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Lifetime of quasiparticles in the nearly free electron metal sodium
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We report a high-resolution angle-resolved photoemission (ARPES) study of the prototypical nearly free-
electron metal sodium. The observed mass enhancement is slightly smaller than that derived in previous
studies. The new results on the lifetime broadening increase the demand for theories beyond the random phase
approximation. Our results do not support the proposed strong enhancement of the scattering rates of the charge
carriers due to a coupling to spin fluctuations. Moreover, a comparison with earlier electron energy-loss data on
sodium yields a strong reduction of the mass enhancement of dipolar electron-hole excitations compared to that
of monopole hole excitations, measured by ARPES.
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I. INTRODUCTION

The understanding of electron-electron (e-e) many-body
interactions in metals is an ongoing challenge in solid-state
physics for many decades. These interactions are of great
interest because they determine transport, thermal, and mag-
netic properties of metals. There are also many indications,
that e-e interaction, e.g., spin fluctuations [1] mediates un-
conventional superconductivity in cuprates and ferropnictides.
These interactions are the subject of numerous experimental
and theoretical studies during the past decades. Very often,
they start from the classical behavior of normal metals (Fermi
liquids) assuming that these are well understood.

Here we report a study of the simplest nearly free elec-
tron metal Na. Even in this prototypical Fermi-liquid metal,
there are unresolved issues. Numerous attempts have been
made to understand the electronic structure including the
mass enhancement m∗/m = 1.28, using integrated and angle-
resolved photoemission spectroscopy (ARPES) [2–7]. The
mass renormalization is related to the real part of the self-
energy Re �. Various state-of-the-art many-body techniques
were used, starting with the random phase approximation
(RPA) [8], theories beyond RPA including the GW formalism
with all types of approximations (GW +) [9–14]. Correlation
effects have been discussed in Refs. [15–17]. There are ongo-
ing discussions about the influence of spin fluctuations [18].

*Corresponding author: J.Fink@ifw-dresden.de

More recently, a strong increase in the scattering rate � due
to a strong coupling to spin fluctuations was predicted but not
a corresponding increase in the mass enhancement [19]. � is
related to the inverse lifetime τ and to the imaginary part of
the self-energy by the relation � = −2Z Im �, where Z is the
renormalization function, which for a less-correlated material
is expected to be constant and close to the Fermi level equal
to Z = m/m∗ [20].

The early ARPES studies on the mass enhancement of the
quasiparticles in Na [5–7] were performed with an energy res-
olution of 0.3 eV. No linewidth analysis has been performed
in these studies. Here we report not only on the mass en-
hancement, but also on the energy dependence of the lifetime
broadening with an energy resolution, which is improved by a
factor of 10 compared to the earlier experiments.

Based on our new ARPES data we hope that we contribute
to the general understanding of many-body problems in nor-
mal metals (Fermi liquids), which may also help to understand
the normal state of cuprate superconductors (marginal Fermi
liquids [21]), and iron pnictides which show “super-Planckian
scattering rates” [22–24].

II. EXPERIMENTAL

The experiments were performed at the 12 ARPES end
station using the UE 112-PGM-2a beamline. Additional ex-
periments were performed at the spin-ARPES end station of
the U125-PGM beamline. As a substrate we used a W(110)
single crystal. This crystal was cleaned before deposition
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FIG. 1. Experimental energy-momentum distribution map of Na
measured along the ky direction using horizontally polarized photons.
Red line: dispersion derived from a Lorentzian fit to momentum
distribution curves. White dashed line: fit of the maxima of the
Lorentzians with a parabolic dispersion.

by annealing in O atmosphere (1 × 10−7 mbars) at 1200
◦C followed by flashing at 2200 ◦C. The quality of the
W(110) surface was verified by low-energy electron diffrac-
tion (LEED) experiments, core-level spectroscopy on the W
4 f level, and by ARPES experiments.

Na was evaporated out of a Mo crucible on the single-
crystalline W substrate, cooled to 20 K. Subsequently, the
sample was annealed for 15 min at room temperature. Most of
the results reported here were obtained from a Na(110) film
having a thickness of about 15 nm. During measurements,
the temperature of the crystal was 20 K. The base pressure
of the experimental setup was better than 6 × 10−11 mbars.
Photoelectrons were detected with Scienta R8000 and R4000
electron analyzers at the UE 112-PGM-2a and U125-PGM
beamlines, respectively. The overall experimental energy and
momentum resolutions were set to 30 meV and 0.2 ◦, respec-
tively.

III. EXPERIMENTAL RESULTS

In Fig. 1 we show an energy-momentum distribution map
measured with a photon energy of hν = 70 eV along k‖ =
ky = � − N = 〈100〉 at a kz value corresponding to the �

point in the third Brillouin zone (BZ). The � point has been
determined from similar photon-energy-dependent spectra de-
scribed in Appendix A. We determined the dispersion E (k) by
fitting momentum distribution curves with Lorentzians. The
white dashed line is a fit of the derived dispersion with a
parabola. The spectral weight at the bottom of the band is
rather low when compared with that at the Fermi level. The
reason for this is related to matrix element effects. The initial
state has predominantly s character, i.e., it is even with respect
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FIG. 2. Experimental Fermi-surface map of Na(110) measured
with horizontally (‖ kx) polarized photons. The data are symmetrized
relative to kx = 0. Red lines: part of the Brillouin zone.

to the kx-kz mirror plane. We measured with photons having
a horizontal polarization. This means the dipole operator is
even relative to that mirror plane. The vanishing intensity
could indicate that the final states, which according to dipole
excitation must be of p character, are predominantly odd with
respect to the scattering plane. The situation is very similar to
our previous study of the waterfall dispersion of the spectral
weight in Nd2CuO4 [25].

In Fig. 2 we depict the Fermi surface of Na(110) measured
with a photon energy of hν = 70 eV on the kz = �, kx-ky

plane. The data were derived by a summation of intensities
in an energy range of 0.015 eV close to the Fermi level. The
Fermi surface is close to a circle as expected for a nearly free
electron metal. The Fermi wave vector along the ky line is
kF = 0.91 1/Å. The small deviations from a circular Fermi
surface detected in the present experiment are caused possi-
bly by a flattening and splitting of the dispersion due to the
proximity to the BZ, or by a nonperfect angle calibration of
the lens parameters or alignment.

In the corners of Fig. 2 we detect a faint signal of the Fermi
surface of the second BZ. This observation indicates that the
orientation of the Na(110) single crystal is along the main
high-symmetry lines. This also supports that the momentum
distribution map, presented in Fig. 1, is measured along the
〈100〉 (ky) direction.

In Fig. 3 we present a waterfall plot of momentum dis-
tribution curves as a function of energy together with an
“all at once fit” [26]. For the fit we use a quartic disper-
sion E (k) = W − γ1k2 − γ2k4. A small deviation from a free
electron parabolic dispersion was also derived from band-
structure calculations for Na [27]. From the fit we obtain the
following parameters: W = 2.78 eV, γ1 = 3.77, γ2 = −0.49
eV Å4, and the total line width broadening �(E )exp, corrected
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FIG. 3. Waterfall plot of ARPES momentum distribution curves
of the valence band as a function of energy (black dots) in the
energy range of 0.103 � E � 2.263 eV, measured along ky (see
Figs. 1 and 2). Green line: “all-at-once” fits of the spectral function
with energy-dependent lifetime broadening and including correc-
tions from finite energy and momentum resolution.

for finite experimental resolution for each energy. From a
comparison of the bottom of the band W with that derived
from the local-density approximation (LDA) band-structure
calculations (WLDA = 3.18 eV [27]), a mass renormalization
m∗/m0 = 1.14 is calculated.

We emphasize, that we do not use the traditional
method for the evaluation of the energy dependence of the
linewidth, i.e., fitting the momentum distribution curves with
Lorentzians and multiplication the derived widths in momen-
tum space with the velocity. Rather we fit the two-dimensional
data with the spectral function described with parameters re-
lated to the width in energy space at each energy.

To obtain the lifetime broadening of the photohole �in
h (E )

due to e-e interaction, we have to subtract contributions from
elastic scattering �el

h (E ) and/or a broadening due to a finite
inverse lifetime �e of the photoelectrons.

First, we assume that the finite value �el
h (0) is completely

determined by impurity scatterers. The constant mean dis-
tance d between the impurities is equal to 1/�k, where �k is
the momentum width at the Fermi level. Then the broadening
due to elastic scattering is given by v(E )�k, where v(E ) is the
energy-dependent group velocity taken from the experiments.

Second, we assume that the broadening at kF is caused
by the finite lifetime broadening �e of the final-state pho-
toelectron, which is usually termed the “final-state effect.”
For normal emission, the final-state broadening leads at the
Fermi level to a broadening [vh(E )/ve(E )]�e [28–36], where
vh(e) and ve(E ) are the photohole and photoelectron group
velocities, respectively. Then the inelastic-scattering rate of
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FIG. 4. Inelastic (e-e) -scattering rates � of photoholes in Na as
a function of energy. Black dots: corrected ARPES data derived from
the fit presented in Fig. 3. Green solid line: fit with �in

h (E ) = αEn.

the photoholes is given by �in
h (E ) = �exp(E ) − (vh/ve )�e.

For the more general corrections in the off-normal case, we
use the register-line formalism [37–39] which is discussed
in detail in Appendix B. We conclude that in the analyzed
energy range we get a very similar inelastic-scattering rate
�in

h (E ) regardless of whether we apply corrections caused by
elastic scattering or by the final state effect. Using the mean
value of such corrections we obtain the inverse hole lifetime
�in

h (E ) which is depicted in Fig. 4. The result can be fitted
using the relation �(E ) = αEn with α = 0.131 ± 0.012 and
n = 1.98 ± 0.08 (see Fig. 4). In Appendix B we depict the
uncorrected curve which, at the Fermi level has a finite value
of 0.18 eV.

The real and the imaginary parts of the self-energy are
connected by the Kramers-Kronig transformation (KKT).
This means that an enhancement of the scattering rate leads
in tandem to an enhancement of the effective mass. Us-
ing the renormalization constant Z = m/m∗=0.88 from the
band width renormalization we have calculated Im �(E ) =
−�(E )/2Z . Upon performing the KKT of Im �(E ) we ob-
tain Re �(E ). From this, the mass renormalization m∗/m =
1 + Re �(E )/E = 1.18 can be calculated. This value is close
to the value obtained directly from the band renormalization
(see above and Table I).

IV. DISCUSSION

The dispersion, derived from the data in Fig. 1 is very
close to a parabola. This is expected for a nearly free elec-
tron metal. A possible kink due to electron-phonon coupling
would appear at very low energies because of the low Debye
energy 	D = 0.013 eV of Na [40], and it would be very weak
because the electron-phonon coupling should be small in a
nearly free electron system, such as the nonsuperconducting
Na. In Table I we compare the bandwidth and the mass
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TABLE I. ARPES data of Na compared with theoretical data
from the literature: ARPES, present paper, ARPES/KKT effective
mass derived by a Kramers-Kronig transformation of the scatter-
ing rate, ARPES from Plummer’s group, RPA FEG, free-electron
gas,RPA LDA, GW LDA + plus approximations, and GW LDA SF
plus spin fluctuations. W : bandwidth, m∗/m mass renormalization
using WLDA = 3.18 eV from LDA calculations [27]. α: prefactor from
the fit of the corrected scattering rates. �e: lifetime broadening of the
photoelectron.

W (eV) m∗/m α (1/eV) �e (eV)

ARPES a 2.78 1.14 0.131 ± 0.012 �4.8
ARPES/KKTb 1.18
ARPESc 2.5–2.61 1.28
RPA FEGd 2.96 1.10 0.05–0.077 3.3
RPA LDAe 0.1 3.3
GW + f 2.52–2.89 1.11–1.26 0.10–0.34
GW LDA SFg 2.51 1.27 0.47

aARPES, present paper.
bARPES+KKT, present paper.
cReferences [5–7].
dReferences [8,9,11,20,42,43].
eReference [11].
fReferences [12,19].
gReference [19].

enhancement (assuming a parabolic dispersion) with results
from the Plummer group and theoretical calculations. The
reduction of the bandwidth when compared with that from
LDA calculations [27] is slightly less than that of the early
ARPES study. Correspondingly, also the mass enhancement is
slightly smaller. On the other hand, the deviations compared to
the earlier values are not very pronounced. This means that the
discussion of the bandwidth reduction should follow earlier
work. The free electron RPA calculations yield mass enhance-
ments which are too small and the GW approximation or local
field corrections are needed to describe the experimental data
(see Table I).

The energy dependence of the linewidth is almost perfectly
quadratic. The exponent n = 1.98 ± 0.08 is very close to two.
The quadratic energy dependence extends over a large en-
ergy range up to 2.2 eV corresponding to a temperature of
250 00 K.

The prefactor α is considerably higher than that of the
RPA free electron value of Quinn and Ferrel (α = 0.076) [8].
Because the real part of the self-energy, determining the
bandwidth, and the imaginary part, determining the lifetime,
is connected via the KKT, this difference is expected when
regarding the data in Table I. Thus, our data on the lifetime
broadening demand that one has to go beyond RPA. This is
expected because Na with an rS value close to 4 is not a
high-density Fermi liquid. Theoretical calculations using the
GW approximation or local field corrections are closer to
the experimental data. On the other hand, the calculations by
Lischner et al. [19] postulating the importance of spin fluctu-
ations for the scattering rate yield a much too high prefactor
α (see Table I). Thus, our experimental results do not support
the proposed strong coupling of the conduction electrons to
spin fluctuations in Na.

Comparing the α value of the valence electrons in Na with
α = 0.24 derived for surface states in the 4d-metal Mo [41]
signals the expected enhanced scattering rate in 4d metals
relative to that of sp metals.

Next we discuss a comparison of our ARPES data with
data of interband and intraband excitations in Na [44] mea-
sured by electron-energy-loss spectroscopy (EELS). From the
cutoff of interband transitions a mass enhancement m∗/m =
1.05 ± 0.04 was derived. A similar value of m∗/m=1.0 was
obtained from the analysis of zone boundary collective states,
a combination of intraband and interband excitations from the
band bottom to states near the BZ. The inconsistency between
the ARPES and the EELS data on the effective mass was
already previously noted [45]. It can be rationalized in the
following way: EELS measures inter- or intraband excitations,
i.e., two particle or electron-hole excitations with dipole char-
acter. They are less screened than single-hole or monopole
excitations detected in ARPES experiments.

Final-state effects may have far-reaching implications for
the interpretation of all ARPES data. E. g., in Ref. [46] it is
claimed, that the mass renormalization of the valence elec-
trons detected in ARPES is related to final-state effects. This
interpretation can be ruled out because a similar mass en-
hancement m∗/m = 1.256 has been detected in de Haas–van
Alphen effect measurements [47].

Assuming that the momentum width �kF = 0.045 1/Å is
predominantly caused by elastic scattering we derive a mean-
free path of the photoelectrons at the Fermi level of 1/�kF =
22 Å.

Assuming that the broadening at the Fermi level is predom-
inantly caused by the finite lifetime of the photoelectrons, we
derive the result �e = 4.8 eV. This value is in rather good
agreement with the value of about 3 eV estimated for 100-
eV electrons in Na from an analysis of LEED data [28] or
the theoretical value calculated on the basis of a coupling to
plasmons in a free electron model (RPA) [20] or using RPA
LDA [11] predicting �e=3.3 eV. Using a free electron ap-
proximation one can also estimate the mean free path of 70 eV
photoelectrons in Na: ve/�e = 6 Å. This value is close to 8 Å
resulting from core-level photoelectron experiments [36]. The
agreement of our results for the lifetime broadening and the
mean free path of the photoelectrons with those in the litera-
ture supports our evaluation of the lifetime of the photohole
as a function of energy.

V. SUMMARY

In the present high-resolution ARPES study of the pro-
totypical nearly free electron metal sodium, we confirm
previous results of the mass enhancement of the charge car-
riers, although with a slightly smaller value. In addition, we
present the energy dependence of the lifetime broadening. A
perfect quadratic energy dependence is observed. The prefac-
tor is enhanced compared to RPA calculations. The reason is
that sodium is not in the high-density region, thus, expecting
slightly larger scattering rates caused by many-body inter-
actions. The central result of our sodium ARPES study is,
that it does not support the theoretical prediction of a rather
strong enhancement of the lifetime broadening of the quasi-
particles due to a coupling to spin fluctuations. A comparison
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FIG. 5. Fermi wave-vector kF (black markers) of sodium as a
function of the photoelectron wave vector kz, normal to the sample
surface, or the photon energy. Black solid line: least-squares fit of the
data to a circular Fermi surface.

with excitations studied with EELS indicates that those
dipolar two-particle excitations are much less screened than
the single-particle excitations studied by ARPES.
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APPENDIX A: THREE-DIMENSIONAL NATURE OF THE
FERMI SURFACE

In addition to the k‖ dependence of the Fermi wave vector
presented in the main paper, we have also performed photon
energy-dependent ARPES experiments to obtain information
on the kz dependence of the Fermi surface. ARPES data of
the Fermi wave-vector kF as a function of the wave-vector kz

are presented in Fig. 5. We have added a scale of the photon
energy. The experimental data were fitted by

kF (kz ) = [k
2
F − (kz − kz0)2]0.5. (A1)

We obtain for the average Fermi wave-vector kF = 0.88
(1/Å), which is close to the value of kF = 0.91 (1/Å) derived
from the k‖ = ky-dependent dispersion presented in the main
paper. The maximum of kF (kz ) appears at kz = 4.48 (1/Å) or
hν = 69 eV. This shows that the photon energy hν = 70 eV
used in the main paper is close to a value corresponding to
a plane with kz = 0. The results demonstrate the nearly free
three-dimensional nature of the Fermi surface.

APPENDIX B: CORRECTIONS FOR ELASTIC
SCATTERING AND FINAL STATE EFFECTS

The experimental data on scattering rates �exp are com-
posed out of three contributions: the inelastic-scattering rate
of the photohole �in

h , which is the central quantity of the
main paper, the elastic-scattering rate of the photohole �el

h
due to impurities, and contributions due to the finite lifetime
broadening of the excited photoelectron in the final-state �e.
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FIG. 6. Presentation of the total scattering rates derived from
ARPES (black markers) together with data corrected for energy-
dependent elastic-scattering �el

h (E ) (green markers) and data
corrected for energy-dependent final-state broadening �i

h (E )(red
markers). The solid lines are least-squares fit with �i

h (E ) = αEn.

In a Fermi liquid, at the Fermi surface, �i
h is expected to

be zero. Then �exp(0) is the sum of �el
h (0) and �e(0). If the

energy dependence of the latter two quantities is known, the
experimental scattering rates can be corrected in the entire
energy range to yield �i

h(E ) [2,28–36,39].
In Fig. 6 we plot the total lifetime broadening derived

from the ARPES data shown in Fig. 3 of the main paper. As
described above, the finite offset at the Fermi level is due to
the elastic-scattering �el

h (0) and/or due to �e(0).
First, we discuss the case where the offset is completely

determined by elastic scattering. Usually, it is assumed that
the elastic-scattering rate �el

h is independent of the energy
E . As it is caused by elastic scattering by impurities which
are separated by a mean distance d , the inverse lifetime
1/τ el = �el

h = dvh, where vh is the group velocity of the
quasiparticles/photoholes. Close to the Fermi level, it is
a good approximation to assume a linear dispersion from
which follows that vh is constant and, therefore, �el

h should
be constant. On the other hand, in the present paper, we
study the spectral weight over a large energy range and the
dispersion is parabolic leading to an energy-dependent ve-
locity. Close to the Fermi level it is high whereas at the
bottom of the band it is zero. Thus, the elastic-scattering
rate should be �el

h (E ) = [vh(E )/vh(0)]�el
h (0). The corrected

values �in
h (E ) = �exp(E ) − �el

h (E ) are presented in Fig. 6
by green markers. From a least-squares fit with �in

h = αEn,
we obtain the parameters α = 0.118 ± 0.002 and n = 2.06 ±
0.02.

Next, we discuss the case where the offset of the width at
the Fermi level is completely determined by a finite lifetime
broadening of the photoelectrons. Following the register-
line formalism [37–39], the experimental broadening �exp is
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given by

�exp = (�h + R�e )/(1 − R). (B1)

where �h and �e are the inverse lifetime of the photohole and
the photoelectron, respectively. R is given by

R = ê · ∇kEh

ê · ∇kEe
. (B2)

ê is a unit vector which is tangential to the register line (RL),
and ŷ and ẑ are unit vectors determining the y-z scattering
plane.

We approximate the dispersion of the photohole and the
photoelectron by a free-electron band E = (h̄2/2m)(k2

y + k2
z ).

Then the gradients in Eq. (B2) are

∇kE (k) = (h̄2/m)(ŷky + ẑkz ). (B3)

For a free photoelectron state the RL is given by

kz =
(

2m0

h̄2 V0 + k2
y cot2 	

)1/2

. (B4)

	 is the scattering angle relative to ẑ. The inner potential
V0 = 10 eV was derived from the energy-dependent ARPES
experiment on Na [5]. It is consistent with our data presented
in Fig. 5 of Appendix A. The unit-vector ê is determined by

ê = ŷey + ẑez = ŷ + ẑ(ky/kz ) cot2 	

[(ky/kz )2 cot4 	 + 1]1/2
. (B5)

In the present experiment, we measure the photohole disper-
sion for kz = 0. Then combining Eqs. (B3) and (B5) and using
a renormalized free electron band with an effective mass m∗,
we obtain

R = sin2 	/m∗. (B6)

For a Fermi liquid the photohole broadening �h(0) at
the Fermi level is zero and assuming that the elastic-
scattering broadening is negligible, the experimental broaden-

ing �exp(E ) is completely caused by the lifetime broadening
of the photoelectron, which can be calculated from

�e = �exp(0)[1 − R(0)]/R(0). (B7)

On the other hand, if the final-state broadening �e is known,
the photohole broadening �h can be derived from the exper-
imental data �exp. This has been discussed and demonstrated
in numerous papers in the literature [28–36,39].

Using the experimental broadening at the Fermi level
�exp = 0.18 eV, we derive for the photohole broadening �e =
4.8 eV. This is a maximal value which may be reduced by
finite contributions from elastic scattering. The value, which
is expected to be weakly photon energy dependent, is close to
�e ≈3 eV estimated for a photon energy of 100 eV derived
from an analysis of LEED data [28].

Here we remark that the finite-energy resolution, although
considered in our evaluation, has no influence on our results
because it is much smaller (�E = 0.03 eV) than the correc-
tions due to elastic scattering and final-state effects (0.18 eV).
Moreover, we emphasize that an energy-dependent matrix
element was taken into account in our linewidth analysis [26].

Going back to the case of a broadening which is completely
caused by final-state effects we derive for the energy-
dependent initial-state broadening,

�fs
h (E ) = �exp(E )[1 − R(E )] − R(E )�e. (B8)

The data for �fs
h (E ) corrected for the finite lifetime of the

photoelectron are depicted in Fig. 6 by red markers. In this
case a least-squares fit yields α = 0.143 ± 0.002 and n =
1.90 ± 0.02. The parameters and the corrections are not very
different from those using solely elastic-scattering contribu-
tions.

This comparison shows, that the parameters describ-
ing the energy-dependent e-e scattering rates �h, presented
in the main paper, are nearly independent of the character
of the corrections. In the main paper, we present in Fig. 4
the mean value for �h = (�el

h + �fs
h )/2 and the corresponding

parameters.
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