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Double quantum dots are one of the promising two-state quantum systems for realizing qubits. In the quest of
successfully manipulating and reading information in qubit systems, it is of prime interest to control the charge
response of the system to a gate voltage, as filled in by the dynamical charge susceptibility. We theoretically
study this quantity for a nonequilibrium double quantum dot by using the functional integral approach and
derive its general analytical expression. One highlights the existence of two lines of maxima as a function of the
dot level energies, each of them being split under the action of a bias voltage. In the low frequency limit, we
derive the capacitance and the charge relaxation resistance of the equivalent quantum RC-circuit with a notable
difference in the range of variation for R depending on whether the system is connected in series or in parallel.
By incorporating an additional triplet state in order to describe the situation of a double quantum dot with spin,
we obtain results for the resonator phase response which are in qualitative agreement with recent experimental
observations in spin qubit systems. These results show the wealth of information brought by the knowledge of
dynamical charge susceptibility in double quantum dots with potential applications for spin qubits.
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I. INTRODUCTION

In double quantum dots (DQDs), the knowledge of the
dynamical charge susceptibility (DCS), which measures the
ability of a system to adapt its electronic charge to an ac
gate-voltage, is of fundamental interest in the general con-
text of circuit quantum electrodynamics with gated GaAs,
silicon, and germanium semiconductor quantum dots. This
field has become all the more important because of its ex-
pected implications in manipulation, control and readout of
spin qubits [1]. There certainly are some theoretical works on
charge susceptibility in DQD but they are mainly restricted to
the study at zero frequency [2—4] and in the low frequency
regime with the determination of mesoscopic admittance [5]
and quantum capacitance [6], or to calculations performed
at the lowest order in dot-lead coupling amplitude [7]. Elec-
trical transport experiments in DQD systems are, however,
restricted neither to the weak dot-lead coupling regime nor
to the measurement at low frequencies. On the contrary, in
the last ten years one has witnessed a considerable experi-
mental effort [§—16] with measurements performed by using
either on-chip superconducting resonant detectors [17-19] or
dispersive probed microwave spectroscopy via reflectometry
techniques [20-22], all of them made in the high frequency
regime. To accompany this growing experimental develop-
ment, it becomes of primary importance to progress on the
theoretical level in order to investigate circuit quantum elec-
trodynamics at high frequency in nanoscale systems. Indeed,
the interpretation of these experiments requires the precise
knowledge of the DCS at any frequency and temperature
range, in both equilibrium and out-of-equilibrium DQDs. This
article is precisely devoted to this theoretical issue. It is orga-
nized as follows: In Sec. II we present the functional integral
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approach used to solve this problem and give the expression
for the dynamical charge susceptibility; in Sec. III we give the
results for both serial and parallel DQDs; in Sec. IV we focus
on the characterization of the equivalent quantum RC-circuit
to the DQD system. Finally, in Sec. V, we study the reflection
phase of the system considered as a resonator embedded in
an electromagnetic environment, shedding new light on recent
measurements performed in microwave reflectometry experi-
ments in spin qubit systems. We conclude in Sec. VI.

II. MODEL

A. Functional integral approach

Let us consider a DQD connected to two leads described by
the Hamiltonian H = ’Hledds + Haots + 'Hh()p, with Hleads =

Za L Rikea EakC chak’ Hdots =D 128 d d + VlZd le +

Vad,'dy, and oy = 2=t Rikea 2oi=12 Vi akcakd +H.c.,
where &; is the energy level of the dot i, V), is the interdot
coupling, &4 is the energy of one electron with momentum
k in the lead o, and V; 4 is the hopping energy between the
dot i and the lead o for momentum k. The very general form
considered in the expression for # allows one to describe
the situations where the two dots are connected in series as
well as in parallel (see Fig. 1). We use the functional integral
approach to derive the expression for the DCS. The partition
function of the system writes

Z= f]_[ dd,"dd; [ dedeare —Jy deL@), (1)

i=1,2 a=L,R
kea

where L(7) =) i) 5 4 0:di + 3, L Rikea CagOrCak — H is

the Lagrangian, dl.m and co([z), the Grassmann variables
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FIG. 1. Schematic view of the DQD in the (a), (c) serial and (b),
(d) parallel geometries. At & = &, and for symmetrical couplings to
the leads, the bonding state A_ is disconnected from the leads in the
parallel geometry.

associated with the operators Zi\i”) and ?O(lz). By integrating
over the Grassmann variables Cox = Cop — =12 Viak(0: +

6
eak)”'d; [23], one gets Z = [[],_,dd, ddje™Jo dTEen®),
where Lg(7) is an effective Lagrangian defined as

Le(t) = d," d,")
(et Tu@ Y12(7) (d1>
O + &2+ Ton(r) ) \d2)’

Ya1(T)

2
where  2(1) = 3 0k Xokea Via8ak (TWVjak,  2;5(8) =
Y:(e)+ V;, within the notation 1 =2 and 2=1, and
8uk(t) = —(0; + gqx)” ! is the Green function in the lead «

for momentum k. In the wide-flat-band limit for electrons
in the leads and when V; 4 is assumed to be k-independent,
one has )Z’J(e) = —il;;/2 and Ty; =} ,_; pTaj, where
La,ij = 20V Vi ok P The density of states p, in the lead o

i,ak
is assumed to be equal to W !, where W is the energy band
width taken as the energy unit in the rest of the article. From

Eq. (2) one extracts an effective Hamiltonian given by

81—iF]1/2 Ve —1F12/2
Heff=< . oy ) 3)
21 —ZFZI/Z 82—lr22/2
which can be diagonalized leading to the eigenenergies
1 r r
Aizz(sl—i%jLsz—i%:l:A), (4)

with A?= (g1 — il"1;1/2— &2 + iT0/2)*+ 4(V}5 — iT12/2) x
(V,y —iI'21/2). The corresponding eigenstates are the bond-
ing and anti-bonding states of the DQD. They have a finite
relaxation rate related to the imaginary parts of Ay, resulting
from energy dissipation through connections to leads [24].

B. Dynamical charge susceptibility

For a DQD, the charge susceptibility is X.(z,t') =
Zi,j=1,2 oo Xi(t, 1), where oy, are the lever-arm coeffi-
cients measuring the asymmetry of the capacitive couplings
of each of the two dots to the gate voltage [4]. In the linear
response theory it is related to a correlation function through a
Kubo- type formula Xijt, 1) =i0@ —t¢ )([AN (1), AN ((B))
with N; = d d Decomposing the correlation function in the
eigenstate bas1s and taking the Fourier transform, for the DCS
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FIG. 2. Color-scale plots of |X.(w)| as a function of ¢, and &;
for a serial DQD at various values of w and V, with u;, = eV/2 and
ur =—eV/2,and " = 0.01, Vj, = 0.1, kgT = 0.01.

one gets: Xe(w) = Y . Cy, Xy, (@), Where Cys, are co-
herence factors defined in Ref. [23]. &, (®) can be expressed
as a function of the Green functions in the dots following

[G5,,(6)G° (6 — Tiw)
T

* de
Xv]s (a)) = l/ ~_
2 2

+ G (e + hw)G;, (8)]. )

where G"*~ are retarded, advanced,

rium Green functions in the eigenstate basis. G™*

and nonequilib-

diagonal matrices of elements G (¢) = (¢ — As)~! and
G4(e) = (¢ —A%)~". In the steady state, one has G (e) =
g’(s)g”f(s)g G“(e), where U is the transition ma-
trix from the initial state basis to the eigenstate basis,
2=(e) = iZa:L, rJa ()L e the nonequilibrium self-energy,
and f,(e) = [1 4+ exp((e — ue)/ksT)]~"!, the Fermi-Dirac
distribution in the lead o of chemical potential u, and tem-
perature 7. We have thus established a general expression
for the DCS of a nonequilibrium DQD, valid whatever its
geometry is.

III. RESULTS AND DISCUSSION
A. DQD in series

The results obtained for a DQD symmetrically connected
in series are shown in Fig. 2. The variation of the absolute
value of the DCS, | X, (w)], is plotted in the form of color-scale
plots as a function of ¢; and &,. Figures 2(a) and 2(b) show the
presence of peaks in |X,(0)| along four branches denoted as
BE, BR, BL and BR corresponding to the alignment of the
bonding and anti-bonding state energies, with the chemical
potential in the leads occurring when Re{A.} = py g [4]. Ac-
cording to Eq. (4), one has

=L e — T+ V(e — ) +4VuP),  (6)

making use of FL,I] = FR,22 = F, FL,ZZ = rR,ll = 0, and
I'p12 =Tg12 = 0,and assuming &) = ap = 1 and Vi = V.
At zero voltage, B and BR coincide (the same for B and
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FIG. 3. Same as Fig. 2 for a parallel DQD.

B_’i). BER and Bi’R are two branches of a hyperbole of equa-
tions 16, = |V12|?, separated by a minimal distance along the
diagonal D of equation &; = &, taking the value of 2|V);|.
From Eq. (6), the imaginary part of Ay are both equal to
—I'/2 and independent of ¢, and &,. As a result, the width
of the charge susceptibility peak arcs is uniform along the
branches B’;R, as observed in Fig. 2(a). At finite voltage,
Fig. 2(b) shows the splitting of the peak arcs into two branches
BE and BR, respectively B% and Bf, with the reduction of
the intensity along half of the arcs due to the fact that for a
serial DQD, only the dot 1 is connected to lead L and the
dot 2 to lead R. Thus, only the horizontal end of Bi or the
vertical end of Bi lead to a significant value of | X (0)|. At
finite frequency, one observes a broadening of the peak arcs
located around the B%:* branches, together with the formation
of an additional central peak at &; = ¢, = 0 [see Figs. 2(c) and
2(d)]. An exact expression for X, (w) is derived from Eq. (5)
at T = 0 when & = &; and V,; = V), for a serial DQD [23].
It writes Xo(@) = D1 > s g Xi.o(@) With

how(hw + i)
P ) Eep—— Y LRI D
()= e i) ( r £ )>
@)
where A (¢) = —Im{G’, (¢)}/m are the spectral function con-

tributions from the anti-bonding and bonding states.

B. DQD in parallel

Figure 3 shows the results obtained for a parallel DQD with
symmetrical couplings: Iy ;; = T', Vo, i, j, withay = ap =1
and V), = V»;. At zero frequency, one observes three dif-
ferences towards the situation in series: (i) the intensity of
|X.(0)] is reduced on the branches B %; (ii) | X,.(0)] undergoes
an extinction of its intensity at the intersections between the
branches BER with the diagonal D; (iii) at finite voltage,
|X:(0)] is of equal intensity along both halves of the branches
BER (respectively Bi’R). These differences are understood as
follows. According to Eq. (4), one has

e = Lo+ 62— 2T £ (61 — 22 + 4V — D). (8)
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FIG. 4. Capacitance C and resistance R as a function of Vy, for a
DQD in (a), (c) series and (b), (d) parallel at various values of V and
&1 =6 =0,T=0.1,kgT = 0.01.

The imaginary parts of A depend on &, and &;, contrary
to what happens in the case in series where the imaginary
parts of A, were equal to —I"/2 [see Eq. (6)]. Typically the
imaginary part of A for the parallel DQD is large along the
branches Bi’R explaining the fact that the intensity of |, (0)]
on the latter branches are reduced [property (i)]. Along the
diagonal D of equation ] = ¢, = &g, one has A_ =gy — Vi
whereas Ay = g9 + Vip — 2i[". The imaginary part of A_ is
zero, meaning that the bonding state of the parallel DQD is
disconnected from the leads, eliminating any dissipation effect
through contacts to leads, and causing a significant reduction
in the intensity of |, (0)| at the intersection of branches BLR
and diagonal D [property (ii)]. Finally, the property (iii) can be
understood as follows: At finite voltage |X.(0)| is maximal on
the branches B~ F with equal intensity along both halves of the
branches since each dot are equally connected to L and R leads
for parallel DQD. At finite frequency, Figs. 3(c) and 3(d) show
the broadening of the branches B5" and the widening of the
gap in the branches BER ALT = 0,6, = & and Vy; = Vpa, an
exact expression for &, (w) is derived from Eq. (5) in the par-
allel geometry [23]. Itreads as X(@) = >, Dy g Xal(@)
where X_ ,(w) = 0 and

2
heo(ha + 4iT)
( ho(hw + 4iT)
xIn{l—- ——
4T

XJr,a (a)) =
A+(Ma))~ ©)

IV. EQUIVALENT QUANTUM RC-CIRCUIT

We now focus on the characterization of the equivalent
quantum RC-circuit to the DQD whose capacitance and
charge relaxation resistance are respectively given by C =
e’X.(0) and R = ¢*lim,_Im{X.(w)}/(wC?) [25-27]. To
analyze them, we report in Fig. 4 their values, extracted from
X.(w), versus the interdot coupling V). For a serial DQD, one
observes that C is maximal at Vj, = eV/2. Strictly speaking,
C diverges towards infinity at V = T = 0 when V), tends to 0
since the two dots are decoupled. For a parallel DQD, one has
areduction of amplitude for C and the absence of a divergence
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when V), tends to 0 at V. =T = 0 because there is always
a way for the charges to travel from one lead to the other,
even at V), = 0. As far as the charge relaxation resistance R is
concerned, the results reported in Figs. 4(c) and 4(d) show
that its value at Vi, = 0 equals R,/4 in the case in series
while it equals R,/2 in the case in parallel, where R, = h/e?
is the quantum of resistance. In both cases, R versus V), in-
creases and then converges back to R, /4, respectively R, /2, at
strong V),. To explain why the variation ranges of R differ so
markedly depending whether the DQD is connected in series
or in parallel, let us start from Eqs. (7) and (9), which give
X.(w) at T =0 and ¢; = ¢&,, respectively, for a serial and a
parallel DQD symmetrically coupled to the leads. For a serial
DQD, Eq. (7) leads to C = (?/2) Y. Y a—rrA+(ie) and

i e kAL ()

R= 5Ry. (10)

( h Za:L,R A (Mo ))
By putting the latter expression in the form
(Z?:] xf)(Z?:l yiz)Rq/(Z?:1 xiyi)z with X = Ax (o),

yi = 1, and n = 4, and using the Cauchy-Schwarz inequality,
one deduces that R > R,/4. Moreover, by knowing that
Y <O, 22)? with 7z = /AL (je), one concludes
that R < R, [23]. Thus the range of variation for R is from
R,/4 to Ry, in line with what is observed in Fig. 4(c). For a
parallel DQD, the expression for X, (w) given by Eq. (9) leads
to C = (€2/2) > a—rrA+(ie) and

Za:L,R Ai (M)
( Za:L,R Ay (g ))2 !

By employing similar arguments to those used for a serial
DQD, and by noticing that n = 2 in the case in parallel, since
the bonding state is disconnected from the leads at &y = &5,
one shows that R varies from R,/2 to R,, in agreement with
what is observed in Fig. 4(d). It means that when &, = &5,
the number of quantum channels n allowing the charge to
travel are equal to four in the case in series whereas it equals
two in the case in parallel. The results given by Egs. (10)
and (11) can be viewed as the extension to a DQD of the
results previously established in the cases of a single quantum
dot [28] or a quantum point contact [29-34]. As in such
systems, X, (w) in a DQD obeys a generalized Korringa-Shiba
relation [35,36] according to which lim,,_, o Im{X,.(w)}/® =
YD u—rk Xi4(0), a characteristic of a Fermi liquid. It is
worthwhile to explore the variation of X.(w) at higher fre-
quencies and to see how its frequency dependence deviates
from this relation. Figure 5 reports the results obtained for
Im{X,.(0)}/X?(0) as a function of w. For a serial DQD,
respectively parallel DQD, one observes a linear variation
with frequency according to w/4, respectively w/2, at low
frequencies in agreement with the generalized Korringa-Shiba
relation, confirming the difference of a factor two found for
the values of R between the cases in series and in parallel,
whereas it shows strong deviations at higher frequencies.

Y

V. REFLECTION PHASE

We end up by discussing the reflection phase of the system
considered as a resonator embedded in an electromagnetic
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FIG. 5. Im{Xc(a))}/Xf(O) as a function of w for a DQD in (a) se-
ries and (b) parallel at various values of V and ¢y = ¢, =0, = 0.1,
Vi = 0.01, k3T = 0.01. The equation of the dashed line is w/4 for
the serial DQD and w/2 for the parallel DQD.

environment, which is defined as the phase shift between
incoming and reflected microwaves, as measured in reflec-
tometry experiments [8—11,16]. A rapid calculation shows
that this phase is related to the DCS via the relation ¢(w) =
arctan(Re{X,(w)}/Im{X.(w)}) [23]. To compare our predic-
tions to the measurements performed in spin qubit systems,
we generalize the description of the spinless DQD in se-
ries made above by taking spin into account. This is simply
done by considering triplet states in addition to the bond-
ing and anti-bonding states, which correspond to the singlet
states in the case of a DQD with spin. The eigenenergy of
the triplet state is given by Ay = (g4 — il")/2, where g5 =
&, — &1 is the detuning energy [37]. Figure 6(a) shows the
&q4-dispersion of the eigenenergies A+ and Ar. At T =0, we
use a generalized expression for & (w) obtained from Eq. (7)
by adding a term corresponding to the triplet state contribution
according to —3T"/(2hw(hiw + iT")) Za:L,R In(1 — ho(hw +
iMA7 (e )/T), where Ar(¢) = —Im{G7 (e)}/m with Gf.(e) =
(¢ — Ar)~!. The results for ¢(w) as a function of detuning
energy and frequency is shown in Fig. 6(b). One observes a
dip in phase inside two pockets spreading out symmetrically
around the vertical axis &; = 0, the two pockets being sepa-
rated by a gap area located around 7w = V), spotted by the
dashed line. The existence of this gap is a direct consequence
of the presence of bonding and anti-bonding states whereas
the formation of the low-frequency pocket below the gap
results from the presence of the triplet state. Our prediction for
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FIG. 6. (a) g4-dispersion of the singlet and triplet eigenvalues at
&1+ & = 0. (b) Color-scale plot of ¢(w) in mrad as a function of
ggandwate;, =T =V =0, ' =0.04, and V), = 0.5 for a serial
DQD. The dashed line corresponds to /i = V,.
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¢(w) is in good qualitative agreement with the experimental
results obtained in spin qubits [16].

VI. CONCLUSION

We have developed a model to calculate the DCS in a
nonequilibrium DQD. We have established a general expres-
sion for this quantity, which, at T = 0 is related to the spectral
function contributions from the bonding and anti-bonding
states, leading to the prediction of a splitting of the two
branches of maxima of the DCS as a function of the energy
levels of the dots resulting from the application of a finite
bias voltage driving the DQD out-of-equilibrium. It would be
interesting to check this prediction experimentally. In the low
frequency regime, we have analyzed the results in terms of
the capacitance and the resistance of the equivalent RC-circuit
in both serial and parallel geometries. In the high frequency
regime, by extending our results to take into account an addi-
tional triplet mode in order to describe spin qubits, we have

deduced the evolution for X.(w) as a function of w and g4
and found a qualitative agreement with experimental results
recently obtained. The approach presented here can be used
in many other contexts: quantum dots with multiple energy
levels, submitted to the application of a magnetic field, in the
presence of exchange or Coulomb interactions [38—41] among
others.
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