. Lovorn, E. Tutuc, and A. H. MacDonald, Hub-
bard Model Physics in Transition Metal Dichalcogenide Moiré
Bands, Phys. Rev. Lett. 121, 026402 (2018).

[12] Y. Tang, L. Li, T. Li, Y. Xu, S. Liu, K. Barmak, K. Watanabe,
T. Taniguchi, A. H. MacDonald, J. Shan et al., Simulation
of Hubbard model physics in WSe, /WS, moiré superlattices,
Nature (London) 579, 353 (2020).

[13] J. Zang, J. Wang, J. Cano, and A. J. Millis, Hartree-Fock
study of the moiré Hubbard model for twisted bilayer tran-
sition metal dichalcogenides, Phys. Rev. B 104, 075150
(2021).

[14] F. Wu, T. Lovorn, E. Tutuc, I. Martin, and A. H. MacDonald,
Topological Insulators in Twisted Transition Metal
Dichalcogenide Homobilayers, Phys. Rev. Lett. 122, 086402
(2019).

[15] H. Pan, F. Wu, and S. Das Sarma, Band topology, Hubbard
model, Heisenberg model, and Dzyaloshinskii-Moriya inter-
action in twisted bilayer WSe,, Phys. Rev. Res. 2, 033087
(2020).

[16] L. Rademaker, Spin-orbit coupling in transition metal
dichalcogenide heterobilayer flat bands, Phys. Rev. B 105,
195428 (2022).

[17] Y.-H. Zhang, D. N. Sheng, and A. Vishwanath, SU(4) Chiral
Spin Liquid, Exciton Supersolid, and Electric Detection in
Moiré Bilayers, Phys. Rev. Lett. 127, 247701 (2021).

[18] Y.-H. Zhang, Doping a Mott insulator with excitons in moiré
bilayer: Fractional superfluid, neutral Fermi surface and Mott
transition, arXiv:2204.10937.

[19] E. C. Regan, D. Wang, C. Jin, M. 1. B. Utama, B. Gao, X.
Wei, S. Zhao, W. Zhao, Z. Zhang, K. Yumigeta et al., Mott

125141-16


https://doi.org/10.1146/annurev-conmatphys-031620-102024
https://doi.org/10.1146/annurev-conmatphys-090921-033948
https://doi.org/10.1038/nature26160
https://doi.org/10.1038/nature26154
https://doi.org/10.1126/science.aav1910
https://doi.org/10.1038/s41586-019-1431-9
https://doi.org/10.1126/science.aaw3780
https://doi.org/10.1038/s41586-019-1695-0
https://doi.org/10.1126/science.aay5533
https://doi.org/10.1038/s41567-020-01154-3
https://doi.org/10.1103/PhysRevLett.121.026402
https://doi.org/10.1038/s41586-020-2085-3
https://doi.org/10.1103/PhysRevB.104.075150
https://doi.org/10.1103/PhysRevLett.122.086402
https://doi.org/10.1103/PhysRevResearch.2.033087
https://doi.org/10.1103/PhysRevB.105.195428
https://doi.org/10.1103/PhysRevLett.127.247701
http://arxiv.org/abs/arXiv:2204.10937

COMPETING INSTABILITIES OF THE EXTENDED ...

PHYSICAL REVIEW B 106, 125141 (2022)

and generalized Wigner crystal states in WSe,/WS, moiré
superlattices, Nature (London) 579, 359 (2020).

[20] C. Jin, Z. Tao, T. Li, Y. Xu, Y. Tang, J. Zhu, S. Liu, K.
Watanabe, T. Taniguchi, J. C. Hone et al., Stripe phases in
WSe, /WS, moiré superlattices, Nat. Mater. 20, 940 (2021).

[21] T. Li, S. Jiang, L. Li, Y. Zhang, K. Kang, J. Zhu, K.
Watanabe, T. Taniguchi, D. Chowdhury, L. Fu et al., Con-
tinuous Mott transition in semiconductor moiré superlattices,
Nature (London) 597, 350 (2021).

[22] X. Huang, T. Wang, S. Miao, C. Wang, Z. Li, Z. Lian, T.
Taniguchi, K. Watanabe, S. Okamoto, D. Xiao et al., Corre-
lated insulating states at fractional fillings of the WS,/WSe,
moiré lattice, Nat. Phys. 17, 715 (2021).

[23] L. Wang, E.-M. Shih, A. Ghiotto, L. Xian, D. A. Rhodes,
C. Tan, M. Claassen, D. M. Kennes, Y. Bai, B. Kim et al.,
Correlated electronic phases in twisted bilayer transition metal
dichalcogenides, Nat. Mater. 19, 861 (2020).

[24] S. Goto, S. Kurihara, and D. Yamamoto, Incommensurate spi-
ral magnetic order on anisotropic triangular lattice: Dynamical
mean-field study in a spin-rotating frame, Phys. Rev. B 94,
245145 (2016).

[25] A. Szasz, J. Motruk, M. P. Zaletel, and J. E. Moore, Chiral
Spin Liquid Phase of the Triangular Lattice Hubbard Model:
A Density Matrix Renormalization Group Study, Phys. Rev. X
10, 021042 (2020).

[26] Y. Gannot, Y.-F. Jiang, and S. A. Kivelson, Hubbard ladders at
small U revisited, Phys. Rev. B 102, 115136 (2020).

[27] A. Szasz and J. Motruk, Phase diagram of the anisotropic
triangular lattice Hubbard model, Phys. Rev. B 103, 235132
(2021).

[28] B.-B. Chen, Z. Chen, S.-S. Gong, D. Sheng, W. Li,
and A. Weichselbaum, Quantum spin liquid with emer-
gent chiral order in the triangular-lattice Hubbard model,
arXiv:2102.05560.

[29] A. Wietek, R. Rossi, F. Simkovic, M. Klett, P. Hansmann, M.
Ferrero, E. M. Stoudenmire, T. Schifer, and A. Georges, Mott
Insulating States with Competing Orders in the Triangular
Lattice Hubbard Model, Phys. Rev. X 11, 041013 (2021).

[30] Z. Zhu, D. Sheng, and A. Vishwanath, Doped Mott insulators
in the triangular lattice Hubbard model, Phys. Rev. B 105,
205110 (2022).

[31] X.-Y. Song, A. Vishwanath, and Y.-H. Zhang, Doping the
chiral spin liquid: Topological superconductor or chiral metal,
Phys. Rev. B 103, 165138 (2021).

[32] H. Pan, F. Wu, and S. Das Sarma, Quantum phase diagram of a
Moiré-Hubbard model, Phys. Rev. B 102, 201104(R) (2020).

[33] Y. Zhou, D. Sheng, and E.-A. Kim, Quantum Phases of Tran-
sition Metal Dichalcogenide Moiré Systems, Phys. Rev. Lett.
128, 157602 (2022).

[34] N. Morales-Durén, N. C. Hu, P. Potasz, and A. H. MacDonald,
Non-local Interactions in Moiré Hubbard Systems, Phys. Rev.
Lett. 128, 217202 (2022).

[35] C. Honerkamp, Instabilities of interacting electrons on the
triangular lattice, Phys. Rev. B 68, 104510 (2003).

[36] R. Nandkishore, L. S. Levitov, and A. V. Chubukov, Chiral su-
perconductivity from repulsive interactions in doped graphene,
Nat. Phys. 8, 158 (2012).

[37] K. S. Chen, Z. Y. Meng, U. Yu, S. Yang, M. Jarrell, and J.
Moreno, Unconventional superconductivity on the triangular
lattice Hubbard model, Phys. Rev. B 88, 041103(R) (2013).

[38] M. Laubach, R. Thomale, C. Platt, W. Hanke, and G. Li, Phase
diagram of the Hubbard model on the anisotropic triangular
lattice, Phys. Rev. B 91, 245125 (2015).

[39] R. Nandkishore, R. Thomale, and A. V. Chubukov, Supercon-
ductivity from weak repulsion in hexagonal lattice systems,
Phys. Rev. B 89, 144501 (2014).

[40] J. Venderley and E.-A. Kim, Density matrix renormalization
group study of superconductivity in the triangular lattice Hub-
bard model, Phys. Rev. B 100, 060506(R) (2019).

[41] Y. Huang and D. N. Sheng, Topological Chiral and Nematic
Superconductivity by Doping Mott Insulators on Triangular
Lattice, Phys. Rev. X 12, 031009 (2022).

[42] S. Raghu, S. A. Kivelson, and D. J. Scalapino, Superconduc-
tivity in the repulsive Hubbard model: An asymptotically exact
weak-coupling solution, Phys. Rev. B 81, 224505 (2010).

[43] M. L. Kiesel, C. Platt, W. Hanke, and R. Thomale, Model
Evidence of an Anisotropic Chiral d+id-Wave Pairing State
for the Water-Intercalated Na,CoO, - yH,O Superconductor,
Phys. Rev. Lett. 111, 097001 (2013).

[44] S. Wolf, T. L. Schmidt, and S. Rachel, Unconventional
superconductivity in the extended Hubbard model: Weak-
coupling renormalization group, Phys. Rev. B 98, 174515
(2018).

[45] S. Wolf, D. Di Sante, T. Schwemmer, R. Thomale, and S.
Rachel, Triplet Superconductivity from Non-local Coulomb
Repulsion in Sn/Si (111), Phys. Rev. Lett. 128, 167002
(2022).

[46] M. M. Scherer, D. M. Kennes, and L. Classen, A" = 4 chiral
superconductivity in moiré transition metal dichalcogenides,
arXiv:2108.11406.

[47] X. Cao, T. Ayral, Z. Zhong, O. Parcollet, D. Manske, and P.
Hansmann, Chiral d-wave superconductivity in a triangular
surface lattice mediated by long-range interaction, Phys. Rev.
B 97, 155145 (2018).

[48] P. Hansmann, T. Ayral, L. Vaugier, P. Werner, and S.
Biermann, Long-range Coulomb Interactions in Surface Sys-
tems: A First-Principles Description within Self-Consistently
Combined GW and Dynamical Mean-Field Theory, Phys. Rev.
Lett. 110, 166401 (2013).

[49] J. Lichtenstein, D. Sanchez de la Pefia, D. Rohe, E. Di Napoli,
C. Honerkamp, and S. Maier, High-performance functional
renormalization group calculations for interacting fermions,
Comput. Phys. Commun. 213, 100 (2017).

[50] D. S. de la Peiia, J. Lichtenstein, C. Honerkamp, and M. M.
Scherer, Antiferromagnetism and competing charge insta-
bilities of electrons in strained graphene from Coulomb
interactions, Phys. Rev. B 96, 205155 (2017).

[51] D. S. de la Peiia, J. Lichtenstein, and C. Honerkamp, Com-
peting electronic instabilities of extended Hubbard models on
the honeycomb lattice: A functional renormalization group
calculation with high-wave-vector resolution, Phys. Rev. B 95,
085143 (2017).

[52] S.-J. O, Y.-H. Kim, O.-G. Pak, K.-H. Jong, C.-W. Ri, and
H.-C. Pak, Competing electronic orders on a heavily doped
honeycomb lattice with enhanced exchange coupling, Phys.
Rev. B 103, 235150 (2021).

[53] J. B. Hauck, C. Honerkamp, S. Achilles, and D. M. Kennes,
Electronic instabilities in Penrose quasicrystals: Competition,
coexistence, and collaboration of order, Phys. Rev. Res. 3,
023180 (2021).

125141-17


https://doi.org/10.1038/s41586-020-2092-4
https://doi.org/10.1038/s41563-021-00959-8
https://doi.org/10.1038/s41586-021-03853-0
https://doi.org/10.1038/s41567-021-01171-w
https://doi.org/10.1038/s41563-020-0708-6
https://doi.org/10.1103/PhysRevB.94.245145
https://doi.org/10.1103/PhysRevX.10.021042
https://doi.org/10.1103/PhysRevB.102.115136
https://doi.org/10.1103/PhysRevB.103.235132
http://arxiv.org/abs/arXiv:2102.05560
https://doi.org/10.1103/PhysRevX.11.041013
https://doi.org/10.1103/PhysRevB.105.205110
https://doi.org/10.1103/PhysRevB.103.165138
https://doi.org/10.1103/PhysRevB.102.201104
https://doi.org/10.1103/PhysRevLett.128.157602
https://doi.org/10.1103/PhysRevLett.128.217202
https://doi.org/10.1103/PhysRevB.68.104510
https://doi.org/10.1038/nphys2208
https://doi.org/10.1103/PhysRevB.88.041103
https://doi.org/10.1103/PhysRevB.91.245125
https://doi.org/10.1103/PhysRevB.89.144501
https://doi.org/10.1103/PhysRevB.100.060506
https://doi.org/10.1103/PhysRevX.12.031009
https://doi.org/10.1103/PhysRevB.81.224505
https://doi.org/10.1103/PhysRevLett.111.097001
https://doi.org/10.1103/PhysRevB.98.174515
https://doi.org/10.1103/PhysRevLett.128.167002
http://arxiv.org/abs/arXiv:2108.11406
https://doi.org/10.1103/PhysRevB.97.155145
https://doi.org/10.1103/PhysRevLett.110.166401
https://doi.org/10.1016/j.cpc.2016.12.013
https://doi.org/10.1103/PhysRevB.96.205155
https://doi.org/10.1103/PhysRevB.95.085143
https://doi.org/10.1103/PhysRevB.103.235150
https://doi.org/10.1103/PhysRevResearch.3.023180

GNEIST, CLASSEN, AND SCHERER

PHYSICAL REVIEW B 106, 125141 (2022)

[54] C. Wetterich, Exact evolution equation for the effective poten-
tial, Phys. Lett. B 301, 90 (1993).

[55] N. Dupuis, L. Canet, A. Eichhorn, W. Metzner, J. M.
Pawlowski, M. Tissier, and N. Wschebor, The nonperturbative
functional renormalization group and its applications, Phys.
Rep. 910, 1 (2021).

[56] W. Metzner, M. Salmhofer, C. Honerkamp, V. Meden, and
K. Schénhammer, Functional renormalization group approach
to correlated fermion systems, Rev. Mod. Phys. 84, 299
(2012).

[57] C. Platt, W. Hanke, and R. Thomale, Functional renormaliza-
tion group for multi-orbital Fermi surface instabilities, Adv.
Phys. 62, 453 (2013).

[58] A. A. Katanin, Fulfillment of ward identities in the functional
renormalization group approach, Phys. Rev. B 70, 115109
(2004).

[59] T. Baier, E. Bick, and C. Wetterich, Temperature dependence
of antiferromagnetic order in the Hubbard model, Phys. Rev.
B 70, 125111 (2004).

[60] H. C. Krahl, J. A. Miiller, and C. Wetterich, Generation of d-
wave coupling in the two-dimensional Hubbard model from
functional renormalization, Phys. Rev. B 79, 094526 (2009).

[61] S. Friederich, H. C. Krahl, and C. Wetterich, Four-point vertex
in the Hubbard model and partial bosonization, Phys. Rev. B
81, 235108 (2010).

[62] S. Friederich, H. C. Krahl, and C. Wetterich, Functional renor-
malization for spontaneous symmetry breaking in the Hubbard
model, Phys. Rev. B 83, 155125 (2011).

[63] A. Eberlein and W. Metzner, Effective interactions and fluc-
tuation effects in spin-singlet superfluids, Phys. Rev. B 87,
174523 (2013).

[64] A. Eberlein and W. Metzner, Superconductivity in the two-
dimensional 7-¢'-Hubbard model, Phys. Rev. B 89, 035126
(2014).

[65] J. Wang, A. Eberlein, and W. Metzner, Competing order in
correlated electron systems made simple: Consistent fusion of
functional renormalization and mean-field theory, Phys. Rev.
B 89, 121116(R) (2014).

[66] C. Taranto, S. Andergassen, J. Bauer, K. Held, A. Katanin, W.
Metzner, G. Rohringer, and A. Toschi, From Infinite to Two
Dimensions through the Functional Renormalization Group,
Phys. Rev. Lett. 112, 196402 (2014).

[67] H. Yamase, A. Eberlein, and W. Metzner, Coexistence of
Incommensurate Magnetism and Superconductivity in the
Two-Dimensional Hubbard Model, Phys. Rev. Lett. 116,
096402 (2016).

[68] F. B. Kugler and J. von Delft, Multiloop Functional Renormal-
ization Group That Sums Up All Parquet Diagrams, Phys. Rev.
Lett. 120, 057403 (2018).

[69] F. B. Kugler and J. von Delft, Multiloop functional renormal-
ization group for general models, Phys. Rev. B 97, 035162
(2018).

[70] A. Tagliavini, C. Hille, F. B. Kugler, S. Andergassen, A.
Toschi, and C. Honerkamp, Multiloop functional renormal-
ization group for the two-dimensional Hubbard model: Loop
convergence of the response functions, SciPost Phys. 6, 009
(2019).

[71] C. Hille, F. B. Kugler, C. J. Eckhardt, Y.-Y. He, A. Kauch,
C. Honerkamp, A. Toschi, and S. Andergassen, Quanti-
tative functional renormalization group description of the

two-dimensional Hubbard model, Phys. Rev. Res. 2, 033372
(2020).

[72] P. M. Bonetti, A. Toschi, C. Hille, S. Andergassen, and
D. Vilardi, Single-boson exchange representation of the
functional renormalization group for strongly interacting
many-electron systems, Phys. Rev. Res. 4, 013034 (2022).

[73] C. Honerkamp, Density Waves and Cooper Pairing on the
Honeycomb Lattice, Phys. Rev. Lett. 100, 146404 (2008).

[74] M. L. Kiesel, C. Platt, W. Hanke, D. A. Abanin, and R.
Thomale, Competing many-body instabilities and uncon-
ventional superconductivity in graphene, Phys. Rev. B 86,
020507(R) (2012).

[75] W.-S. Wang, Y.-Y. Xiang, Q.-H. Wang, F. Wang, F. Yang, and
D.-H. Lee, Functional renormalization group and variational
Monte Carlo studies of the electronic instabilities in graphene
near % doping, Phys. Rev. B 85, 035414 (2012).

[76] W. Wu, M. M. Scherer, C. Honerkamp, and K. Le Hur, Corre-
lated Dirac particles and superconductivity on the honeycomb
lattice, Phys. Rev. B 87, 094521 (2013).

[77] M. M. Scherer, S. Uebelacker, and C. Honerkamp, Instabilities
of interacting electrons on the honeycomb bilayer, Phys. Rev.
B 85, 235408 (2012).

[78] M. M. Scherer, S. Uebelacker, D. D. Scherer, and C.
Honerkamp, Interacting electrons on trilayer honeycomb lat-
tices, Phys. Rev. B 86, 155415 (2012).

[79] L. Classen, M. M. Scherer, and C. Honerkamp, Instabilities
on graphene’s honeycomb lattice with electron-phonon inter-
actions, Phys. Rev. B 90, 035122 (2014).

[80] M. H. Fischer, T. Neupert, C. Platt, A. P. Schnyder, W. Hanke,
J. Goryo, R. Thomale, and M. Sigrist, Chiral d-wave super-
conductivity in SrPtAs, Phys. Rev. B 89, 020509(R) (2014).

[81] L. Elster, C. Platt, R. Thomale, W. Hanke, and E. M.
Hankiewicz, Accessing topological superconductivity via a
combined STM and renormalization group analysis, Nat.
Commun. 6, 8232 (2015).

[82] D. M. Kennes, J. Lischner, and C. Karrasch, Strong cor-
relations and d + id superconductivity in twisted bilayer
graphene, Phys. Rev. B 98, 241407(R) (2018).

[83] Q.-K. Tang, L. Yang, D. Wang, F.-C. Zhang, and Q.-H. Wang,
Spin-triplet f-wave pairing in twisted bilayer graphene near
i—ﬁlling, Phys. Rev. B 99, 094521 (2019).

[84] L. Classen, C. Honerkamp, and M. M. Scherer, Competing
phases of interacting electrons on triangular lattices in moiré
heterostructures, Phys. Rev. B 99, 195120 (2019).

[85] C. Bauer, A. Riickriegel, A. Sharma, and P. Kopietz, Non-
perturbative renormalization group calculation of quasiparticle
velocity and dielectric function of graphene, Phys. Rev. B 92,
121409(R) (2015).

[86] K.-U. Giering and M. Salmhofer, Self-energy flows in the
two-dimensional repulsive Hubbard model, Phys. Rev. B 86,
245122 (2012).

[87] K. Veschgini and M. Salmhofer, Low-energy effective theory
at a quantum critical point of the two-dimensional Hub-
bard model: Mean-field analysis, Phys. Rev. B 98, 235131
(2018).

[88] M. Salmhofer, Renormalization in condensed matter:
Fermionic systems from mathematics to materials, Nucl.
Phys. B 941, 868 (2019).

[89] L. Markhof, B. Sbierski, V. Meden, and C. Karrasch, Detecting
phases in one-dimensional many-fermion systems with the

125141-18


https://doi.org/10.1016/0370-2693(93)90726-X
https://doi.org/10.1016/j.physrep.2021.01.001
https://doi.org/10.1103/RevModPhys.84.299
https://doi.org/10.1080/00018732.2013.862020
https://doi.org/10.1103/PhysRevB.70.115109
https://doi.org/10.1103/PhysRevB.70.125111
https://doi.org/10.1103/PhysRevB.79.094526
https://doi.org/10.1103/PhysRevB.81.235108
https://doi.org/10.1103/PhysRevB.83.155125
https://doi.org/10.1103/PhysRevB.87.174523
https://doi.org/10.1103/PhysRevB.89.035126
https://doi.org/10.1103/PhysRevB.89.121116
https://doi.org/10.1103/PhysRevLett.112.196402
https://doi.org/10.1103/PhysRevLett.116.096402
https://doi.org/10.1103/PhysRevLett.120.057403
https://doi.org/10.1103/PhysRevB.97.035162
https://doi.org/10.21468/SciPostPhys.6.1.009
https://doi.org/10.1103/PhysRevResearch.2.033372
https://doi.org/10.1103/PhysRevResearch.4.013034
https://doi.org/10.1103/PhysRevLett.100.146404
https://doi.org/10.1103/PhysRevB.86.020507
https://doi.org/10.1103/PhysRevB.85.035414
https://doi.org/10.1103/PhysRevB.87.094521
https://doi.org/10.1103/PhysRevB.85.235408
https://doi.org/10.1103/PhysRevB.86.155415
https://doi.org/10.1103/PhysRevB.90.035122
https://doi.org/10.1103/PhysRevB.89.020509
https://doi.org/10.1038/ncomms9232
https://doi.org/10.1103/PhysRevB.98.241407
https://doi.org/10.1103/PhysRevB.99.094521
https://doi.org/10.1103/PhysRevB.99.195120
https://doi.org/10.1103/PhysRevB.92.121409
https://doi.org/10.1103/PhysRevB.86.245122
https://doi.org/10.1103/PhysRevB.98.235131
https://doi.org/10.1016/j.nuclphysb.2018.07.004

COMPETING INSTABILITIES OF THE EXTENDED ...

PHYSICAL REVIEW B 106, 125141 (2022)

functional renormalization group, Phys. Rev. B 97, 235126
(2018).

[90] M. Salmhofer and C. Honerkamp, Fermionic renormalization
group flows: Technique and theory, Prog. Theor. Phys. 105, 1
(2001).

[91] V. Y. Irkhin, A. A. Katanin, and M. 1. Katsnelson, Robustness
of the Van Hove Scenario for High-7, Superconductors, Phys.
Rev. Lett. 89, 076401 (2002).

[92] D. Yudin, D. Hirschmeier, H. Hafermann, O. Eriksson, A. L.
Lichtenstein, and M. 1. Katsnelson, Fermi Condensation Near
Van Hove Singularities within the Hubbard Model on the
Triangular Lattice, Phys. Rev. Lett. 112, 070403 (2014).

[93] J. W. Negele and H. Orland, Quantum Many-Particle Systems,
Ist ed. (CRC Press, Boca Raton, FL, 1998).

[94] C. Honerkamp and M. Salmhofer, Flow of the quasiparticle
weight in the N-patch renormalization group scheme, Phys.
Rev. B 67, 174504 (2003).

[95] C. Husemann and M. Salmhofer, Efficient parametrization of
the vertex function, €2 scheme, and the ¢, ¢/ Hubbard model at
van Hove filling, Phys. Rev. B 79, 195125 (2009).

[96] M. Sigrist and K. Ueda, Phenomenological theory of un-
conventional superconductivity, Rev. Mod. Phys. 63, 239
(1991).

[97] R. Nandkishore, G.-W. Chern, and A. V. Chubukov, Itinerant
Half-Metal Spin-Density-Wave State on the Hexagonal Lat-
tice, Phys. Rev. Lett. 108, 227204 (2012).

[98] T. Li, Spontaneous quantum Hall effect in quarter-doped Hub-
bard model on honeycomb lattice and its possible realization
in doped graphene system, Europhys. Lett. 97, 37001 (2012).

[99] I. Martin and C. D. Batista, Itinerant Electron-Driven Chiral
Magnetic Ordering and Spontaneous Quantum Hall Effect
in Triangular Lattice Models, Phys. Rev. Lett. 101, 156402
(2008).

[100] Note that the number of nodes of the pairing solutions does not
simply translate to the number of nodes of the superconducting
gap in the case of 2D irreps, because the superconducting
gap is formed by a specific linear combination of the two
pairing solutions. Depending on the linear combination, the
superconducting gap can be gapless or possess nodes on the
Fermi surface.

[101] T. Ayral and O. Parcollet, Mott physics and spin fluctuations:
A unified framework, Phys. Rev. B 92, 115109 (2015).

[102] T. Ayral, J. Vucicevié, and O. Parcollet, Fierz Convergence
Criterion: A Controlled Approach to Strongly Interacting Sys-
tems with Small Embedded Clusters, Phys. Rev. Lett. 119,
166401 (2017).

[103] J. Beyer, J. B. Hauck, and L. Klebl, Reference results for the
momentum space functional renormalization group, Eur. Phys.
J. B 95, 65 (2022).

[104] C. Honerkamp and M. Salmhofer, Temperature-flow renor-
malization group and the competition between superconduc-
tivity and ferromagnetism, Phys. Rev. B 64, 184516 (2001).

[105] S.-J. O, Y.-H. Kim, H.-Y. Rim, H.-C. Pak, and S.-J. Im, Ef-
fect of exchange interaction on electronic instabilities in the
honeycomb lattice: A functional renormalization group study,
Phys. Rev. B 99, 245140 (2019).

[106] Basis functions, in Group Theory (Springer, Berlin, Heidel-
berg, 2008), pp. 57-75.

125141-19


https://doi.org/10.1103/PhysRevB.97.235126
https://doi.org/10.1143/PTP.105.1
https://doi.org/10.1103/PhysRevLett.89.076401
https://doi.org/10.1103/PhysRevLett.112.070403
https://doi.org/10.1103/PhysRevB.67.174504
https://doi.org/10.1103/PhysRevB.79.195125
https://doi.org/10.1103/RevModPhys.63.239
https://doi.org/10.1103/PhysRevLett.108.227204
https://doi.org/10.1209/0295-5075/97/37001
https://doi.org/10.1103/PhysRevLett.101.156402
https://doi.org/10.1103/PhysRevB.92.115109
https://doi.org/10.1103/PhysRevLett.119.166401
https://doi.org/10.1140/epjb/s10051-022-00323-y
https://doi.org/10.1103/PhysRevB.64.184516
https://doi.org/10.1103/PhysRevB.99.245140

